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FIGURE 1 | Considered crosshole GPR survey configuration with boreholes

shown as black lines. Transmitter and receiver positions are shown as white

dots and distributed every 0.2 m down the boreholes.

8 assimilation iterations. Ensemble sizes of ne = 20, 40, 80, 160,
320, and 640 are considered in our analysis.

To assess the quality of the inversion results, we consider two
metrics. The average root-mean-square (RMS) travel-time misfit,
which quantifies globally the ability of the posterior ensemble
to represent the observed data, is defined for ES-MDA run i
(i = 1, 2, ..., 10) as follows:

MT
i =

1

ne

neX

j=1

1
√
nT



dobs − di,j



2 . (12)

where nT is the number of travel-time data. For the case where
model error is absent and data errors are zero-mean andGaussian
distributed with covariance matrix CD = σ 2I, the expected value
of MT

i will be σ . Note that, in the case where model error is
present but not accounted for, the detailed forward solver di,j in

equation (12) is replaced with the proxy solver d̂i,j.
We also consider in our analysis the average RMS slowness

misfit, defined by

MS
i =

1

ne

neX

j=1

1
√
nT



mtrue −mi,j



2 , (13)

where nS is the number of slowness cells. This metric quantifies
how well the posterior ensemble captures the true underlying
model parameters, and can only be employed in the case of
synthetic data where the true subsurface slowness distribution is
known. In addition to the twometrics in Equations (12) and (13),
we plot the mean slowness fields over all ensemble members and

all ES-MDA runs in order to visually compare them with the true
slowness distribution.

Figure 2 summarizes the parameter-estimation results
obtained for the case where there is no model error. In Figure 2A
we observe that the average RMS travel-time misfit decreases
consistently with larger numbers of ensemble members toward
the expected value of σ = 0.2 ns which reflects the prescribed
data errors. After around 320 ensemble members, adding
more members is seen to only slightly further improve the
results. Figure 2B shows that the slowness misfit also decreases
consistently as a function of ensemble size. This is supported
by Figure 2C, which shows that the mean slowness fields
become increasingly detailed and similar to the true subsurface
distribution as the number of ensemble members increases.
The increasing overall accuracy of the ES-MDA results with
larger ensemble size is based on the reduction of sampling
errors following the central limit theorem (Evensen, 2007).
We can conclude that larger ensembles combined with the
detailed forward solver enable us to obtain more reliable
posterior parameter estimates, but at the cost of significantly
greater computational effort when the detailed solver is
computationally expensive.

Figure 3 summarizes the parameter-estimation results
obtained for the case where model error is present but not
accounted for. In Figure 3A we observe that, in accordance
with Figure 2A, the travel-time misfit consistently decreases
with larger ensemble size. However, it approaches a stable
value that is well above the target value of σ = 0.2 ns, because
the presence of model error does not allow data fitting to a
level that is in accordance with the prescribed data errors.
In addition, unlike in Figure 2B, the slowness misfit now
decreases only until ne = 40, after which it increases again
(Figure 3B). For ne ≤ 40, we do not have enough ensemble
members to resolve the details of the posterior distribution
and therefore only the posterior mean can be represented in
the parameter estimation results (Chen and Zhang, 2006).
Conversely, when ne > 40, the solution moves toward a biased
posterior distribution. That is, with more ensemble members
the parameters have the ability to compensate for the model
error and the data become over-fitted, meaning that a better
data match is achieved but the parameters do not represent the
true subsurface model. The mean slowness fields in Figure 3C

allow us to see how the model error introduces bias in the
parameter-estimation results as ne increases; strong artifacts are
clearly observed in these fields for ensemble sizes larger than
160.

Finally, we examine the inversion results obtained for the
case where model error is present and accounted for through
our modified ES-MDA approach. We first consider inversions
where nd = 20 detailed solver runs per iteration are used
to build the model-error dictionary and K = 20 KNN from
this dictionary are used to construct the model-error basis for
each ensemble member. The corresponding results are shown in
Figure 4. Note that, in the case with ne = 20, the detailed solver
is executed for each ensemble member, which corresponds to the
standard ES-MDA procedure in Algorithm 1. In Figures 4A,B

we see that both the travel-time and slowness misfit decrease
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FIGURE 2 | Results of 10 standard ES-MDA runs for the case of no model error. Shown as a function of the number of ensemble members, ne, are (A) box plots of

the average RMS travel-time misfit [ns]; (B) box plots of the average RMS slowness misfit [ns/m]; and (C) the mean posterior slowness fields [ns/m]. Added to the box

plots are the mean (circles), and minimum and maximum values (crosses). The dashed horizontal line in (A) represents the expected value of the travel-time misfit

assuming that the residuals follow the prescribed Gaussian distribution for the data errors.

from ne = 20 until they reach a minimum at around 80–160
ensemble members. This demonstrates that the consideration
of larger ensembles through use of a proxy solver combined
with our model-error correction can lead to more accurate

results compared to standard ES-MDA based on small ensembles
and the detailed forward solver. These results are confirmed in
Figure 4C, where we observe that the bias is largely removed
from the mean slowness fields for ne ≤ 160 in comparison to
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FIGURE 3 | Results of 10 standard ES-MDA runs for the case where model error is present but not accounted for. Shown as a function of the number of ensemble

members, ne, are (A) box plots of the average RMS travel-time misfit [ns]; (B) box plots of the average RMS slowness misfit [ns/m]; and (C) the mean posterior

slowness fields [ns/m]. Added to the box plots are the mean (circles), and minimum and maximum values (crosses). The dashed horizontal line in (A) represents the

expected value of the travel-time misfit assuming that the residuals follow the prescribed Gaussian distribution for the data errors.

Figure 4C. However, for ensemble sizes larger than around 160,
the travel-time and slowness misfit are seen to again increase,
meaning that the data become under-fitted. That is, the ensemble
size becomes too large compared to the number of detailed solver

calculations for the model error to be well represented in the
dictionary, meaning that projection onto the model-error basis
will not properly identify the model-error component of the
residual. This has the effect of introducing bias into the inversion
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FIGURE 4 | Results of 10 runs of our modified ES-MDA algorithm to account for model error, with 20 detailed solver calculations and 20 KNN. Shown as a function of

the number of ensemble members, ne, are (A) box plots of the average RMS travel-time misfit [ns]; (B) box plots of the average RMS slowness misfit [ns/m]; and (C)

the mean posterior slowness fields [ns/m]. Added to the box plots are the mean (circles), and minimum and maximum values (crosses). The dashed horizontal line in

(A) represents the expected value of the travel-time misfit assuming that the residuals follow the prescribed Gaussian distribution for the data errors.

results, which is clearly seen in the mean slowness fields in
Figure 4C when ne > 160.

To explore the latter findings, we consider again Algorithm 2,
but this time using nd = 40 detailed solver runs per iteration and

K = 40 KNN to build the model-error dictionary and construct
the model-error basis, respectively. Here, when ne = 40, the
detailed solver is executed for each ensemble member, which
again corresponds to the standard ES-MDA procedure. Similar
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FIGURE 5 | Results of 10 runs of our modified ES-MDA algorithm to account for model error, with 40 detailed solver calculations and 40 KNN. Shown as a function of

the number of ensemble members, ne, are (A) box plots of the average RMS travel-time misfit [ns]; (B) box plots of the average RMS slowness misfit [ns/m]; and

(C) the mean posterior slowness fields [ns/m]. Added to the box plots are the mean (circles), and minimum and maximum values (crosses). The dashed horizontal line

in (A) represents the expected value of the travel-time misfit assuming that the residuals follow the prescribed Gaussian distribution for the data errors.

to before, we observe in Figures 5A,B that the travel-time and
slowness misfit decrease from ne = 40 until a minimum is
reached. Although it is difficult to determine the exact position

of this minimum due to the limited discretization, we see that
it falls somewhere around 160 ensemble members. After the
minimum value, the travel-time and slowness misfit are again
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