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1 RESEARCH TOPIC OVERVIEW

As core components driving advancements in wearable electronics, Internet of Things (IoT) sensors, and high-frequency communication systems, nano/micro devices have attracted growing attention due to their miniaturized size, low power consumption, and high integration capabilities [1, 2]. However, the nonlinear vibration behavior and associated instability issues of these devices—exacerbated by electromechanical coupled field effects [3], quantum effects [4], surface forces [5], and structural complexity at the nano/micro scale—pose significant challenges to their performance stability, reliability, and service life He et al. [6].

Nonlinear vibration in nano/micro devices manifests in various forms: pull-in instability in electrostatically actuated microelectromechanical systems (MEMS), multistable oscillations in fractional-order resonators, and interface disturbance in microfluidic structures. These phenomena directly affect critical device functions, including signal detection accuracy, energy conversion efficiency, and dynamic response speed.

The study of nonlinear vibration and instability in nano/micro devices is an interdisciplinary field that integrates solid mechanics, materials science, applied mathematics, and electrical engineering. It requires the combination of experimental testing, theoretical modeling, and numerical simulation to clarify intrinsic mechanisms and develop targeted control strategies.

Entitled “Nonlinear Vibration and Instability in Nano/Micro Devices: Unveiling Mechanisms, Pioneering Controls, and Shaping Multiscale Frontiers,” this Research Topic aims to collect high-quality research addressing key challenges in the field. By synthesizing studies on mechanism exploration, method innovation, and application optimization, it provides a comprehensive platform for academic exchange, promotes the development of fundamental theories, and guides the engineering application of nano/micro devices in complex service environments. A total of 19 articles are included in this Research Topic, covering cutting-edge directions from device-specific vibration control to cross-scale theoretical modeling.



2 HIGHLIGHTS OF COLLECTED ARTICLES


2.1 Mechanism unveiling: deciphering nonlinear vibration behaviors at the nano/micro scale

A thorough understanding of intrinsic mechanisms is the foundation for resolving nonlinear vibration and instability issues. Several articles in this Research Topic focus on revealing the physical and mathematical principles underlying these phenomena.


Li et al. investigated the stochastic bifurcation phenomenon and multistable behaviors of a fractional Rayleigh–Duffing oscillator under recycling noise. They established a fractional-order dynamic model that accounts for the memory effect of nano/micro materials, and found that recycling noise—mimicking the random disturbance in practical device operation—induces significant changes in the oscillator’s phase trajectory and stability region. Validated by experimental data, their numerical simulations demonstrated that the fractional order and noise intensity jointly regulate the occurrence of stochastic bifurcation. This study not only provides a new perspective for explaining the unpredictable vibration responses of nano-scale resonators but also fills the gap in understanding the influence of non-Gaussian noise on fractional nonlinear systems, laying a theoretical basis for evaluating the reliability of noise-sensitive nano devices.

Another groundbreaking work by Ling et al. focused on the dynamic analysis of fractal nonlinear oscillators with coordinate-dependent mass. Fractal structures are widely used in nano/micro devices to enhance surface properties and structural efficiency, but they introduce non-uniform mass distribution that complicates vibration characteristics. The researchers proposed a fractal derivative-based dynamic equation [7] to describe the motion of oscillators with coordinate-dependent mass, revealing that the fractal dimension of the structure directly affects the natural frequency and damping ratio. Through parametric analysis, they identified critical fractal parameters that trigger instability, providing a quantitative criterion for the structural design of fractal-based nano/micro devices (e.g., microfluidic chips and fractal antennas).



2.2 Control strategy innovation: pioneering methods for stabilizing and optimizing device performance

Developing effective control strategies is crucial for mitigating nonlinear vibration and instability, thereby improving device performance. Articles in this direction focus on innovative control algorithms, structural optimization, and material modification.


Zhao et al. addressed the dynamic pull-in instability—a major challenge in magnetically actuated MEMS (magMEMS) for wearable sensors—by optimizing the dynamic pull-in threshold and periodic trajectories. magMEMS are widely used in motion monitoring and health sensing, but they often suffer from pull-in failure due to the coupling of magnetic force and structural elasticity under dynamic excitation. The researchers proposed a model predictive control (MPC) algorithm that adjusts the input magnetic field in real time based on the device’s real-time displacement feedback. By constructing a phase portrait of the system’s dynamic response, they optimized the periodic trajectory to avoid the pull-in region, increasing the device’s stable operating range by over 30% compared to traditional open-loop control. This work provides a practical solution for enhancing the stability of magMEMS in dynamic service environments and promotes their application in high-precision wearable devices.


Niu and Feng reviewed ancient mathematical methods—including ancient Chinese algorithms [8] and old Babylonian algorithms [9]—for MEMS applications, and Shao and Cui proposed a new pull-in criterion.


El-Dib et al. tackled the interfacial stability control of magnetohydrodynamic (MHD) Bingham fluids in micro-porous MEMS structures via fractal analysis. Micro-porous MEMS are used in drug delivery and micro-cooling systems, but they often experience fluid-induced vibration due to the unstable interfacial flow of Bingham fluids (e.g., blood and polymer solutions). The researchers applied fractal geometry to characterize the surface morphology of porous structures, establishing a correlation between fractal dimension and interfacial shear stress. By adjusting the fractal parameters of the porous medium, they reduced the interfacial disturbance amplitude by 45%, significantly improving flow stability and reducing vibration-induced noise in MEMS-based drug delivery pumps. This method integrates fractal theory with fluid mechanics, offering a novel approach for controlling fluid-structure interaction in micro devices.



2.3 Multiscale application: shaping frontiers in device design and function expansion

Applying nonlinear vibration research to diverse nano/micro devices is a key focus of this Research Topic, with articles covering energy harvesting, high-frequency communication, and biological sensing.


Shirbani et al. contributed to microscale energy harvesting by developing a surrogate model for predicting the performance of bimorph microscale piezoelectric energy harvesters under base vibration and thermal effects. Piezoelectric energy harvesters convert ambient vibration into electrical energy for powering IoT devices, but they are highly sensitive to temperature variations and base excitation frequency. The researchers constructed a surrogate model based on Gaussian process regression, integrating experimental data from thermal chambers and vibration test benches. This model enables rapid prediction of the harvester’s output power with a relative error of less than 5%, outperforming traditional finite element models in computational efficiency (reducing calculation time by over 80%). It provides a practical tool for the rapid design and optimization of piezoelectric energy harvesters for harsh environments (e.g., industrial machinery and aerospace applications).


Das et al. focused on optimizing the performance of N-polar AlGaN/GaN high electron mobility transistors (HEMTs)—critical components for high-frequency communication—by investigating the impact of the GaN cap layer on direct current (DC) and radio frequency (RF) performance. The GaN cap layer affects the two-dimensional electron gas (2DEG) density at the AlGaN/GaN interface, which plays a key role in determining the transistor’s nonlinear vibration and noise characteristics. Through material characterization (X-ray diffraction and atomic force microscopy) and electrical testing (current-voltage and S-parameter measurements), the researchers found that a 5 nm-thick GaN cap layer maximizes the 2DEG density while minimizing the RF noise figure. This optimization reduces the transistor’s nonlinear vibration-induced signal distortion by 25%, improving the communication quality of high-frequency MEMS-based transceivers. The study provides a material-level solution for enhancing the performance of GaN-based micro devices and promotes their application in 5G/6G communication systems.


Cheng et al. proposed an effective numerical method for fractional models, which offers advantages over existing methods in the open literature [10, 11]. EL-Nabulsi et al. revealed the fractal properties of dynamical systems. Cao and Li demonstrated the promising application of wearable piezoelectric sensors in medical physics.


Zhang et al. found that He’s frequency formulation—originally proposed to solve nonlinear oscillators [12]—is also valid for fractal-fractional nonlinear oscillators.




3 CONCLUSION AND FUTURE OUTLOOK

In conclusion, the 19 articles collected in this Research Topic collectively advance our understanding of nonlinear vibration and instability in nano/micro devices. From unveiling the mechanisms of stochastic bifurcation and fractal-induced vibration to pioneering control strategies such as model predictive control and fractal-based interface regulation, these studies address critical challenges at the intersection of theory and application. Their findings not only enrich the fundamental theories of nano/micro scale nonlinear dynamics but also provide practical guidance for the design, optimization, and reliability improvement of next-generation nano/micro devices. Looking ahead, future research in this field should focus on three key directions: developing multiscale models that connect atomic-level quantum effects to macro-scale structural vibration, to address the “scale gap” in current theoretical frameworks; integrating machine learning and real-time sensing to develop adaptive control systems that can dynamically adjust to complex and changing operating environments; and exploring the synergy between nonlinear vibration control and other device functions (e.g., energy harvesting and signal processing) to realize high-performance, multifunctional nano/micro systems [13]. We invite readers to delve into the detailed studies presented in this Research Topic, as they offer valuable insights and tools for advancing nonlinear vibration research and its application in nano/micro devices. By fostering academic exchange and interdisciplinary collaboration, we aim to shape the future frontiers of this dynamic field and contribute to the development of innovative technologies that address global challenges in electronics, healthcare, and energy.
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This study focuses on obtaining differences in rock fracture surface morphology under various loading directions and speeds to infer rock damage mechanics by using micro-electro–mechanical system (MEMS) sensors, which can measure stress, strain, and displacement during loading accurately, providing detailed data for understanding the rock fracture mechanism for physics-informed statistics. Statistical variables analyze directional angle samples of the normal vector central line. The deviation normal distribution coefficient (DNDC) for rock fracture surface normal vectors is defined by the kurtosis coefficient. Brazilian splitting tests calculate the DNDC for Brazilian disk fracture surfaces. The variation in the DNDC with a measurement scale distinguishes morphological differences. Three results are obtained: the DNDC has a scale effect; loading the specimen in another direction before compression causes internal damage; and different loading speeds do not significantly change the DNDC. This research holds promise for a better understanding of rock fractures.
Keywords: micro-electromechanical system, physics-informed statistics, rock mechanics, rock fracture surface, kurtosis coefficient, normal distribution

1 INTRODUCTION
Rock deformation and fracture commence with changes in nano/micro-scale morphology. Micro-electro–mechanical system (MEMS) sensors [1, 2] can be used to measure stress, strain, and displacement during the loading process, and they have ultra-sensitivity [3, 4]. This provides more detailed data on the behavior of rock and enables a more comprehensive understanding of the rock fracture mechanism. Additionally, MEMS sensors can be used to monitor the internal structure of rock in real-time, detecting any micro-cracks or damage that may occur before macroscopic fractures become visible [5]. This could assist in predicting rock failure and taking preventive measures to ensure safety in engineering applications.
Statistical methods can help determine the probability of rock fracture based on the sensor readings. For example, by analyzing the variance in stress measurements over time, it is possible to predict when a rock is approaching its breaking point. This combination of MEMS sensors and statistics produces a physics-informed statistical method.
In the process of Earth’s crustal movement, such as earthquakes, landslides, and mudslides, most processes are accompanied by rock deformation and fracture. For example, in construction projects such as mining, civil engineering, slopes, bridges, and tunnels, these processes are accompanied by rock deformation and fracture. Rock, as a geological mineral of building materials, is increasingly receiving widespread attention from industry professionals, thus forming the discipline of rock mechanics. Rock mechanics mainly studies the stress and fracture conditions of rocks from a mechanical perspective. Nowadays, more and more researchers are starting from the morphology of rock fracture surfaces to infer the mechanical mechanism of rock stress until fracture, also known as micro- and macro-rock mechanics.
In the study of rock fracture morphology, experts have proposed a series of methods, such as Mandlebrot’s theory [6–10] and the two-scale fractal geometry [11–15]. Due to the highly irregular and complex fractal characteristics of rock fracture surfaces, researchers have proposed that fractal dimension can be used to characterize the roughness of rock fracture surfaces, and the morphology of rock fracture surfaces can be quantified by roughness [16–19]. Heping Xie, Jingan Wang, and others accurately characterized the relationship between the roughness of the rock fracture surface and its singular indexes using multi-fractal spectra and drew a graph of function changes [20]. Hongwei Zhou, H. P. Xie, and others used power spectral density and cumulative power spectral density to describe the anisotropy of the profile line on rock fracture surfaces [21]. T. Belem, F. Homand-Etienne M. Souley discovered the joint roughness coefficient of rock joint, which divides the roughness of rock joint surfaces into 10 levels [22]. V. Rasouli and J.P.Harrison proposed using the Reimann statistical method to estimate the roughness of a rock fracture section with linear profiles [23, 24]. M. Borri-Brunetto, A. Carpinteri, S. Invernizzi, and M. Paggi researched the micro-variation of rough surfaces under cyclic tangential loading [25]. M. Borri Brunetto, B. Chiaia, S. studied the multi-fractal properties of rough rock interfaces under pressure and the porosity of the contact domain [26]. A. Carpinteri, B. Chiaia, S. Invernizzi studied the direct fractal measure of fracture surfaces [27]. A. Carpinteri, Chiaia B, Invernizzi S. studied the three-dimensional fractal analysis of the microstructure morphology of concrete [28].
This paper proposes a new experimental method and uses mathematical statistics to study the morphological differences of rock fracture surfaces under different loading directions and loading rates and attempts to infer the mechanical mechanism and mechanism of rock fracture. This physics-informed statistics is an emerging and powerful approach that combines principles from physics and statistics.
2 EXPERIMENTAL DESIGN AND OPERATION
The experimental procedure is as follows: first, granite from Beishan, Gansu, was selected as the rock material as this material is relatively uniform. The ZS100 rock drilling machine used in engineering takes cylindrical rock cores with a diameter of 50 mm and a height of 120 mm and then cuts them into Brazilian disks with a diameter of 50 mm and a thickness of 20 mm using a cutting machine. The disks were polished into standard Brazilian disk specimens with a smooth surface using a polishing machine. The purpose of polishing was to ensure that the rock has a relatively uniform stress process as much as possible. Second, a mechanical test system (MTS) machine was used in the laboratory to load the disk vertically at different rates (as shown in Figure 1), with loading speeds of 0.01 mm/min, 0.1 mm/min, and 1 mm/min until the disk was fractured vertically. Moreover, the following experiments were taken. First, the MTS machine loaded the disk to 13 KN at a speed of 0.01 mm/min, which was approximately equal to 2/3 of the rock fracture threshold. Then, the upper and lower loading jaws of the MTS machine were released, the disk was rotated clockwise around the center by 30°, and it was loaded to fracture (as shown in Figure 2). Three sample specimens were prepared for each of the experiments for a total of 12 specimens. From the principle of rock mechanics, this experiment involved indirectly stretching the Brazilian disk specimen horizontally toward both sides until the disk fractured vertically from the middle (as shown in Figure 3). During the loading process, due to the brittle nature of the rock, the stress on the edges of the rock was uneven, and some specimens may have a small amount of rock debris falling off the edges. Therefore, relatively speaking, the stress on the inner layer of the rock was most uniform. In view of this, the 2-mm equidistant ends of the rectangular section were removed separately (as shown in Figure 4), and the center of the rock rectangular section was kept 46 mm long. This way, the measured data are most representative. Finally, a laser scanner was used to scan the fracture surface of the rock, with a spacing of 0.1 mm. A total of 461 sets of coordinate data were extracted. Before scanning, contrast imaging agents can be sprayed onto the fracture surface to prevent reflection of certain points on the fracture surface.
[image: A hydraulic press is compressing a wine glass, causing it to shatter. The press is labeled "100 Ton Hydraulic Iron Casing." The background is blurred, focusing attention on the glass and machine.]FIGURE 1 | MTS machine loads the Brazilian disk.
[image: Circle diagram illustrating two time loading orientations at angles with a central point marked. The first and second loading orientations are labeled, intersecting the circle at different angles, both showing a 30-degree rotation.]FIGURE 2 | Schematic diagram of two loading cycles with a rotation angle of 30°.
[image: A diagram of a circular object with a diameter of 50 millimeters, featuring a zigzag crack across its center. The object has arrows labeled "loading" pointing toward each other at the crack's ends, indicating compression.]FIGURE 3 | Schematic diagram of the disk breaking.
[image: Diagram showing a rectangle with a center line labeled as "center line segment of central profile." The rectangle's height measures forty centimeters, with two-millimeter sections labeled at the top and bottom.]FIGURE 4 | Schematic diagram of the central section along the middle line on the rectangular rock fracture surface.
3 DATA ACQUISITION, ANALYSIS, AND THE PURPOSE OF RESEARCHING
The coordinate data on a central section line were extracted along the loading direction on the rock fracture surface from the data obtained from the above scanning for research and analysis (as shown in Figure 4). In order to reduce errors, a linear interpolation method was used to fit the approximate two-dimensional curve image of this section line (as shown in Figure 5) because the error between the curve fitted by the linear interpolation method and the real curve was within the allowable range [29–31]. Two “peaks” with similar curve contours were connected using a straight line segment (hereafter referred to as the scale), the vector perpendicular to this scale and pointing upward was taken as the normal vector (as shown in Figure 6), and the angle at which the normal vector deviates from the vertical upward vector was measured [23]. Here, it was agreed that the angle of the vector pointing vertically upward was zero degrees, the angle of the vector deviating to the left was negative, and the angle of the vector deviating to the right was positive. These statistical degree data are referred to as the direction angle of the normal vector of the center section line on the fracture surface of each specimen (herein referred to as the direction angle of the specimen). The distribution of directional angles of each specimen at different scales is researched below. Through computer program operation, it was shown that the measurement scale from 1.1 to 0.7 mm is a relatively effective transition range for the directional angle distribution of most specimens from accepting normal distribution to rejecting normal distribution. Therefore, the above measurements were carried out at scales of 1.1, 1.0, 0.9, 0.8, and 0.7 mm to obtain sample data on the directional angle of each specimen. Finally, the sample data obtained by statistical methods were processed to calculate the statistical measures of the directional angles of each specimen at different scales (herein referred to as the statistical measures of the specimens). The above design ideas aimed to achieve three objectives: first, to compare the variation patterns of corresponding statistical quantities of the same specimen at different measurement scales; second, to compare corresponding statistics between specimens that were loaded to 2/3 of the fracture strength threshold at a loading rate of 0.01 mm/min and then rotated at a 30° angle before being crushed and specimens that were directly crushed without rotation; and finally, to reveal the effect and degree of the loading rate on the corresponding statistics of each specimen.
[image: Line graph depicting fluctuations in values over a range from -180 to -155 on the x-axis, with corresponding values on the y-axis from -2.0 to -1.0. The data points display a jagged upward trend, peaking around -160 before slightly declining.]FIGURE 5 | Linear interpolation, two-dimensional.
[image: Diagram showing a wave pattern with arrows indicating peaks sloping upwards and to the right at an angle of forty-five degrees. Arrows suggest directional movement or reflection.]FIGURE 6 | Schematic diagram of the normal vector curve graph of the central section line measurement of the scale connecting two peak points on a profile curve.
4 USING A STATISTICAL METHOD TO PROCESS THE DATA ON ROCK FRACTURE SURFACES
On one hand, we calculate the following statistics. Let [image: \[ X_1, X_2, \ldots, X_n \]] be a set of samples. Denote
[image: Mathematical equation displaying the formula for calculating the mean: x̄ equals one over n times the sum of X sub i from i equals one to n. Equation number one.]
as the sample mean (herein referred to as the mean), which reflects the central tendency of the sample data. Denote
[image: Formula for sample variance: s squared equals one over n minus one times the sum from i equals one to n of open parenthesis X sub i minus X bar close parenthesis squared.]
as sample variance (herein referred to as variance). Denote
[image: Formula for the sample standard deviation: \( s = \sqrt{\frac{1}{n-1} \sum_{i=1}^{n}(X_i - \bar{X})^2} \).]
as sample standard variance (herein referred to as standard variance). Variance and standard deviation are statistical measures used to describe the deviation trend of sample data from the mean. Denote
[image: Formula for skewness \( g_1 = \frac{1}{s^3} \sum_{i=1}^{n} (X_i - \overline{X})^3 \), where \( s \) is the standard deviation, \( X_i \) are data points, and \( \overline{X} \) is the mean.]
as the skewness coefficient. Denote
[image: Mathematical formula for kurtosis \( g_2 \) defined as \( g_2 = \frac{1}{s^4} \sum_{i=1}^{n} (X_i - \overline{X})^4 \), where \( s \) is the standard deviation, \( X_i \) are data points, and \( \overline{X} \) is the mean.]
as the kurtosis coefficient.
Skewness and kurtosis are two statistical measures of describing the shape of sample data. The skewness coefficient reflects the symmetry of the distribution of the sample data. It is called right skewed when [image: If you have an image you'd like me to create alt text for, please upload it directly. If there's specific context or details you'd like to include, feel free to add them.], which indicates that the data to the right of the mean are more scattered than the data to the left of the mean. Conversely, it is called left skewed when [image: It seems like there's an issue with the image upload or link. Please ensure you upload the image file directly or provide a correct URL. If you have a specific caption or context, feel free to include that as well.], which indicates that the data to the left of the mean are more scattered than the data to the right of the mean. When [image: Please upload the image so I can generate the alternate text for you.] approaches 0, it is called unbiased, and the distribution can be considered symmetric. Kurtosis reflects the normal distribution of the samples, where the kurtosis of the normal distribution is 3. When [image: It seems like you've mentioned some text related to mathematics. Please provide an image or a link to it so I can generate the alternate text.], it indicates that there is a significant amount of data in the sample that are far from the mean. The distributional density function curve has a flatter shape than that of normal distribution. Conversely, when [image: It seems there was a mix-up with your request, as I need an image file or URL to generate alternate text. Could you please upload the image or provide more details?], it indicates that there are a fewer data points in the sample that are far from the mean. The distributional density function curve has a steeper shape than that of normal distribution. Moreover, in the distribution function graph, the red dashed straight line represents the standard normal distribution function graph. The closer the distribution function graph is to the red dashed line, the closer the data distribution is to a normal distribution. On the contrary, if the distribution function graph deviates further from the red dashed line, it indicates that the data distribution deviates further from the normal distribution.
On the other hand, a hypothesis test is conducted on the normal distribution of the input direction angle data. The angle data here are subjected to Jarque–Bera testing, with a default significance level. In each data table, “[image: Please upload the image or provide a URL, and I'll help you generate the alternative text for it.]” represents the probability value of accepting the null hypothesis, and “[image: The text "Jbstat" is displayed in a stylized, italicized font.]” is the value of the test statistic. [image: Text displaying a mathematical expression: "CV = 5.9915".] is the threshold for rejecting the null hypothesis. “[image: It seems there is no image attached. Please upload the image or provide a URL so I can generate the alternate text for you.]” represents the testing result, and if [image: If you upload an image or provide a URL, I can help generate the alt text for it.] is equal to 0, it can be assumed that the data of the angle belong to the null hypothesis of normal distribution. If [image: Please upload the image or provide a URL so I can generate the alternate text for you.] is equal to 1, it cannot be assumed that the angle data follow the null hypothesis of normal distribution. In addition, there are also the same judgment methods consistent with the previously mentioned judgments. If [image: It seems there's an issue with the image upload. Please try uploading the image again or provide a URL to the image. Let me know if you need further assistance!], the null hypothesis of normal distribution can be rejected. Similarly, if [image: Equation showing "Jbstat > CV" in italicized font, representing a statistical condition where Jbstat is greater than CV.], the null hypothesis of normal distribution can also be rejected [32, 33].
	(a) Process 1: Under the condition of a loading speed of 0.01 mm/min, first, the specimen is loaded to 13K N; the upper and lower jaws of the MTS machine are then released; and the specimen is then rotated clockwise at a 30° angle along the center of the disk, continuing to load it vertically until it fractures. Process 2: The loading speed remains at 0.01 mm/min, but the specimen did not rotate and is directly loaded until it fractures. The commonalities and differences in the statistical and directional angle distributions of each specimen in processes 1 and 2 are compared (reference Table 1).

Table 1 shows that the measurement scale range is from 1.1 mm to 0.7 mm, and the commonality of the statistics between specimens rotated 30° and specimens not rotated is that as the measurement scale decreases, the distribution of directional angles of the specimens deviates more and more from the normal distribution. Therefore, if the measurement scale range is from 0.7 mm to 0.8 mm, the null hypothesis of normal distribution is completely denied. Taking sample specimen A1 (R) as an example, its probability distribution function diagrams are shown in Figures 7–11 within the scale range of 1.1 mm–0.7 mm. The figure shows that as the scale decreases, most of the points on the image deviate more from the “red dashed line,” indicating that the distribution of the normal vector deviates more from the normal distribution. Moreover, the variance and standard deviation further increase with the decrease in the measurement scale, indicating that as the scale decreases, the degree of deviation of the angle data from the mean increases. However, from the skewness coefficient being close to 0, it can be concluded that the degree of data dispersion on both sides of the mean is comparable, and other specimens also have similar commonalities. The difference is in statistical characteristics between specimens rotated 30° and those not rotated. From the variation patterns of [image: Please upload the image you'd like me to generate alt text for.], [image: Please upload the image or provide a URL so I can generate the alt text for it.], [image: Sorry, I can't help with the request without seeing the image. Could you please upload it or provide a description?], and kurtosis coefficient values, it can be concluded that the distribution of directional angles for the three specimens rotated 30° can be accepted as a normal distribution when the measurement scale ranges from 1.1 mm to 0.9 mm, while the distribution of directional angles for the specimens not rotated can only be accepted as a normal distribution when the measurement scale is 1.1 mm. At the same scale, the average variance and standard deviation of the three specimens rotated at a 30° angle are smaller than those of the three specimens not rotated, indicating that the deviation of the direction angle of the specimens rotated is smaller than that of the specimens not rotated. The difference between the statistical values of the specimens in the above two experimental processes fully demonstrates the difference in statistical characteristics between specimens with a 30° rotation angle and specimens without a rotation angle. From the changes in the values of [image: It seems there was an error with the image upload. Please try uploading the image again, and I will help you generate the alternate text for it.], [image: It looks like there was an issue with the image attachment. Please try uploading the image again, and I will be happy to provide alternate text for it.], [image: Equation displaying italicized "Jbstat" with subscript variables, representing a mathematical or statistical notation.], and kurtosis coefficient values, it can be concluded that the distribution of directional angles for the three specimens with a 30° rotation angle can be accepted as a normal distribution when the measurement scale ranges from 1.1 mm to 0.9 mm, while the distribution of directional angles for specimens without a rotation angle can only be accepted as a normal distribution when the measurement scale is 1.1 mm. At the same scale, the average variance and standard deviation of the three specimens rotated at a 30° angle are smaller than the average variance and standard deviation of the three specimens not rotated, indicating that the deviation of the direction angle of the specimens rotated is smaller than that of the specimens not rotated. The difference between the statistical values of the specimens in the above two experimental processes fully demonstrates that the 13-KN pressure experienced before the turning angle caused some damage to the interior of the rock specimen, thereby changing the directional angle distribution of the specimen.
	(b) The differences in directional angle distribution between specimens with loading speeds 0.01 mm/m and 0.1 mm/m are shown in Tables 1, 2.

TABLE 1 | Statistical values of specimens rotated 30° and not rotated (“A” represents a loading speed of 0.01 mm/min. “1, 2, and 3” represent the specimen number. “R” represents specimens rotated 30°).
[image: Table displaying test statistics for different rock samples with varying scales. Columns include scale (mm), H, P, \( J_{b\text{stat}} \), variance, standard variance, skewness coefficient, and kurtosis coefficient. Data is grouped by rock label (A1, A2, A3) with detailed numerical values for each category.][image: Normal probability plot with labeled horizontal axis "Data" and vertical axis "Probability." Data points are scattered around a central line, indicating normal distribution.]FIGURE 7 | Normal vector distribution function diagram of the centerline of A1 (R) (L = 1.1 mm).
[image: Normal probability plot showing data points plotted against theoretical quantiles. The points deviate from the straight reference line, indicating the data may not follow a normal distribution. Probability is on the vertical axis and data values on the horizontal axis.]FIGURE 8 | Normal vector distribution function diagram of the centerline of A1 (R) (L = 1.0 mm).
[image: Normal probability plot depicting data points that deviate from the central linear trend, indicating a departure from normality. The x-axis represents the data values, and the y-axis shows probability.]FIGURE 9 | Normal vector distribution function diagram of the centerline of A1 (R) (L = 0.9 mm).
[image: Normal probability plot displaying data values on the x-axis against probability on the y-axis. Most data points align with the reference line, indicating normal distribution, with some deviation at the tails.]FIGURE 10 | Normal vector distribution function diagram of the centerline of A1 (R) (L = 0.8 mm).
[image: Normal probability plot displaying data points against a theoretical normal distribution line. The data deviates from the line at both ends, indicating non-normality and potential outliers.]FIGURE 11 | Normal vector distribution function of the centerline of A1 (R) (L = 0.7 mm).
Compared with the statistical values of specimens A1, A2, and A3 in Table 1, the difference between them is that for the first velocity A (0.01 mm/m), the three specimens can accept a normal distribution at a measurement scale of 1.1 mm, while for the second velocity B (0.1 mm/min), the variation patterns of [image: It seems like there's no image attached. Please upload the image or provide a URL, and I'll be happy to help you with the alt text.], [image: Please upload the image you'd like me to generate alt text for.], [image: A mathematical expression shows the italicized letters "Jbstat" with blurred resolution, resembling an algebraic or statistical notation.], and kurtosis coefficient values indicate that the three specimens cannot accept a normal distribution at a measurement scale ranging from 1.1 mm to 0.7 mm. This indicates that these two loading speeds also caused a difference in the distribution of directional angles of the specimens, thus indicating that these two loading speeds caused a difference in the fracture of the specimens.
	(c) The relationship and differences between the statistical values of the directional angle samples of each specimen under loading rate 0.01 mm/m and 1 mm/m are compared (refer to Tables 1–3).

After comparison, the statistical value of the directional angle data on the specimens under the third velocity C is similar to the corresponding statistical value under the first velocity A. Both are accepted as normal distributions at a measurement scale of 1.1 mm. However, overall, at a measurement scale of 1.1 mm, the average value of the statistical value P of the directional angles of the three specimens under the third velocity C is larger than that under the first velocity A. The average value of the test statistic [image: Mathematical expression displaying "Jbstat" in a stylized font.] is smaller than the average value of [image: Text showing the word "Jbstat" in a stylized font with italicized characters.] of the three specimens at the first velocity A, and of course, all of them are less than the measurement threshold [image: Text displaying the equation "CV equals 5.9915" in a mathematical typesetting style.].
The mean value of the kurtosis coefficient is also higher than that of the first velocity A, indicating that under the condition of loading speed of 1 mm/min, the probability of the distribution of the specimen direction angle accepting the null hypothesis of normal distribution is greater than that under the condition of velocity of 0.01 mm/m. This indicates that there are differences in the fracture morphology of granite caused by these two different loading rates. On the other hand, under the conditions of a loading rate of 0.1 mm/m and a loading rate of 1 mm/m, comparing Tables 2, 3 showed that the faster the loading rate, the more deviated the degree distribution of the directional angle from the normal distribution. This is because under the condition of a loading rate of 1 mm/m, when the measurement scale is 1.1 mm, the distribution can accept the null hypothesis of normal distribution. However, when the loading rate is 0.1 mm/m, the null hypothesis of normal distribution cannot be accepted within the range of 1.1 mm–0.7 mm.
TABLE 2 | Under the condition of loading speed 0.1 mm/m, statistical values of each specimen (“B” represents a loading speed of 0.01 mm/min. “1, 2, and 3” represent the specimen number).
[image: Table displaying statistical data for rock samples labeled B1, B2, and B3. Columns include scale (unit in millimeters), H, P, Jbstat, variance, standard variance, skewness coefficient, and kurtosis coefficient. Each label features data for scales from 1.1 to 0.7 millimeters, highlighting differences in variance, standard variance, skewness, and kurtosis coefficients.]TABLE 3 | Statistical values of directional angle data for each specimen under the condition of loading speed 1 mm/m (“C” represents a loading speed of 1 mm/m. “1, 2, and 3” represent specimen numbers).
[image: A table displaying statistical data for three rock samples labeled C1, C2, and C3, shows measurements at different scale levels in millimeters. Columns include variables such as H, P, \( J_{bstat} \), variance, standard variance, skewness coefficient, and kurtosis coefficient. Each rock sample's data is organized by scale levels ranging from 1.1 to 0.7.]5 SKEWNESS COEFFICIENT
Based on the above analysis, for a kurtosis coefficient of 3, the sample of the direction angle of the normal vector of the center section on the fracture surface of the specimen follows a standard normal distribution (referred to as the sample of the direction angle of the specimen follows the standard normal distribution). Therefore, from the kurtosis coefficient of the direction angle of each specimen at different scales, the deviation normal distribution coefficient (DNDC) that varies with scale can be defined. The formula is defined as follows:
[image: It seems there may have been an error in uploading your image. Please try uploading the image file again, and I can help you generate the alternate text for it.]
where [image: It seems there is no visible image attachment. Please upload the image or provide a URL so I can help generate the alternate text.] is the skewness coefficient, [image: Please upload the image or provide a URL so I can generate the alt text for you.] is the kurtosis coefficient, and the subscript [image: It seems there is no image uploaded. Please upload an image or provide a URL, and I can help generate the alternate text for it.] is equal to 1.1, 1.0, 0.9, 0.8, and 0.7 and its unit is millimeters (mm). The skewness coefficient reflects the relative error of the deviation of the direction angle of the specimen from the normal distribution at different scales from the perspective of the kurtosis coefficient. In particular, when [image: It seems there might be an issue with your image upload. Please try again to ensure the image is correctly attached. Alternatively, you can provide a URL or additional context for the image.] is equal to 3, the skewness coefficient [image: It seems there has been a mistake. Could you please upload the image or provide a URL so I can generate the alt text for you?] is equal to 0. The distribution of the sample strictly follows normal distribution, which is called unbiased.
The content below is an analysis of the difference in the skewness coefficient of the normal vector of the central section line on the fracture surface of the specimen under different loading methods (referred to as the skewness coefficient of the specimen).
	(i) The relationship between the skewness coefficient and scale of each specimen is revealed.
	(ii) The difference in the skewness coefficient between specimens rotated [image: Certainly! Please upload the image you'd like me to generate alt text for.] and those not rotated at a loading rate 0.01 mm/m is revealed.
	(iii) The differences in the skewness coefficients of specimens under different loading rates are revealed (the data are given in Table 4).

The overall conclusions could be obtained from Table 4. First, for each specimen, its skewness coefficient increases as the scale decreases (refer to Figures 12, 13). Second, for two kinds of specimens at loading speed 0.01 mm/m and the specimens rotated 30°, the variation range of their skewness coefficient is concentrated from 0.1105 to 0.3597, and as the scale decreases, differences in their skewness coefficient become larger and larger. However, for the not-rotated-specimens, their skewness coefficient is concentrated between 0.3534 and 0.5301; so, from Figure 12 and Figure 13, overall, the skewness coefficient of specimens without rotating angles is greater than that of specimens with rotating 30° angles, which shows that when the specimen is loaded to about 2/3 of the fracture threshold, the inside of the rock is indeed damaged. As mentioned above, the skewness coefficients of specimens with a loading rate of 0.01 mm/m are concentrated between 0.3534 and 0.5301, and its range is 0.1767. For the specimens of loading rate 0.1 mm/m, their skewness coefficients range from 0.3869 to 0.4811, with a range of 0.0942. For the specimens of loading rate 1 mm/m, their skewness coefficients are concentrated from 0.2678 to 0.4928, with a range of 0.225. From the range of skewness coefficients, the following conclusion can be obtained. Neither the faster the loading rate of the specimen, the greater the range of skewness coefficients, nor the slower the loading speed of the specimen, the larger the range of skewness coefficients (refer to Figure 13). The variable curves in Figure 12 and Figure 13 show that there is no significant change in the skewness coefficient under the above three loading rates. It indicates that the effects of the three loading rates on the rock fracture morphology of the specimens are not significantly different.
TABLE 4 | Skewness coefficient values between specimens rotating 30° and not rotated (“A” represents loading speed 0.01 mm/m. “1, 2, and 3” represent specimen numbers. “R” represents the specimens of rotating 30°).
[image: Table showing DNDC Rock scale with measurements in millimeters for different samples labeled A1(R), A2(R), A3(R), A1, A2, A3, B1, B2, B3, C1, C2, and C3 across sizes 1.1 mm, 1.0 mm, 0.9 mm, 0.8 mm, and 0.7 mm. Values range from 0.0197 to 0.5301.][image: Line graph showing DRDC against scale for five datasets: A1, A3, A2, A31(R), and A2(R). Each dataset decreases as the scale increases from 0.6 to 1.1. Lines are color-coded.]FIGURE 12 | Skewness coefficients of Ai and Ai (R) as a function of scale (i = 1, 2, 3).
[image: Line graph showing RDE function against scale, with multiple colored lines labeled A1, A2, A3, B1, B2, B3, C1, C2, and C3. The x-axis ranges from 0.6 to 1.1, and the y-axis ranges from 0.35 to 0.55. Lines depict different data sets with various decreasing trends.]FIGURE 13 | Skewness coefficients of Ai, Bi, and Ci as a function of scale (i = 1, 2, 3; blue, red, and green lines represent loading rates of 0.01 mm/min, 0.1 mm/min, and 1 mm/min, respectively).
6 CONCLUSION AND OUTLOOK
MEMS sensors play a crucial role in understanding rock fracture. Coupled with statistical analysis, they offer a powerful approach to studying this complex phenomenon.
MEMS sensors can be strategically placed on or within rocks to measure parameters such as stress, strain, and vibration. These real-time measurements provide valuable data on the behavior of rocks under different conditions. Meanwhile, statistics comes into play by analyzing these data to identify patterns and trends.
In practical applications, this approach can be used in mining and construction industries to assess the stability of rock formations and plan safe operations. It can also aid in geologic research to better understand the processes that lead to rock fractures. By leveraging MEMS sensors and statistics, we can gain a deeper understanding of rock fracture and take proactive measures to ensure safety and stability.
The following conclusion can be obtained from the above rock testing and normal hypothesis testing analysis. First, the distribution status of normal vectors of the central profile on rock fracture surfaces has scale effects from the variable regularity of statistics and skewness coefficient. It indicates that the smaller the measurement scale, the more the distribution deviates from the normal distribution. Second, under the loading speed 0.01 mm and the same scale, there is obviously a difference in the directional angle statistics and skewness coefficient of specimens rotating 30° and not rotating 30° angles. Overall, it is more likely that the distribution of the direction angle of the specimen rotated by 30° is accepted as a normal distribution than that of the specimen without rotation, indicating that the 13-KN pressure applied before rotation caused some damage to the interior of the specimen. Finally, the differences in the above three loading rates in rock fracture surfaces morphology are not obvious. If conditions permit, larger loading rates can be used to analyze the differences in rock fracture surface morphology and identify its variation regularity.
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The dynamics of plant-insect interactions play a crucial role in the ecosystem, influenced by complex molecular signaling pathways. This study extends existing deterministic models of plant-insect systems by incorporating stochastic elements and molecular interactions, particularly focusing on the roles of Botrytis Induced Kinase-1 (BIK1) and Phyto Alexin Deficient-4 (PAD4) proteins. The model evaluates the effects of constant inhibition, pulsed inhibition, and adaptive feedback control on plant biomass [image: Please upload the image or provide a URL so that I can generate the alternate text for you.], insect herbivore density [image: It seems there was an issue with the image upload. Please try uploading the image again or provide a description or context for it.], PAD4 levels [image: Handwritten mathematical notation displaying "y" with a subscript of "3", enclosed in parentheses.], and BIK1 levels [image: Please upload the image or provide a URL for me to generate the alternate text.]. Additionally, we examine the impact of different noise types, including deterministic, Gaussian, and Lévy noise, on system variability and stability. Results indicate that our stochastic model is superior as it shows a significant reduction in BIK1 levels, particularly under higher noise intensities, which enhances PAD4 activity and improves plant defense mechanisms. Moreover, moderate noise intensity [image: It seems like there is no image provided. Please upload the image or provide a URL, and I will generate the alt text for it.] provides an optimal balance, sustaining PAD4 levels while effectively controlling insect herbivore populations. We also integrate MEMS-based feedback mechanisms, which dynamically adjust plant biomass and molecular signaling, further stabilizing the system’s response to environmental variability.
Keywords: mathematical analysis, feedback mechanism, immunity dynamics, Lévy noise, MEMS

1 INTRODUCTION
The intricate dynamics of plant-insect interactions have long captivated ecologists and biologists due to their profound implications for ecosystem stability and agricultural productivity. A notable example of such interaction is the relationship between plants and herbivorous insects, such as aphids, which are significant contributors to crop damage and yield loss globally [1]. Plants have evolved sophisticated defense mechanisms to counteract these insect attacks, initiating a complex interplay of molecular signals and physiological responses aimed at mitigating damage and ensuring survival [2, 3]. In this context, the role of Botrytis Induced Kinase-1 [image: The image shows the mathematical expression \( \text{(BIK1)} \) in italicized font.] has emerged as a critical component of the plant defense arsenal. BIK1 is involved in the phosphorylation of the flagellin receptor FLS2 and BAK1 proteins, initiating a cascade of defense responses that include the production of phytoalexins and other defensive compounds [4]. These responses are modulated by signaling pathways mediated by jasmonic acid (JA) and salicylic acid (SA), which are crucial for the activation of plant immune responses [5, 6]. Recent research has highlighted the interaction between BIK1 and Phytoalexin Deficient-4 (PAD4), another key player in the plant defense response. PAD4 is known to enhance the plant’s resistance to aphids by promoting the synthesis of antixenotic compounds that deter insect feeding [7]. However, [image: I'm sorry, I can't see the image. Please upload the image you'd like described.] has been shown to suppress PAD4 expression, thereby modulating the plant’s defensive capabilities [8]. Given the pivotal roles of [image: It seems there might have been an issue with the image upload. Please try uploading the image again, and I will help generate the alt text for it.] and [image: It appears there is no visual content to provide alt text for. Please upload the image or provide a URL for assistance.] in plant-insect interactions, understanding the molecular underpinnings of their interaction and its impact on plant health is of paramount importance. We further enhance the deterministic model [9] by incorporating MEMS-based feedback mechanisms, allowing for real-time dynamic adjustments in plant biomass and molecular signaling based on environmental conditions and sensor data. Our study addresses critical gaps in existing research by incorporating stochastic elements to capture the inherent variability and extreme events in these systems, offering novel insights into how molecular signaling pathways influence plant defense mechanisms and herbivore population dynamics. The model simulates the dynamics of plant biomass (P), insect herbivore density (I), [image: It appears there is an issue with displaying the image or the image is not provided accurately. Please make sure to upload the image directly or provide a proper URL.] protein, and [image: Sure, please upload the image you want me to describe.] protein under various conditions. Mathematical modeling has evolved from deterministic approaches, such as those by [10, 11], to stochastic models that account for variability and randomness, as highlighted by [12, 13], and [14]. These stochastic models provide a more realistic depiction of ecological systems by incorporating environmental noise, as seen in works like [15, 16].
The stochastic processes, particularly Lévy noise, enhances the model’s ability to capture extreme events, such as insect outbreaks, which are not well represented by Gaussian noise alone. Stochastic modeling techniques, as demonstrated by [17, 18], offer valuable insights for predicting population dynamics, evaluating control strategies, and understanding the influence of environmental variability. The use of Lévy noise in our model allows for the simulation of significant, abrupt changes in plant-insect interactions, providing a comprehensive representation of random phenomena. This approach underscores the importance of stochastic models in understanding complex biological systems and informing agricultural and environmental management practices. The characteristic function of a Lévy process is given by,
[image: Expectation of exponential function is expressed as \(\mathbb{E}[e^{iuX(t)}]\) equals the exponential of \(iuy\) minus one half \(\sigma^2u^2\) plus an integral over real numbers excluding zero of \((e^{ux} - 1 - iux1_{|x|<1})v(dx)\).]
where [image: Please upload the image you would like me to generate the alternate text for. You can do so by using the upload feature.] represents the drift coefficient, [image: Please upload the image or provide a URL so I can generate the alternate text for it.] is the variance of the Gaussian part, and [image: It seems there is an issue with the image upload. Please try uploading the image again or provide a URL. Additionally, you can include a caption for extra context.] is the Lévy measure that describes the jump intensity and distribution.
The plant-insect interaction system is a well-studied model in ecology, evolving from predator-prey analogies to more sophisticated mathematical models incorporating plant immunity concepts. This study extends these models by including molecular interactions in the plant defense system, inspired by [9]. The primary objective of this research is to develop a stochastic mathematical model to analyze plant-insect interaction dynamics, focusing on the molecular interplay between [image: It seems like there was an error with the image upload. Please try uploading the image again, and I would be happy to help you with generating the alternate text.] and [image: It seems like there may have been an error in uploading the image. Please try uploading it again, and I’ll be happy to help with the alt text.] proteins. It explores the impact of noise types, deterministic, Gaussian, and Lévy noise on the system’s variability and stability. This research contributes to understanding plant-insect interactions at the molecular level, with potential applications in agriculture. It highlights the benefits of adaptive feedback control for plant protection, dynamically adjusting to changing conditions. By incorporating noise, especially Lévy noise, the model captures extreme fluctuations, providing a realistic depiction of variability in plant-insect interactions. The study aims to answer key questions about the effects of control strategies, noise types, and the broader ecological implications of these findings.
2 MODEL EQUATIONS
The system of differential equations governing the deterministic model is [9],
[image: A system of four differential equations is shown: dy₁/dt = a₁y₁(1 - y₁/K) - a₂y₁y₂, dy₂/dt = a₃y₁y₂ - a₄y₂ - a₅y₂y₃, dy₃/dt = a₆y₂ - a₇y₃ - a₈y₃y₄, dy₄/dt = a₉y₂ - a₁₀y₄ - a₁₁ ∙ I_{IMP.}K₁.]
The stochastic differential equations is,
[image: Differential equations representing a system with four variables, \( y_1, y_2, y_3, \) and \( y_4 \). Each equation involves coefficients \( a_1, a_2, \) and \( o_1, o_2, o_3, \) and stochastic terms \( dW_1, dW_2, dW_3, \) and \( dW_4 \). The equations are influenced by factors like \( K \) and additional specific parameters. These are marked as equation number \( (2) \).]
The choice of noise addition is grounded in both biological and mathematical reasoning. Biologically, in ecological systems like plant-insect interactions, fluctuations in population densities and molecular levels are typically influenced by current population or protein levels [19–21]. Environmental stresses, such as insect outbreaks or weather conditions, do not affect the system uniformly but have a state-dependent effect: larger populations or protein levels experience more significant impacts. As a result, multiplicative noise (state-dependent noise) is biologically appropriate because it reflects that larger variables are more susceptible to noise. Mathematically, adding noise terms directly allows for stochastic perturbation while preserving the structure of the deterministic model. This approach simplifies the analysis and is commonly used in models involving stochastic dynamics through stochastic differential equations (SDEs), providing a meaningful representation of randomness.
[image: It seems there was an error in uploading the image. Please try again, and make sure to include a description or context if needed.] is a crucial gene that helps Arabidopsis plants defend against aphids. When aphids feed on the plant, [image: If you upload an image or provide a URL, I can help generate the alternate text for it.] gets activated, boosting the plant’s defenses. [image: It appears there was an issue with displaying the image. Please try uploading the image again or provide a URL.] helps in two main ways: by producing substances that deter aphids (antixenosis) and by creating chemicals that can harm aphids (antibiosis). [image: Looks like there was an error in the request. Please try uploading the image again, ensuring the file is attached properly.]’s activity is regulated by other genes like TPS11 and LOX5. TPS11 deals with sugar metabolism, while LOX5 is involved in fatty acid metabolism. TPS11’s activity increases in the plant shoots when aphids attack, while LOX5 activity increases in the leaves. Aphid attacks also trigger another gene, MPL1, which helps in defense but works independently of [image: It seems there is no image available to generate alternate text. Please upload the image or provide a URL for assistance.]. The [image: It seems there was an error with the provided image. Please try uploading the image again or ensure the URL is correct.] gene suppresses [image: I'm sorry, but it seems that you haven't uploaded an image. Please provide an image or a URL to an image, and I can help generate the alternate text for it.]. If [image: Text reads "BIK1" in bold, stylized font with a shadow effect.] is less active (as in [image: It seems there is no image uploaded. Please upload the image or provide a URL, and I would be happy to help generate the alt text for it.] mutants), [image: The text "PAD4" is displayed in a stylized font with a slight shadow effect.] levels rise, making the plant more resistant to aphids. The interaction between [image: It seems like there was an issue with uploading the image. Please try again by clicking the image icon and selecting your image file, or provide a URL if it's online. You can also add a caption for more context.] and [image: The text "PADA4" is displayed in italicized serif font.] involves ethylene (ET), a plant hormone that also plays a role in defense. [image: It seems there was an issue with the image upload. Please try uploading the image again, ensuring the file is in a supported format, or provide a URL if applicable.] is essential for a full defense response against aphids, involving the production of deterrents and toxins. The plant’s ability to emit ethylene is crucial for repelling aphids and is dependent on [image: It seems there's an issue with displaying the image. Please upload the image file or provide a URL so I can generate the alternate text for you.] activity [22–27]. The mathematical model formation on this basis is shown in Figure 1A. This underlying process is shown in Figure 1B. The variables of the model are shown in Table 1.
[image: (a) Schematic diagram depicting the mathematical model formation with components such as inputs, BIK1, and various biological elements connected by arrows indicating relationships, including the role of root material. (b) Diagram illustrating the underlying process of the model, showing elements like nutrients and biological interactions within a plant system, emphasizing processes in the root and shoot with arrows indicating flow and influence.]FIGURE 1 | Insights into the plant-insects dynamical model. (A) Schematic diagram of Mathematical model formation. (B) Underlying process of the model.
TABLE 1 | Variables of the model.
[image: Table listing system components with descriptions and notations. Component 1: P, Plant Biomass, \( y_1 \). Component 2: I, Insect herbivore density, \( y_2 \). Component 3: PAD4, Phytoalexin Deficient protein, \( y_3 \). Component 4: BIK1, Botrytis Induced Kinase protein, \( y_4 \). Component 5: \( I_{\text{nBIK1}} \), BIK1 inhibitor, notation \( I_{\text{nBIK1}} \).]The key assumptions of the model 1,2 are as follow,
	i. The model assumes that the plant biomass (P), insect herbivore density (I), PAD4 protein (PAD4), and BIK1 protein (BIK1) are homogeneously mixed within the environment. This means that these components are evenly distributed, and their interactions occur uniformly throughout the system.
	ii. The environmental conditions, such as temperature, humidity, and nutrient availability, are assumed to be constant.
	iii. The model considers a closed system with no immigration or emigration of insect herbivores. The population dynamics of the insect herbivores are governed solely by the birth and death rates within the system.
	iv. The concentration of the BIK1 inhibitor [image: Graph showing the relationship between the natural logarithm of the inhibitor concentration (\( \ln[\text{Inhibitor}] \)) and an unspecified variable (\( \Delta\text{G}_{TI} \)). The data points appear to be plotted along a line, suggesting a linear correlation. X-axis represents \( \ln[\text{Inhibitor}] \) and Y-axis represents \( \Delta\text{G}_{TI} \) in kilocalories per mole (kcal/mol).] is assumed to be constant and does not change over time.
	v. The rate constants [image: Mathematical expression displaying the variable \(a_i\), indicating a specific element \(i\) in a sequence or set \(a\).] and carrying capacity [image: Equation showing the Boltzmann constant symbolized by \( K \).] are assumed to be constant over time.
	vi. The model does not consider time delays in the responses of the components. All interactions and changes occur instantaneously.
	vii. The model assumes that there are no external interventions, such as pesticide applications or genetic modifications.

3 QUALITATIVE ANALYSIS OF THE MODEL
3.1 Existence and uniqueness of the solution
The following section provides existence, boundedness, and equilibrium analysis for the current model. Theorem 3.1 ensures that the interactions between variables of the system are well-defined and consistent under all modeled conditions, making the system biologically predictable. While the approach used here is specific to our system, similar results in other contexts can be found in [28, 29].
Theorem 3.1. For system 1, there exists a unique solution.
Proof. The proof is given in appendix section (Theorem 3.1).
Theorem 3.2. The solutions of the system 1 are bounded for all [image: It seems there was an error in your input; the image wasn't uploaded. Please try uploading the image again or provide a link to it.].
Proof. The proof is given in appendix section (Theorem 3.1). Theorem 3.2 reflects that the population levels of plants, insects, and proteins will not grow indefinitely or collapse to zero, showing the natural limits on growth due to environmental factors and resource constraints. The proof is given in appendix section (Theorem 3.2).
3.2 Equilibrium analysis
In this section, we analyze the equilibrium points of the system and assess their stability. The variational matrix is a matrix of first-order partial derivatives that encapsulates the local linearization of a nonlinear dynamical system around its equilibrium points. If the system is described by a set of ordinary differential equations [image: Equation showing the derivative of vector y with respect to time as a function of y: \(\dot{\mathbf{y}} = f(\mathbf{y})\).], where [image: I'm sorry, I cannot generate alt text from LaTeX code. Please provide an image file or a URL to the image you'd like described.] represents the state variables, the variational matrix [image: Please upload the image you'd like me to analyze for alternate text generation.] is given by,
[image: Matrix \( V = \frac{\partial f(y)}{\partial y} \) showing partial derivatives of a function \( f(y) \) with respect to variables \( y_1, y_2, \ldots, y_n \). The matrix elements are \(\frac{\partial f_i}{\partial y_j}\), arranged in rows and columns.]
This matrix captures the infinitesimal behavior of the system around the equilibrium points by linearizing the system. The eigenvalue spectrum of the variational matrix governs the local stability properties of the equilibrium. If all eigenvalues have negative real parts, the system exhibits asymptotic stability at the equilibrium point. If any eigenvalue has a positive real part, the equilibrium is unstable. The variational matrix of our model is given by,
[image: Matrix equation with the variable V equals a five by five matrix. First row: \(a_1(1-\frac{2}{K}), -a_2, -a_2, 0, 0\). Second row: \(a_3, a_3, -a_4-a_5, -a_5, 0\). Third row: \(a_6, a_6, -a_7-a_8, -a_8\). Fourth row: \(a_9, a_9, 0, -a_{10}\).]
3.2.1 [image: I'm sorry, it seems like there's an issue displaying the image. Could you please provide a clear image or its URL? Optionally, you can add a caption for more context.]
The variational matrix [image: It seems like there's an issue with displaying the image. Please try re-uploading the image or provide a URL if possible.] at [image: It seems there's an issue with the input. Please provide the actual image or a URL to generate the alternate text.] is,
[image: Matrix equation showing a diagonal matrix with non-zero entries \(a_1\), \(-a_4\), \(-a_7\), and \(-a_{10}\) positioned diagonally. All other entries are zero. The matrix is equated with \(V\) subscript \(\mathcal{E}_{1,(0,0,0,0)}\).]
So, the eigenvalues at the equilibrium point [image: I'm unable to view images directly. Please provide a description or upload the image so I can help generate the alternate text.] are,
[image: Please upload the image you would like me to generate alternate text for, and I will be happy to assist you.]
Theorem 3.3. The equilibrium point [image: I'm sorry, I can't assist with that request. Please upload the image for which you need alt text.] is locally asymptotically stable, if [image: The expression shows: \( a_1 < 0 \), indicating that the variable \( a_1 \) is less than zero.].
Proof. The proof is easy to follow.
3.2.2 [image: It seems there was an error with your input, as it appears to show mathematical notation rather than an image. Please upload the image or provide more details for accurate alt text creation.]
The variational matrix [image: It seems there is no image uploaded. Please provide the image or a link to the image you want described.] at [image: Formula displaying the epsilon symbol followed by a subscript two and the ordered tuple (1, 0, 0, 0) in parentheses.] is,
[image: Matrix equation with \( V_{\mathcal{E}_{(1,0,0,0)}} \) equating to a four-by-four matrix. The first row: \( a_1 \left(1 - \frac{2}{R}\right) \), \(-a_2\), 0, 0. The second row: 0, \( a_3 - a_4 \), 0, 0. The third row: 0, \( a_6 \), \(-a_7\), 0. The fourth row: 0, \( a_9 \), 0, \(-a_{10}\).]
So, the eigenvalues at the equilibrium point [image: Stylized mathematical expression with script letter E subscript 2, followed by the vector (1, 0, 0, 0).] are,
[image: Mathematical expression displaying four variables: lambda sub one equals a sub one times open parenthesis one minus two over K close parenthesis, lambda sub two equals a sub three minus a sub nine, lambda sub three equals negative a sub seven, and lambda sub four equals negative a sub ten.]
Theorem 3.4. The equilibrium point [image: Mathematical expression showing script capital E subscript 2 followed by the vector (1, 0, 0, 0).] is locally asymptotically stable, if [image: It seems there might have been an error with displaying the image. Please upload the image file or provide a URL to generate the alternate text.] and [image: Mathematical expression showing \(a_1 < a_2\), indicating that the value of \(a_1\) is less than the value of \(a_2\).] or [image: The mathematical expression shows that \( a_3 \) is less than the sum of \( a_4 \) and \( a_5 \).].
Proof. The proof is easy to follow.
3.2.3 [image: Mathematical notation displaying the vector \( E_3(0, 1, 0, 0) \) in a four-dimensional coordinate system.]
The variational matrix for [image: Sorry, I am unable to view or analyze the image you mentioned as it wasn't uploaded. Please provide the image or additional details for help.] is,
[image: Matrix equation showing \( V_{\mathcal{E}_{j,(0,1,0,0)}} \) equals a five-by-five matrix. The matrix contains: \(a_1 - a_2\), \(0\), \(0\), \(0\); \(a_3\), \(-a_4\), \(-a_5\), \(0\); \(a_6\), \(0\), \(-a_7\), \(0\); \(a_9\), \(0\), \(0\), \(-a_{10}\).]
The eigenvalues are for the equilibrium point [image: Mathematical expression depicting the third Levi-Civita symbol, epsilon sub three, with arguments zero, one, zero, zero in parentheses.] are,
[image: It seems there is no image uploaded. Please provide the image or URL, and I will be glad to generate the alternate text for you.]
Theorem 3.5. The equilibrium point [image: I'm unable to view the image. Please upload the image file, and I'll help you create the alt text.] is locally asymptotically stable, if [image: The image shows a mathematical expression with variables \(a_1\) and \(a_2\) connected by a less-than sign, indicating that \(a_1\) is less than \(a_2\).].
Proof. The proof is easy to follow.
3.2.4 [image: A mathematical expression denoting the vector \(E_4(0, 0, 1, 0)\).]
The variational matrix for [image: Mathematical expression displaying E subscript 4 with the vector (0, 0, 1, 0) in parentheses.] is,
[image: Matrix representation with the label \(V\mathcal{E}_{4,(0,0,1,0)}\) equals a four-by-four matrix. The main diagonal contains \(a_1\), \(-a_4-a_5\), \(-a_7-a_8\), and \(-a_{10}\), with all other elements being zero.]
The eigenvalues are for the equilibrium point [image: The image displays a mathematical expression with a calligraphic letter 'E' subscript four, followed by coordinates in parentheses: zero, zero, one, zero.] are,
[image: It seems like there's an issue with the image upload. Please try uploading the image file again, and I will be able to help you generate the alternate text.]
Theorem 3.6. The equilibrium point [image: Mathematical expression depicting a four-dimensional epsilon tensor with components zero, zero, one, and zero.] is locally asymptotically stable, if [image: The image shows the mathematical inequality \( a_1 < 0 \), indicating that the variable \( a_1 \) is less than zero.].
Proof. The proof is easy to follow.
3.2.5 [image: The expression \(E_5(0, 0, 0, 1)\) represents a mathematical function or equation typically used in high-dimensional spaces or theoretical contexts.]
The variational matrix for [image: I'm unable to visualize the image you are referencing. Please upload the image or provide its URL for me to generate the alt text.] is,
[image: Matrix labeled \(V_{\mathcal{E}_5,(0,0,0,1)}\) is displayed. It is a four-by-four matrix with diagonal elements \(a_1\), \(-a_4\), \(-a_7 - a_8\), and \(-a_{10}\), and all other elements are zero.]
The eigenvalues are for the equilibrium point [image: Mathematical expression showing script E subscript 5 with the coordinates (0, 0, 0, 1) in parentheses.] are,
[image: I'm unable to view images or content directly from URLs. Please upload the image or provide a description so I can assist you better.]
Theorem 3.7. The equilibrium point [image: The expression displays a mathematical notation: epsilon subscript five, open parenthesis, zero, zero, zero, one, close parenthesis.] is locally asymptotically stable, if [image: The image shows the mathematical expression \( a_1 < 0 \), indicating that the variable \( a_1 \) is less than zero.].
Proof. The proof is easy to follow.
3.2.6 [image: Mathematical expression of the symbol "E" with subscript "6" followed by the coordinates in parentheses: "(1, 1, 0, 0)".]
The variational matrix for [image: The image contains a mathematical notation represented as \(\mathcal{E}_{6}(0, 0, 0, 1)\).] is,
[image: Matrix equation with a five-by-five matrix labeled \(V_{\epsilon_{(1,1,0,0)}}\). Elements include \(a_1(1-\frac{2}{R})-a_2\), \(-a_2\), \(a_3\), \(a_3-a_4\), \(a_6\), \(a_6-a_7\), \(a_9\), and \(-a_{10}\), with zeros elsewhere.]
The eigenvalues are for the equilibrium point [image: I'm sorry, I can't generate the alt text for the image you mentioned since I cannot see the image. Please upload the image or provide a detailed description for assistance.] are,
[image: Mathematical expressions show: \(\lambda_1 = a_1 \left(1 - \frac{2}{K}\right) - a_2\), \(\lambda_2 = a_3 - a_4\), \(\lambda_3 = -a_7\), \(\lambda_4 = -a_{10}\).]
Theorem 3.8. The equilibrium point [image: The text shows the mathematical expression \(\mathcal{E}_6(1,1,0,0)\), indicating a function or operator labeled \(\mathcal{E}_6\) with parameters 1, 1, 0, and 0.] is locally asymptotically stable, if [image: Mathematical expression showing \( a_1 \left( 1 - \frac{2}{\kappa} \right) < a_2 \).] and [image: It seems there might have been an error with the upload. Please try re-uploading the image or provide a URL, and I will assist you in generating alt text.].
Proof. The proof is easy to follow.
3.2.7 [image: Mathematical expression displaying \( E_7(1, 0, 1, 0) \) in italics.]
The variational matrix at [image: It seems there was an issue with uploading the image. Please try again, and make sure to include the image file directly or a URL link to it. Additionally, you can add a caption if that helps provide more context.] is,
[image: Matrix equation labeled \( V_{\varepsilon, (1, 0, 1, 0)} \) equals a four by four matrix. The first element is \( a_1 \left(1 - \frac{2}{K}\right) \), the second row contains \( -a_4 - a_5 \), third row contains \( a_6 \) and \( -a_7 \), and the fourth row contains \( -a_{10} \). The rest are zeros.]
The eigenvalues are for the equilibrium point [image: I'm sorry, I can't generate alt text without seeing the image. Please upload the image so I can help you create an appropriate description.] are,
[image: Mathematical expressions showing four equations: \( \lambda_1 = a_1 \left( 1 - \frac{2}{K} \right) \); \( \lambda_2 = -a_4 - a_5 \); \( \lambda_3 = -a_7 \); \( \lambda_4 = -a_{10} \).]
Theorem 3.9. The equilibrium point [image: Sorry, I can't assist with that.] is locally asymptotically stable, if [image: Mathematical expression displaying \(1 - \frac{2}{k} < 0\).] (i.e., [image: Sure, please upload the image or provide a URL for it.]).
Proof. The proof is easy to follow.
3.2.8 [image: Mathematical expression of the polynomial \( E_8(1, 0, 1, 1) \), featuring subscripts and four parameters inside parentheses.]
The variational matrix at [image: The image shows a mathematical expression in LaTeX format: \(\mathcal{E}_8(1, 0, 1, 1)\), with a calligraphic E subscripted by 8, followed by a set of numbers in parentheses.] is,
[image: Matrix equation with \( V_{\epsilon_{(1,0,1,1)}} \) equal to a four-by-four matrix. The elements are: first row: \( a_1 \left(1 - \frac{2}{R}\right) \), 0, 0, 0; second row: 0, \(-a_4 - a_5\), 0, 0; third row: 0, \(a_6\), \(-a_7 - a_8\), \(-a_8\); fourth row: 0, 0, 0, \(-a_{10}\).]
The eigenvalues are for the equilibrium point [image: Sorry, I can't help with that without seeing the image. Please upload the image for me to assist you with generating the alternate text.] are,
[image: Mathematical expressions showing several equations: lambda one equals a sub one times the quantity one minus two over K. Lambda two equals negative a sub four minus a sub five. Lambda three equals negative a sub seven minus a sub eight. Lambda four equals negative a sub ten.]
Theorem 3.10. The equilibrium point [image: Sure, please upload the image you'd like me to describe.] is locally asymptotically stable, if [image: Equation showing one minus two divided by K is less than zero.] (i.e., [image: It seems there's an issue with the image upload. Please try uploading the image again, and make sure to provide any additional context if needed.]).
Proof. The proof is easy to follow.
3.3 Biological significance
The equilibrium analysis emphasizes the essential dynamics between plant biomass, insect herbivores, and defense proteins, PAD4 and BIK1, in maintaining ecological stability. Theorems 3.4, 3.5 establish the foundational roles of plants and insects in the system, highlighting how their coexistence is necessary for sustaining balanced populations. The most biologically significant results are demonstrated in Theorems 3.9, 3.10, where plants maintain stable coexistence with PAD4 or both PAD4 and BIK1 proteins. These equilibria reflect the plant’s defensive mechanisms being actively regulated by these proteins, ensuring preparedness for potential herbivore attacks. Theorem 3.8 presents the ecologically balanced state, where both plants and insect herbivores coexist, with PAD4 and BIK1 proteins playing a regulatory role. This equilibrium ensures that plant defense systems, driven by these proteins, manage herbivore populations effectively, maintaining system stability. This section highlights the crucial role of plant defense proteins in regulating insect interactions, ensuring long-term ecological balance.
3.4 Basic reproduction number
The basic reproduction number [image: The image shows the mathematical notation \( R_0 \), typically used to represent the basic reproduction number in epidemiology, indicating the average number of secondary cases generated by one primary case in a fully susceptible population.] is given by,
[image: Equation representing \( R_0 \) as the fraction \(\frac{a_3 K}{a_4}\).]
Theorem 3.11. If [image: Mathematical expression showing "R subscript 0 greater than 1".], then the system is uniformly persistent, meaning there exists a positive constant [image: Please upload the image or provide a URL so I can help generate the alternate text for it.] such that for any solution [image: The mathematical notation shows a vector function with four components: \(y_1(t)\), \(y_2(t)\), \(y_3(t)\), \(y_4(t)\), each dependent on the variable \(t\).] with initial conditions in the interior of the positive orthant, we have,
Proof. The proof is given in appendix (Theorem 3.11).
[image: The expression describes a mathematical inequality involving the limit inferior. It states that as \( t \) approaches infinity, the limit inferior of \( y_i(t) \) is greater than or equal to a positive delta for \( i \) equal to one, two, three, and four.]
3.5 Stochastic analysis
For stochastic system with [image: The image contains the mathematical symbols \( y_1, y_2, y_3, y_4 \), representing a series of variables or terms, commonly used in mathematical equations or sequences.], we define [image: Please upload the image or provide a URL for me to generate the alternate text.] as
[image: A mathematical expression defines a set Gamma consisting of four-dimensional vectors. Each vector includes elements y1(t), y2(t), y3(t), y4(t), all within the real number space R^4. The condition is that the sum of y1(t), y2(t), y3(t), and y4(t) is less than or equal to the fraction a1/a5.]
We need to show that [image: Please upload the image or provide a URL so I can help you generate the alternate text.] fulfills almost sure invariance principle.
Theorem 3.12. The closed set [image: It seems like you attempted to upload an image, but it did not come through. Please try uploading the image again.] fulfills almost sure invariance principle for the stochastic system 2.
Proof. This theorem guarantees that the system remains within realistic bounds even under stochastic influences, indicating that the ecosystem is robust to fluctuations in population and protein levels. The proof is given in appendix section (Theorem 3.12).
Theorem 3.13. For [image: The expression shows a tuple \((y_{1}(0), y_{2}(0), y_{3}(0), y_{4}(0))\) belonging to the set \(\Gamma\).], system 2 has a unique and positive solution almost surely.
Proof. This theorem assures that despite randomness, the system’s biological variables (plants, insects, proteins) maintain positive values, ensuring the ecological system remains functional. The proof is given in appendix section (Theorem 3.13).
4 NUMERICAL SIMULATIONS
In the following subsections, various numerical results are provided. The values of the parameters used in the model are given in Table 2. The Euler-Maruyama method is used to solve the stochastic differential equations iteratively as follow,
[image: Mathematical equations representing a system of differential equations with population dynamics. The equations involve terms for variables \( y_1, y_2, y_3, y_4 \), coefficients \( k_{ij} \), carrying capacity \( K \), time increment \( \Delta t \), and Gaussian noise terms \(\eta_j(t)\) multiplied by standard deviation \( \sigma \) and square root of \( \Delta t \).]
where [image: Mathematical notation showing the Greek letter eta with subscript i, followed by parentheses containing the variable t.] represents the noise term. For Gaussian noise, [image: The formula displays the Greek letter eta, \( \eta \), with a subscript \( i \) and a function of time \( t \) in parentheses, indicating a time-dependent variable for a specific index \( i \).] is from a normal distribution [image: It seems there was an error in uploading the image. Please try uploading the image again, and I can assist in generating alternate text for it.],
[image: Mathematical notation showing \( \eta_i(t) \sim \mathcal{N}(0,1) \), which represents a time-dependent random variable \( \eta_i(t) \) following a standard normal distribution with a mean of zero and a variance of one.]
TABLE 2 | Parameter values used in the model.
[image: Table listing descriptions, rate constants, their values, and references. Descriptions include rates for plant biomass production and insect interaction. Constants have assigned values, and references are cited numerically or assumed.]For Lévy noise, [image: The image shows a mathematical expression in italics: η subscript i of t in parentheses.] is from a Lévy distribution.
[image: Equation showing η sub i of t is approximately L vy of α and β.]
where,
[image: Mathematical expression showing $\Delta W_t$ is distributed normally with a mean of $0$ and variance $\Delta t$.]
And
[image: The formula depicts a mathematical expression: ΔWₜ equals the square root of Δt multiplied by Z.]
where [image: It seems there was an error or missing image. Please try uploading the image again, and I will be happy to help with the alt text.] is a standard normal random variable [image: A mathematical expression showing that a random variable \( Z \) follows a normal distribution with a mean of \( 0 \) and a standard deviation of \( 1 \).].
4.1 Noises comparison
Figure 2A shows the dynamics of plant biomass [image: It seems there is a formatting issue with your request. Please provide the image or a description of it, so I can generate the alternate text for you.] under deterministic, Gaussian, and Lévy noise conditions. Under deterministic conditions, plant biomass follows a smooth decline and recovery trajectory. When Gaussian noise is introduced, the system exhibits more fluctuations compared to the deterministic case but maintains a generally similar trend. Lévy noise, however, results in significantly larger fluctuations, reflecting more extreme variations in plant biomass. This observation is consistent with findings from the study [39], which highlighted the importance of Lévy noise in capturing extreme events in biological systems.
[image: Four line graphs compare different series plots for variables y1, y2, and y3 over time. The graphs include three types of estimations: Gaussian Process Regression, Optimal Nonlinear, and Sample Average Approximation. Each graph shows variations, with y1 and y2 displaying a steep initial decline, and y3 exhibiting significant fluctuation. The x-axis represents time, while the y-axis represents values. Legends explain different line styles and colors for each estimation type.]FIGURE 2 | Time series plots of the system variables under different noise conditions (deterministic, Gaussian, and Lévy noise). For all variables—plant biomass [image: It seems there was an issue with the image upload. Please try uploading the image again or provide a URL if it's available. If you have any additional context or details, feel free to include them as well.], insect herbivore density [image: Please provide the image or a URL to it, and I will generate the alternate text for you.], PAD4 levels [image: Mathematical expression displaying the variable \( y_3 \), indicating the third element in a sequence or set related to the variable \( y \).], and BIK1 levels [image: Please upload the image or provide a URL, and I will help generate the alternate text for it.] deterministic conditions show smooth trends, Gaussian noise introduces minor fluctuations, and Lévy noise results in more extreme variations and larger deviations. (A) Series plot for y1. (B) Series plot for y2. (C) Series plot for y3. (D) Series plot for y4.
The dynamics of insect herbivore density [image: If you upload the image or provide a URL, I can help create the alternate text for it. Let me know if you need instructions on how to do that.] under different noise conditions are illustrated in Figure 2B. Deterministic conditions show a continuous decline in insect density. Gaussian noise introduces more variability into the system, causing minor fluctuations around the declining trend. Lévy noise, on the other hand, introduces significant variability, leading to more pronounced fluctuations in insect density. The same trend is followed by other variables (Figures 2C, D).
The parameter [image: It seems there's an issue with the image upload. Please try again by attaching the image file, and I'll be glad to help with the alt text.] significantly impacts plant biomass [image: Please upload the image or provide a URL so I can help generate the alt text for it.] (Figure 3A). Higher values of [image: Please upload the image or provide a URL, and I will help generate the alternate text for it.] indicate better soil conditions and other suitable conditions, allowing plants to maintain or increase their biomass over time.
[image: A line graph depicts various functions over time, with four curves representing different delta values: red for delta equals 0.01, black for 0.02, blue for 0.03, and another red for 0.05. The x-axis denotes time from 0 to 100, and the y-axis ranges from negative 0.6 to 1.8, measuring an unspecified variable. Each curve changes trajectory, illustrating differing growth patterns for each delta. A legend clarifies each curve's delta value with corresponding colors and marker styles.]FIGURE 3 | Effect of plant biomass production constant.
4.2 Lévy noise
The insect herbivore density [image: Please upload the image or provide a URL for me to generate the alternate text.] exhibits distinct behaviors under different noise intensities (Figure 4). At low noise intensity [image: It seems there is an error in your request. Please try uploading the image again or provide a valid URL.] (Figure 4A), the herbivore density decreases steadily, closely mirroring the deterministic model. However, as noise intensity increases, particularly at moderate levels [image: Please provide the image you'd like described by either uploading it or providing a URL.] (Figure 4B), there is an observable increase in fluctuations around the declining trend.
[image: Three series plots comparing actual data with a predicted model at different significance levels. (a) For $\alpha = 0.01$, the plot shows a steady decline in both series. (b) For $\alpha = 0.05$, more fluctuations are present, but a general downward trend remains. (c) For $\alpha = 0.1$, greater variability is noted, though the overall trend is still downward. Each plot includes a legend indicating actual and predicted series.]FIGURE 4 | Time series of insect herbivore density [image: Please upload the image, and I will generate the alternate text for you.] under different noise intensities. With higher noise intensity [image: It seems like you mentioned a part of a mathematical expression or context, but I can't generate alt text without an actual image. Please upload the image and I'll be happy to help!], the fluctuations are significantly larger, leading to increased variability in the system’s behavior. (A) Series plot for σ=0.01. (B) Series plot for σ=0.05. (C) Series plot for σ=0.1.
Similarly, the [image: If you can upload the image or provide a URL, I can help generate the alternate text for you.] levels [image: The image shows a mathematical expression with a lowercase letter "y" and the subscript "3" enclosed in parentheses, likely representing the third element or value in a sequence or function.] show an interesting pattern under varying noise intensities (Figure 5). At a moderate noise intensity of [image: The image contains the mathematical notation for the standard deviation, sigma, equal to 0.05.] (Figure 5A), PAD4 levels maintain a relatively stable and higher average compared to both lower and higher noise intensities. This stability at moderate noise levels suggests that the system can better sustain its defense mechanisms, making this noise intensity particularly beneficial for maintaining [image: The image shows the text "PAD4" in bold, italicized font.] activity. Conversely, at higher noise intensities [image: It appears there's an issue with displaying the image. Please upload the image file or provide a URL for it.] (Figure 5C), PAD4 levels decrease significantly, indicating that excessive noise can disrupt the plant’s defense responses.
[image: Three plots labeled (a), (b), and (c) show series data for different sigma values. Each graph has two lines: a red dashed line and a blue solid line labeled as analytical and numerical, respectively. Plot (a) shows smoother, closely aligned lines; plot (b) has more variation with peaks; plot (c) displays increased fluctuation and spread. The x-axis is time, and the y-axis is data values.]FIGURE 5 | Time series of PAD4 protein levels [image: I'm sorry, I cannot generate alt text without an actual image. Please upload the image, and I'll be glad to help!] under different noise intensities. With higher noise intensity [image: It seems there was some confusion with the input. Please upload the image and I’ll be happy to help create the alternate text for you.], significant fluctuations occur, showing increased sensitivity to the noise. (A) Series plot for σ=0.01. (B) Series plot for σ=0.05. (C) Series plot for σ=0.1.
The comparison between the deterministic and stochastic models reveals critical insights into the behavior of the system under different noise intensities (Figure 6). One of the most notable observations is the impact of stochasticity on the [image: If you provide an image or image URL, I can help generate alt text for it. Please upload the image or share the URL, and optionally add a caption for context.] levels [image: Please upload the image or provide a link for which you need the alt text.]. As noise intensity increases, [image: It seems there was an issue with image upload or displaying it here. Please try uploading the image again or provide a URL for me to view it.] levels exhibit significant fluctuations. For higher noise intensities, [image: The text "BIK1" is displayed in a serif font.] levels decrease more rapidly, indicating that the stochastic model is more sensitive to perturbations. This sensitivity suggests that in real-world scenarios, [image: The image shows the mathematical equation BIK_{1}, where "BIK" is in bold font followed by a subscript "1". The text is rendered in black against a white background.] levels are likely to be more variable due to environmental and internal noise, which the deterministic model fails to capture (Figures 6A–C) [40, 41].
[image: Three line graphs display series plots for different sigma values: (a) sigma equals 0.01 shows a smooth decline; (b) sigma equals 0.005 shows greater fluctuations with an upward trend; (c) sigma equals 0.1 has significant volatility with downward trends. Each graph includes a reference line for comparison.]FIGURE 6 | Time series of BIK1 protein levels [image: Please upload the image or provide a URL so I can generate the alternate text for you.] under different noise intensities. At higher noise intensity [image: It seems there is an issue with the image you are referring to. Please upload the image or provide a URL so I can generate the alternate text for it.], the system exhibits large variability, indicating a stronger response to the perturbations. (A) Relationship between PAD4 Levels (y3) and BIK1 Levels (y4). (B) Relationship between Plant Biomass (y1) and Insect Herbivore Density (y2).
4.3 Queir plots
Queir plots visually represent how the states of a system evolve over time, especially in complex, nonlinear systems. These plots show the system’s trajectory or path in a simplified, multi-dimensional space, focusing on key variables.
Theorem 4.1. Consider the system defined by,

[image: The image displays a differential equation: dy sub 1 over dt equals a sub 1 y sub 1 times open parenthesis 1 minus y sub 1 over K close parenthesis minus a sub 2 y sub 1 y sub 2.]
If [image: The mathematical expression shows that \( y_2(t) \) is less than or equal to \(\frac{a_1}{a_2} \left(1 - \frac{y_1}{K}\right)\).], the plant biomass [image: It seems you have input some code or an unresolved element rather than an actual image. Please upload an image or provide a URL for me to generate the alternate text.] will grow.
Proof. The proof is given in appendix section (Theorem 4.1).
Theorem 4.2. Consider the system defined by,
[image: The equation represents the derivative of y sub 3 with respect to t, equal to a sub 6 times y sub 2 minus a sub 7 times y sub 3 minus a sub 9 times y sub 3 times y sub 4.]
[image: The equation shown is: dy subscript 4 over dt equals a subscript 9 y subscript 2 minus a subscript 10 y subscript 4 minus a subscript 11 times natural logarithm of BIK subscript 1.]
If [image: Mathematical expression showing the product of \(y_1\) and \(y_2\).] exceeds the thresholds [image: The mathematical expression is a fraction with the numerator \( a_7 y_3 + a_8 y_3 y_4 \) and the denominator \( a_6 \).] and [image: The mathematical expression shows a fraction with the numerator \( a_{10} y_4 + a_{11} \cdot \ln BIK1 \) and the denominator \( a_9 \).], both [image: Mathematical notation showing \( y_3(t) \), where \( y_3 \) is a function of time \( t \).] and [image: Mathematical notation displaying the function \( y_4(t) \), representing a time-dependent variable or expression labeled \( y_4 \).] will increase, contributing to the plant’s defensive response.
Proof. The proof is given in appendix section (Theorem 4.2).
4.3.1 Relationship between [image: It seems there is no image present. Please upload the image or provide a URL for me to generate the alternate text.] levels [image: Equation fragment displaying a mathematical variable, y subscript 3, enclosed in parentheses.] and [image: It seems there's an issue with accessing the image. Please try uploading the image again or provide a URL if applicable.] levels [image: Please upload the image or provide a URL so I can help generate the alternate text for it.]
As shown in Figure 7A, the relationship between [image: It appears there is no image provided. Please upload the image or provide a URL for it, and I will be happy to generate the alternate text for you.] [image:  It seems like there was an error in your request. If you're trying to upload an image, please do so, and I'll help generate the alternate text for it.] and [image: It seems like the image did not upload correctly. Please try uploading the image again or provide a URL. If you have any context or description of the image, feel free to include it as well.] [image: Mathematical notation displaying \( y_4 \) in parentheses.] levels exhibits a complex trend where increases in [image: It seems like the image did not upload correctly. Please try uploading the image again or provide a URL or description for it.] lead to increases in [image: It seems there is no image visible. Please upload the image or provide a URL for me to generate the alternate text.] up to a threshold, after which the relationship stabilizes. This pattern reflects regulatory feedback mechanisms, where [image: It looks like the image did not come through. Please upload the image file or provide a URL so I can help generate the alternate text for it.] activation upregulates [image: It seems you've included some text that looks like an image placeholder or an error. If you intended to upload an image, please try again. If you'd like alt text for a specific image, provide the image or more context.] until feedback stabilization occurs. The findings align with studies on plant signaling pathways, where [image: Please upload the image or provide a URL so I can help generate the alt text for it.] is essential in defense responses, and stochastic dynamics impact regulatory networks.
[image: Graphical data representation with two panels. Panel (a) shows a scatter plot of PADA Levels (y3) versus BIK1 Levels (y4), illustrating a positive correlation. Panel (b) presents Plant Biomass (y1) against Insect Herbivore Density (y2), indicating a different pattern of distribution. Both graphs have labels and a consistent color scheme using blue dots.]FIGURE 7 | The plot shows the relationships in the plant-insect interaction model: (A) between [image: If you have an image you would like me to generate alternate text for, please upload it or provide a URL.] Levels [image: Certainly! Please upload the image or provide a URL so I can generate the alternate text for you.] and [image: The image shows the text "BIK1" in a serif font. The letters are bold and evenly spaced, with the entire text presented in grayscale.] Levels [image: Please upload the image or provide a URL to the image you would like described.], and (B) between Plant Biomass [image: Please upload the image so I can generate the appropriate alt text for you.] and Insect Herbivore Density [image: It seems there's an issue with the image upload. Please try uploading the image again, ensuring the file is correctly selected. If you need assistance, feel free to ask!].
4.3.2 Relationship between plant biomass [image: It seems like you've referenced a mathematical expression rather than an image. Please upload an image or provide a URL for me to generate alternate text.] and insect herbivore density [image: Please upload the image or provide a URL so I can generate the alternate text for you.]
Figure 7B shows that the relationship between plant biomass [image: Please upload the image you would like me to generate alt text for.] and insect herbivore density [image: It seems like you've either referenced an equation or a placeholder instead of an image. Please upload the image or provide a URL so I can help generate alternate text for it.] is inversely correlated, where increases in plant biomass lead to reductions in herbivore density. This reflects the plant’s defense mechanisms, mediated by proteins like [image: To generate alt text, please upload the image or provide a URL.] and [image: If you can upload or provide a description of the image, I'll be happy to generate the alt text for you!], which regulate herbivore populations. Stochastic fluctuations observed are consistent with known plant-herbivore interaction models.
4.4 Probability density distributions
The stationary distribution describes the long-term behavior of a stochastic process, offering insights into the stability of system. A Markov process, which models a sequence of potential events, is primarily influenced by the state attained in the previous event. In simpler terms, it can be thought of as “what happens in the future depends only on the current situation.”
In the space [image: Mathematical symbol representing the set of positive real numbers raised to the power of 72, denoted as R superscript 72 with a subscript plus sign.], consider that the process [image: A mathematical expression showing 'J(t)', representing a function J in terms of the variable t.] is regular and time-homogeneous, exhibiting Markovian behavior with respect to time [image: It seems like there was an issue with uploading the image. Please try uploading the image again, and I will be happy to help create the alternate text for it.] of the form:
[image: Mathematical equation representing a stochastic differential equation: dJ(t) equals the sum from s equals 1 to l of k_s dB_s(t) plus b(J) dt.]
Here, [image: Matrix notation showing \(\mathcal{A}(\mathcal{J}) = [\ell_{ij}(y)]\), indicating an array or function involving indices \(i\) and \(j\) and a variable \(y\).] is the matrix associated with the mixing terms, where [image: Mathematical formula indicating a summation: the function \( t_{ij}(\nu) \) equals the sum from \( s = 1 \) to \( l \) of \( \kappa_s^i(\nu) \) multiplied by \( \kappa_s^j(\nu) \).].
Lemma 4.1. [42, 43] The process [image: The image contains the mathematical expression \( J(t) \).] is said to possess a unique stationary distribution [image: I'm sorry, there seems to be a problem displaying the image you're trying to share. Please upload the image or provide a URL, and I'd be happy to help with the alt text.] if we can identify a bounded domain with regular boundaries [image: Mathematical notation showing "U, U̅ are subsets of R superscript d".], such that,
	1. The smallest eigenvalue of [image: Please provide the image by uploading it, and I will help generate the alt text for you.] is bounded away from zero within the domain [image: Please upload the image or provide the URL so I can help generate the alternate text.] and its vicinity.

Additionally, if [image: The expression "y is an element of the set of real numbers to the power of d excluding the set U" is shown in a mathematical notation.], the mean time [image: Please upload the image you would like me to generate the alternate text for.] (at which a path originating from [image: It seems there might have been an issue with uploading the image. Please try again by selecting the image file and including any relevant information or context you would like included in the alternate text.] reaches [image: Please upload the image or provide a URL so I can generate the alternate text for you.]) is finite, and [image: Supremum of expected value of tau over all y in L is less than infinity.] for each compact subset [image: Mathematical notation showing a subset relationship, where set \( L \) is a subset of \( \mathbb{R}^m \).]. Furthermore, let [image: Please upload the image or provide a URL so that I can generate the alternate text for it.] be an integrable function with respect to the measure [image: A mathematical symbol for pi, π, representing the ratio of the circumference of a circle to its diameter, displayed in a standard font.], then
[image: A mathematical equation involving a limit and integrals. The limit as T approaches infinity of one over T times the integral from zero to T of f subscript J subscript y of t dt equals the integral over R superscript d of g of y pi of dy equals one, for all y in R superscript d.]
we define,
[image: Equation with a fraction. Numerator: \(a_1 a_3 a_6\). Denominator: the product of four terms, each being the sum of \(a_n\) and \(\frac{\xi}{2}\) for \(n = 2, 4, 7, 10\). Labeled as Equation 3.]
Theorem 4.3. For [image: The equation shown is a vector notation: \( (y_1(0), y_2(0), y_3(0), y_4(0)) \in \Gamma \).], the system has a unique stationary distribution [image: It seems there was an issue with displaying the image. Please upload the image file or provide a URL, and I will generate the alternate text for you.] as well as the solution [image: Mathematical notation showing a vector of four functions of time: y subscript 1 of t, y subscript 2 of t, y subscript 3 of t, and y subscript 4 of t.] to the model is ergodic in nature.
Proof. The proof is given in appendix section (Theorem 4.3).
Figure 8 presents the probability density distributions for the key variables in our stochastic model of plant-insect interactions. The density of [image: It seems there was an issue with uploading the image. Please try to upload the image again or provide the URL. Optionally, you can add a caption for additional context.] (is predominantly concentrated around 0.5, indicating that this is the most common biomass level. [image: Please upload the image or provide a URL so I can generate the alt text for you.] exhibits its highest density at approximately 0.1, showing that insect populations reach this density influenced by factors such as available plant biomass and natural predator presence. For [image: Please upload the image or provide a URL so I can generate accurate alt text for you.], the density peaks sharply, demonstrating that [image: It seems there's a misunderstanding. I need you to upload an image or provide a URL for me to generate the alt text. Please try again, and I'll be happy to help.] protein levels consistently reach an optimal level for effective response to insect herbivory. In contrast, [image: It seems like there might be an error in your request. Please upload the image or provide a URL, and I can help generate the alternate text.] displays a bimodal distribution, indicating two dominant states of this protein. The lower levels of [image: I'm sorry, I cannot view any image unless you upload it or provide a URL. Please upload the image or give a URL, and I'll help you with the alt text.], corresponding to the first peak, are associated with heightened [image: It seems like the image did not upload correctly. Please try uploading the image again or provide a URL to the image.] activity, reflecting a robust plant defense mechanism. The second peak at higher [image: It seems there was an error with the image upload. Please try uploading the image again or provide a link, and I will help create the alternate text for it.] levels suggests a regulatory balance where [image: Please upload the image or provide a URL so I can generate the alternate text for you.] moderates the defense response to prevent overreaction.
[image: Four density plots labeled y1, y2, y3, and y4. y1 and y3 have peaks around 0.8 and 0.4, respectively. y2 and y4 show broader distributions, peaking around 0.09 and 1.0. Vertical and horizontal axes are marked with density values.]FIGURE 8 | Density Distribution of the model variable’s.
5 MEMS IN CONTROL
The integration of Micro-Electromechanical Systems (MEMS) in plant systems has revolutionized the field of precision agriculture by providing real-time monitoring and adaptive control capabilities. MEMS sensors are widely used for tracking environmental parameters such as soil moisture, temperature, humidity, and nutrient levels, enabling more efficient and precise irrigation and fertilization strategies. For example, The increasing demand for the miniaturization of biosensors has driven growing interest in microelectromechanical systems (MEMS) [44, 45], along with nanoelectromechanical systems (NEMS) and microfluidic or lab-on-a-chip based biosensors [35, 46]. These compact systems provide enhanced accuracy, sensitivity, specificity, and cost-efficiency, while also offering high-performance biosensing capabilities. MEMS-based biosensors leverage a range of detection methods, including optical, mechanical, magnetic, and electrochemical approaches. For optical detection, probes like organic dyes, semiconductor quantum dots, and other fluorescence markers are commonly employed. In magnetic MEMS biosensors, nanoparticles such as magnetic, paramagnetic, or ferromagnetic particles are utilized. Mechanical MEMS biosensors operate based on changes in surface stress or mass [47], where biochemical reactions or analyte adsorption on the cantilever induce surface stress changes. Electrochemical MEMS biosensors, on the other hand, rely on amperometric, potentiometric, or conductometric detection methods [48–51]. For each variable, sensor-based feedback terms can be introduced to adjust the differential equations based on real-time data gathered by MEMS. This can include intervention strategies or feedback loops that modify plant biomass growth, herbivore density, and molecular signals. We extend the stochastic Equation 2 to include MEMS input, denoted by a new variable [image: It seems like there was an error or an issue with displaying the image. Can you please upload the image again or provide a description of it?], representing MEMS sensor feedback,
[image: The image displays a differential equation: \( dy_1 = \left( a_1 y_1 \left( 1 - \frac{y_1}{K} \right) - a_2 y_1 y_2 + M_1(t) \right) dt + \sigma y_1 dW_1 \).]
[image: Mathematical equation depicting a differential equation: dy₂ equals a₆y₁y₂ minus a₄y₂ minus a₅y₂ squared plus M₁ of t times dt plus σ₃y₂dW₂.]
[image: Equation displaying a differential equation: \(dy_t = (a_{0} y_{2} - a y_{t} - a_{2} y_{t} + M_{t}(t)) dt + \sigma_{3} y_{t} dW_{t} \).]
[image: Mathematical formula displaying a differential equation: \( dy_t = (a_0 y_t^2 - a_{00} y_t - a_{11} \cdot \ln NBK_t + M_t(q))dt + \sigma_y y_t dW_t \).]
For each variable [image: The image shows the mathematical expression \( y_i(t) \), where \( y \) is a function dependent on the variable \( t \) and subscript \( i \).], the MEMS feedback terms [image: The equation "M sub i of t" is displayed, where M, i, and t are variables.] are defined as follows,
[image: Mathematical equation showing \( M_1(t) = \beta_1 \cdot \text{ControlFunction for } y_1(t) \).]
[image: Equation showing \( M_2(t) = \beta_2 \cdot \text{Control Function for } y_2(t) \), representing a mathematical relationship involving control functions.]
[image: Mathematical equation displaying \( M_{\gamma}(t) = \beta_{\gamma} \cdot \text{Control Function for } y_{\gamma}(t) \).]
[image: Mathematical equation depicting \( M_{\lambda}(t) = \beta_{\lambda} \cdot \text{Control Function for } y_{\lambda}(t) \).]
The parameters [image: Greek letters beta sub one, beta sub two, and beta sub three.], and [image: Greek letter beta with a subscript of four, indicating a specific variable or coefficient in a mathematical or statistical equation.] represent scaling factors that control the strength of the feedback applied by the MEMS sensors for each variable. Figure 9 presents the results incorporating MEMS feedback into the system. In 5, the plant biomass [image: Please upload the image you'd like me to generate alt text for.] shows a significant oscillatory behavior in the stochastic case, with a generally increasing trend after an initial decline. The MEMS feedback helps stabilize biomass growth, resulting in quicker recovery compared to the deterministic solution, which shows a smoother, slower increase. In 5, the insect herbivore density [image: If you have an image you would like me to generate alt text for, please upload it or provide a URL.] demonstrates a steady decline, with MEMS further suppressing insect growth. The stochastic model exhibits more variability and faster suppression of herbivores, while the deterministic model shows a smoother, more gradual reduction. The PAD4 protein dynamics [image: Please upload the image or provide a URL so I can generate the alt text for you.] in five show an initial peak followed by a decline and eventual stabilization, with MEMS feedback leading to more active and pronounced fluctuations in the stochastic case compared to the smoother deterministic curve. In 5, the BIK1 protein [image: Please upload an image or provide a URL, and I can help generate the alternate text for it.] follows a similar trend to the other variables, with MEMS inducing stronger oscillations in the stochastic model, particularly towards the later stages. The deterministic solution, on the other hand, stabilizes more smoothly without such fluctuations. The implementation of MEMS introduces dynamic feedback into the system, leading to faster recovery, better control of herbivore density, and more pronounced fluctuations in protein levels. This highlights MEMS’ effectiveness in dynamically regulating plant-insect interactions and molecular signals.
[image: Four line graphs compare different series of data: (a) Series y1 shows a rise, (b) Series y2 displays a decline, (c) Series y3 varies with peaks and troughs, and (d) Series y4 indicates a simpler rise and fall pattern. Each graph features a blue line representing the data and a red dashed line, likely a reference or comparison line.]FIGURE 9 | Time series plots of system variables with MEMS feedback under stochastic conditions. For all variables—plant biomass [image: Please upload the image or provide a URL for it so I can generate the alt text for you.], insect herbivore density [image: It seems like there is an error in uploading the image. Please try attaching the image again or provide a URL if possible.], PAD4 levels [image: I am unable to view the image directly. Please upload the image file or provide a link to it, and I will assist you in generating the alternate text.], and BIK1 levels [image: Please upload the image or provide a URL, and I can help generate the alt text for it.]—MEMS feedback stabilizes the system’s oscillations. Plant biomass and herbivore density recover more quickly compared to the deterministic case, while PAD4 and BIK1 show increased fluctuations due to dynamic feedback responses. (A) Series plot for y1. (B) Series plot for y2. (C) Series plot for y3. (D) Series plot for y4.
6 DISCUSSION
Our comparison of noise conditions revealed distinct behaviors in plant biomass and insect herbivore density. Deterministic conditions produced smooth trajectories, while Gaussian noise caused moderate fluctuations, and Lévy noise led to extreme variations, effectively capturing sudden changes in biological systems. High [image: Certainly! Please upload the image you'd like me to describe.] levels and low [image: I'm sorry, I cannot view the image you uploaded. Please try again with a compatible file type, such as JPEG or PNG, or provide a link to the image.] levels were associated with increased plant biomass and reduced herbivore density, indicating effective plant defense mechanisms. Moderate noise intensity [image: It seems there might be an error in your message, as no image is visible for me to generate alt text. Please upload the image or provide a correct URL, and I will be happy to assist you.] sustained [image: The image shows the stylized text "PAD4" with a slight italic slant, likely representing a label or identifier.] activity, providing a balance between system stability and variability.
Lévy noise had a significant impact on [image: It looks like you attempted to include an image, but it did not upload successfully. Please try uploading the image again, and I will help generate the alternate text for it.] and herbivore density, with moderate noise intensities sustaining [image: It appears there is no visible image. Please upload the image file or provide a URL for assistance.] activity for optimal plant defense. Queir plots revealed non-linear regulatory interactions between [image: There is no image provided. Please upload an image or provide a URL for me to generate the alt text.] and [image: The text "BIK1" is shown in bold, italicized, and serif font.], emphasizing the role of stochastic dynamics in biological networks. The results suggest that moderate noise intensity is optimal for maintaining system function, with MEMS-based feedback showing potential for adaptability by continuously adjusting key parameters.
7 CONCLUSION
This study provides a comprehensive analysis of the dynamic interactions between plants and insect herbivores, focusing on the molecular interplay between [image: It seems like there was an error in providing or displaying the image. Please try uploading the image again or provide a URL. If you have a caption or context to add, feel free to include that as well.] and [image: Text displaying the word "BIK1" in a serif font, with a bold and italic style, and grayscale coloring.] proteins, under various control strategies and noise conditions. The inclusion of different noise types in the model reveals significant insights into the system’s variability. Gaussian noise introduces moderate fluctuations around the deterministic trends, while Lévy noise induces more extreme fluctuations and variability, capturing the sudden changes and extreme events often observed in biological systems. This emphasizes the necessity of incorporating stochastic elements, particularly Lévy noise, to accurately model and understand the complex dynamics of plant-insect interactions. By incorporating MEMS-driven adaptive feedback, we demonstrated how real-time sensor-based interventions can enhance the system’s stability and effectiveness, particularly in maintaining plant health and controlling insect populations under varying noise conditions. Our study advances our understanding of plant-insect interactions and offers valuable insights into the role of noise and control strategies in modulating system behavior. These findings have implications for the development of effective management strategies in agricultural and ecological contexts, paving the way for more robust and sustainable approaches to mitigating the impacts of insect herbivory on plant health and productivity.
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Wearable piezoelectric sensors, as an emerging tool for blood pressure measurement, have attracted much attention at the forefront of medical physics and have broad application prospects due to their portability, real-time monitoring and low interference with human activities. However, the development of piezoelectric materials is currently a key factor restricting the development of wearable piezoelectric sensors. In order to continuously improve the accuracy and speed of blood pressure measurements by wearable piezoelectric sensors, new measurement methods need to be designed in addition to the development of high-performance piezoelectric materials. We present the advantages and disadvantages of different types of piezoelectric materials for wearable piezoelectric sensors, illustrate their future development directions, and discuss the current new strategies and the latest applied research of piezoelectric sensors applied to blood pressure measurement. In addition, the challenges and future prospects of wearable piezoelectric sensors for blood pressure measurement are revealed, providing new ideas for future applications of high-performance wearable piezoelectric sensors for health monitoring.
Keywords: wearable, piezoelectric sensors, blood pressure measurement, medical physics, enhanced technology

1 INTRODUCTION
In traditional medical physics and imaging applications, commonly used imaging modalities for physiologic indicators of the human body include X-radiation(X-ray) imaging [1], Computed Tomography(CT) [2], ultrasound imaging [3], and Magnetic Resonance Imaging(MRI) [4]. X-rays and CTs are radioactive and prolonged and frequent measurements increase the risk of cancer. Ultrasound imaging relies too much on manual manipulation by healthcare professionals, which is inflexible, does not allow for long-term monitoring and leads to a poor patient experience. MRI is costly, time-consuming to detect, and is not indicated for patients with metal implants. Wearable piezoelectric sensors can noninvasively monitor the structure and function of deep tissues [5], obtain more comprehensive information about human physiology, and more accurately monitor early lesions, especially blood pressure (BP), a physiological indicator that requires long-term monitoring, which can help to achieve early observation and intervention of hypertension.
Hypertension is a common chronic disease worldwide, and accurate BP measurement is essential for the diagnosis, treatment and management of the disease. The traditional BP measurement tools of auscultation and oscillometric methods have certain limitations, such as not being able to provide continuous and dynamic BP information and requiring specific measurement environments and equipment [6]. Ordinary wearable sensors detect physical quantities (e.g., strain, pressure, temperature, etc.) on the surface of the body based on changes in resistance, capacitance, or inductance, thereby detecting physiological signals from the human epidermis, but do not include imaging technology [7]. Wearable piezoelectric sensors have noninvasive imaging capabilities that allow rapid acquisition of high-resolution images of internal tissue structure and morphology for fast and accurate diagnosis [8]. Wearable piezoelectric sensors, based on the versatility of piezoelectric materials, are capable of deep tissue imaging, blood flow measurements, and BP high and low measurements, which provide a better option for carrying out routine BP measurement imaging. Therefore, it is crucial to investigate high-performance wearable piezoelectric sensors. In this paper, we introduce the structure and working principle of wearable piezoelectric sensors, classify their piezoelectric materials, and discuss the research on the application of wearable piezoelectric sensors in BP measurement. Finally, we look at the prospects and challenges of wearable piezoelectric sensors for BP measurement.
2 PRINCIPLES OF OPERATION
As shown in Figure 1A, wearable piezoelectric sensors measure BP based on the piezoelectric effect. The basic principle is that when the arterial BP of the human body changes, it creates strain on the skin’s surface. The piezoelectric material within the piezoelectric sensor that is right next to the skin generates electrical signals related to pressure when pressurized. These electrical signals, along with a clinically calibrated model or algorithm for converting them into BP as shown in Figure 1A(i), enable the calculation and display of BP values like systolic and diastolic BP [9]. The overall measurement process is illustrated in Figure 1B. The basic structure of the wearable piezoelectric sensor is an encapsulation layer composed of polydimethylsiloxane, a piezoelectric sandwich layer of lead zirconate titanate fork finger electrodes, a substrate layer composed of polyethylene terephthalate, and some adhesive materials, as shown in Figure 1A(ii). Min et al. designed a wearable piezoelectric BP sensor (WPBPS) based on this principle, achieving a high normalized sensitivity (0.062 kPa-1) and a fast response (23 m) for Continuous Non-invasive Arterial Pressure (CNAP) monitoring [9]. They screened 35 subjects aged 20–80 years for a clinical trial and found mean differences in systolic (SBP) and diastolic (DBP) BP of only −0.89 ± 6.19 and −0.32 ± 5.28 mmHg.
[image: Diagram illustrating a wearable piezoelectric blood pressure sensor system. Section A shows a person using the sensor on their wrist, with insets displaying clinical validation and sensor components. Section B outlines a flowchart for blood pressure monitoring, detailing sensor calibration, data acquisition, correlation analysis, and measurement processes.]FIGURE 1 | (A) Schematic diagram of the working principle of wearable piezoelectric sensor BP measurement. (i) Clinical proof-of-concept diagram for comparison with standard sphygmomanometers. (ii) Schematic structure of wearable piezoelectric sensor [9] (B) Overall Flowchart for BP Measurement with Wearable Piezoelectric Sensors [9]. Reprinted (adapted) with permission from [9]. Copyright 2024 John Wiley and Sons.
For now, wearable piezoelectric sensors for BP measurement also suffer from the lack of a unified conversion model, uncertainty in arterial pressure transfer, and coupling of multiple physical fields (e.g., the effect of temperature fields, interference from noise fields). The key to solving these problems needs to start with the sensor itself, whose performance is directly determined by the piezoelectric material. This is because the piezoelectric effect of piezoelectric materials is itself a complex physical phenomenon, the charge generated by the piezoelectric material and the applied pressure is not exactly linear, and there are differences in the correspondence between different materials. Furthermore, in addition to the positive piezoelectric effect, piezoelectric materials also have an inverse piezoelectric effect, which causes the crystal of the piezoelectric material to be mechanically deformed by the alternating electric field, thus affecting the results of BP measurements [10]. Therefore, optimising the properties of piezoelectric materials is one of the popular research directions for the future of wearable piezoelectric sensors in the future.
3 CLASSIFICATION OF PIEZOELECTRIC MATERIALS
Piezoelectric materials are the core of piezoelectric transducers, and their performance directly determines the sensitivity and accuracy of the transducers. Categorizing piezoelectric materials can show the advantages and disadvantages of various sensors more clearly and point out the direction for the future development of wearable piezoelectric sensors.
3.1 Inorganic piezoelectric materials
Common inorganic piezoelectric materials include quartz crystals [11], lead zirconate titanate piezoelectric ceramics [12], zinc oxide [13], aluminum nitride [14], and barium titanate [15].Most inorganic piezoelectric materials can accurately convert small mechanical vibrations into electrical signals [16], which makes piezoelectric sensors excellent in measuring small displacement and pressure changes and more adaptable to BP measurements. Inorganic piezoelectric materials with relatively large electromechanical coupling coefficients can efficiently convert mechanical energy into electrical energy or electrical energy into mechanical energy [17], which is important for both signal transmission and reception of piezoelectric sensors. In applications such as ultrasonic detection and imaging, high electromechanical coupling coefficients can improve the energy conversion efficiency of the transducer and enhance the signal emission strength and reception sensitivity, resulting in clearer and more accurate detection results. In addition, piezoelectric sensors based on inorganic materials have the advantages of good temperature stability, high chemical stability, and high mechanical strength [18].
The disadvantages of inorganic piezoelectric materials are also more obvious. First, its molding process is complicated, such as the preparation of piezoelectric ceramics requires precise control of the ratio of raw materials, sintering temperature, holding time and other parameters [19], and the high requirements for equipment and process conditions bring about high production costs and low production efficiency, which is not conducive to the promotion of the sensor. Second, inorganic piezoelectric materials are usually hard and lack flexibility, making them difficult to fabricate into complex shapes [20], which makes it difficult to adapt to application scenarios of bending or deformation in BP measurements. Finally, some piezoelectric materials contain toxic components, such as lead zirconate titanate, which contains lead and other toxic elements [21], and cannot meet the requirements for long-term human wear and subsequent environmental treatment. In the current development of inorganic piezoelectric materials, doping with rare earth elements is one of the effective means. Shi et al. proposed a new Li+-Sm3+ co-doped acceptor-donor method in order to improve the piezoelectric properties of PbZr0.52Ti0.48O3 (PZT) ceramics [22]. They showed that Li+-Sm 3+ (1.5 mol%) increased the d33 of PZT from 150 to 405 pC/N with a strain field over 0.16%. Meanwhile, they showed that the doped PZT ceramics had more uniform grain size, clearer grain boundaries and reduced internal defects by SEM observation. In view of the enhanced piezoelectric properties and optimised microstructure of the doped PZT ceramics, this makes them promising for applications in many fields, such as BP measurement sensors, ultrasonic transducers, and microelectromechanical systems (MEMS).
3.2 Organic piezoelectric materials
Organic piezoelectric material molecules tend to be more specific, and can deform under the action of an electric field to generate an electric charge or be excited by an electric charge, and common organic piezoelectric materials include polyvinylidene fluoride [23], polyvinyl chloride [24], and nylon [25]. First, organic piezoelectric materials have good flexibility and bendability [26], which can better fit the human skin and ensure that the sensors measure BP in different postures and states of the human body. Second, organic piezoelectric materials are biocompatible with human tissues and do not produce allergies or other adverse reactions [27], which is very beneficial for BP measurement sensors that need to be worn for a long period of time. Third, the acoustic impedance of many organic piezoelectric materials (e.g., polyvinylidene fluoride) is closer to the acoustic impedance of human tissues [28], which is very favorable for ultrasonic-based piezoelectric sensors. In addition, organic piezoelectric materials are inexpensive to produce, easy to process, can be made into shapes such as films and fibers, and can be miniaturized by integrating electronic components, making wearable BP measurement sensor devices more convenient and practical.
Organic piezoelectric materials also have some disadvantages. Piezoelectric coefficients are typically lower than those of inorganic piezoelectric materials [29], which makes the corresponding sensors require more complex signal processing and amplification circuits in order to obtain accurate BP measurement images. Organic piezoelectric materials are susceptible to temperature, and their piezoelectric properties may change in different temperature environments [30], thus affecting the accuracy of BP measurements, which can vary from morning to evening and from season to season. Organic piezoelectric materials are more flexible, and their corresponding sensors also need to be subjected to long-term stretching, folding, bending and other operations, which to a certain extent will reduce the service life and accuracy of the sensor [31]. Currently, the development of biodegradable organic piezoelectric materials is a hotspot and frontier of research in related fields. Zhang et al. developed an organic ferroelectric crystal 2,2,3,3,4,4 - hexafluoro-1,5 - pentanediol (HFPD) and prepared HFPD - polyvinyl alcohol (PVA) flexible piezoelectric composite films by solution evaporation method [32]. The d₃₃ of the piezoelectric response of this material reaches 138 pC/N, which is similar to the piezoelectric performance of the inorganic ceramic barium titanate, and overcomes the disadvantage of the latter’s inability to be naturally degraded in living organisms. It also opens up the possibility of wearable piezoelectric sensors implanted in the body to measure BP.
3.3 Composite piezoelectric materials
Piezoelectric composites have high voltage electrical response and electromechanical coupling coefficients, and have higher thermal stability and mechanical properties than single piezoelectric materials [33]. Common piezoelectric composites include polyvinylidene fluoride (PVDF)-based composite piezoelectric materials, such as PVDF/piezoelectric ceramic composite [34], PVDF/carbon nanotube composite [35]; lead zirconate titanate (PZT)/polymer composite piezoelectric materials, such as PZT/epoxy resin composite [36], PZT/silicone rubber composite [37] and so on. There are some other types of piezoelectric composites, such as polyurethane (PU)/polylactic acid (PLA) composite piezoelectric materials [38], piezoelectric ceramic/cement/polymer composite [39], graphite/polymer composite [40], and quantum dot/polymer composite [41]. Currently, there are more researches on piezoelectric composites, which are updated rapidly and have different advantages and disadvantages. For example, PVDF/piezoelectric ceramic composites combine the higher piezoelectric constant of piezoelectric ceramics and the processing advantages of PVDF, with better flexibility and piezoelectric properties, but the polarization characteristics of PVDF and piezoelectric ceramics are different, and special polarization treatment is required during the composite process, which is more difficult, and increases the difficulty of the material’s preparation and the complexity of the process, which affects the stability and consistency of the material’s performance [42]. Epoxy resin/piezoelectric ceramic composites have the advantages of high mechanical strength, easy molding, good electrical insulation, etc. However, the density of the epoxy resin is relatively large, and the overall density of the material after the composite is completed is large, corresponding to a poor wearing experience of the sensors, and the epoxy resin has a large damping [43], which affects the response speed and frequency characteristics of the composite material, and the corresponding sensors can not respond in time in some special scenarios. Silicone rubber/piezo-ceramic composites have the advantages of good flexibility, corrosion resistance, and biocompatibility, but silicone rubber may deteriorate during long-term use and the piezoelectric properties of silicone rubber/piezo-ceramic composites are relatively low [44], which corresponds to a low sensitivity of the sensors to the outside world. Currently, programmed electrostatic spinning combined with hot pressing is a cutting-edge process for developing high-performance composite piezoelectric materials.Tian et al. constructed a multilevel hierarchically assembled flexible piezoelectric composite of MXene/BN/P (VDF-TrFE) by using programmed electrostatic spinning coupled with thermo-compression [45]. The piezoelectric charge coefficient of the piezoelectric material is as high as 41.67 pC/N, the piezoelectric voltage constant is 342.9 mV/mN, and the pressure response sensitivity of the developed device reaches 39.3 mV/kPa. They also explored the all-day monitoring of haemodynamic state of the device, and combined with machine learning algorithms to classify and judge the monitoring data, and the results showed that the device can provide a powerful basis for daily BP detection and early diagnosis of cardiovascular diseases. The results show that the device provides a strong basis for daily BP detection and early diagnosis of cardiovascular diseases, and is an excellent option for BP measurement with wearable sensors.
In recent years, the development of piezoelectric materials has given birth to a series of biological piezoelectric materials, which have the prospect of producing good implantable devices, and bring more possibilities for piezoelectric sensors to measure BP. Romanyuk et al. proposed a new method for preparing piezoelectric diphenylalanine (FF) films by dissolving FF powder in hexafluoroisopropyl alcohol solution, spinning and coating FF powder with solid phase crystallization method to achieve the transformation of amorphous to crystalline phase [46]. The FF film has a transverse piezoelectric response of about 30 p.m./V, has good piezoelectric properties and biocompatibility, and can be used in implantable and wearable devices. However, the main problem with FF is the inability to control the self-assembly process, which makes it difficult to produce dense films with controllable orientation and thickness. Zhang et al. prepared β-glycine nanocrystalline films with good output performance, natural biocompatibility and biodegradability by using collaborative nanorestriction technology and in-situ polarization technology, providing a new strategy for constructing wearable piezoelectric biosensor interface materials [47].
4 APPLICATIONS
At present, the application of wearable piezoelectric sensors to measure BP has made some progress. In terms of technical performance, some sensors have achieved high sensitivity and rapid response, and clinical verification shows that their measurement results are similar to those of traditional BP monitors. The relationship between the sensor and BP based on the arterial pulse piezoelectric dynamics characterization can be explained by the arterial pulse piezoelectric dynamics equation, [image: Mathematical expression showing a relation: P is approximately equal to the sum of Psi times V and the integral from zero to t of V with respect to tau, plus P star.] ([image: Please upload the image you want me to describe. You can do this by attaching the image file.]: blood pressure value; [image: Greek letter Psi symbol, used in various scientific and mathematical contexts, featuring a vertical line intersected at its top by a curve that extends downward in both directions.]: parameters related to arterial wall characteristics; [image: Please upload the image so I can generate the appropriate alt text for you.]: the flow rate of blood through the arteries; [image: If you upload the image or provide a URL, I can help generate the alt text. You can also add a caption for more context.]: t = 0 basal blood pressure value). The pressure wave generated by the arterial pulse is sensed by the piezoelectric sensor near the skin surface. The piezoelectric material releases different electrical signals depending on the amount of pressure, which are amplified and converted to show different blood pressure values. Yi et al. proposed a new method for analyzing human arterial pulse piezoelectric dynamics from the basis of human hemodynamics and flexible piezoelectric dynamics, revealing a well-established mapping correlation between piezoelectric pulse waves and human BP waves, and also developed a piezoelectric sensor for continuous BP monitoring in a wireless wearable, with a measurement schematic shown in Figure 2A [48]. However, piezoelectric sensors based on arterial pulse piezoelectric dynamics are susceptible to interference from muscle movement, skin displacement, and other factors that produce motion artefacts and lead to inaccurate BP measurements, and no study has yet emerged that completely eliminates this effect.
[image: Diagram illustrating a piezoelectric sensor system for blood pressure monitoring. Part A shows a cross-section of skin, tissue, and vessel with a Piezo-MEMS sensor detecting arterial pulse through vibrations. Part B depicts the wearable device on a wrist, wirelessly transmitting ECG and pulse wave data to a smartphone displaying blood pressure monitoring.]FIGURE 2 | (A) Schematic diagram of piezoelectric sensor BP measurement based on arterial pulse piezoelectric dynamics characterization [48] Reprinted (adapted) with permission from [48]. Copyright 2024 John Wiley and Sons. (B) Connection diagram of dual mode piezoelectric sensor and intelligent device [50]. Reprinted (adapted) with permission from [50]. Copyright 2024 Royal Society of Chemistry.
Wearable multi-sensor BP monitoring system integrates a variety of sensors, such as electrocardiogram (ECG) sensor, photoelectric volume pulse wave (PPG) sensor, accelerometer, etc. The use of multi-parameter fusion data can be obtained, which can more accurately monitor BP. For example, Yan et al. developed an information acquisition platform containing ECG, PPG and pressure pulse sensors for non-invasive blood pressure prediction, designed an algorithm for sample data processing, and constructed a BP prediction model using feature selection and feature fusion techniques of random forest regression (RFR) [49]. Finally, the RFR-based blood pressure prediction results were compared with those of other machine learning algorithms. The results show that the average absolute error of systolic blood pressure and diastolic blood pressure can reach 0.90 mmHg and 2.47 mmHg respectively. The results of BP prediction model based on multi-sensor information fusion meet the AAMI and BHS standards. Although multiple sensors can obtain rich data, the data of different sensors are different in time scale, data format, signal strength and other aspects, so it is a major challenge for current research to effectively fuse the data of different dimensions with appropriate fusion algorithms.
Piezoelectric sensors based on pulse wave conduction time (PTT) detection have the advantages of good measurement stability and high accuracy, but usually require two discrete sensors to acquire pulse and ECG waves, resulting in poor wearing experience, circuit design and signal processing complex, dual-mode sensors for blood pressure monitoring can solve this problem. Jiang et al. designed a dual-mode piezoelectric sensor consisting of an ionic gel membrane and an embedded liquid metal (LM) circuit. Ionic gel can be applied to skin to collect ECG signal and used as encapsulation material of LM circuit [50]. The LM circuit can respond to pressure changes, and its resistance changes with pressure changes, so as to detect pulse waves. By analyzing the time difference between ECG and pulse signals, PTT is obtained to predict blood pressure. They have also integrated a dual-mode sensor into a printed circuit board, worn on the wrist, and a Bluetooth-based wireless signal transmission that can simultaneously capture electrocardiograms and arterial pulses (Figure 2B). This design not only reduces the number of wearable piezoelectric sensors, but also realizes its connection with smart phones, which is a mainstream direction for the future development of wearable piezoelectric sensors.
Piezoelectric ultrasound sensors can generate and receive ultrasound waves using the piezoelectric effect of piezoelectric materials, and then detect parameters such as arterial dilatation and Young’s modulus by measuring the propagation time of the ultrasound waves and the properties of the reflecting material, as well as performing BP estimation [51]. These piezoelectric sensors based on acoustic principles are biologically safe, non-invasive and capable of deep tissue BP observation. The limitations of existing noninvasive BP monitoring methods (e.g., photoelectric volumetric tracing and ocular tonometry, etc., which can only detect superficial peripheral vasculature) can be overcome [52, 53]. Li et al. produced a fabric-based ultrasound transducer for continuous noninvasive monitoring of BP waveforms by combining “S”-shaped stretchable island-bridge electrodes with a fabric substrate using thermocompression transfer printing. The results showed that the 4 × 5 array ultrasound transducer could localize arterioles deep in the tissue with an axial resolution of up to 330 μm, and the “S”-shaped electrodes had an elongation at break of up to 35.6% [54]. However, the biggest problem of piezoelectric ultrasonic sensors at present is that their measurement process involves multiple links such as filtering, amplifying and feature extraction of ultrasonic signals, which has high requirements on data processing algorithms and hardware equipment, and individual signal characteristics may also be different, so it is necessary to further optimize and adjust data processing methods to meet the measurement needs of different populations.
5 CONCLUSION AND OUTLOOK
This paper introduces the structure and working principle of wearable piezoelectric sensors, summarizes the advantages and disadvantages of inorganic piezoelectric materials, organic piezoelectric materials and composite piezoelectric materials for blood pressure measurement, and discusses the unique characteristics and limitations of wearable piezoelectric sensors in practical cases of blood pressure measurement. (1) In the face of problems such as susceptibility to interference, wearable piezoelectric sensors can be developed by cooperating with material scientists to develop high-performance materials and optimize the material preparation process to meet the high-performance requirements of wearable medical devices for sensor materials. It can also be combined with electronic information engineering and artificial intelligence technology to realize the intellectualization and networking of piezoelectric sensors, and improve the data processing capacity and transmission speed. In cooperation with medical researchers, wearable piezoelectric sensors for physiological signal monitoring are developed to achieve long-term, real-time and accurate monitoring of human physiological parameters, providing a basis for early diagnosis and treatment of diseases. (2) Wearable devices usually need a long-term stable energy supply, and the traditional battery-powered way has problems such as large volume, heavy weight, and short battery life, which limits the convenience and flexibility of wearable piezoelectric sensors. The development of self-powered wearable piezoelectric sensors, which can be converted into electrical energy by collecting human movement and mechanical energy in the environment, is a promising direction in future research. (3) The current research on piezoelectric sensor BP measurement is mostly in the laboratory stage, and cannot be put into production on a large scale, but in the future, the data collected by the sensor can be combined with algorithms, and at the same time, fused with big data to carry out statistical analysis, to achieve intelligent detection, which is expected to accelerate the marketization of piezoelectric sensors. In the future, with the continuous development of materials science, medical physics, artificial intelligence and other multidisciplinary development, piezoelectric sensors are expected to achieve multifunctional integration, personalized customization, and intelligent automation in BP measurement, to better meet people’s needs for daily health monitoring.
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This paper offers a concise overview regarding ancient Chinese mathematics, centering on the Ying Buzu Shu, He Chengtian inequality, and the frequency formulation stemming from them. Moreover, it delves into the Max-min approach and Chunhui He’s iterative algorithm. What’s more, the spotlight is cast on ancient Chinese mathematics, which bears certain similarities to the ancient Babylonian mathematical tradition. Subsequently, the old Babylonian algorithm for computing square roots is adapted to tackle the hurdle of nonlinear differential equations. To showcase the potential of this approach, a set of Micro-Electro-Mechanical systems (MEMS) problems are utilized to exemplify the effectiveness of the modified old Babylonian algorithm in attaining high-precision analytical solutions, accompanied by an exploration of its prospective applications.
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1 INTRODUCTION
Every student knows Newton’s iteration method from a textbook, but few may be aware of an ancient Chinese algorithm called Ying Buzu Shu, which has some advantages over Newton’s method and is also widely used in numerical simulations. Ying Buzu Shu is a sophisticated method for approximating solutions to a variety of mathematical problems. It involves the initialization of two estimates and the subsequent refinement of the solution through a series of calculations. Since Ying Buzu Shu is insensitive to initial estimates, but predicts a fast rate of convergence, it has great practical implications for many real-world challenges in various fields of engineering, such as industrial engineering, civil engineering, electrical engineering, and mechanical engineering. The applications of Ying Buzu Shu in modern sciences to nonlinear differential equations can be found in references [1–3].
A modern mathematical perspective on ancient mathematics can offer a fresh insight into the applications of mathematics to practical problems. The application of ancient Chinese mathematics to modern engineering problems was first initiated in 2006 by Chinese mathematician Dr. He [4]. Subsequently, many highly regarded analytical techniques have been developed. Notable among these are methods of approximating solutions to differential equations. In addition, methods for studying the frequency-amplitude relationship of oscillators have been developed. The simplicity and effectiveness of the formulation have contributed to its widespread use for quickly and reliably gaining insight into the periodic characteristics of nonlinear vibration systems. Professor He further developed the ancient Chinese mathematical algorithm into a modern numerical method called He’s frequency formula [5, 6]. It was proposed as a means of solving nonlinear oscillators and has since been regarded as the simplest method of doing so. The Chinese mathematician Chun-Hui He provided a rigorous mathematical analysis and then proposed a modification that was subsequently named the Chun-Hui He iteration algorithm [7, 8]. The Max-min approach [9, 10], as a major extension, has been the subject of considerable research and is widely used in engineering.
Another topic of considerable interest in the field of ancient Chinese mathematics is He Chengtian inequality, which was used for astronomical problems such as calculating the lunar cycle. It has been proved that Ying Buzu Shu and He Chengtian inequality are equivalent under some special cases, that means He Chengtian inequality can be derived from the method of Ying Buzu Shu [11]. Although both methods are originally proposed to solve nonlinear algebraic equations, they can also be extended to solve various nonlinear differential equations [4, 12].
2 OLD BABYLONIAN MATHEMATICS
Closely related to the He Chengtian inequality is the old Babylonian algorithm, which can even be seen as a special case of the He Chengtian inequality in a sense.
The old Babylonian mathematics, a brilliant mathematical treasure of ancient civilization, not only made outstanding achievements in algebra, geometry, astronomy and other fields, but also made unique contributions to numerical computation [13, 14]. The algorithm used by the old Babylonians to solve square roots was not only practical at the time, but also had a profound impact on the later development of mathematics [15–17]. It inspired later mathematicians to develop more efficient and accurate numerical solution methods, such as Newton’s iteration method. In addition, the ideas of the old Babylonian algorithm are widely used in fields such as computer science, engineering and physics, and have become one of the foundations of numerical computation.
The algorithm used by the old Babylonians to solve square roots is known as the predecessor of the old Babylonian algorithm or the Newton-Raphson algorithm [18]. The principle of the old Babylonian algorithm is based on the property of square roots, which means that the square root of a number is approximately equal to the value obtained by adding it to another approximation and dividing by 2. As the number of iterations increases, this approximation becomes closer to the true square root value. Modern mathematics has proven the correctness of this algorithm and extended it to more general numerical solution methods.
With its simplicity, efficiency and practicality, the old Babylonian algorithm has become a shining pearl of ancient mathematics. Through in-depth research on this algorithm, we can not only understand the development process and achievements of ancient mathematics, but also draw wisdom from it, providing reference and inspiration for the development of modern mathematics and scientific technology. Recently, Professor He studied the application of the old Babylonian algorithm in modern technology and proposed for the first time that the old Babylonian algorithm can solve equations, including differential equations [18].
Differential equations are an important branch of mathematics. By establishing the relationship between variables and their rates of change, differential equation models can be used to predict and analyze the behavior of systems, such as the vibrations of physical systems, economic market fluctuations, population growth, etc. Differential equations have wide applications in fields such as physics, engineering, biology, chemistry, economics and demography, and can be used to describe numerous dynamic processes in nature and engineering. As a bridge between mathematics and practical applications, differential equations provide us with an important tool for quantifying and predicting how systems evolve over time. Among them, MEMS differential equations refer to the differential equations in mathematical models related to Micro-Electro-Mechanical systems (MEMS). These equations are commonly used to describe the dynamic properties and behavior of MEMS devices. MEMS systems are a revolutionary high-tech industry, highly valued by governments and experts around the world. They have wide applications in biotechnology, aerospace and military fields. The pull-in phenomenon is an important characteristic in MEMS systems, especially in electrostatically driven micro actuators. It refers to the suction phenomenon that occurs when two polar plates reach a critical position under the drive of electrostatic force. The pull-in phenomenon in MEMS systems is a complex and important research area, and obtaining accurate pull-in point data is crucial for both theoretical research and practical applications [19–22]. Studying the differential equations of MEMS is of great importance for promoting the development of micro-nano electronics technology, optimizing the performance of MEMS systems and providing theoretical support.
In this article, we attempt for the first time to apply the old Babylon algorithm to a class of MEMS differential equations and search for high-precision frequency and approximate solutions, in order to apply it to the study of more differential equations that cannot provide analytical solutions.
3 THE OLD BABYLONIAN ALGORITHM
Friberg analyzed the effectiveness of the old Babylonian approximation method for finding square roots in quadratic equations [23]. Ilic et al. gave a note on the old square root algorithm and related variants [24]. Below, we will provide a detailed introduction to this method.
Consider the following algebraic equation
[image: It seems like there's an issue with the image upload. To generate alt text, please upload the image or provide a URL to it. You can also add an optional caption for context.]
To find the square root of a, the iterative formula of Equation 1 is
[image: Equation labeled (2) showing the iterative method: \( x_n = \frac{1}{2} x_{n-1} + \frac{1}{2} \frac{a}{x_{n-1}} \).]
An initial guess [image: Please upload the image or provide a URL so I can generate the alternate text for you.] is chosen, an approximation [image: Please upload the image or provide a URL so I can generate the alternate text for you.] is calculated by Equation 2
[image: Mathematical expression showing a fraction with \(x_0\) raised to the power of \(\frac{a}{x_0}\).]
[image: \( x_1 = \frac{1}{2} x_0 + \frac{1}{2} \frac{a}{x_0} - \frac{a}{x_1} \).]
[image: The equation shows x subscript 2 equals one-half times x subscript 1 plus one-half times a over x subscript 1 minus a over x subscript 2.]
[image: \( x_3 = \frac{1}{2} x_2 + \frac{1}{2} \frac{a}{x_2} \frac{a}{x_3} \).]
[image: The equation shows \( x_4 = \frac{1}{2}x_3 + \frac{1}{2} \frac{a}{x_3} - \frac{a}{x_t} \).]
[image: The mathematical equation shown is \( x_5 = \frac{1}{2}x_4 + \frac{1}{2}\frac{a}{x_4} - \frac{a}{x_5} \).]
[image: Vertical grayscale stripes of varying intensities, creating a pattern with alternating dark and light shades.]
[image: Equation for \( x_n \) equals one-half times \( x_{n-1} \) plus one-half times \( a \) over \( x_{n-1} \) minus \( a \) over \( x_n \).]
[image: Black and white vertical stripes creating an optical illusion effect. The alternating light and dark bands give the appearance of a gradient shadow on each side.]
This results in a closed interval set [image: A mathematical expression in square brackets showing a over x sub n, comma, x sub n.] (or [image: A mathematical expression in brackets: \( x_n \), and \( \frac{a}{x_n} \).]). As the number of iterations increases, the length of the interval set becomes shorter. Continuing in sequence will yield the exact value of the square root. Table 1 displays the iterative process of solving [image: Square root of three symbol, represented as a radical sign with the number three underneath.] in old Babylonian mathematics. Taking the calculation of [image: Square root symbol followed by the number three.] as an example, here [image: The square root of three equals one point seven three two zero five zero eight zero seven five, and so on.]. After the fourth iteration, the interval [[image: The image shows the number 1.7320508100 in bold, black font on a white background.], [image: A large, bold number is displayed: 1.7320508051.]] appeared. This interval already contains a high-precision approximate solution of [image: Square root of three symbol in a mathematical expression.], which can be accurate to the seventh decimal place, that is, millions of decimal places.
TABLE 1 | Four iterations to seek the value of [image: Square root of three symbol.].
[image: A table shows iterations of values starting from \( n=0 \) to \( n=4 \). For each \( n \), values \( x_n \) and approximations of \(\frac{3}{x_n}\) are calculated, with intervals in brackets. The results converge towards approximately 1.732.]4 THE MODIFIED OLD BABYLONIAN ALGORITHM
Recently, He studied the application of old Babylonian mathematics in finding high-precision approximate solutions for differential equations [18]. Now we are studying a more general extension of this method.
4.1 Ordinary differential equation
The third part elaborates on the iterative method for the square root of a real number a. It is easy to find that in the iterative formula for finding [image: Expression for the square root of a variable "a" inside a radical symbol.], the sum of the coefficients of [image: Mathematical notation showing the variable \( x \) with a subscript \( n-1 \).] and [image: The image shows the mathematical expression "a divided by x subscript n minus one".] is 1, so it is advisable to introduce parameter [image: Please upload the image or provide a URL so I can generate the alternate text for you.] (a positive integer) to make the recursive formula more generalized. The formula is as follows
[image: Mathematical formula displaying an equation for \( x_n \): \( x_n = \frac{\alpha}{2} x_{n+1} + \frac{(2-\alpha)}{2} \frac{a}{x_{n+1}} \), with the condition \( 0 < \alpha < 2 \).]
When [image: It seems there is a problem with the image upload. Please try uploading the image again, or provide a URL. If you have any additional context, feel free to include that as well.], Equation 3 becomes Equation 2.
For a general equation as follows
[image: Mathematical equation showing \( x^n - a = 0 \).]
The modified old Babylonian algorithm of Equation 4 is
[image: Equation labeled (5) shows x sub n equals alpha over m times x sub n plus 1 plus (m minus alpha) over m times a over x sub n plus 1. The condition m minus 2 is less than alpha is less than m is noted.]
This method can not only solve algebraic equations but also differential equations. Let’s take a second-order differential equation as an example
[image: The image displays a mathematical equation: x squared plus f of x equals zero, with the equation labeled as number six in parentheses.]
Construct an iteration algorithm based on Equation 5 as follows:
[image: Equation illustrating a mathematical expression for \( x_{n} \), given as \(\frac{\alpha}{2} x_{n+1} + \frac{(2 - \alpha) x_{n+1}^{n-1} + f(x_{n+1}) + (x_{n-1})^2}{x_{n+1}}\), where \( 0 < \alpha < 2 \).]
Firstly, select trial solution [image: It seems there was an issue with the image upload. Please try uploading the image again or provide a URL to it, and I will help you create the alternate text.] that meets the initial conditions. For Equation 6, we often choose
[image: Sine wave formula: \( x_n = A \cos(wt + \phi) \).]
Here, A and [image: It seems there was an issue with the image upload. Please try uploading the image again or provide a URL. You can also add a caption for additional context.] are two constants determined by the initial conditions, and [image: It seems there was an issue with accessing the image. Please try uploading the image file again or provide a URL so I can help generate the alt text for it.] is the undetermined parameter. The method for finding [image: Please upload the image or provide a URL for me to generate the alt text.] is given by the following Equation 9 [18]
[image: Equation nine depicts \( x_1(\bar{t}) \) as \(\frac{a}{2} x_0(\bar{t}) + \frac{(2 - a) x_0'(\bar{t}) + f(x_0(\bar{t})) + (x_0(\bar{t}))^2}{2 \cdot x_0(\bar{t})}\).]
where [image: Please upload the image or provide a URL for me to generate the alternate text.] is a location point.
4.2 MEMS systems
With the advancement of science and technology, the MEMS system has become a widespread technology due to its miniature size, minimal power consumption, high integration, and sophisticated intelligence. However, a major challenge in the application of these devices is the pull-in phenomenon, which can lead to device malfunction.
A thorough study of the pull-in phenomenon in electrostatic actuation devices is of paramount importance to ensure the optimal performance and reliability of these devices. Pull-in instability has become a topic of great interest in both industry and academia, and numerous studies have been conducted on the dynamic pull-in of MEMS models. Tian and her colleagues proposed a fractal MEMS system and demonstrated that the pull-in instability can be transformed into a stable state [25]. He established a variational principle that can be used for both analytical and numerical analysis of the MEMS system [26, 27].
As a practical application, we consider the following nonlinear equation arising in MEMS systems
[image: Differential equation \( y'' + y + \frac{\theta}{y-1} = 0 \) with initial conditions \( y(0) = 0 \), \( y'(0) = 0 \). \(\theta\) is greater than zero.]
Here y is the dimensionless distance, [image: Please upload the image or provide a URL so that I can generate the appropriate alt text for it.] represents a voltage-related parameter.
The system displays periodic or unsteady behavior. When θ does not exceed a critical value, the phase space trajectory closes on itself and the system moves periodically, and when θ exceeds the critical value, it becomes the pull-in instability. The critical value is [image: The equation shows theta equals zero point two zero three six three two one eight eight.]. The pull-in behavior is an inherent property of the MEMS oscillator, which occurs when the voltage is larger than its threshold value. It plays an important role in electrostatic drive sensors because of their efficient and reliable operation [28–30].
The transcendental equation describing the pull-in phenomenon is
[image: Equation labeled as 11, showing \(\left(\frac{1+\sqrt{1-4\theta}}{2}\right)^2 + 2\theta \ln \left|\frac{1-\sqrt{1-4\theta}}{2}\right| = 0\).]
where [image: Please upload the image or provide the URL so I can generate the appropriate alt text for you.] is a positive root of Equation 11.
We need to solve this nonlinear equation to discuss the effect of the MEMS oscillator parameter on the pull-in voltage. For this purpose, we use the improved old Babylonian algorithm and we have
[image: Equation twelve shows a mathematical expression involving the variable \(\theta_{n}\). It begins with \(\frac{1 + \sqrt{1 - 4\theta_{n}}}{2} = \frac{1 + \sqrt{1 - 4\theta_{n-1}}}{2}\), followed by an addition of \(\frac{1}{2}\), and a complex term \(-2\theta_{n-1} \ln{\frac{1 - \frac{1 + \sqrt{1 - 4\theta_{n-1}}}{2}}{\frac{1 + \sqrt{1 - 4\theta_{n-1}}}{2}}}\).]
The process is initiated with a value of [image: I'm unable to view the image directly. Please upload the image or provide a URL for it, and I’ll be happy to help generate alt text for you.], and the initial iteration produces [image: The equation displays theta subscript one equals zero point two zero two eight one two eight nine one.] based on Equation 12. The relative error for the first iteration result is 0.4023%.
Subsequently, the improved old Babylonian algorithm will be employed to ascertain approximate solutions to differential equations. However, it is important to acknowledge that this method is not applicable to differential equations with zero initial conditions. So, the first objective is to introduce a transformation to overcome the drawbacks.
Assuming [image: Equation reads \( x = A - y \).] and substituting it into Equation 10, we obtain
[image: Differential equation involving \( x \), where \( x'' + x - A + \frac{\theta}{1-A+x} = 0 \). Initial conditions \( x(0) = A \) and \( x'(0) = 0 \) are given, labeled as equation (13).]
The nonlinear term [image: The mathematical expression shows theta divided by the quantity one minus A plus x.] could be expanded in the form
[image: Equation showing a mathematical expression with a variable \(\theta\) over \(1 - A + x\) equal to \(\theta\) over \(1 - A\), multiplied by a series: \(1\) plus \(x\) over \(A - 1\) plus \(x^2\) over \((A - 1)^2\) and so on. Equation number fourteen.]
Substituting Equation 14 into Equation 13 yields
[image: Mathematical equation with terms: V double prime times x plus theta over one minus A times the series x over A minus one plus x squared over A minus one squared and so on, minus A plus theta over one minus A equals zero. Identified as equation fifteen.]
This equation [image: The mathematical equation displayed is negative A plus theta divided by one minus A equals zero.] needs to be assumed to eliminate the constant term, and it gets [image: Mathematical equation representing theta equals A times open bracket 1 minus A close bracket.] in Equation 15.
He’s frequency formula [image: Please upload the image or provide a URL so I can generate the alternate text for you.] of Equation 13 is approximated as follows [31–34]
[image: Equation showing \( \omega_{HE} = \sqrt{\left. \frac{d\left(x - A + \frac{\theta}{1 - A x}\right)}{dx} \right|_{x = \frac{\theta}{A(1 - A)}}} = \frac{5A^2 - 8A + 4}{(A - 2)^2} \). It is labeled as equation (16).]
The frequency formula has been utilized to gain rapid and reliable insights into the frequency-amplitude relationship of nonlinear vibration systems. The location point is a topic that has been the subject of considerable debate, with a lot of modifications having been proposed. Lyu and colleagues put forward an alternative location point [35], while He and others recommended the use of multiple location points, followed by the calculation of an average value [36]. Shen suggested the employment of Lagrange interpolation for the location points [37], while Mohammadian introduced a novel approach for determining the location point [38].
According Equation 8 and Equation 16, the approximate solution of Equation 10 is
[image: The equation shown is: \( y = A - A \cos \left( \sqrt{\frac{5A^2 - 8A + 4}{(A - 2)^2}} \right) \).]
Rewrite Equation 13
[image: Mathematical equation displayed in a serif font: \(x^2 = (A - 1 - x)x^2 + (2A - 1)x, x(0) = A, x'(0) = 0\). Labeled as equation 18.]
For Equation 7, the iteration algorithm of Equation 18 can be set as
[image: Equation showing \( x_{n+1} = \frac{\alpha}{2} x_n + \frac{(2+\alpha)((A-1-x_n)x_n+1+(2A-1)x_n-1)}{2 \times x_{n-1}} \). Equation number is 19.]
We can assume the trial solution is
[image: It seems there was no image uploaded. Please upload the image or provide a URL, and I will help generate the alternate text.]
Here, [image: Please upload the image you would like me to describe.] will also be taken as 1. Substituting Equation 20 into Equation 19 yields
[image: A mathematical equation is shown: \( x_1 = \frac{1}{2} A \cos (wt) + \frac{\frac{1}{2} (A - 1 - A \cos (wt)) (-Aw^2) \cos (wt) + (2A - 1) A \cos (wt)}{A \cos (wt)} \).]
[image: Mathematical expression with a fraction: the numerator is \(A + 4\Delta \omega^2\), and the denominator is \(2\). This is multiplied by \(\cos(\omega t)\). Added to this are \(2A - 1 - \Delta\omega^2 + \omega^2\). The equation is labeled as (21).]
By the initial condition, Equation 21 becomes
[image: The mathematical equation shows \( x_{1}(0) = \frac{A + Aw^2}{2} + 2A - 1 - Aw^2 + w^2 = A \).]
Based on Equation 22, the frequency [image: Please upload the image or provide a URL, and I'll be happy to help generate the alternate text for it.] has the following form
[image: Formula for w: the square root of the fraction with the numerator 1 minus 1.5 times A, and the denominator 1 minus 0.5 times A. Equation number 23 on the right.]
So, based on Equation 23, the approximate solution of Equation 10 is
[image: The image shows a mathematical equation: \( y = A - A \cos \left( \frac{1 - 1.5A}{1 - 0.5A} \right) t \), labeled as equation 24.]
We compare the numerical solution with the analytical solution according to Equation 17 and Equation 24 in Figure 1 for different values of [image: Please upload the image or provide a URL so I can generate the alternate text for it. If you have any specific context or details, feel free to include them as well.]. We can find that the approximation is better and the error is smaller. The example shows that He’s frequency formula method and the modified old Babylonian algorithm are all useful tools for nonlinear systems. But as the value of [image: I can't see the image you're referring to. Please upload the image or provide a URL, and I’ll help generate the alternate text for it.] increases, the error between the approximate solution and the exact solution becomes larger and larger.
[image: Four graphs labeled A to D show sine wave comparisons between exact solutions and two equations. In each graph, a purple curve represents the exact solution, while green and blue curves represent Equation 18 and Equation 21, respectively. All graphs highlight the overlap of the curves.]FIGURE 1 | Comparison of the approximate solutions of Equation 17 and Equation 24 with the exact ones for (A) [image: Certainly! Please upload the image or provide a URL for me to generate the alt text.], A = 0.05; (B) [image: It seems there's an issue with the image upload. Please try uploading the image file again or provide a URL if available. You can also add a caption for additional context.], A = 0.1; (C) [image: Sorry, I cannot process mathematical expressions with visual elements directly. Please provide an image by uploading it, and I will help generate the alternate text for you.], A = 0.15; and (D) [image: It seems there is no image provided. Please upload the image or provide a URL for me to generate the alternate text.], A = 0.2.
In order to increase the accuracy of the approximation, it is usually advisable to search for a trial solution in the following way
[image: Mathematical expression showing  \( x_n = \mu \cos(wt) + (A - \mu) \cos(3wt) \) labeled as equation 25.]
where [image: Please upload the image so I can generate the appropriate alt text for it.] is an unknown constant that satisfying the following form according to Equation 13: [image: The mathematical expression shows \( x_0(0) = A \), indicating that the function \( x_0 \) evaluated at zero equals the constant \( A \).], [image: Derivative of the function \(x_0'(0)\) at zero equals zero.], [image: The image shows the mathematical expression: x double prime subscript zero, with argument zero, equals A squared minus A.].
Using the above formula, it is easy to obtain
[image: Equation showing \( u = A \left( \frac{A - 1}{8w^2} + \frac{9}{8} \right) \), with the equation number (26) in parentheses.]
By Equation 19 and Equation 25, it yields
[image: The image displays a mathematical equation for \( x(t) \), which is expressed as a complex fraction. It includes terms involving trigonometric functions \(\cos(\omega t)\) and \(\cos(3\omega t)\), parameters \(\lambda\), \( A \), and \(\mu\). The equation features polynomial terms and concludes with a number \((27)\) in parentheses, likely referencing it as equation number 27 in a series.]
The location point [18] is chosen as
[image: Mathematical equation with variables "w" and "t" representing omega and time. It shows w times t equals pi divided by six, in parentheses labeled as equation twenty-eight.]
This means
[image: Mathematical expression showing x sub one of t equals the square root of three divided by two times mu. Equation number twenty-nine.]
By Equations 27–29, we have
[image: Equation showing \( w^2 = \frac{2A - 1 - \frac{\sqrt{5}}{2}\mu}{A - 1 - \frac{\sqrt{5}}{2}\mu} \) labeled as equation 30.]
Substituting Equation 26 into Equation 30 yields
[image: Equation labeled as 31 featuring terms with the variable \( w \). It includes expressions with square roots, parameters \( A \), and constants, set equal to zero.]
Equation 31 is a fourth-order equation about frequency [image: I can't view the image you're referring to. Please upload the image or provide a URL, and I can help with the alternate text.], which can also be seen as a quadratic equation of [image: Please upload the image or provide a URL, and I will help you generate the alternate text.]. For different values of A, solving this equation can obtain the frequency values.
Then a higher precision approximate solution of Equation 10 is
[image: The equation \( y = A - \mu \cos \left( \frac{2A - 1 - \frac{\sqrt{3}}{2} \mu}{A - 1 - \frac{\sqrt{3}}{2} \mu} \right) - (A - \mu) \cos \left( \frac{2A - 1 - \frac{\sqrt{3}}{2} \mu}{A - 1 - \frac{\sqrt{3}}{2} \mu} \right) \) is labeled as equation 32.]
Figure 2 shows that the images of the approximate solution (32) and the exact solution of Equation 10 almost overlap. By selecting slightly more complex trial solutions, errors can be reduced and the accuracy of the approximate solutions can be improved. This demonstrates that if the initial point is selected with care, a superior result can be obtained. Similarly, in the homotopy perturbation method [32–34], where a suitable starting point facilitates the attainment of dependable outcomes in a timely manner, it is of paramount importance to have the appropriate initial condition in this equation. This also indicates that the modified old Babylonian algorithm is a very effective method for obtaining highly accurate approximate solutions to differential equations.
[image: Graph illustrating two overlapping curves from 0 to 10 on the x-axis. The blue line represents the exact solution, while the black dotted line represents Equation (30). Both curves show a sine wave pattern.]FIGURE 2 | Comparison of the approximate solutions of Equation 32 with the exact ones for [image: It seems there was an error in uploading the image. Please try uploading the image again or provide a URL.], and A = 0.2.
5 SUMMARY AND CONCLUSION
This article provides an overview on ancient mathematics’ modern application with a focus on the old Babylonian mathematics. It is an amazingly effective way to solve more complex problems. The algorithm is then successfully extended vertically to solve general algebraic equations and horizontally extended to solve differential equations. However, further research is needed to evaluate its convergence and reliability in solving nonlinear systems. The modified old Babylonian algorithm is applied to solve a class of MEMS systems. Comparisons demonstrate the effectiveness and correctness of the modified algorithm. The iterative process illustrates that this traditional old Babylonian methodology provides a novel and highly effective approach for addressing contemporary issues with remarkable ease, offering a promising solution to a wide range of modern challenges. Although old Babylonian mathematics originated in ancient times, its core ideas and certain techniques still play a significant role in modern society and demonstrate potential application prospects. With the continuous development of science and technology, we believe that more applications and innovations of old Babylonian mathematics will be discovered and realized.
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Hamiltonian maps are considered a class of dynamical systems that hold meticulous properties used to model a large number of complex dynamical systems. When time flows in dynamical systems with two-dimensional degrees of freedom, the trajectories in phase space can be analyzed within bidimensional surfaces known as Poincaré sections. The Chirikov–Taylor standard map for two canonical dynamical variables (momentum and coordinate) is the most renewed map characterized by a family of area-preserving maps with a single parameter that controls the degree of chaos. In this study, a generalization of the standard map for two different problems is presented and discussed. The first problem deals with the higher-order derivative Hamiltonian system (up to the fourth order) since the fourth-order characteristic provides the possibility of chaotic behavior at all scales including nanoscales where high-order derivatives take place in nanosystems. The second problem concerns the time-dependent δ-kicked rotor in fractal dimensions characterized by a time-dependent potential due to its important implications in quantum chaos. This study shows that higher-order derivative maps and fractal dimensional δ-kicked rotor maps apparently exhibit a large number of chaotic orbits and fractal patterns, including the spiral fractal patterns comparable to the Julia set. Moreover, these problems are characterized by additional parameters which can be used to control chaos. Some of these parameters lead to chaos, and others lead to fractal patterns.
Keywords: standard map, δ-kicked rotor, higher-order derivative Hamiltonians, fractal dimensions, chaos

INTRODUCTION
Classical mechanics is successfully described based on the Lagrangian and Hamiltonian formalisms, which fulfill the locality basic property. The trajectory of any body and its associated derivatives depend on a single point. The most significant results of both formalisms, including Noether’s theorem for dynamical systems with an infinite number of degrees of freedom, are well-known in the literature [1]. A classical local dynamical system consists of a set of possible local states described by one or a set of second-order differential equations. A basic account of these equations can be obtained by means of the discrete time framework modeled through maps, e.g., the kicked-rotor problem, which plays an important role in dynamical systems. These discrete maps alternate a system of differential equations and are practical in computational modeling of complex dynamical systems [2, 3]. In case of higher-order differential equations, e.g., the fourth-order differential equations, they offer the possibility of chaotic behavior in contrast to second-order autonomous differential equations, principally since such systems do not have an adequate amount of degrees of freedom. Hence, one naturally expects that nth-order differential equations will offer a rich variety of patterns and chaotic structures than the second-order differential equations. In general, any system described by a second-order Lagrangian leads to a fourth-order Lagrangian [4–8]. A supplementary advance in the theory of differential equations both facilitates applications and offers new insights in applied mathematics. The penultimate motive for this study is to understand the causal structure of higher-order differential equations, in particular of fourth-order equations, to study their associated standard map, and finally to understand the impacts of fractal dimensions on them. The reason to consider fractal dimensions in this study is based on the fact that fractals are a type of dynamic system generated by recursion. They depend on initial conditions and generate a kind of non-periodic orbits. Fractals, therefore, belong to chaotic dynamical systems. Let us stress that not all chaotic systems are fractals, e.g., stochastic dynamical systems. In phase space, a chaotic orbit traces out a fractal dimensional strange attractor, i.e., strange attractors exhibit the fractal structure [9]. Substantial attention is given, in this study, to two main types of problems, which generalize the basic standard map, known as the Chirikov–Taylor standard map [2]. These problems are expressed as follows:
	1. The problem of the fourth-order differential equation is expressed as follows:

[image: A differential equation is shown: \(-y u^{(4)}(x) + \beta u''(x) + K \sin u(x) = 0.\)]
where [image: Mathematical expression indicating a function \( u \) as dependent on the variable \( x \).] is a function of the space [image: Please upload the image or provide a URL so I can generate the alternate text for you.] and [image: β is an element of the set of positive real numbers.] and [image: Mathematical expression displaying gamma as an element of the positive real numbers.] are assumed to be small parameters. We will prove that the limit of the problem will lead to the “kicked rotor” problem in higher-order derivative theory. Higher-order dynamical systems play a pertinent role in theoretical physics, applied mathematics, and numerical analysis. This problem is of particular importance since it may have motivating implications in the understanding of the kicked-rotor problem, formed by periodically pulsing on the optical higher-order standing waves [10, 11].
	2. The problem of “time-dependent δ-kicked rotor” formulated in fractal dimensions. We are interested on fractal calculus concepts introduced in [12, 13], where the derivatives of two given functions are given by [image: Please upload the image or provide a URL, and I will help you generate the alt text for it.] and [image: Equation depicting a function \( g(t) \), where \( g \) is a function of time \( t \).], which are expressed as [image: Equation of fractional calculus, showing the fractional derivative of a function \( f(x) \) with respect to \( x \) to the order \( \alpha \). The expression is \( x^\alpha f(x)/dx^\alpha = (x^{1-\alpha}/\alpha)(d(f(x))/dx) \), where \( \alpha > 0 \).] and [image: The image shows a mathematical equation: the fractional derivative of \( g(t) \) with respect to \( t \), denoted as \( d^\beta g(t) / dt^\beta \), equals \((t^{1-\beta}/\beta)(dg(t)/dt)\), where \( \beta \) is greater than 0.], respectively. Here, [image: Please upload the image or provide a URL for me to generate the alt text.] and [image: Please upload the image or provide a URL to generate the alt text.] are their associated fractal dimensions. It is obvious that the fractal length measure [image: Sure, please upload the image you'd like me to describe.] and the fractal time measure [image: Please upload the image or provide a URL so I can help generate the alternate text for it.] are scaled according to the laws [image: Please upload the image or provide a URL for me to generate the alt text. You can also add a caption for more context if needed.] and [image: Please upload the image or provide a URL so I can generate the alternate text for it.]. This approach has motivating implications in various fields of sciences and engineering and at different lengths and time scales [14–20]. These fractal derivatives are considered a non-Newtonian simplification of the derivative defined in fractal medium or topology. Self-similarity and scale invariance are two important concepts in physics and any complex dynamical systems governed by Lagrangian and Hamiltonian mechanics laws. In general, the notion of non-integer fractal dimension has been spread over all fields of sciences since Mandelbrot introduced the notion of fractals or self-similar sets [21]. It is notable that fractal calculus is of practical importance in various fields of physics since it is considered, to some extent, trouble-free, helpful, and algorithmic [22]. It is also used in the theory of differential equations to study stability problems [23–25] besides its relevance in stochastic differential equations [26, 27] and transforms approaches such as the Laplace, Fourier, and Sumudu fractal transforms [28, 29]. The relevance of fractal calculus in sciences is well-appreciated based on a large number of outcomes obtained by researchers [30–47]. In the literature, there are various types of fractal derivatives where various inequalities have been obtained, and new classes of differential equations have been derived and analyzed accordingly [34, 48–57]. However, He’s fractal derivative is an extension of Leibniz’s derivative for discontinuous fractal media and is less tricky in mathematical analysis, but with relevance in various fields of sciences, as mentioned previously, including geometric analysis [58], attachment oscillator arising from nanotechnology [59], variational study of the time–space fractal Bogoyavlenskii equation [59], non-linear vibrations [60], and fractal nano/microelectromechanical system [61]

The purpose of this paper is to study the whole dynamical behavior of maps generated by these problems. We investigate the chaotic and complex behavior of standard maps by selecting various control parameters. From a practical point of view, we show that in addition to the usual stochastic parameter, there are additional parameters in each model, which can be used as chaos control parameters.
Before elaborating our analysis, two points deserve to be elucidated:
	1. The investigation of higher-order derivative Hamiltonian systems (up to the fourth-order) is relevant as it offers insights into chaotic behavior across multiple scales, including the nanoscale. This shows potential to enhance our understanding of physical systems like micro-electromechanical systems (MEMS), where high-order derivatives play a crucial role. For example, in MEMS devices, the mechanical behavior at small scales can be highly non-linear and may exhibit chaotic dynamics that could be better understood through the study of such higher-order systems [62–69].
	2. In our approach, we used the two-scale fractal development: in fact, the two-scale dimension is of great importance to describe any physical properly of a complex system. It is used to evaluate the degree of complexity of a given discontinuous pattern between two neighboring dissimilar scales of observation [70]. It is considered an alternative definition of fractal dimension. It is notable that physical laws are scale-dependent, and dissimilar outcomes may be obtained at different scales. The two-scale theory is practical since it treats any physical or dynamical problem with two different scales applied respectively for continuous and porous structures media: the conventional classic calculus can be successfully applied for the large scale, whereas for the smaller scale, the effect of the porous structure on the physical properties of the system can be effortlessly explained and, hence, reveal a number of hidden properties beyond the classical assumption. The validation of this new methodology has been proved using qualitative and quantitative/numerical techniques [70–80]. Therefore, it is motivating to consider, in this study, two-scale dimensions since they reveal a number of hidden properties and features not found within the conventional formalism.

Problem 1: To start, we introduce the Hamiltonian of Equation 1, which is written as
[image: The image shows a Hamiltonian equation: \( H(u, v, p_u, p_v) = \frac{1}{2\gamma} p_v^2 + vp_u - \frac{\beta}{2} v^2 + \sin u \).]
where [image: The image shows the mathematical equation \( v = u' \).], [image: The equation shows \( p_u = \beta u' - \gamma u'' \), involving variables \( p_u \), \( u' \), and \( u'' \), with coefficients \( \beta \) and \( \gamma \).], and [image: The equation shows "p subscript v equals gamma u double prime".] [5]. The associated Hamilton’s equations of motion are [image: Equation showing velocity \( v \) equal to \( u' \), which equals the partial derivative of \( H \) with respect to \( p_t \) (∂H/∂p_t).], [image: \( v' = \partial H / \partial p_v \)], [image: The equation shows \( p'_{u} = -\partial H / \partial u \), representing the partial derivative of a function \( H \) with respect to variable \( u \), negatively affecting \( p'_{u} \).], and [image: The equation shows partial derivative notation: \( p'_v = -\partial H/\partial v \), where \( p'_v \) is the rate of change of pressure concerning volume, and \( H \) represents a function.]. To construct a map, we introduce a small number [image: The image shows a mathematical expression with the Greek letter epsilon, much smaller than one, denoted as ε ≪ 1.] such that
[image: Mathematical formula displaying the limit of a sequence as \( n \) approaches infinity. The expression \( u(x(n+1) - e) \) is used within the limit.]
[image: Mathematical equation showing the function \( f(x_{n+1}) \) equals the limit as \( \epsilon \) approaches zero of \( \sqrt{x(n+1) - \epsilon} \).]
[image: Mathematical equation displaying limits and functions. The function \( x_{n+1} = w(x_{n+1}) = p(x_{n+1}) = \lim_{n \to \infty} p(x(n+1) - e) \) is shown, labeled as equation (4).]
[image: Mathematical equation showing the transition probability \( P_{n+1} = P(x_{n+1}) = P(x_{n+1}) = \lim_{\varepsilon \to 0} P(x(n+1) - \varepsilon) \).]
where [image: Equation displaying \( x_{n+1} = (n+1)x \).]. Integrating the Hamilton’s equation yields
[image: A mathematical equation is shown: \( p_{n+1} = \overline{p}_n + K \sin u_n \), labeled as equation six.]
[image: Mathematical expression displaying the equation \( u_{n+1} = u_n + p_{a_{n+1}} \), labeled as equation number seven.]
[image: Mathematical equation showing \( p_{n+1} - p_n = -p_{n+1} + \beta (u_{n+1} - u_n) \). The equation number is (8).]
[image: Mathematical equation: \(\gamma(v_{n+1} - v_n) = P_{n+1} = \sqrt{\mu(h_{n+1} - 2h_n + h_{n-1})}\), labeled as equation (9).]
which, after arrangement, also yields the modified standard map:
[image: Mathematical expression showing the equation \( p_{n+1} = \beta (u_{n+1} - u_n) - \gamma (u_{n+1} - 3u_n + 3u_{n-1} - u_{n-2}) \), labeled as equation 10.]
[image: An equation formats as: \( p_{n+1} = D_n + K \sin u_n \), labeled as equation eleven.]
For [image: A mathematical expression showing the Greek letter beta followed by an equals sign and the number one.] and [image: It seems there was an error with the image upload. Please try again by ensuring you provide the correct image file or URL. If you have additional context for the image, feel free to include it.], Equations 2–9 reduce Equations 10, 11 to the Chirikov–Taylor standard map. In order to examine the typical features of the dynamics determined by the modified standard map, let us start our analysis with the results of the numerical observations of the particle motions in the phase space. We plot in Figure 1 accordingly, by running a program in MATLAB, the following figures (Poincaré sections) for different numerical values of the parameters [image: Please upload the image or provide a URL for me to generate the alternate text.] and [image: Please upload the image you would like me to generate alternate text for. If you have any specific context or details you want included, feel free to add them as well.].
[image: Scatter plot matrix of paired data comparisons with contour overlays. Each subplot contains a distribution of data points in various colors, suggesting potential correlations or patterns. Some plots have highlighted areas indicating density or probability regions. Axes are labeled with variable names and numerical scales.]FIGURE 1 | Particle orbits of the modified standard map for the different stochastic parameter [image: Please upload the image or provide a link so I can generate the alternate text for you.]and parameters [image: Please upload the image or provide a URL, and I will help generate the alternate text for you.]and [image: Please upload the image or provide a link so that I can generate the appropriate alt text for it.].
We observe the emergence of a family of patterns, including fractals and chaotic patterns. Decreasing [image: It seems there was an error in your request. Please upload the image or provide a URL so that I can generate the alt text for you.] suppresses the deterministic diffusion significantly and may lead to chaotic maps. Decreasing both [image: Please upload the image you would like me to create alternate text for.] and [image: Please upload the image or provide a URL so I can help generate the alt text for it.] also suppresses the formation of islands around islands. There is a classic evidence of stickiness in these plots and transition to chaos (chaotic sea) in some. Orbits are subject to consecutive traps, filling regions more densely than others. In some cases, we observe the Kolmogorov–Arnold–Moser (KAM) secondary islands corresponding to a certain resonance. We recall that the KAM theorem states that for non-integrable Hamiltonian systems, only non-destroyed orbits have quasiperiodic irrational winding numbers. We also observe islands in the chaotic sea, while islands of certain resonance are inside the corresponding last KAM curve. Small islands also emerge for certain values of [image: Please upload the image or provide a URL so I can generate the alternate text for you.], besides unstable and stable orbits. There is an emergence of chaotic orbits depending on the values of the system parameters. For lower values of [image: Please upload the image or provide a URL for me to generate the alternate text.], the size of the central island is reduced and is limited by a number of unstable periodic orbits. For some values of [image: Please upload an image for which you need alternate text, or provide a URL to the image. If you need guidance on how to do so, let me know!] which are close to unity, there is emergence of spiral fractal patterns comparable to the Julia set [81, 82]. An arbitrary small variation in the parameters causes radical changes in the patterns. We recall that, in general, the standard map has an attractive property; it has a fractal behavior. Further consecutive amplifications would confirm the fractal-like structure of this model. Chaotic regions with various chaoticities are also observed, besides the chaotic chains whose chaoticities are weaker than other chaotic seas. These maps exhibit chaotic and fractal behaviors separately or together in the available phase space as the control parameters change. The breakdown of the ergodicity of this map may lead to a deformation of the statistical mechanical framework [83]. In fact, non-linear dynamical systems exhibit fractal structures in the phase space, and they are very sensitive to initial conditions [84]. This problem, however, has received less attention, for higher-order derivative theories. In this problem, we proved that fractal structures arise in fourth-order derivative theories, although the geometrization of Hamiltonian formalisms was developed for autonomous and non-autonomous mechanical systems [85–87].
Problem 2: We are concerned with the classical global momentum transport in the kicked rotor governed by the time-dependent Hamiltonian (time-dependent δ-kicked rotor):
[image: Equation for H(x, p, t) equals p squared over two plus KTV(x, t) times the sum from n equals minus infinity to infinity of delta(t minus n), labeled as equation twelve.]
where [image: Please upload the image you would like me to generate alt text for.] is the amplitude of the pulse, [image: Please upload the image or provide a URL to generate the alternate text.] is the period of oscillations, [image: Please upload the image or provide a URL so I can generate the appropriate alt text for you.] is the momentum, [image: Mathematical expression depicting a function \( V(x, t) \), where \( V \) is a function dependent on variables \( x \) and \( t \).] is a time-dependent potential, and [image: It seems like there was an issue with the image upload. Please try again by ensuring the image is properly attached, or you can describe it, and I will help you with the alternate text.] is the Dirac delta-function. Equation 12 is subject to the initial conditions [image: Mathematical equation showing x of zero equals x subscript zero.] and [image: Mathematical equation showing x dot of zero equals p of zero equals p subscript zero.] [1–3]. When [image: Please upload the image or provide a URL so I can generate the appropriate alt text for you.] is adequately large, no KAM invariant circles bound the motion. The presence of the Dirac function is suitable since the equations of motion can be reduced to a simple discrete Chirikov–Taylor standard map. It is notable that during the kick, the potential term dominates the kinetic term, the potential is zero between kicks, and the motion is that of a free rotor. One can, therefore, integrate easily the equations of motion over one temporal period of the Hamiltonian [2, 3, 88, 89]. However, in our approach, we considered a time-dependent potential due to their motivating implications in controlling quantum chaos [90–95]. In this study, we consider [image: The mathematical expression shows a function \( V(x, t) = t^n \cos x \), where \( t \) is raised to the power of \( n \) and multiplied by the cosine of \( x \).], with [image: A lowercase Greek letter eta in a serif font, commonly used in mathematics and science to represent efficiency or viscosity.] being a real parameter. In fact, periodic time-dependent Hamiltonian systems are said to be of [image: Please upload the image or provide a URL so I can generate the alternate text for it.] and half degrees of freedom, and one way to study them is the stroboscopic map, which is a special case of a Poincaré map for driven systems [96]. It is considered in quantum-kicked top [97, 98]. Hamilton’s equations of motion in fractal dimensions are given by
[image: Equation showing a differential expression: \( \frac{1}{\beta}t^{-\alpha}\frac{dp}{dt} = -\frac{1}{\alpha} t^{-\alpha}x \frac{\partial H}{\partial x} - \frac{1}{\alpha} t^{-\alpha} PxT \sin x \sum_{n=0}^{\infty} \delta(t-nT) \), labeled as equation 13.]
[image: Equation featuring a fraction with numerator 1 and denominator beta to the power of minus r, multiplied by the partial derivative of x with respect to t, set equal to p. The equation is labeled as equation 14.]
The special case where [image: The mathematical equation shown is eta equals one minus beta.] is motivating since it does not lead to divergent series when performing the integration of Equation 13. To construct a map in fractal dimensions before the [image: Lowercase letter "n" followed by a superscript "th", representing the ordinal indicator in mathematical notation.]-kick, we again introduce a small number [image: Text displaying the mathematical inequality: epsilon much less than one.] such that
[image: Mathematical equation indicating the sequence \( x_{k+1} = x(t_{n+1}) = \lim_{n \to n} x(T(n+1) - \epsilon) \), labeled as equation 15.]
and
[image: Mathematical expression showing the function for \( p_{n+1} \) as a function of \( p(t_n) \). It states \( p_{n+1} = p(t_n) = \lim_{{t \to \infty}} p(T(n+1) - \epsilon) \) with equation number (16).]
Here, [image: Mathematical expression for \( t_{n+1} \) equals \( (n+1) \) times \( T \).]. Accordingly, we integrate Equations 13, 14 using Equations 15, 16 as follows:
[image: Integral equation with limits t minus τ to t plus τ of partial derivative of ϕ with respect to t dt equals KTβ over α times x^(k-1) times sin x. This is multiplied by the integral from t plus τ to infinity of the summation from n equals 1 to infinity of δ(t minus nT) dt, labeled as equation 17.]
[image: Integral equation showing two integrals set equal. The left is from \(t_1 - \epsilon\) to \(t_2 - \epsilon\) of \(\frac{\partial x}{\partial t} dt\), equal to \(\beta\) times the right integral from \(t_1 - \epsilon\) to \(t_2 - \epsilon\) of \( t^{\beta - 1} p dt\), labeled equation (18).]
Equations 17, 18 yield, in particular for [image: The formula shows eta equals one minus beta.]:
[image: Equation showing \( p_{n+1} = p_n - \frac{K T \beta}{\alpha} x_n^{-\alpha} \sin x_n = p_n + F_\alpha(x_n) \), labeled as equation 19.]
[image: The equation displayed is: \( x_{n+1} = x_n + (\beta \ln(T))^{-1} T P_{n+1} \equiv x_n + G_{\beta} (P_{n+1}) \) numbered as equation (20).]
Observe that when [image: The equation depicted shows alpha equals beta equals one, representing a mathematical expression.], Equations 19, 20 are reduced to the Chirikov–Taylor standard map. In addition, FSM differs from the fractional standard map obtained in [87, 88]. The stability of the fixed points is determined from the residue of the tangent map:
[image: Matrix equation showing a transformation: a column matrix with elements Δp sub n+1 and Δx sub n+1 equals ΔM times a column matrix with elements Δp sub n and Δx sub n, labeled as equation (21).]
where
[image: Equation showing the change in \( \Delta M \), represented as a matrix. The first element is \( \frac{1}{\frac{\partial G_{p}(p_{n+1})}{\partial p_{n+1}}} \), and the second element is \( \frac{\partial F_{x}(x_{n})}{\partial x_{n}} \). The second row contains \( \frac{\partial F_{x}(x_{n})}{\partial x_{n}} \) plus the product of \( \frac{\partial F_{x}(x_{n})}{\partial x_{n}} \) and \( \frac{\partial G_{p}(p_{n+1})}{\partial p_{n+1}} \). Equation number 22.]
is the tangent map [39]. The stability of the system arises (using Equations 21, 22) if the residue given by
[image: Equation showing a mathematical expression for \( R \), defined as \( R = \frac{1}{2} - \frac{1}{4} \text{Tr}(\Delta M) = -\frac{1}{4} \frac{\partial F(x_n)}{\partial x_n} \frac{\partial G_{\beta}(p_{n+1})}{\partial p_n} \). The equation is labeled as (23).]
is constrained by [image: It seems there was an issue with your request. Please upload the image, and I'll create the alternate text for it.], which yields at the fixed point [image: Mathematical equation representing \( x_m = 2\pi m \), where \( m \) is an element of the set of integers \(\mathbb{Z}\).], [image: The equation shows an inequality: zero is less than K, which is less than four times alpha times the quantity two pi m to the negative alpha power, divided by T beta.], and stability occurs, phase-space trajectories lie on invariant curves, and the variation in momentum based on Equation 23 is restricted. We examine particle motions in the phase space by plotting in Figure 2 the Poincaré sections, where the orbits may have different behaviors depending on the values of the parameters [image: Please upload the image or provide a URL so that I can generate the alternate text for it.] and [image: Please upload the image you'd like me to generate alternate text for.] and the fractal dimensions [image: Please upload the image or provide a URL so I can help generate the alternate text for it.] and [image: Please upload the image for which you need the alternate text.].
[image: A series of 24 colorful graphs showing complex mathematical patterns and fractals. Each graph contains intricate designs with swirling lines and dots in blues, greens, yellows, and oranges, labeled with axes and legends. The images illustrate varying mathematical functions, demonstrating fractal behavior and chaotic dynamics across different parameter spaces. The highly detailed patterns reflect changes in mathematical variables, contributing to the visualization of chaos theory concepts.]FIGURE 2 | Particle orbits of the fractal standard map for different numerical values of the parameters [image: Please upload the image or provide a URL, and I'll create the alternate text for you.]and [image: Please upload the image or provide a URL for me to generate the alternate text.]and the fractal dimensions [image: It seems like there was an error with the image upload. Please try uploading the image again or provide a URL so I can help generate the alternate text for it.]and [image: Please upload the image, and I can help generate the alternate text for it. If you need instructions on how to upload an image, let me know!].
We observe that all the parameters play an important role in the formation of islands around islands and that low fractal dimensions suppress the deterministic diffusion and lead to chaotic maps. KAM secondary islands corresponding to a certain resonance emerge in some particular cases. Trajectories demonstrate island chains connected with an assortment of elliptic periodic orbits. For small [image: Please upload the image or provide a URL for me to create the alternate text.] and spatial fractal dimension [image: Please upload the image you would like me to create alternate text for.], chaotic behavior dominates larger phase space areas, i.e., a large area of the phase space is occupied by a single chaotic sea due to the large amount of non-integrability of the system. The fundamental reason for this behavior is related to destroying the stability islands. This leads to a decrease in the non-integrability of the fractal dynamical system. An increase in [image: Please upload the image you'd like me to generate the alt text for.] and fractal dimensions shows regions of chaotic behavior rising around stable and unstable manifolds, besides the emergence of fractal patterns. These orbits are characterized by a dense collection of points with no obvious order. These chaotic orbits can have positive Lyapunov exponents but free from any kind of fractal structure. The stabilization of these orbits may be achieved in some particular cases due to the presence of parameters that may help control the chaotic behavior. There is a critical value of [image: Please upload the image or provide a URL so I can generate the alt text for you.] and fractal dimensions from which the chaotic regions are no longer separated. For fractal dimensions close to unity, a central island with a chain of smaller islands around it is revealed, comparable to its larger-scale version. Additional successive amplifications would prove the fractal structure. It is notable that this fractal map verifies the twist condition [image: Partial derivative notation showing that the derivative of \(x_{n+1}\) with respect to \(p_n\) is not equal to zero.], which is the analog of the non-degeneracy condition from Hamiltonian systems for KAM’s theorem applicability to the map [99, 100].
To conclude, we have constructed maps for two different dynamical problems: the first one describes higher-order derivative dynamical systems, and the second one, the time-dependent δ-kicked rotor in fractal dimensions. The first problem is characterized, for particular values of [image: It seems there might have been an error in uploading the image. Please try uploading it again, and I’ll be happy to help with generating the alternate text.], by the emergence of spiral fractal patterns comparable to the Julia set, besides the emergence in some cases of strange chaotic orbits which are thickly interfaced with regular regions. On the contrary, the second problem, which is dominated by fractal dimensions, reveals the emergence of invariant curves, islands, and fractal and chaotic trajectories. The transition to chaos is shown by varying control parameters. Some of these parameters lead to chaos, and others lead to fractal patterns. The range of convergence and stability can be made to increase considerably. The difference between the fractal time-dependent δ-kicked rotor and the conventional one with the integer derivative is the emergence of various quasiperiodic and periodic windows, intermittency, and chaotic structures, which depend on the numerical values of fractal dimensions. The dynamic system displays a rich assortment of non-linear behaviors as fractal dimensions are varied. We observe the occurrence of chaotic regions exhibiting fractal features (islands around islands) in regions confined between the other types of trajectories. In several cases, KAM secondary islands corresponding to a certain resonance emerge. The second problem is, therefore, very sensitive to fractal dimensions. These new standard maps might be used to achieve better results to study quantum chaos. This work addresses challenges in incorporating Hamiltonian systems with higher-order derivatives and fractal derivatives into the analysis of complex systems that go beyond the standard map. It offers new tools and models to enhance our understanding of how higher-order dynamics and fractal patterns affect complex systems by providing additional accurate representations than traditional models. It will be of interest to apply these models to relativistic systems governed by higher-order derivatives and dissipation, and to time-dependent quantum Hamiltonian systems. In fact, the relativistic generalization of the Chirikov–Taylor standard map is based on various aspects, e.g., acceleration of the particle in an electric field [98, 100], dynamics of particles in magnetic relativistic field [101–103], and acceleration of charged particles in the electric field of an electromagnetic wave packet subject to temperature effects [104]. The emergence of chaos and fractal structures in relativistic systems is also considered motivating since these will support physicists and mathematicians to better understand several hidden properties arising in quantum and high energetic Hamiltonian chaos, besides their relevance in ergodic theory [105–107]. Additionally, it will be of interest to study the frequency property of Equation 1 using the one-step frequency formulation for non-linear oscillators introduced in [108], with an emphasis on odd non-linearity. Based on the outcomes of [108], we believe that this approach will offer several additional insights into the dynamics described by Equation 1, mainly related to the variations and effects of the frequency characteristics of the system for different parameter values and their correlations with chaotic and fractal behaviors. Work in these directions will be the aim of our future study.
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This review provides a comprehensive analysis of the application of Micro-Electro-Mechanical Systems (MEMS) technology in anti-electromagnetic radiation maternity wear. The review commences with an elaboration of the electromagnetic shielding principles of traditional materials and the principle of anti-electromagnetic radiation. Subsequently, the role of MEMS in maternity clothing is detailed, including the real-time monitoring of radiation via sensors, the enhancement of fabric shielding through electrospinning and material deposition, and the realization of intelligent functions such as micro-actuators and communication modules. Furthermore, the review considers the optimization of performance, taking into account factors such as electromagnetic shielding, air permeability and comfort. Furthermore, the article addresses the challenges of ensuring comfort and power supply. The article concludes by emphasizing the potential of MEMS in protecting pregnant women and fetuses and proposes future research directions, including an in-depth exploration of the working principles, technical specifications, and performance characteristics of key MEMS components (sensors and micro-actuators), as well as research on the combination and The combination of MEMS technology with existing anti-radiation technologies, such as traditional metal fiber fabrics and nanomaterials, has the potential to yield significant synergistic effects. Furthermore, an in-depth analysis of performance optimization, including durability and washing stability of maternity clothes, is essential. Additionally, the exploration of emerging technologies, such as bubble electrospinning in maternity clothes, could lead to innovative applications in this field.
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1 INTRODUCTION
In the contemporary era, the accelerated advancement of technology has resulted in the pervasive utilization of electronic devices, rendering electromagnetic radiation an inescapable component of our living environment [1, 2]. The considerable intensification of this phenomenon may potentially pose a significant risk to human health, especially for pregnant women. Pregnant women, as a special group, are more vulnerable due to the fetus being in a critical stage of development and being highly sensitive to electromagnetic radiation [3, 4]. There is evidence that electromagnetic radiation may disrupt the normal process of cell division, differentiation, and development in the fetus, which could result in a series of adverse consequences, including an increased risk of miscarriage, preterm birth, and potential impacts on fetal nervous system development and growth retardation [5]. Recent studies have further emphasized the need for effective protection against electromagnetic radiation during pregnancy, highlighting the importance of developing advanced maternity wear (reference to new studies showing specific cases where pregnant women were exposed to high levels of electromagnetic radiation and the associated concerns [6, 7]).
The creation of garments designed to protect pregnant women from electromagnetic radiation has become a matter of urgency [8]. This issue is not only of concern to the health of pregnant women and their fetuses but also reflects the progress of society in protecting vulnerable groups. The utilization of high-quality anti-electromagnetic radiation maternity clothes can facilitate the creation of a secure environment for fetal growth and development, thereby reducing potential risks. Concurrently, this constitutes a significant domain within the advancement of functional textiles, thereby stimulating innovation and modernization within the textile industry [9].
The efficacy of traditional anti-radiation maternity wear is contingent upon the utilization of materials that possess specific conductive or magnetic properties, which afford the garments the capacity to serve as effective shields [8, 10–13]. This assertion is supported by empirical evidence from studies 8–13. However, they are subject to several limitations. The fabric gaps are typically considerable, spanning a range of tens to hundreds of micrometers. In everyday life, individuals are exposed to a diverse range of electromagnetic radiation wavelengths, spanning from 10 nm to several meters. This allows a considerable quantity of electromagnetic radiation to penetrate the material via diffraction (when the wavelength is equal to or greater than the gap width) or directly through the gaps (when the wavelength is less than the gap width), which may pose a serious risk to the health of the fetus. Actual measurement data has shown that the amount of penetrating radiation can be significant under certain conditions (cite specific experiments and their results [14, 15]).
For example, silver-fiber blended polyester or nylon, which is commonly used in mainstream anti-electromagnetic radiation maternity garments, has interstitial spaces between the fibers within the range of dozens to hundreds of micrometers. When compared to the wide range of wavelengths of ionizing radiation encountered in daily life (from 10 nm to meters), a significant amount of electromagnetic radiation can penetrate through these gaps via diffraction or directly, potentially affecting the healthy development of the fetus. Moreover, when an obstacle such as a hole or gap is present in the maternity garment, diffraction occurs, allowing electromagnetic waves to “bypass” the obstacle and continue to propagate. When the wavelength of the electromagnetic wave is comparable to the size of the opening, the diffraction phenomenon becomes more pronounced. In the case of anti-radiation maternity wear with multiple gaps, in addition to diffraction, interference may also occur. This means that when two waves with the same frequency, the same vibration direction, and a constant phase difference meet in space, there will be cases of vibration enhancement (constructive interference) and vibration weakening (destructive interference). For the developing fetus, constructive interference is disadvantageous as it results in exposure to a more energetic electromagnetic wave environment.
To address these limitations, narrow-slit maternity garments can be designed and prepared using nanofiber textile technology, which employs fibers of a size ranging from tens to hundreds of nanometers. By arranging the nanofibers in parallel with a spacing of 10 nm, the penetration and diffraction effects of electromagnetic waves in daily life can be effectively suppressed, thereby improving and enhancing the protection effect (see Figure 4). Furthermore, the overall protection performance can be enhanced by incorporating multiple layers of nanofibers, as illustrated in Figure 5. Concurrently, conductive materials, including metal fibers (e.g., silver fibers, stainless steel fibers, etc.) or conductive polymers, can be incorporated into maternity wear through an even weaving process. When electromagnetic waves interact with conductive materials, an induced current is generated on their surfaces. The induced current will generate an electromagnetic field that is opposite to the incident electromagnetic wave, thereby canceling each other out and achieving the purpose of shielding electromagnetic radiation.
The advent of MEMS technology [16–20] presents novel avenues for enhancing maternity attire. MEMS-based sensors can be integrated into the fabric to monitor the electromagnetic field intensity in the vicinity of pregnant women in real-time. The sensors, which are both compact and consume minimal power, can provide precise data regarding radiation levels, thereby enabling pregnant women to take timely and appropriate preventive measures. To illustrate, in the event of entering an area with elevated radiation levels, the sensors can notify the woman via a connected mobile application or an indicator on the garment.
In the context of fabric production, MEMS technology facilitates precise control of nanofiber formation through electrospinning, thereby ensuring uniform coating of conductive or magnetic materials through deposition methods. This enhances the fabric’s shielding performance. In the context of smart maternity wear design, MEMS micro-actuators have the potential to adjust the fabric structure following the detected radiation. Additionally, communication modules have the capacity to disseminate sensor data to healthcare providers or family members, thereby enabling the realization of intelligent functions.
Despite the challenges inherent to the integration of MEMS technology, including ensuring comfort and power supply, its application in maternity wear offers significant promise for enhancing the protection of pregnant women and fetuses from electromagnetic radiation. The following sections will examine the specifics of MEMS technology in maternity wear and its prospective avenues of advancement. Furthermore, recent research in related fields, such as the study by Zachariah et al. [21] on the effect of woven aramid fabric on the strain-to-failure behavior of carbon/aramid hybrid laminates and the comprehensive review by Devarajan et al. [22] on natural fiber hybrid composites for ballistic applications, provides valuable insights that could potentially inspire further improvements in the design and performance of maternity clothes. The findings on material behavior and composite performance may provide new insights into the selection and combination of materials for anti-electromagnetic radiation maternity wear.
2 ELECTROMAGNETIC SHIELDING PRINCIPLE OF TRADITIONAL ANTI-RADIATION MATERIALS
A fundamental understanding of the electromagnetic shielding principle of traditional anti-radiation materials is essential for the development and improvement of anti-electromagnetic radiation maternity clothes. These materials interact with electromagnetic waves through a combination of mechanisms that determine their effectiveness in attenuating the radiation [23].
2.1 Reflection attenuation
Upon reaching the surface of materials with high electrical conductivity, such as metals, electromagnetic waves undergo reflection attenuation. Metals are characterized by a high concentration of free electrons. The alternating electromagnetic field of the incident wave exerts a force upon the free electrons, forcing them to oscillate. Following the law of electromagnetic induction, the oscillation of electrons gives rise to the generation of an induced electromagnetic field that is oriented in a direction opposite to that of the incident electromagnetic field. The interaction between the incident and induced electromagnetic fields results in the reflection of the incident electromagnetic waves back into the surrounding medium, thereby reducing the amount of energy that penetrates the material. This reflection process represents a fundamental component of the shielding mechanism of traditional anti-radiation materials, as illustrated in Figure 1.
[image: Diagram illustrating electromagnetic wave interactions with a material. Shows an incident wave entering a rectangular box, indicating the material. Inside, the wave undergoes the first interfacial reflection and multiple internal reflections. Another wave exits the box, labeled as passing after shielding. Arrows and labels clarify the wave path and interactions.]FIGURE 1 | The reflection and transmission processes of electromagnetic waves occurring on the surface and inside the shielding materials are accompanied by multiple internal reflections between the inner and outer layers of the shielding materials.
To provide a more intuitive explanation for readers, we can add an example here. For instance, when electromagnetic waves encounter a silver-coated fabric (a common material in traditional anti-radiation maternity wear), the free electrons in the silver layer will oscillate vigorously under the influence of the incident wave. This oscillation generates an opposing electromagnetic field, which reflects a significant portion of the incident waves, similar to how a mirror reflects light. This process effectively blocks a large amount of electromagnetic radiation from penetrating the fabric, protecting the wearer to a certain extent [24].
2.2 Absorption attenuation
For electromagnetic waves that are able to penetrate the surface and enter the shielding material, the phenomenon of absorption attenuation becomes relevant. Materials such as ferrites, which possess magnetic properties, are particularly efficacious in this regard. Ferrites possess distinctive magnetic characteristics that enable their magnetic moments to interact with the magnetic field component of the incident electromagnetic waves. This interaction results in the transfer of energy from the electromagnetic waves to the ferrite in the form of heat or other energy conversion mechanisms. Consequently, the intensity of the electromagnetic waves is diminished as they traverse the material, thereby contributing further to the overall shielding effect.
2.3 Multiple-reflection attenuation
Within the confines of the shielding body, a phenomenon known as multiple-reflection attenuation occurs. Each time electromagnetic waves are reflected at the interfaces between different media within the shielding material, a loss of energy occurs. The reflection process results in a change of direction and redistribution of the electromagnetic waves' energy. During these multiple reflections, a significant proportion of the electromagnetic energy is dissipated within the shielding body in the form of heat or other forms of energy. This continuous reduction in energy ensures that the amount of electromagnetic energy that can ultimately penetrate the shielding body and reach the protected area (such as the fetus in the case of maternity clothes) is minimized.
2.4 Maxwell’s equations and electromagnetic wave generation
Maxwell’s equations constitute the fundamental basis for the comprehension of the genesis and behavior of electromagnetic waves. The aforementioned equations describe the relationships among electric field (E), magnetic field (B), charge density (ρ), and current density (J). They are presented below for Ref. [25].
	1. Gauss’s law for electricity: ∇ ⋅ D = ρ, where D is the electric displacement.
	2. Gauss’s law for magnetism: ∇ ⋅ B = 0, indicating that there are no magnetic monopoles.
	3. Faraday’s law of electromagnetic induction: ∇ × E = - ∂B/∂t, showing how a changing magnetic field induces an electric field.
	4. Ampere -Maxwell’s law: ∇ × H = J + ∂D/∂t, where H is the magnetic field intensity.

The aforementioned equations demonstrate that a fluctuating magnetic field can give rise to an electric field, and conversely, that a dynamic electric field can induce a magnetic field. The mutual induction of periodic magnetic and electric fields with the same periodicity gives rise to the formation and propagation of electromagnetic waves in space. It is crucial to comprehend these principles to develop efficacious strategies for the prevention of electromagnetic radiation, as illustrated in Figure 2.
[image: Diagram showing an electromagnetic wave propagation. The electric field (E) oscillates vertically in orange, and the magnetic field (H) oscillates horizontally in blue. The wave travels along the x-axis.]FIGURE 2 | Electric and magnetic fields mutually excite each other, and the generated electromagnetic waves propagate in a vacuum.
To enhance the understanding of Maxwell’s equations and their practical implications, we can provide a simple analogy. Consider a water wave in a pond. The changing height of the water surface (analogous to the electric field) can cause the water to move horizontally (analogous to the magnetic field), and vice versa. This continuous interaction between the two “fields” allows the wave to propagate. Similarly, in electromagnetic waves, the interplay between the electric and magnetic fields enables the wave to travel through space. However, a more detailed physical interpretation of these equations in the context of the article would be beneficial. For example, Faraday’s law elucidates how a fluctuating magnetic field gives rise to an electric field, which is pivotal for comprehending the interaction between electromagnetic waves and materials. When an electromagnetic wave interacts with a material, the time-varying magnetic field component can induce currents in the material, which in turn affects the propagation and attenuation of the wave. Ampère - Maxwell’s law, on the other hand, accounts for the generation of magnetic fields by both conduction currents and displacement currents. Of particular significance in elucidating the behavior of electromagnetic waves in dielectrics and conductors is the displacement current term (∂D/∂t), which permits the prediction of phenomena such as wave reflection and transmission at interfaces [26].
In order to gain a deeper understanding of reflection attenuation, it would be beneficial to utilize a more comprehensive theoretical model. This could entail employing the Fresnel equations to calculate the reflection and transmission coefficients of electromagnetic waves at the interface between distinct media. These equations take into account the electrical and magnetic properties of the materials (such as the permittivity and permeability) and the angle of incidence of the wave. By employing the Fresnel equations, one can make quantitative predictions regarding the amount of energy that is reflected back from the surface of a shielding material, contingent on the properties of the material and the characteristics of the incident wave. This would facilitate a more precise evaluation of the efficacy of reflection as a shielding mechanism.
Materials with magnetic properties, such as ferrites, can be characterized by complex permittivity and permeability values that account for both the dissipative (absorptive) and reactive (energy storage) responses of the material to the electromagnetic field. The aforementioned models could be employed to calculate the absorption coefficient of the material and predict the amount of energy absorbed as the wave propagates through it. This would facilitate comprehension of the manner in which disparate materials with disparate magnetic properties contribute to the overall shielding effect through absorption [27].
In order to account for the multiple reflections that occur within the shielding body, transmission line models or electromagnetic simulation techniques could be employed. These would enable the energy loss at each reflection to be calculated. By taking into account the geometry and material properties of the shielding structure, it would be possible to make a more accurate prediction of the overall attenuation due to multiple reflections. Furthermore, experimental data on the attenuation of electromagnetic waves as a function of the thickness and composition of the shielding material would provide valuable validation for these theoretical models and enhance the understanding of the shielding mechanisms in practical applications.
2.5 Prevention of electromagnetic radiation
In light of the insights gleaned from Maxwell’s equations and the characteristics of electromagnetic waves, a number of strategies can be deployed to mitigate the effects of electromagnetic radiation. At the source of electromagnetic wave generation, the utilization of a shielding cover comprising conductive or magnetic materials can serve to impede or diminish the propagation of electromagnetic waves, thereby reducing the radiation intensity. The process of grounding the shielding body or equipment provides a path for the electromagnetic waves to be conducted to the ground, thereby reducing the radiation to the surrounding environment and the human body. Given that the intensity of electromagnetic radiation diminishes rapidly with distance as it propagates in air, increasing the distance from the source of radiation is an effective measure. The utilization of protective absorbing materials, which are capable of absorbing electromagnetic waves and converting their energy into heat energy or other forms of energy, or the wearing of protective clothing containing metal-fiber fabrics and nanofibers, can serve to reduce electromagnetic radiation by enhancing absorption and suppressing transmission when electromagnetic waves reach the human body surface.
2.6 Limitations of traditional maternity clothing designs
The majority of mainstream anti-electromagnetic radiation maternity garments available on the market are composed of silver-fiber blended polyester or nylon. The interstitial spaces between the fibers are typically within the range of dozens to hundreds of micrometers. The ionizing radiation encountered in people’s daily lives has a wide range of wavelengths, spanning from 10 nm to meters. It can be reasonably deduced that a considerable quantity of electromagnetic radiation will penetrate the pregnant woman’s abdomen via diffraction (in instances where the wavelength is equal to or greater than the gap width) or directly through the gaps (in instances where the wavelength is less than the gap width). This may potentially impact the healthy development of the fetus. Furthermore, when an obstacle presents a hole or gap, a diffraction phenomenon occurs, whereby electromagnetic waves “bypass” the obstacle and continue to propagate. When the wavelength of the electromagnetic wave is comparable to the dimensions of the opening, the diffraction phenomenon is more pronounced. In the case of anti-radiation maternity wear with multiple gaps, in addition to diffraction, an interference phenomenon may also occur. In other words, when two waves with the same frequency, the same vibration direction, and a constant phase difference meet in space, there will be cases of vibration enhancement (constructive interference) and vibration weakening (destructive interference). This indicates that the energy of electromagnetic waves is redistributed in the space field. For the developing fetus, constructive interference is disadvantageous, as it results in exposure to a more energetic electromagnetic wave environment, as illustrated in Figure 3.
[image: Diagram showing four panels (a-d) illustrating ultrasound wave interactions with a barrier and a fetus. (a) Waves reflect off the barrier. (b) Waves pass through, with altered paths shown as colored lines. (c) Wave passes directly without deviation. (d) Waves scatter in different directions.]FIGURE 3 | (A) Schematic diagram of electromagnetic waves diffracting and reaching the fetus when the wavelength is greater than the slit width; (B) Diffraction situations of electromagnetic waves with multiple slit widths, which may be accompanied by the interference effect of electromagnetic waves; (C) and (D) When the wavelength is less than the slit width, electromagnetic waves directly pass through the slits and reach the position of the fetus.
2.7 Improvement strategies
Based on the formula for shielding effectiveness illustrated as follows [23],
[image: Formula illustrating the calculation for Shielding Effectiveness (SE) in decibels (dB), with SE(dB) equal to twenty times the logarithm base ten of the inverse ratio of the wavelength (lambda) to twice the material thickness (t).]
where λ is the wavelength of the incident electromagnetic wave, and L is the size of the aperture. According to Equation 1, the shielding effectiveness exhibits a positive correlation with the reduction of aperture, the smaller the pore size, the more pronounced the shielding effect. The arrangement of nanofibers with a spacing of 10 nanometers in the previous text can also be explained by this principle.
To address these limitations, narrow-slit maternity garments can be designed and prepared using nanofiber textile technology, which employs fibers of a size ranging from tens to hundreds of nanometers. By arranging the nanofibers in parallel with a spacing of 10 nm, the penetration and diffraction effects of electromagnetic waves in daily life can be effectively suppressed, thereby improving and enhancing the protection effect (see Figure 4). Furthermore, the overall protection performance can be enhanced by incorporating multiple layers of nanofibers, as illustrated in Figure 5. Concurrently, conductive materials, including metal fibers (e.g., silver fibers, stainless steel fibers, etc.) or conductive polymers, can be incorporated into maternity wear through an even weaving process [28–32].
[image: Illustration of a globe with meridians and parallels marked, highlighting a small quadrilateral area labeled a, b, c, d. An inset magnifies this area, showing sides labeled a-d and providing a dimension of approximately ten meters for one side.]FIGURE 4 | Assuming the pregnant woman’s abdomen is hemispherical, the spacing between the nanofibers in the shielding clothing worn on the body (the side length of the small square in the illustration) is 10 nm.
[image: Wavy wire mesh sheet with interwoven metal rods creating a textured, grid-like pattern. The design gives an optical illusion of waves and movement.]FIGURE 5 | The effect is formed by ten layers of nanofibers stacked layer by layer.
When electromagnetic waves interact with conductive materials, an induced current is generated on their surface. The induced current will generate an electromagnetic field that is opposite to the incident electromagnetic wave, thereby canceling each other out and achieving the purpose of shielding electromagnetic radiation.
2.8 Electrospun approach for electromagnetic shielding in maternity clothes
Electrospinning represents a highly promising technique for the fabrication of nanofibers with enhanced electromagnetic shielding properties, which holds considerable potential for application in the development of anti-electromagnetic radiation maternity wear [33–37].
The electrospinning process entails the application of a high voltage to a polymer solution or melt, which results in the ejection of a fine jet of the material. As the jet progresses through the atmosphere, the solvent undergoes evaporation, resulting in the formation of a solid nanofiber. By meticulous selection of the polymer and process parameters, it is possible to produce nanofibers with specific properties.
One of the principal advantages of the electrospun approach is the capacity to generate nanofibers with a high aspect ratio and a substantial surface area. This distinctive morphology facilitates effective interaction with electromagnetic waves, resulting in augmented shielding efficacy. The nanofibers are capable of functioning as both absorbers and scatterers of electromagnetic radiation, thereby reducing the amount of radiation that reaches the fetus.
In addition to the intrinsic characteristics of the nanofibers, the electrospinning process enables the incorporation of a range of additives and fillers, which can be employed to enhance the shielding performance further. For instance, the polymer solution may be augmented with conductive nanoparticles, such as silver or carbon nanotubes. The incorporation of these nanoparticles enhances the electrical conductivity of the nanofibers, thereby enabling them to more effectively attenuate electromagnetic waves through reflection and absorption mechanisms.
Moreover, electrospun nanofibers can be assembled into hierarchical structures or composites. The combination of different materials or the layering of nanofibers in a specific manner allows for the optimization of the shielding properties. For example, a multi-layered structure comprising alternating layers of nanofibers with disparate properties can be devised to achieve a more comprehensive shielding effect.
Furthermore, the electrospinning process allows for flexibility in fabric design. The nanofibers can be deposited onto a variety of substrates, including flexible fabrics, thereby creating a seamless integration of the shielding layer into the maternity clothes. This guarantees that the garments remain comfortable and wearable while offering effective protection against electromagnetic radiation.
Nevertheless, the electrospinning process also presents certain challenges. It is essential to exercise meticulous control over the process parameters to guarantee the reproducibility and quality of the nanofibers. Furthermore, the scalability of the electrospinning process for the large-scale manufacture of maternity wear remains a topic of investigation. Notwithstanding these challenges, the electrospun approach represents a significant advance in the development of high-performance anti-electromagnetic radiation maternity wear. It is recommended that future research efforts focus on further optimizing the electrospinning process, exploring new materials and additives, and improving the scalability and cost-effectiveness of the technology. This will facilitate the extensive adoption of electrospun nanofiber-based maternity wear, thereby providing enhanced protection for pregnant women and their fetuses in electromagnetic environments.
As illustrated in Figure 5, the ten layers of nanofibers, stacked in a layered configuration, have the potential to be fabricated using the electrospinning technique, as outlined in references [38–45]. The precise control over the formation and deposition of nanofibers during electrospinning allows for the creation of complex and effective shielding structures. By continuously refining the electrospinning process, it is possible to achieve enhanced electromagnetic shielding performance and meet the rigorous requirements for maternity wear.
In conclusion, the electromagnetic shielding principle of traditional anti-radiation materials provides a foundation for comprehension of the protective mechanisms against electromagnetic radiation. Nevertheless, the shortcomings of existing maternity clothing designs underscore the necessity for unceasing innovation and enhancement, which will be further examined in the context of MEMS technology and other sophisticated methodologies in the subsequent sections.
3 IN-DEPTH ANALYSIS OF MEMS TECHNOLOGY AND ITS SYNERGISTIC OPTIMIZATION WITH OTHER TECHNOLOGIES
3.1 Working principles and characteristics of key MEMS components
MEMS sensors are principally engineered to sense electromagnetic field intensity, leveraging the principle of electromagnetic induction. An alteration in the external electromagnetic field perturbs the sensitive constituents (such as metal coils or capacitor plates) within the sensor. For instance, a capacitive MEMS sensor consists of two electrode plates. The electromagnetic field instigates a variation in the capacitance value between the electrode plates. Under the pre-calibrated correlation between capacitance change and electromagnetic field intensity, the sensor can transform the capacitance change into an electrical signal output, thereby attaining precise measurement of the electromagnetic field intensity. From a technical perspective, the apparatus is distinguished by its diminutive size (ordinarily at the millimeter or even micrometer scale) and lightweight nature, facilitating seamless integration into maternity clothing without impinging on wearing comfort. In terms of performance, it demonstrates high sensitivity, permitting the detection of minute fluctuations in the electromagnetic field. It also exhibits a swift response time, enabling the instantaneous feedback of the extant electromagnetic radiation circumstances in the ambient environment. The device can attain a high level of precision, with an accuracy level extendable to the nanotesla range. This renders it an optimal instrument for accurately monitoring the electromagnetic field around pregnant women. The measurement accuracy hinges on the dynamical characteristics of the MEMS system, especially the pull-in instability [46, 47].
However, it is worthy of note that within complex surroundings, such as those with pronounced temperature and humidity oscillations or in the presence of human motion interference, the performance of MEMS sensors might be influenced. Temperature variations can give rise to thermal expansion or contraction of the sensor constituents, potentially resulting in modifications of the capacitance or other sensitive parameters, thus impinging on the measurement accuracy. Humidity can also exert an effect, as it may induce condensation on the sensor surface or modify the dielectric characteristics of the utilized materials. Moreover, when the pregnant woman is in a state of motion, the movement can introduce mechanical vibrations that might disrupt the sensor’s functioning and engender inaccurate measurements. Future research ought to center on formulating compensation algorithms or sophisticated sensor architectures that can attenuate these impacts and guarantee dependable performance under practical circumstances [48, 49].
The structural design of MEMS micro-actuators is of an extremely high level of sophistication. It generally consists of movable micromechanical structures (such as microcantilevers and microfilms) and driving components (such as piezoelectric materials and electrostatic driving electrodes) [50]. In the face of different levels of radiation intensity, the micro-actuator demonstrates diverse behaviors. At low radiation levels, the device stays in its original state. When the intensity increases, the driving component experiences a corresponding physical deformation or displacement in line with the control signal. For instance, a piezoelectrically driven micro-actuator deforms in response to an electric field, thus actuating the connected component [51, 52].
3.2 Synergistic optimization with other technologies
In addition to the independent functions of MEMS sensors and micro-actuators, their synergistic combination with other technologies holds great potential for enhancing the performance of anti-electromagnetic radiation maternity wear. For example, when integrated with advanced nanofiber materials prepared through electrospinning or other techniques, the MEMS components can work in tandem to optimize the shielding and sensing capabilities of the fabric. The nanofibers can provide a high surface area for the deposition of conductive or magnetic materials, enhancing the electromagnetic shielding properties, while the MEMS sensors can monitor the radiation levels in real time and the micro-actuators can adjust the fabric structure as needed to maintain optimal shielding.
Moreover, the combination of MEMS technology with wireless communication technologies, such as Bluetooth or Wi-Fi, enables seamless transmission of sensor data to external devices, such as smartphones or healthcare providers' terminals. This allows for remote monitoring of the pregnant woman’s exposure to electromagnetic radiation and provides an opportunity for timely intervention if necessary. However, the integration of these multiple technologies also brings challenges, such as ensuring the compatibility and reliability of the different components, optimizing power consumption to prolong the battery life of the wearable system, and addressing potential security and privacy issues related to the transmission of personal health data. Future research efforts should focus on addressing these challenges to fully realize the potential of the synergistic combination of MEMS and other technologies in maternity wear.
4 PRINCIPLE OF OPTIMIZING THE PROTECTIVE PERFORMANCE OF MATERNITY CLOTHES
4.1 Performance of electromagnetic shielding, air permeability, and comfort of maternity clothes
The efficacy of electromagnetic shielding in maternity wear is primarily contingent upon the utilization of materials that exhibit high electrical conductivity and magnetic permeability. Such materials include metal fibers, such as silver and copper fibers, as well as metalized fabrics. In the case of maternity wear produced from nanomaterials, the distinctive structure and dimensions of nanoparticles result in a greater specific surface area and a greater number of interfaces. This, in turn, enhances their capacity to absorb and disperse electromagnetic waves. In general, an increased concentration of metal fibers and enhanced nanomaterial functionality is associated with augmented shielding efficacy.
However, it is important to note that different materials have different trade-offs. For instance, while metal fibers provide excellent shielding, they may reduce the air permeability of the fabric. Silver fibers, known for their good conductivity and antibacterial properties, might be relatively heavier compared to some other materials, which could potentially affect the overall comfort of maternity wear. Copper fibers, on the other hand, are cost-effective but may have lower durability. When it comes to nanomaterials, although they offer enhanced shielding capabilities, their long-term stability and potential toxicity need to be carefully considered. Future research should focus on finding the optimal balance between shielding performance, air permeability, comfort, and other factors such as cost and durability [53, 54].
For pregnant women, air permeability is of paramount importance. During pregnancy, there is an acceleration of the body’s metabolic rate, which results in an increased tendency to perspire. Adequate air permeability is essential for maintaining dry skin and mitigating the risk of bacterial growth. Natural fibers, such as cotton and hemp, can be integrated into a composite material with electromagnetic shielding capabilities through the use of appropriate weaving techniques. This combination has the potential to enhance air permeability to a certain degree. Natural fibers are distinguished by their hygroscopicity and air permeability, which facilitate air circulation within the fabric.
Given the heightened sensitivity of the skin of pregnant women, fabrics of a soft texture are preferred, as they reduce friction against the skin and enhance comfort when worn. The selection of materials with a soft texture, such as high-quality cotton and modal, can ensure a comfortable wearing experience for the wearer. Furthermore, the body of a pregnant woman is subject to continual change. Maternity garments with a degree of elasticity are better able to adapt to the physical alterations that occur during pregnancy, thereby avoiding any sense of constriction. The incorporation of elastic materials, such as spandex, endows maternity garments with enhanced elasticity.
4.2 Preparation principle of anti-electromagnetic radiation nanofibers
The fabrication of anti-electromagnetic radiation nanofibers [55, 56] can be achieved through a number of methods, with electrospinning being one of the most notable [57, 58]. In the electrospinning process, the ejection of polymer solutions or melts in a fine stream is facilitated by the influence of high-voltage static electricity, resulting in the formation of nanofibers with extremely small diameters. In the fabrication of anti-electromagnetic radiation nanofibers, the incorporation of materials with electromagnetic shielding functions can enhance the aforementioned process. For instance, metal nanoparticles, which possess distinctive electrical and magnetic characteristics at the nanoscale, can be incorporated into the polymer solution. Furthermore, carbon nanotubes, which possess high electrical conductivity and mechanical strength, are also a suitable addition. The combination of these materials within the polymer solution, subsequently electrospun, results in the formation of nanofibers that exhibit the advantageous characteristics of both the polymer and the incorporated shielding agents. Consequently, these nanofibers exhibit good electrical conductivity, which is crucial for their effective interaction with electromagnetic waves. Furthermore, they exhibit excellent electromagnetic shielding capabilities, which is a crucial requirement for their use in anti-electromagnetic radiation maternity wear.
To better compare the properties of nanofibers made from different materials, a detailed analysis is provided below. Metal nanoparticles, such as silver nanoparticles, can significantly enhance the electrical conductivity of nanofibers. However, they may have issues related to aggregation, which could affect the uniformity of the nanofiber properties. Carbon nanotubes, on the other hand, not only provide excellent conductivity but also possess high mechanical strength, making the nanofibers more durable. However, their dispersion in the polymer solution can be challenging, and improper dispersion may lead to inhomogeneous shielding performance. In addition to these, other materials like graphene oxide have also shown potential in improving the electromagnetic shielding of nanofibers. Graphene oxide can offer a large surface area for interaction with electromagnetic waves and can be functionalized to enhance its compatibility with the polymer matrix. When comparing the electromagnetic shielding properties, it is observed that nanofibers with a higher loading of conductive materials generally exhibit better shielding effectiveness. However, this may come at the cost of reduced flexibility or increased brittleness of the nanofibers. In terms of physical and chemical properties, the diameter and surface morphology of the nanofibers play a crucial role. Smaller diameter nanofibers tend to have a larger surface area, which is beneficial for electromagnetic wave absorption. The surface roughness and porosity of the nanofibers can also affect the scattering and absorption of electromagnetic waves. Regarding biocompatibility, it is essential to ensure that the nanofibers do not cause any adverse effects on the skin or the body of the pregnant woman. Materials like cellulose-based nanofibers have good biocompatibility but may have relatively lower shielding performance compared to some inorganic nanofibers. Therefore, a careful selection and combination of materials are required to achieve the desired balance between shielding performance, physical and chemical properties, and biocompatibility in the fabrication of anti-electromagnetic radiation nanofibers for maternity wear.
In addition to electrospinning, there are other viable fabrication methods for anti-electromagnetic radiation nanofibers. One such approach is the chemical synthesis method [59]. In this method, nanofibers with anti-electromagnetic radiation functions are synthesized through the precise control of chemical reactions. For example, metal oxide and sulfide nanofibers can be produced using hydrothermal and solvothermal methods. In the hydrothermal process, a reaction mixture comprising metal precursors and suitable reagents is subjected to elevated temperatures and pressures in an aqueous environment within a sealed vessel. This environment facilitates the formation of metal oxide or sulfide nanostructures with defined morphologies and properties. Similarly, the solvothermal method employs a non-aqueous solvent under conditions of high temperature and pressure. These chemical synthesis methods facilitate precise control over the composition, structure, and properties of the resulting nanofibers. The metal oxide and sulfide nanofibers obtained through these methods exhibit excellent electromagnetic shielding performance due to their distinctive chemical and physical structures at the nanoscale.
An additional option is the physical mixing method [56]. In this process, materials with anti-electromagnetic radiation functions are physically combined with polymer materials. This is achieved by thoroughly combining the two types of materials in appropriate proportions. Subsequently, nanofibers are prepared using established spinning techniques, including melt spinning and solution spinning. In the process of melt spinning, the mixture of polymer and shielding material is heated until it reaches a molten state, after which it is extruded through small orifices in order to form fibers. In solution spinning, the mixture is dissolved in an appropriate solvent prior to being spun to obtain the nanofibers. The aforementioned physical mixing and spinning methods facilitate the production of nanofibers with anti-electromagnetic radiation properties, thereby offering supplementary avenues for the advancement of efficacious shielding materials for maternity garments. Each of these fabrication methods possesses distinctive advantages, which can be selected based on specific requirements pertaining to cost, performance, and production scale.
4.3 Future plans include conducting human-wearing tests to verify the actual protective effect of maternity clothes
To validate the actual protective effect of maternity clothes, a specific number of non-pregnant volunteers will be recruited and randomly divided into two groups. The initial cohort, designated as Group A, will wear anti-electromagnetic radiation maternity wear, whereas the subsequent cohort, Group B, will serve as the control and will not wear such garments. The test subjects in Group A will be situated in a variety of test environments, with each wearing session lasting a minimum of 2 hours. During the wearing process, electromagnetic radiation detection equipment will be employed to undertake a series of measurements at multiple positions around the tester’s body, including the abdomen, chest, and other pertinent areas. The data about the intensity of the radiation will be duly recorded. Additionally, the comfort and ease of movement of the test subjects will be observed, and any discomfort or issues will be documented. A questionnaire will be distributed to the volunteers to ascertain their evaluations of the comfort, practicality, aesthetics, and other aspects of the maternity clothes they are wearing, as well as their subjective perceptions of the anti-radiation effect. The volunteers will be encouraged to provide suggestions and opinions regarding potential improvements. By comparing the electromagnetic radiation measurement data of the two groups in different environments, it is possible to calculate the proportion of radiation reduction achieved by wearing maternity clothes. This allows the actual protective effect of the maternity clothes to be verified and assessed.
5 BUBBLE ELECTROSPINNING AND ITS APPLICATION IN ANTI-ELECTROMAGNETIC RADIATION MATERNITY CLOTHES
5.1 Principle of bubble electrospinning
Bubble electrospinning [60–63] represents a novel and promising technique for the fabrication of nanofibers. The method is based on the principle of generating nanofibers from the surface of bubbles. In the initial stage of the process, a polymer solution is prepared with the requisite solvents and additives. Subsequently, the solution is introduced into a chamber where gas is introduced in the form of bubbles. As the gas bubbles ascend through the polymer solution, a thin film of the solution is formed on their surfaces. The application of a high voltage between the solution and collector results in the ejection of the polymer solution from the bubble surface, whereby nanofibers are formed. The distinctive feature of bubble electrospinning is its capacity to generate nanofibers with a relatively narrow diameter distribution and high porosity, which are highly sought-after attributes for a multitude of applications.
5.2 Advantages of bubble electrospinning in maternity clothes
In the context of anti-electromagnetic radiation maternity wear, bubble electrospinning offers a number of significant advantages. The nanofibers produced by this method can be engineered to exhibit excellent electromagnetic shielding properties. The incorporation of conductive or magnetic nanoparticles into the polymer solution during the electrospinning process enables the resulting nanofibers to effectively attenuate electromagnetic waves. Additionally, the high porosity of the nanofibers contributes to enhanced shielding, as it allows for multiple reflections and absorptions of the waves within the fiber structure. Secondly, bubble electrospinning allows for the production of lightweight and breathable fabrics. The nanofiber mats formed have a high surface area to volume ratio, which facilitates air circulation and moisture vapor transfer, thereby ensuring the comfort of pregnant women. This is of particular importance as pregnant women are more susceptible to heat and moisture due to hormonal changes and an elevated metabolic rate. Thirdly, the capacity to regulate the diameter and morphology of the fibers during bubble electrospinning permits the tailoring of the fabric characteristics. To illustrate, the generation of finer nanofibers can facilitate the enhancement of the flexibility and softness of maternity wear, thereby reducing the occurrence of skin irritation and improving the overall wearability of the garment.
5.3 Challenges and solutions in implementing bubble electrospinning
While the advantages of bubble electrospinning are numerous, the process also presents a number of challenges when used in the production of anti-electromagnetic radiation maternity clothes. One of the primary challenges is the attainment of a uniform and stable bubble formation process. The size and stability of the bubbles can be influenced by several factors, including the viscosity of the polymer solution, the rate of gas flow, and the surface tension. To surmount this obstacle, it is essential to conduct a meticulous optimization of the process parameters. This may entail adjusting the concentration of the polymer solution, the type and quantity of surfactant introduced to regulate surface tension, and the rate of gas injection. A further challenge is to ensure the scalability of the process for large-scale production. Bubble electrospinning is a relatively novel technique, and further research is required to develop efficient and cost-effective production systems that can meet the commercial demands of the maternity clothing market. This may entail the design of a bespoke electrospinning apparatus with enhanced throughput and process control. Furthermore, the long-term durability and washing stability of the nanofiber-based maternity garments produced by bubble electrospinning must be addressed. To enhance durability, it would be beneficial to explore appropriate post-treatment processes, such as cross-linking or coating with protective layers. The washing stability of the nanofiber-based maternity clothes produced by bubble electrospinning can be enhanced by the selection of polymers with good resistance to water and detergents, or alternatively, by the development of surface modifications that prevent fiber damage during washing.
5.4 Future perspectives
The utilization of bubble electrospinning in the fabrication of anti-electromagnetic radiation maternity garments represents a promising avenue for future technological advancement. It is anticipated that further research and technological advancements will enable the process to be refined to produce even more efficient electromagnetic shielding nanofibers. This may entail the creation of innovative polymer blends or the integration of sophisticated functional materials. For instance, the combination of graphene or carbon nanotubes with polymers during the electrospinning process may result in notable enhancements in shielding performance. Furthermore, the incorporation of intelligent characteristics into bubble electrospun nanofiber fabrics represents a promising avenue for investigation. Such a process could also include the embedding of sensors or actuators within the fabric, thus providing real-time monitoring of electromagnetic radiation levels and adaptive shielding capabilities. For example, sensors could be employed to detect changes in the radiation environment, thereby triggering the activation of actuators that adjust the fabric structure to optimize shielding. Furthermore, the aesthetic and design characteristics of maternity wear produced using bubble electrospun nanofibers can be refined. By establishing a collaborative relationship with fashion designers, it is possible to create aesthetically pleasing and comfortable maternity wear that not only provides effective protection but also aligns with the fashion preferences of pregnant women. This could facilitate the uptake and adoption of anti-electromagnetic radiation maternity wear in the market. In conclusion, bubble electrospinning has the potential to transform the design and performance of maternity wear, providing pregnant women with enhanced protection and comfort in an increasingly electromagnetically polluted environment.
The application of bubble electrospinning can enhance the efficacy of anti-electromagnetic radiation maternity wear in a number of ways, including.
	1. It is a needle-free electrospinning method that can be used for the mass production of nanofibers. The nanofibers produced exhibit a high surface-to-volume ratio, which can enhance the electromagnetic shielding performance.
	2. By optimizing the process parameters, it is possible to control the size and number of bubbles. This facilitates the formation of nanofibers with more uniform diameters and morphologies, thereby enhancing the consistency and effectiveness of the shielding.
	3. In comparison to the conventional electrospinning technique, this method offers enhanced productivity, which is advantageous for the large-scale production of anti-radiation maternity wear.
	4. The nanofibers can be manufactured to possess exemplary electromagnetic shielding characteristics. To illustrate, the incorporation of conductive or magnetic nanoparticles into the polymer solution during the electrospinning process results in the formation of nanofibers that are capable of effectively attenuating electromagnetic waves.
	5. The nanofiber mats formed have good air permeability and moisture vapor transfer properties, which ensure the comfort of pregnant women.
	6. The bubble electrospinning process facilitates a more uniform deposition of nanofibers on the fabric, thereby reducing the risk of inconsistent shielding due to fiber aggregation.
	7. The technique may be combined with other techniques or materials to further enhance the performance of the maternity clothes. To illustrate, the utilization of nanofibers as a matrix can prevent the agglomeration of micro/nano particles and enhance their performance, thereby augmenting the overall shielding efficacy.
	8. It is necessary to consider the production of more stable spinning bubbles, which can enhance the quality and stability of the nanofibers, and thus the shielding performance of the maternity clothes.

In conclusion, bubble electrospinning represents a promising approach to fabricate nanofibers with enhanced electromagnetic shielding, breathability, and comfort, making it suitable for the production of high-performance anti-electromagnetic radiation maternity clothes.
6 RELATED PUBLICATION AND MARKET INSIGHTS
In the field of advanced materials and wearable technology, recent publications have provided valuable information and insights. This week sees the publication of the latest issues of Nanotech Magazine and Graphene Magazine, which are anticipated to contain pioneering research findings, technological advancements, and industry trends in the domains of nanotechnology and graphene. These periodicals serve as vital resources for researchers, engineers, and industry professionals, facilitating their access to the most recent developments in their respective fields.
Concurrently, the most recent iteration of The Global Market for Graphene has been released. Future Markets, which has a long history of tracking and analyzing the graphene market since its inaugural report in 2009, is offering this updated report at a discounted price of £500 (PDF). It is worthy of note that this purchase includes a 12-issue subscription to Graphene Magazine, thereby affording the purchaser a comprehensive and continuous view of the graphene market, both in the present and for the foreseeable future. It is anticipated that the report will address a number of key areas, including graphene production technologies, market applications, and future growth projections. This will provide invaluable insights for businesses and investors with an interest in this emerging field.
Moreover, a comprehensive 1,125-page report on the global market for wearable electronics and sensors has also been published today. It is anticipated that this report will provide a comprehensive examination of the wearable electronics and sensors market, encompassing an in-depth analysis of market size, growth drivers, technological trends, and application areas. In light of the significance of wearable electronics and sensors in the context of anti-electromagnetic radiation maternity wear (given the pivotal role of MEMS sensors in this application), the insights derived from this report have the potential to inform and guide further research and development in our area of interest. The data may prove valuable in understanding consumer preferences, market demands, and technological advancements related to wearable sensors, which could inform the optimization of the design and functionality of maternity wear with integrated MEMS technology.
To better integrate this section with the overall research, we can add the following discussions. Firstly, we can analyze how the research findings and technological advancements reported in these publications might directly or indirectly impact the development of anti-electromagnetic radiation maternity wear. For example, if the latest research in nanotechnology reveals new materials or fabrication methods with enhanced electromagnetic shielding properties, we could explore the feasibility of incorporating these into maternity wear designs. Secondly, we can discuss the market trends and consumer preferences identified in the reports and how they could influence the commercialization and acceptance of our proposed maternity wear. If the market shows a growing demand for comfortable and stylish wearable electronics, we need to ensure that our designs meet these expectations. Additionally, we can consider the potential challenges and opportunities presented by the market insights, such as competition from existing products or the need to collaborate with other industries to meet the demand. By establishing these connections, we can demonstrate the relevance of these publications to our research and highlight the importance of staying informed about the latest developments in related fields [64].
7 DISCUSSION
The principle of electromagnetic shielding in the context of maternity clothes can be broadly categorized into two main aspects: electric-field shielding and magnetic-field shielding [65–68].
7.1 Electric-field shielding
The role of conductive materials incorporated into anti-electromagnetic radiation maternity clothes is of particular importance when a pregnant woman is exposed to an electric field. The aforementioned conductive materials, including metal fibers and conductive coatings, are capable of forming an equipotential surface. The electric-field intensity at an equipotential surface is zero, which effectively blocks the influence of the external electric field on the pregnant woman’s body. Metal fibers, including silver fibers, are frequently selected as conductive materials due to their exemplary electrical conductivity. Silver fibers, in particular, exhibit the additional benefit of antibacterial properties, which renders them highly sought-after in the design of maternity wear for electromagnetic shielding. Such materials can be combined with conventional fabrics through weaving or coating techniques to create a conductive network. This conductive network functions as a shield, redirecting the electric field to the low-potential area and thereby reducing the radiation exposure of the pregnant woman to the electric field.
7.2 Magnetic-field shielding
In contrast, magnetic-field shielding is predominantly accomplished through the utilization of materials exhibiting high magnetic permeability. Examples of such materials include ferrites and permalloys. These materials possess a distinctive capability to direct magnetic field lines through their structure, which effectively mitigates the penetration of the magnetic field into the pregnant woman’s body. In the design of maternity wear, materials with high magnetic permeability can be fabricated into thin sheets or particles and then embedded within the fabric. Furthermore, a multi-layer structure may be employed, combining conductive materials with materials of high magnetic permeability. This combination enhances the overall magnetic field shielding effect, thereby providing a more comprehensive protection against electromagnetic radiation.
7.3 Practical recommendations for pregnant women
In addition to utilizing the protective properties of maternity wear, pregnant women may also implement a number of practical measures to further minimize their exposure to electromagnetic radiation. It is recommended that pregnant women maintain a safe distance from electrical appliances that generate electromagnetic radiation, particularly high-power devices such as microwave ovens and induction cookers. In the initial stages of pregnancy, limiting the use of electronic devices, such as mobile phones and computers, may also prove advantageous. In the domestic environment, it is recommended that multiple electrical appliances are not clustered together, as this can result in an increased superposition effect of the electromagnetic field. A diet that is rich in vitamins A, C and protein can enhance the body’s ability to resist the effects of electromagnetic radiation. Foods such as carrots, tomatoes, milk, and eggs are rich sources of these essential nutrients. It is similarly important for pregnant women to engage in regular outdoor activities and exercise, as these can enhance the overall immunity of the pregnant woman’s body, thereby reducing the potential impact of radiation.
7.4 Significance of MEMS technology in maternity clothes
The incorporation of microelectromechanical (MEMS) technology into maternity attire signifies a substantial advancement in the domain of anti-electromagnetic radiation protection. MEMS-based sensors facilitate the real-time monitoring of electromagnetic field strength in the vicinity of the pregnant woman. This provides an unparalleled degree of awareness regarding radiation exposure levels, thereby enabling the woman to take appropriate preventive measures. To illustrate, in the event of a sudden increase in radiation levels, the woman can be alerted via a connected mobile application or a simple indicator on the clothing. Such timely information thus empowers the pregnant woman to make informed decisions regarding her environment and to take steps to minimize her exposure.
It is also of great importance to consider the micro-actuators and communication modules that are integrated within smart maternity wear. The micro-actuators are capable of dynamically adjusting the fabric’s structure in response to changes in the detected radiation. For example, modifications may be made to the tension or orientation of the nanofibers to optimize the shielding effect. The communication modules facilitate the dissemination of sensor data to relevant healthcare professionals or family members. The sharing of data permits a more comprehensive understanding of the radiation environment and facilitates the evaluation of the clothing’s performance. The data may then be subjected to further analysis, which may in turn inform further improvements and refinements to the design and functionality of the maternity clothes.
7.5 Balancing protection and comfort in maternity clothes
When optimizing the performance of maternity clothes [69], it is essential to strike a balance between electromagnetic shielding efficiency [70–72] and other factors such as air permeability and comfort. Pregnant women require clothing that not only provides effective protection against radiation but also ensures a comfortable wearing experience. Combining materials with excellent electromagnetic properties, such as metal fibers and nanofibers, with natural fibers like cotton and modal can achieve this delicate balance. Natural fibers contribute to air permeability and softness, reducing friction against the skin and enhancing overall comfort. The various methods of nanofiber preparation, including electrospinning, chemical synthesis, and physical mixing, offer a range of options for tailoring the properties of the anti-radiation nanofibers. Each method has its own unique characteristics and advantages, allowing for customization based on specific requirements.
7.6 Insights from fractal analysis of maternity clothes
The fractal nature of the structures depicted in Figures 4, 5, as described by the two-scale fractal dimensions [73–76], contributes an intriguing dimension to our comprehension of anti-electromagnetic radiation maternity clothes. The self-similar and recursive patterns exhibited by fractals have the potential to provide valuable insights into the behavior of the materials and structures used in these garments. At the microscopic level, the nanofibers and their arrangements may display fractal-like characteristics. This may have implications for their interaction with electromagnetic waves, as the complex geometry at this scale may affect the absorption, scattering, and reflection of the waves. At the macroscopic level, the overall fabric structure and its interaction with electromagnetic waves may exhibit a distinct fractal pattern. A deeper comprehension of these fractal patterns may facilitate the exploration of novel avenues for research and the enhancement of maternity clothes through improved design and performance. For instance, it may facilitate the creation of more effective shielding structures or the optimization of nanofiber arrangements to enhance overall protection against electromagnetic radiation. Furthermore, the field of fractal thermodynamics [77–80] is of significant importance in the optimal design of maternity clothes.
Regarding the practical recommendations for pregnant women, we have provided more specific guidelines on maintaining a safe distance from electrical appliances. For example, we recommend keeping a distance of at least 1–2 m from microwave ovens and induction cookers during operation. We have also emphasized the importance of proper ventilation in rooms with multiple electrical appliances to reduce the accumulation of electromagnetic fields. Additionally, we have included more details on the types of exercises that are beneficial for pregnant women in enhancing their immunity, such as gentle yoga and walking. In the section on the significance of MEMS technology, we have further discussed the potential challenges in the integration of MEMS components, such as power consumption and miniaturization. We have also proposed possible solutions, such as the development of energy-efficient sensors and the use of advanced microfabrication techniques. In the balancing protection and comfort part, we have analyzed in more detail the trade-offs between different materials and fabrication methods. For example, we have discussed how the addition of metal fibers may increase shielding but reduce breathability, and how to optimize the ratio of different materials to achieve the best overall performance. Regarding the fractal analysis, we have explored the potential application of fractal geometry in designing more efficient shielding patterns and have provided some preliminary simulation results to support this idea [81, 82].
8 CONCLUSION AND OUTLOOK
This review has conducted a comprehensive investigation into the domain of anti-electromagnetic radiation maternity wear, with a concentrated emphasis on the utilization of MEMS technology [83]. The analysis of the electromagnetic shielding principles of traditional materials and the revelation of the limitations of existing maternity clothing designs have provided a foundation for subsequent research.
In terms of performance optimization, the importance of electromagnetic shielding, air permeability, and comfort has been elucidated, as well as the necessity for new considerations such as durability and washing stability. This provides a direction for the comprehensive improvement of maternity clothes. The application of MEMS technology in maternity wear demonstrates considerable potential. The sensors are capable of monitoring radiation in real-time, while micro-actuators and communication modules facilitate the implementation of intelligent functions. The utilization of electrospinning and deposition techniques serves to enhance the shielding properties of the fabric [84]. Nevertheless, challenges about comfort and power supply in the integration of technology remain to be addressed.
The advent of novel technologies, such as bubble electrospinning, presents a promising avenue for enhancing the performance of maternity wear. It is anticipated that their capabilities in nanofiber preparation will further augment the electromagnetic shielding effect. By referencing pertinent literature from related fields, such as the study on fabric material properties in [21] and the analysis of composite materials in [22], novel insights have been gleaned regarding the optimal material selection and design of maternity garments.
In light of the ongoing advancement in technology, we foresee several future developments. Firstly, we anticipate that the functionality of MEMS components in maternity wear will be enhanced. This will involve the development of more sensitive sensors with even higher accuracy and lower power consumption. For example, research efforts could focus on improving the sensing materials and the microfabrication processes to achieve better performance. Additionally, the integration of multiple sensors within a single device could provide more comprehensive monitoring of the electromagnetic environment. Secondly, the cost of MEMS technology is expected to decrease as manufacturing processes become more efficient and scalable. This will make it more accessible for use in maternity wear, leading to a wider adoption. Thirdly, more effective electromagnetic radiation monitoring and protection strategies will be developed. This could include the use of advanced algorithms for data analysis and the implementation of adaptive shielding mechanisms that can adjust the shielding level based on the real-time radiation conditions. Fourthly, the combination of disparate anti-radiation technologies will become more sophisticated. For instance, the integration of MEMS technology with other emerging materials, such as metamaterials, could result in maternity wear with superior comprehensive performance. Finally, the industrialization of emerging technologies such as bubble electrospinning will progress. This will enable the production of stable, high-quality products at a competitive economic price. This will provide pregnant women with safer, more comfortable, and intelligent protection options, thereby advancing the field of anti-electromagnetic radiation maternity clothes to a new level. Future research should also focus on conducting more in-depth studies on the long-term effects of wearing anti-electromagnetic radiation maternity wear on both pregnant women and fetuses, as well as exploring the potential environmental impacts of the production and disposal of these garments [85, 86].
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With the continuous deepening of human space exploration, deep space networks far away from Earth have emerged. Unlike traditional ground networks, they have the characteristics of frequent link interruptions and time extensions. Traditional data transmission mechanisms cannot be well applied in deep space networks. We propose a data transmission technology that integrates time-sensitive networking and artificial intelligence to address the contradiction between deterministic delay and differentiated service quality assurance in deep space networks and construct a micro electromechanical system (MEMS). Considering the differences in service quality due to different business requirements, data transmission in deep space networks is transformed into a mixed integer programming problem that minimizes transmission delay and maximizes link utilization and solved using artificial intelligence imitation learning. Experimental results have shown that the proposed algorithm has fast convergence, strong applicability, and can achieve reliable and efficient data transmission while meeting the requirements of higher priority data transmission. It can also significantly improve throughput.
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1 INTRODUCTION
With the continuous development of space exploration technology, humans have achieved exploration of the solar system and beyond. The communication and data transmission between the Earth and probes cannot be separated from deep space networks [1]. Therefore, the service quality of deep space networks has a great impact on the management, tracking, and control of deep space spacecraft. Deep space network refers to the network between the moon and the solar system, characterized by dynamic changes in network topology, mixing of multiple protocols, small number of transmission nodes, time delay, high packet loss rate, frequent link interruptions, and more importantly, unknown or uncertain failures during data transmission. So, in deep space networks, data transmission capability has become an important indicator of whether communication with probes is successful or not. However, traditional data transmission techniques are difficult to apply in deep space networks, and transmission interruptions may occur, resulting in eventual data loss. The above problems in deep space networks cannot guarantee the timeliness of certain services that require high latency, such as control instructions sent from ground stations to detectors, which belong to high priority data transmission. The latency requirements are reliable, timely, and stable, which will seriously affect the security of detectors in deep space networks [2]. Time-sensitive networking (TSN) refers to a network that can ensure the service quality of time sensitive flows and reduce latency, jitter, and packet loss rates. It has the characteristics of ultra-low latency and easy scalability. It has made significant progress in areas such as autonomous driving and remote surgery and has been widely used on the Internet of Vehicles and satellite networks to cope with network topology changes, frequent interruptions, and other impacts on data transmission [3]. MEMS embodies many cutting-edge achievements in today’s scientific and technological development. Through miniaturization and integration, new principles and functions of components and systems can be explored, opening a new technological field. MEMS has the following basic characteristics: miniaturization, intelligence, multifunctionality, high integration, and suitability for mass production. The goal of MEMS technology is to explore components and systems with new principles and functions through the miniaturization and integration of systems. Therefore, micro electromechanical system composed of TSN technology [4] can also be applied to achieve reliable transmission in deep space networks.
In summary, traditional data transmission mechanisms cannot meet the high timeliness requirements of certain business needs in deep space networks and are prone to transmission failures due to frequent link interruptions. This article explores the introduction of TSN technology and artificial intelligence into deep space networks to achieve deterministic latency for certain business needs and ensure high-quality (low latency, high reliability) data transmission.
2 RELATED WORK
For data transmission in deep space networks, existing methods include Delay Tolerance Networks (DTNs), which can tolerate long delays and connection interruptions. However, in deep space networks, asymmetric link transmission speeds are formed, so high-quality data transmission cannot be guaranteed. Although the CCSDS (Consultative Committee for Space Data Systems) protocol is suitable for multi scenario applications, it lacks overall network optimization and is also not conducive to timely data transmission in deep space networks. In 2022, Zhou et al. [5] proposed a framework to reduce energy and resources for achieving highly reliable file transfer in deep space networks. Yuanguo Bi et al. [6] proposed a composite architecture using software defined techniques, which helps manage the entire integrated network and improves network flexibility. Some scholars have also studied link allocation algorithms to achieve more fair data transmission, such as Refs. [7, 8], etc.
The above research mainly focuses on the characteristics of deep space networks, designing protocols and systems, which have the disadvantages of low intelligence and poor applicability. With the widespread application of artificial intelligence technology in multiple fields, some scholars have also carried out data transmission based on artificial intelligence in integrated networks. For example, the literature [9] discusses the advantages of reinforcement learning in dealing with topological dynamic changes and proposes an intelligent satellite scheduling algorithm. It can be seen that artificial intelligence technology has great advantages in stable data transmission. The literature [10] proposed a mixed integer linear programming approach combined with reinforcement learning to solve railway scheduling and achieve efficient passenger allocation.
TSN can ensure the service quality of delay sensitive data streams and achieve high-performance and reliable data transmission. The literature [11] introduced online earliest deadline-based scheduling in the automotive scene, which can uniformly handle periodic data traffic. The literature [12] developed a latency sensitive network framework that supports network function virtualization, enabling unified resource management and ensuring higher reliability and efficiency of services. The literature [13] proposes a message scheduling framework that integrates delay sensitive networks into the avionics module to address the shortcomings of weak real-time performance and insufficient scalability of existing message queues. This framework reduces end-to-end latency.
In summary, the current data transmission in deep space networks still relies mainly on traditional methods, which cannot effectively guarantee certain deterministic latency and differentiated service quality. This article has significant advantages in applying delay sensitive network technology to deep space networks.
3 SYSTEM ARCHITECTURE
The transmission architecture proposed in this article is shown in Figure 1, which consists of MEMS modules (including TSN switches, etc.), transmission quality monitoring modules, transmission performance feedback modules, etc. The entire network forms a TSN deep space network to achieve data transmission between Earth and Mars. Our goal is to have a total of [image: Please upload the image you want me to generate alternate text for. If you need guidance on how to do this, let me know!] business packets arrive at the TSN switch port simultaneously, represented as [image: The mathematical expression depicts a set notation where \( H \) is defined as the set containing elements \( h_1, h_2, h_3, \ldots, h_x \).], which will be reallocated by artificial intelligence based on performance feedback and business priority, and generate the optimal packet transmission queue, like [image: Mathematical equation displaying \( H_{\text{global}} = \{ h_3, h_1, h_2, \ldots, h_x \} \), representing a set in an ordered sequence.]. Abstracting deep space network topology as a directed graph [image: The image shows the mathematical notation "G(N, L)" in italicized font.], [image: Please upload the image or provide a URL, and I will help generate the alternate text for it.] representing the set of nodes in the network and [image: Please upload the image or provide a URL, and I will generate the alternate text for it.] is the set of links in the network.
[image: Diagram showing a communication network between Mars and Earth via satellites. It involves data packets, network state, and packets control strategy. A TSN switch analyzes Quality of Service and provides performance feedback. MEMS technology facilitates the network management.]FIGURE 1 | Architecture diagram of deep space transmission based on delay sensitive network.
3.1 MEMS module (including expert strategies and expert trajectories)
This module implements delay sensitive transmission based on the real-time status of the link. Any system that hopes intelligent agents can make decisions like “experts” can benefit from imitation learning methods. The specific parameters are obtained as follows.
3.1.1 Used bandwidth
By detecting data packets to both the sender and receiver, specific values are calculated and extracted from the return information: [image: The image shows the italicized word "Data" with a subscript "s" next to it.], [image: It seems there was an error in uploading the image. Please try uploading the image again, and I will help you generate the alternate text.] and [image: Please upload the image or provide a URL to generate the alternate text.]. The [image: Italicized text with the word "Data" followed by a subscript "s".] represents the number of bytes received, the [image: It seems like there was an error in uploading the image. Please try uploading the image again using the correct method. If you have any additional context or a caption, you can include that as well.] represents the number of bytes sent, and [image: Please upload an image or provide a URL to generate the alternate text.] represents the duration. For example, the first data collected is [image: The image contains the mathematical notation "Data" with a subscript "s1", likely referring to specific indexed data or dataset in a document.], The second statistical data is [image: The image contains the mathematical notation "Data_s1" in italicized font, where "s1" is written in subscript.], and the data rate [image: Please upload the image or provide a URL, and I can help generate the alternate text for it.] of the port is, as shown in Equation 1:
[image: Equation for velocity (v) is shown: \( v = \frac{{\text{Data}_{t_2} + \text{Data}_{t_2} - \text{Data}_{t_1} - \text{Data}_{t_1}}}{{t_2 - t_1}} \).]
The used bandwidth of the link depends on the smaller port speed at both ends of the connection link. Let the speed of port one be [image: Mathematical notation showing "v" with a subscript of "1".]; The speed of the other port is [image: Please upload the image or provide a URL, and I will help generate the alternate text for it.]. The used bandwidth of the link is [image: Sure, please upload the image you would like me to generate alternate text for.], as shown in Equation 2:
[image: Please upload the image or provide a URL for me to generate the alternate text.]
3.1.2 Delay
Assuming to obtain the latency between switch 1 and handover machine 2, the steps are as follows:
The MEMS module sends detection data packets −[image: Text displaying the word "REQUEST" in uppercase letters with a horizontal line above it.] to switch 1 and switch 2 respectively and obtains [image: Certainly! Please upload the image, and I will generate the alternate text for you.] and [image: Please upload the image or provide a URL to it so I can generate the alternate text for you.]. Then, switch 1 and switch 2 send control detection data packets [image: Please upload the image or provide a URL so I can generate the alt text for you.] respectively to each other, and the obtained times are [image: It seems like you might have wanted to upload or reference an image. Please provide the image or a link to it, and I can help generate alternative text.] and [image: It seems there was an issue with displaying the image. Please upload the image again or provide a URL. If you have a specific caption or context, feel free to include it for more detailed alt text.], as shown in Equation 3. The link delay [image: Mathematical expression displaying "del" with subscript one vertical bar two.] from switch 1 to switch 2 is:
[image: Equation for \(d_{e|12}\) shown as \(\frac{\overline{T_1} + \overline{T_2} - T_1 - T_2}{2}\).]
Because the remaining bandwidth of a path depends on the minimum remaining bandwidth of the links in the path, the path [image: Please upload the image or provide a URL so I can help generate alternate text for it.] and remaining bandwidth are [image: It appears there is an issue with the image link. Please upload the image or provide a URL, and optionally include a caption for additional context.], as shown in Equation 4:
[image: Equation showing the minimum bandwidth is expressed as BW equals the minimum of bw sub j, where j belongs to the set from one to n.]
The transmission QoS analysis can obtain the [image: A mathematical notation showing a variable \( j \) with a condition, \( j = 1 \cdots n \), indicating a sequence or range from 1 to \( n \).] delay of the [image: A mathematical expression showing the index \(i\) ranging from 1 to \(k\).] link of the path, and named [image: Mathematical notation showing the Kronecker delta symbol, denoted as "del" with subscripts "i" and "j".], because the delay of the path is equal to the total delay of all links, so the [image: Please upload the image or provide a URL so I can generate the alternate text for you.] delay of the path [image: It appears there was an issue displaying the image. Could you please upload the image file or provide a URL?] is shown in Equation 5:
[image: Mathematical expression depicting a summation: \( \text{del}_i = \sum_{j=1}^{n} \text{del}_{ij} \), labeled as equation five.]
To comprehensively consider the remaining bandwidth and delay of the path, the path weight is set [image: Please upload the image or provide a URL for me to generate the alt text.] as the ratio of the remaining bandwidth and delay. The weight of the rigid path [image: It seems there was an issue with displaying the image. Could you try uploading it again? You can also add a brief description or caption for more context.] is shown in Equation 6:
[image: Mathematical formula showing \( v_i = \frac{BW}{d_{eL}} \) labeled as equation (6).]
Calculate the weight of each path and select the path with the highest weight as the transmission path for the stream. When there are multiple paths with equal and maximum weights, randomly select one path as the transmission path for the stream.
3.2 Transmission QoS analysis module
To achieve stable and reliable transmission, it is necessary to regularly detect and analyze QoS for artificial intelligence to calculate the optimal transmission strategy. The inputs of this module are user set weight values, link bandwidth, latency, and packet loss rate, and the output is the current optimal packet queue. The transmission QoS is mainly generated through cache packet transmission speed, user settings, historical transmission logs, weights, etc. The formula is shown in Equation 7:
[image: Certainly! However, it seems there was an error in your request and the image isn't visible to me. Please try uploading the image again or providing a URL.]
Among them, [image: A mathematical expression in italic font showing "f" with a superscript of "o," followed by "s."] is the calculated transmission QoS value. [image: The text appears stylized in a flowing, italic script that spells out the word "fuser".] is a value set by the user. [image: The expression "f log" is written in a stylized font, possibly indicating a mathematical or scientific context.] is a historical transmission log. [image: The text "fother" is shown in a serif italic font in gray color.] is a value that affects QoS from other factors. [image: Please upload the image, and I'll generate the alt text for you.] is a time range.
The transmission QoS is mainly generated through cache packet transmission speed, user settings, historical transmission logs, weights, etc.
3.3 Performance feedback module
To verify whether artificial intelligence decisions can meet QoS requirements, this module implements inspection results to achieve reliable and stable transmission. The inputs are artificial intelligence decisions and TSN packet queues. Output is the QoS for transmission requirements.
For real-time communication, time plays an important role in TSN networks, and end-to-end transmission delay has difficult to negotiate time limits. Due to the limitations of port forwarding mechanisms, real-time performance is difficult to guarantee in standard Ethernet. Scheduling and traffic shaping allow different traffic categories with different priorities to coexist on the same network, each category having different requirements for available bandwidth and end-to-end latency. All devices involved in real-time communication follow the same rules when processing and forwarding communication packets. In time sensitive networks, the performance requirements for many businesses traffic are not limited to latency and jitter. It is more important to ensure that frames in the traffic can be delivered within a certain and predictable time. The underlying technical foundation for implementing this requirement requires a time synchronization mechanism based on IEEE 802.1AS across the entire network and a gate control scheduling mechanism based on the 802.1Qbv protocol.
Our goal is to achieve reliable and stable transmission of deep space networks (between Earth and Mars). Based on the above settings and analysis, the reliable transmission of deep space networks based on delay sensitive networks can be transformed into a mixed integer programming problem that minimizes distribution delay and maximizes link utilization [14, 15]. The objective equation is.
	1) Minimize transmission latency, as shown in Equation 8a:

[image: Summation formula from \( n = 1 \) to \( x \) of \( del_{x} + DELC_{x} + DELO_{x} \), labeled as equation \( 8a \).]

	2) Maximizing link utilization, as shown in Equation 8b:

[image: Mathematical equation showing the sum from one to X of (Path sub x multiplied by BW sub x) divided by PATH sub t, plus f get (t), labeled as equation 8b.]

	3) Minimize transmission path, as shown in Equation 8c:

[image: The formula displays a summation from t equals one to X of the expression \((\text{Path}_t \times w_x + \overline{\text{Path}}_t \times w_z)\).]

	4) Minimize the number of packet arrangement and movement times, as shown in Equation 8d:

[image: Summation from t equals 1 to x of the absolute value of the difference between H sub x superscript global and H sub t, divided by t. Equation labeled as 8d.]
Among them, [image: The image displays the mathematical notation "del" in italicized lowercase letters with a subscript "x".] is the transmission delay in the entire network. [image: Mathematical expression containing the term "DELC" with a subscript "x".] is the dealing with latency. [image: The text shows the mathematical notation "DELO" with a subscript "x".] is the other delays, such as excluding delays. [image: The image shows the mathematical expression "Path subscript x" in italic font.] is a transmission path that is in working state during a certain time slot. The available paths [image: Mathematical expression showing the variable "PATH" with a subscript "t".] in the network during time slots [image: Please upload the image or provide a URL so I can generate the alternate text for you.] are fixed values. [image: The image shows the mathematical function notation "f get(t)" with a cursive, serif typeface.] is the transmission gain during the time slot [image: Please upload the image or provide a URL so I can generate the alternate text for you.], which is mainly generated by artificial intelligence based on the transmission quality of the previous stage. The higher the transmission gain, the greater the transmission reliability. The transmission paths [image: Mathematical expression displaying "Path" with a subscript "x" in italic font.] and [image: Mathematical expression with the word "Path" followed by a subscript lowercase "x".] are based on TSN and ordinary paths (non delay sensitive networks) are respectively.
The constraints of the above objective equation are as follows.
	(1) Constraint on successful data transmission. The total number of data packets at the sending end refers to the problem of data packets at the receiving end, as shown in Equation 9.

[image: Summation equation showing the approximation that the sum of BYTE indexed by a equals the sum of BYTE indexed by b, with both indices starting at one and ending at n.]
[image: Text displaying "BYTE" with a subscript "a" in a stylized font.] Represents a [image: Please upload the image or provide a direct link to it, so I can generate the alternate text for you.] single data packet with the number. In order to achieve reliable transmission, the amount of data packets between the sender and receiver should be within a certain allowable range.
	(2) There is at least one reliable path for transmitting data, as shown in Equation 10.

[image: Summation notation formula: capital sigma from k equals 1 to N of P subscript a raised to h subscript k, greater than or equal to 1. Equation labeled as number 10.]
The number of links involved in data transmission should be greater than or equal to 1 to avoid choosing to disconnect for data transmission.
	(3) Priority should be given to transmission with high latency requirements, as shown in Equation 11.

[image: It seems there's a misunderstanding. Please upload the image or provide a URL, and I'll help generate the alternate text for it.]
The [image: Mathematical notation showing the word "DELAY" with a line above it and a subscript "c".] indicates priority level of latency, with smaller data [image: If you have an image you'd like me to generate alternate text for, please upload it or provide a URL.] indicating higher priority levels.
	(4) Prevent transmission loop constraints. It refers to the data packet not forming a loop from the beginning to the end of transmission, as shown in Equation 12.

[image: Summation notation equation showing dual sums from \(n = 0\) to \(4\) and \(t = 1\) to \(5\) of the function \(f_\text{get}(n,t) + f_\text{get}(n,t+1)\) equals the sum from \(n = 1\) to \(5\) of the function \(f_\text{get}(n+1,t) + f_\text{get}(n+1,t+1)\). Labeled as equation (12).]
The above equation indicates that for any node n and its next node n + 1, the gain of the transmitted data is consistent (without forming a loop).
	(5) TSN switches are constrained to operate normally. Ensure timely and sensitive network technology transmission of data packets passing through TSN switches, as shown in Equation 13.

[image: Equation showing the sum of all packets is the sum of packets in transit plus packets in alternate state, noted as Equation 13.]
[image: Italic text displaying the word "Packet" followed by the subscript "all."] is the total number of data packets sent by the sender, while [image: The image depicts the stylized text "packet" with a subscript "all" written in a cursive font.] and [image: The word "packet" is written in italic font with a horizontal line above it, followed by the word "all" in subscript.] are the total number of data packets that have not passed through the TSN handover machine and TSN switch, respectively. This constraint ensures that data packets pass through the TSN switch correctly.
We will use imitation learning to solve the multi-objective optimization equations mentioned above [16, 17]. In reinforcement learning, identifying excellent expert strategies and forming a set to facilitate other intelligent agents to imitate the excellent expert strategies in the set in the future. In other words, it is hoped that the cumulative return of the intelligent agent will be close to that of the expert strategies. In summary, the imitation learning problem can be modeled as the following optimization problem, as shown in Equation 14:
[image: Minimization problem represented as \(\min_{\pi} V(\pi^{\text{new}}) - V(\pi)\), with equation numbered as (14).]
In the above equation, [image: It seems there's an error in the request. Please upload an image or provide a URL to generate the alternate text.] is a certain strategy that [image: I can't view the image you uploaded. Could you please describe it or provide more details?] measures the [image: If you have an image to upload, please do so. Alternatively, you can provide a URL or caption for the image. Once provided, I can help generate the alt text.] expected cumulative rewards that the strategy can obtain, [image: Mathematical notation displaying the symbol pi with a superscript “EX.”] is an expert strategy that is consistent with the goal of reinforcement learning, which is to maximize [image: An equation showing \( V(\pi) \), where \( V \) is a function of \( \pi \).]. Imitation learning optimizes the strategy through expert examples of the agent, while reinforcement learning is the reward function. The specific steps are as follows:
Assuming there is an unknown expert strategy that [image: Equation in LaTeX style displaying the value of pi raised to the power of the product of E and X: \( \pi^{EX} \).] can provide us with some examples, our goal is to recover the expert strategy from these examples. The expert strategy can interact with the environment to generate a series of tuples [image: It looks like there is no image uploaded. Please upload an image or provide a URL to generate the alternate text.] (states, actions), which [image: Text reading "TRACE" in bold, italicized serif font. The letters are in black with a shadow effect, creating a sense of depth and dimension.] can be regarded as a complete trajectory [image: It looks like there was an issue with your request. Could you please upload the image or provide a URL to it? You can also add a caption if you'd like to provide additional context.]. These multiple tuples are called expert examples and set as the training dataset. If we represent a complete trajectory, it can be expressed as shown in Equation 15:
[image: It seems like you've entered a reference to a mathematical or programming statement rather than an image. Please upload an image or provide a URL to the image you need alt text for, and I will be happy to help with that!]
Then an expert [image: Please upload the image or provide a URL so I can generate the alternate text for you.] example composed of trajectories [image: Please upload the image or provide a URL so I can generate the appropriate alt text for you.] can be referred to as shown in Equation 16:
[image: The image contains a mathematical expression: \(\mathcal{F}=\{\text{TRACE}_{\mathcal{E}_{b}}^{p}\}_{h\in H}\). This notation appears to be related to a mathematical or theoretical concept, possibly in the context of abstract algebra, statistics, or quantum mechanics, featuring a trace operation over a specific expression or set. The expression might involve elements indexed by \(h\) belonging to a set \(H\), with parameters \(b\) and \(p\).]
Among them, [image: Please upload an image for me to generate the alternate text.] is the example number, and its total quantity is [image: Please upload the image so I can help generate the appropriate alt text. If you have any additional context or description, feel free to include that as well.]. The process of multi-objective optimization mentioned above is a Markov decision process, as shown in Figure 2, so imitation learning can be competent for the solving process. In addition, imitation learning has the following advantages:
[image: Three state machine diagrams are displayed, each representing circles labeled "1", "|s|-1", and "|s|". Arrows connect the states with transitions marked "0" and "1" pointing back to the labeled states.]FIGURE 2 | The decision-making process in imitation learning.
Only a small number of valuable samples are needed; Low hardware requirements; Can be significantly utilized, etc. The entire algorithm is like Algorithm 1.
Algorithm 1. Imitation Learning for Multi Objective Optimization.
	Input: Time slot [image: Please upload the image, and I'll help generate the appropriate alt text for it.] expert sample [image: Mathematical notation showing the sequence \( S_A^{\text{EX}} \).] number of iterations [image: Please upload the image or provide a URL so I can generate the alt text for it.] step [image: Please upload an image or provide a URL for me to generate the alt text.] Reward Function [image: Please upload the image or provide a URL so I can generate the alt text for you. If there is any specific context or details you would like included, feel free to add that as well.], Data packet queue to be transmitted [image: It seems there was an issue with the image upload. Please try uploading the image again or provide the URL. If there is any specific context or details you'd like to include, feel free to mention them.]
	Output: Strategy [image: It seems there was an issue with the image upload. Please try uploading the image again, and I can help with the alt text.] under time slot [image: To generate alternate text, please upload the image you're referring to.]
	01: divide the expert dataset into n parts: [image: Mathematical equation showing the set union of expressions: \( SA^{EX} = sa^{EX}_1 \cup sa^{EX}_2 \cup \cdots \cup sa^{EX}_n \).]
	02: for i [image: It seems there's an issue with the text provided. Please upload the image directly or provide a valid URL so I can generate the alt text for you.] do
	03:  [image: A mathematical expression with the Greek letter pi pointing with an arrow towards the Greek letter omega.]#the optimal solution below [image: Please upload the image you want me to generate alt text for. You can do so by clicking the upload button and selecting the image from your device.]
	04:  save current state - dynamic distribution [image: Please upload the image or provide a URL so I can generate the alternate text for you.]
	05:  using online projection gradient method to update the reward function [image: Mathematical expression showing \(\omega^{t+1} := P_{\text{EX}}^\pi - P^\pi\).]
	06:  calculate QoS based on link bandwidth, packet loss rate, etc.
	07:  generate [image: Mathematical expression showing "H" with a subscript "global," representing a global parameter or variable.]
	08: end for

The above algorithm can solve the values in multi-objective optimization by continuously comparing the strategy trajectory formed by expert samples with the current sample.
4 PERFORMANCE EVALUATION
You may insert up to 5 heading levels into your manuscript as can be seen in “Styles” tab of this template. These formatting styles are meant as a guide, as long as the heading levels are clear, Frontiers style will be applied during typesetting.
In this section, the performance of the proposed MEMS (include delay sensitive network transmission system) is evaluated by simulating the deep space network environment using STK [18], comparing the transmission parameters with others, and analyzing and evaluating the performance. The comparison and algorithm include:
TSN: refers to the transmission system of the delay sensitive network proposed.
DTN: refers to the data transmission algorithm under the DTN protocol, as detailed in literature [19].
CCSDS: refers to the data transmission algorithm under the CCSDS protocol, as detailed in literature [20].
SAGIN: refers to a data transmission algorithm based on artificial intelligence, as detailed in literature [21].
4.1 Normalized transmission delay
Transmission latency refers to the time it takes for the server to respond to a request sent from the client to the server and return the data in a deep space network. During the entire transmission process, due to changes in deep space network topology and high latency, the lower the transmission latency, the better the algorithm performance. The delay sensitive network proposed can ensure reliable and efficient data transmission. To visually compare the transmission delays of various algorithms, the input feature vectors are first normalized, and the values of the feature vectors are mapped to a [image: A mathematical notation displaying the closed interval from zero to one, represented as [0, 1].] range. The normalization formula is shown in Equation 17:
[image: Formula showing a normalization equation: \( y = \frac{x_i - \min(x)}{\max(x) - \min(x)} \), labeled as equation (17).]
Among them, [image: It appears there is no image uploaded. Please upload the image or provide a URL so I can help generate the alternate text for it.] is the result of feature normalization. [image: It seems like there was an issue with the image upload. Please try uploading the image again or provide a URL. If you have any additional context or description, feel free to include that as well.] is the original feature value. [image: Mathematical expression "min(x subscript i)" indicating the minimum value of a set of elements denoted as \( x_i \).] and [image: I'm sorry, but I cannot generate alt text without an image. Please upload the image or provide a URL.] are the [image: Certainly! Please upload the image or provide a URL so I can generate the alt text for you.] minimum and maximum values of the feature. The normalized transmission delay of each algorithm is shown in Figure 3.
[image: Line graph comparing four networks: TSN, DTN, CCSDS, and SAGIN over time in seconds. Each network is represented by a distinct color and symbol. The TSN values rise steadily, DTN and SAGIN show fluctuations with peaks towards the end, and CCSDS climbs more gradually.]FIGURE 3 | Normalized transmission delay ratio for different algorithms.
From Figure 3, the algorithm proposed can effectively achieve services with high business requirements, while other algorithms cannot achieve stable transmission under multiple business requirements. SAGIN cannot cope with the impact of dynamic topology changes, resulting in significant average distribution delay jitter.
4.2 Throughput
Overall throughput refers to the number of data bytes transmitted during a certain period of time, which can reflect scheduling, congestion, and other factors. The higher the overall throughput, the stronger the algorithm’s data transmission performance, and vice versa, the weaker the transmission performance.
As shows in Figure 4, the algorithm applies delay sensitive network technology, which can achieve stable data transmission with guaranteed delay. The entire transmission process is transformed into a mixed integer programming problem, with lower complexity and overall throughput better than other algorithms. However, the overall throughput of other algorithms is not as good as the algorithm in this article, which is prone to network congestion and results in low throughput.
[image: A line graph showing throughput over time for four protocols: TSN, DTN, CCSDS, and SAGIN. The x-axis represents time in seconds, and the y-axis represents throughput in kilobits per second. TSN shows the highest increase, followed by DTN, SAGIN, and CCSDS, indicating varying performance over the given duration.]FIGURE 4 | Overall throughput comparison of different algorithms.
5 DISCUSSION
The deep space network is the bridge connecting the Earth and the universe. It is an important way for humans to explore the universe, command and monitor spacecraft, and plays a huge role. Its data transmission efficiency is crucial.
Building a delay sensitive network in deep space networks to address the varying requirements of different business needs for transmission service quality and transforming data transmission into a mathematical model that minimizes transmission delay and maximizes link utilization, not only ensures high priority data communication, but also achieves data transmission for different business needs, and solves it using imitation learning. Through experiments, it has been proven that the proposed algorithm has significant advantages.
In future work, further research will be conducted on other technical methods of using microelectromechanical systems to ensure data transmission security, stability, and reliability in deep space networks.
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In this paper, two efficient methods, namely the modified [image: Mathematical expression showing a set of coordinates or values in parentheses: G prime divided by G, comma, one divided by G.]-expansion method and the [image: The expression shows a mathematical formula: \( G' / (bG' + G + a) \).]-expansion method, are employed to obtain novel exact wave solutions for the generalized time-space fractional coupled Hirota-Satsuma KdV equation. Various types of analytical explicit solutions, including well-known bell-shape solitons, mixed solitary wave solutions, and periodic wave solutions are obtained. These solutions are of great significance for revealing the nonlinear interaction between two long waves with different dispersion effects. The two-dimensional and three-dimensional distribution maps and contour plots corresponding to partial solutions are simulated to visually display the evolution process of relevant physical quantities over time. Moreover, the potential applications of these solutions in nano/micro devices and systems, especially in MEMS (Micro-Electro-Mechanical Systems) are discussed. It is demonstrated that the methods and processes utilized have strong applicability for constructing analytical solutions of nonlinear evolution equations.
Keywords: time-space fractional coupled Hirota-Saturma KdV equation, the modified (G′/G,1/G)-expansion method, the G′/(bG′+G+a)-expansion method, blow-up, analytical solutions

1 INTRODUCTION
As we all know, nonlinear partial differential equation models are applied to almost every corner of social life. For example, various nonlinear soliton equations can be used to describe wave phenomena in many natural sciences and engineering fields such as fluid physics, solid state physics, laser physics, astrophysics, geophysics, lattice vibration, optical fiber communication, quantum mechanics, geomechanics, oceanography, superconductivity, field theory, transportation, etc. Since fractional order nonlinear systems can describe these nonlinear processes more accurately than integer order systems, studying the solution of fractional order nonlinear systems is particularly important in the development of natural sciences, and has always been a hot topic for domestic and foreign scholars. Till now, people have given many forms of fractional derivative definitions for different situations. For example, Riemann-Liouville definition [1], Caputo definition [2], Jumaries’s definition [3], Atangana’s definition [4], Atangana-Baleanu-Riemann definition [5], conformable definition [6], Abu-Shady-Kaabar definition [7], He’s definition [8], etc. [9–15]. Each definition has its own advantages and disadvantages, for example, the Riemann-Liouville definition is to consider the derivative of the integral factor, the Caputo definition is to consider the integration of the derivative factor, the Jumaries’s definition is to consider the influence of the initial value and the He’s definition takes into account the more general problem of initial values, etc., and their efficiency varies in the process of solving some specific problems. In order to find the analytical solutions of nonlinear fractional partial differential equations, many domestic and foreign scholars have made great efforts, and the existing methods mainly include the Bäcklund transformation method [16], the homogeneous equilibrium method [17], the Riccati equation expansion method [18], the F-expansion method [19], the Jacobi elliptic function expansion method [20], the generalized expansion method [21], the Darboux transform method [22], the Lie symmetry method [23], the Adomian decomposition method [24], The homotopy perturbation method [25], the variational iterative method [26], and so on [27–29]. These methods have their own advantages and characteristics, providing powerful tools for exploring the solutions of complex nonlinear equations.
Furthermore, the applications of these solutions are not limited to traditional fields. In the era of rapid development of nano/micro technology, they have potential applications in nano/micro devices and systems, especially in MEMS (Micro-Electro-Mechanical Systems) [30]. MEMS technology combines mechanical elements, sensors, actuators, and electronics on a microscale, and understanding the behavior of fractional partial differential equations can contribute to the design, optimization, and performance improvement of MEMS devices [31]. For example, in the field of sensors, fractional order models can help analyze and predict the response of micro-sensors to various stimuli more accurately. In actuators, the solutions of fractional equations can provide insights into the dynamic behavior and control strategies [32]. Additionally, in integrated micro-systems, the understanding of fractional order phenomena can enhance the functionality and reliability of the overall system [33, 34].
The study of fractional order nonlinear partial differential equations and their solutions is not only of theoretical significance but also has practical applications in a wide range of fields, especially in the emerging field of nano/micro devices and systems such as MEMS. Our research is based on the definition of M-fractional derivative proposed by Sousa and Oliveira recently [35], this new fractional derivative definition generalizes the conformable derivative by a truncated Mittag-Leffler function of one parameter [6]. By adopting the ideas of generalized Jacobi elliptic function method [36], modified [image: The expression \((G'/G, 1/G)\) shows a mathematical formula involving division and inverse operations, with \(G'\) and \(G\) as variables or constants.]-expansion method [38, 39] and [image: The image shows the mathematical expression \(G'/(bG' + G + a)\), where \(G'\) is the derivative of \(G\), and \(a\) and \(b\) are constants.]-expansion method [40], using the homogeneous equilibrium principle [41] and mathematical symbolic calculation software, to study a class of generalized time-space fractional coupled Hirota-Satsuma KdV system arising in interaction of two long waves with different dispersion effects under the definition of M-fractional derivative,
[image: Mathematical equations depicting a system of differential equations. The first equation: \(u^{\alpha}_t = \frac{1}{4} u^{\beta}_{xxxx} + 3u^{\beta}_{xx} + 3(-v^2 + w)^{\beta}_{xx}\). The second: \(v^{\alpha}_t = -\frac{1}{2} v^{\beta}_{xxx} - 3u^{\beta}_{xx}\). The third: \(w^{\alpha}_t = -\frac{1}{2} w^{\beta}_{xxx} - 3u^{\beta}_{xx}\), with \(\alpha, \beta\) between 0 and 1. Each equation represents a temporal derivative and spatial derivative terms, featuring various factors such as \(u\), \(v\), and \(w\), alongside complex expressions.]
where [image: Mathematical formula showing a sequence of transformations on an expression. The expression is transformed through various functions \(D_{M_t}^{y_t}\), \(D_{M_x}^{y_x}\), and \(D_{M_x}^{y_x \beta}\). The sequence involves a nesting structure, culminating in a layered transformation represented by \(D_{M_x}^{y_x \beta} \left( D_{M_x}^{y_x \beta} (\cdot) \right)\).] mean the M-fractional derivative [35, 39, 42, 43], [image: Mathematical expressions displaying three equations: \( u = u(x, t) \), \( v = v(x, t) \), and \( w = w(x, t) \).] If we select [image: I'm unable to view the image you're referring to. Please upload the image or provide a URL, and I'll help create the alternate text for it.], we get the well-known integer order coupled Hirota-Satsuma KdV equation. The equation is mainly used to describe the interaction between two columns of long waves with different dispersion relations [44]. Ref. [45] studies the case when [image: I can't see the image, but you can upload it or provide a URL for me to help create appropriate alt text.], and Ref. [46] obtains the general form when [image: It seems like there might have been an error in uploading the image. Please try uploading it again, and I will assist you with the alternate text generation.] through a matrix spectrum problem. Ref. [47] studies its elliptic sine function solution by direct expansion method. Refs. [48, 49] use the modified Riccati expansion method and the extended elliptic function expansion method to study its exact solutions in various forms. Ref. [50] studies the Darboux transformation of the equation, and the branch structure of the equation is studied by the theory of plane dynamic system in reference [51]. Under the definition of conformable fractional derivative with [image: The image contains the mathematical expression beta equals one, displayed in italic font.], Ref. [52] studies the analytical solutions of system (1) by using auxiliary equation method and series expansion method, and Ref. [53] uses [image: It appears that there was an issue with uploading the image. Please try uploading the image again or provide a URL, and I will be happy to help you generate alternate text for it.] expansion method to study the solitary wave solution and trigonometric function periodic solution of system (1). Additional relevant studies on the system can be referred to Refs. [54–58]. Let’s first introduce several relevant definitions and properties.
Definition 1. For a function [image: Mathematical notation showing a function \( f(t) \) mapping a domain from \([0, \infty)\) to the real numbers \(\mathbb{R}\).], We defined the M-fractional derivative operator of [image: The mathematical expression shows a function \( f(t) \), where \( f \) represents the function and \( t \) is the variable or input to the function.] of order [image: Please upload the image or provide a URL, and I will be happy to help you generate the alternate text.] as [35].
[image: Formula for a derivative with parameters alpha and gamma: \( D_{M, f}^{\gamma, \alpha}(t) = \lim_{\epsilon \to 0} \frac{f(E_{t}(\epsilon^{\alpha})) - f(t)}{\epsilon} \), where gamma is greater than or equal to zero, and zero is less than or equal to alpha and less than or equal to one. Equation number two.]
where [image: Mathematical expression showing \( E_\gamma(t) = \sum_{k=0}^{\infty} \frac{t^k}{\Gamma(\gamma k + 1)} \), where \( \Gamma \) denotes the gamma function.] is a Mittag-Leffler function of parameter [image: Please upload the image or provide a URL so that I can help generate the alternate text for it.].
Property 1. The M-fractional derivative operator of [image: The image shows the mathematical function notation \( f(t) \), representing a function \( f \) in terms of the variable \( t \).] of order [image: It seems that the image wasn't attached. Could you please upload the image again, or provide a link to it? You can also add a caption for additional context if needed.] have the following important properties [35, 39, 42, 43]:
	(1) [image: Equation representing a fractional derivative: \( D^{\gamma,\alpha}_{M,t} f(t) = \frac{t^{-\alpha}}{\Gamma(\gamma+1)} \frac{df(t)}{dt} \).]
	(2) [image: Mathematical expression of linearity property: \( D^{\alpha, \nu}_{M,t}(a f(t) + b g(t)) = a D^{\alpha, \nu}_{M,t} f(t) + b D^{\alpha, \nu}_{M,t} g(t) \), for all \( a, b \in \mathbb{R} \).]
	(3) [image: Mathematical expression showing the fractional derivative rule: \( D_{M, t}^{\alpha} (f(t) g(t)) = f(t) D_{M, t}^{\alpha} g(t) + g(t) D_{M, t}^{\alpha} f(t) \).]
	(4) [image: Mathematical formula depicting a generalized fractional derivative of a quotient. It involves differentiating functions \( f(t) \) and \( g(t) \) with respect to some operator \( D^{\alpha} \). The expression uses brackets and involves subtraction, multiplication, and division operations. The denominator is \( g^2(t) \).]
	(5) [image: The image shows a fractional calculus equation involving the Caputo derivative. It states: \( D^{\gamma, \alpha}_{M, t}(f \circ g)(t) = f'(g(t)) D^{\gamma, \alpha}_{M, t} g(t) = \frac{t^{-\alpha}}{\Gamma(\gamma+1)} f'(g(t)) \frac{dg(t)}{dt} \).]

Definition 2. The M-fractional derivative system (1) determined by Definition 1 and Equation 2 performs the following travelling wave transformation:
[image: It seems like there was an error with the image upload. Please try uploading the image again, and I can help generate alternate text for it.]
[image: Mathematical expression featuring gamma functions, constants alpha and beta, and variables kappa, xi, gamma, and nu. Equation constraints: nu greater than or equal to zero; alpha and beta between zero and one, inclusive.]
where [image: It seems there might have been an issue with your image upload. Please try uploading the image again or provide a URL where I can view it. If you have any additional context or a caption, feel free to include that as well.] are undetermined constants, [image: The image contains mathematical notation involving Greek letters gamma one, gamma two, and xi subscript zero.] are arbitrary constants.
Substituting Equations 3, 4 into Equation 1, we obtain the following system of ordinary differential equations:
[image: Three mathematical equations are shown: Equation one is \(Cu' = 2k^2u''' + 6kuu'' - 12kuv' + 6kv'\). Equation two is \(Cv' = -4k^2v''' - 6kuv'\). Equation three is \(Cw' = -4k^3w''' - 6kuw'\). Each equation is part of a system labeled with the number 5.]
where
[image: The image shows a set of mathematical expressions involving derivatives. It includes first and second derivatives of functions \( u \), \( v \), and \( w \) with respect to the variable \( \xi \). Each function is differentiated once and twice, denoted by primes: \( u' = \frac{du}{d\xi} \), \( u'' = \frac{d^2u}{d\xi^2} \); \( v' = \frac{dv}{d\xi} \), \( v'' = \frac{d^2v}{d\xi^2} \); \( w' = \frac{dw}{d\xi} \), \( w'' = \frac{d^2w}{d\xi^2} \).]
2 DESCRIPTION OF THE TWO METHODS
2.1 The modified [image: Mathematical expression showing a division and a fraction: \((G' / G, 1 / G)\).]-expansion method
Consider the following nonlinear M-fractional nonlinear partial differential equations:
[image: Three mathematical equations labeled \(E_1\), \(E_2\), and \(E_3\) are displayed. Each equation defines a function involving variables \(u\), \(v\), \(w\), and corresponding subscripted and exponential terms, all equating to zero. The terms include various combinations of the variables with subscripts, such as \(u_{xx}\), \(v_{xy}\), and \(w_{yy}\), involving derivatives and polynomial expressions. The equation number is (6).]
By using the wave transformation (4), Equation 6 is converted into a nonlinear ordinary differential equations (ODE):
[image: A mathematical expression featuring a system of three equations: \( O_1(u, u', uu', v, v', w, w', ww', uv', uw', vw', \ldots) = 0 \), \( O_2(\ldots) = 0 \), and \( O_3(\ldots) = 0 \), referencing repeated variables and operations. Each equation is equal to zero, suggesting a solution set where these conditions are satisfied.]
Assume that Equation 7 has the following solution:
[image: Equations for variables \( u \), \( v \), and \( w \) are shown. \( u = \sum_{i=0}^N a_i \psi^i + \sum_{j=1}^M b_j \phi^j + \sum_{l=1}^{M-1} c_l \psi^l \phi_l \). \( v = \sum_{j=0}^N d_j \psi^j + \sum_{j=1}^N e_j \phi^j + \sum_{i=1}^{N-1} f_i \psi^i \phi_i \). \( w = \sum_{f=0}^P g_f \psi^f + \sum_{h=1}^P h_j \phi^j + \sum_{i=1}^{P-1} l_i \psi^i \phi_i \).]
where [image: It seems like there was an error or issue with the image upload. Please try uploading the image again or provide a URL, and I will assist you with generating alternate text.] are balance numbers, [image: Mathematical equations show phi equals phi of xi equals G prime over G, and psi equals psi of xi equals one over G.], [image: The image shows a sequence of variables or elements labeled \(a_i, b_j, c_i, d_i, e_j, f_i, g_i, h_j, l_i\). Each element appears to have subscripts indicating different indices, possibly representing a set or algebraic expression.] and variable function [image: I'm unable to generate alt text for an image that I can't see. Please upload the image or provide a URL, and I can help you create the alt text.] are determined later. The [image: Please upload the image or provide a URL, and I will help generate the alternate text for it.] is a solution of the following auxiliary ODE:
[image: Equation displayed as \( G'' = eG - e\mu \) with equation number (9).]
where [image: The expression shows a mathematical formula: epsilon equals plus or minus one, and mu.] is an arbitrary real number. It satisfies the following constrained conditions:
[image: A mathematical equation involving derivatives and constants. It includes terms like \(\dot{\phi}\), \(e\), \(\psi\), and \(\mu\), with equations such as \(\dot{\psi} = -\phi \psi\) and \(\dot{\phi^2} = e - 2e\mu\psi-e(B^2-e\xi^2-\mu) \psi^2\).]
where arbitrary constants [image: The image shows the lowercase Greek letter mu followed by the Latin letters b and c in italics.] satisfied the relation [image: The mathematical expression depicts \(c^2 + b^2 + \mu^2 \neq 0\).] Equations 9, 10 admit the following solutions
Case 1: When [image: I'm unable to view specific images directly. Please provide more details about the image, or you can upload the image directly here for assistance.], we have [image: Mathematical expression for G equals b times cosh of xi plus c times sinh of xi plus mu.], thus
[image: Mathematical equations defining \(x\) and \(y\) in terms of parameters \(\xi\), \(\mu\), and constants \(b\), \(c\), \(G\). Equation (11): \(x = \frac{G'}{G} - \frac{b \sinh \xi + c \cosh \xi}{b \cosh \xi + c \sinh \xi + \mu}\), \(y = \frac{1}{G} = \frac{1}{b \cosh \xi + c \sinh \xi + \mu}\).]
Case 2: When [image: It seems like there was an error with the image upload. Please try uploading the image again, or you can provide a URL or a description of the image for assistance.], we have [image: Equation representing a mathematical expression where G equals b times cosine of ξ plus c times sine of ξ plus μ.], thus
[image: Equation displaying two mathematical expressions for phi and psi. Phi equals G prime over G, minus the fraction of b times sine of xi plus c times cosine of xi, over b times cosine of xi plus c times sine of xi plus mu. Psi equals the fraction of one over G, further simplified as one over b times cosine of xi plus c times sine of xi plus mu, labeled as equation 12.]
Substituting Equations 8, 10 into Equation 7 and setting coefficients of [image: Mathematical formula showing \(\phi' \psi (i = 0, 1, j = 0, 1, 2, 3, 4, \ldots)\).] to zero yield a set of algebraic equations (AEs) for [image: Mathematical expression showing a sequence: \(a_i, b_j, c_i, d_j, e_j, f_i, g_i, h_j, i_i, b, c, \mu, k, C\).]. After solving the AEs and substituting each of the solutions [image: The image shows the mathematical functions phi of xi and psi of xi, represented by Greek letters φ(ξ) and ψ(ξ).] from Equations 11, 12 along with (4) into Equation 1, we can get the analytical solutions of Equation 1.
Remark 1. Due to the arbitrariness of taking values of [image: Text showing lowercase letters "b", "c", and the Greek letter "mu" in a serif font style.], this method can encompass a lot of other methods, for example, when [image: If you upload the image or provide a URL, I can help generate the alt text for it.], it includes the results of (G[image: A blurred black and white image with indistinct shapes and no discernible subjects or features.]/G) method and generalized (G[image: A clear glass vase holds an assortment of brightly colored flowers, including pink and orange roses, yellow daisies, and green leaves. The arrangement sits on a white surface against a light blue background.]/G)-expansion method in Refs. [59, 60], if selecting special values of [image: Lowercase italic letters b, c, and the Greek letter mu.], we can easily obtain all results of the Riccati equation method generalized in literature and the Kudryashov method generalized in Refs. [48, 61, 62]. Therefore, the method is highly applicable.
2.2 The [image: Mathematical expression showing \(G'\) divided by the quantity \(bG' + G + a\).]-expansion method
Assume that Equation 7 has the following solution
[image: A mathematical expression with three equations: \( u = \sum_{i=0}^{M} a_i \left(\frac{G'}{bG' + G + a}\right)^i \), \( v = \sum_{i=0}^{N} b_i \left(\frac{G'}{bG' + G + a}\right)^i \), \( w = \sum_{i=0}^{P} c_i \left(\frac{G'}{bG' + G + a}\right)^i \), labeled as equation (13).]
where [image: It seems there was an issue with the image upload. Please try uploading the image again or provide a URL, and I can help generate the alternate text for it.] are balance numbers. Parameters [image: Variables in italic font with subscripts: \(a_i\), \(b_i\), and \(c_i\).] are determined later. [image: The mathematical expression depicts \( G = G(\xi) \), suggesting a function \( G \) dependent on the variable \( \xi \).] satisfies the following second-order ordinary differential equation:
[image: Equation showing second derivative \( G'' = -\frac{\lambda}{b} G' - \frac{\mu}{b^2} G - \frac{\mu}{b^2} a \). The equation is labeled as equation 14.]
Set [image: The equation shows \( F = \frac{G'}{bG' + G + a} \), representing a fraction with \( G' \) in the numerator and \( bG' + G + a \) in the denominator.], then [image: It seems there was an issue with uploading the image. Please try again by clicking the upload button and adding your image.] satisfies
[image: Equation labeled as 15 shows: F prime equals open parenthesis lambda minus mu minus one close parenthesis times F squared plus one over b squared open parenthesis two mu minus lambda close parenthesis times F minus one over b to the sixth power times mu.]
Equations 14, 15 admit the following solutions.
	Case 1: When [image: Delta equals lambda squared minus four mu greater than zero.], we have the solitary wave solution

[image: An equation is depicted: G equals negative alpha plus C sub E, e to the power of three-halves times the quantity negative lambda minus nu times alpha, plus C sub E, e to the power of three-halves times the quantity negative lambda plus nu times alpha.]
[image: The image shows a mathematical equation, denoted as equation (17), which is a fraction. The numerator is \( C_1 (\lambda + \sqrt{\Delta}) + C_2 (\lambda - \sqrt{\Delta}) e^{ \frac{2\pi \text{i} s}{\xi} } \). The denominator is \( b C_1 (\lambda - 2 + \sqrt{\Delta}) + b C_2 (\lambda - 2 - \sqrt{\Delta}) e^{ \frac{2\pi \text{i} s}{\xi} } \).]

	Case 2: When [image: The image shows a mathematical inequality: \( \Delta = \lambda^2 - 4\mu < 0 \).], we have the periodic wave solution

[image: Mathematical expression showing \( G = e^{x/2b} \left( C_1 \cos\left(\frac{\sqrt{-\Delta}}{2b} x \right) + C_2 \sin\left(\frac{\sqrt{-\Delta}}{2b} x \right) \right) - a \) with (18) labeled on the right.]
[image: Equation showing \( F = \frac{(\lambda C_1 - \sqrt{V - \Delta} C_2) \cos \left(\frac{-\sqrt{\lambda} \xi}{2b}\right) + (\lambda C_2 + \sqrt{V - \Delta} C_1) \sin \left(\frac{-\sqrt{\lambda} \xi}{2b}\right)}{b(\lambda - 2) C_1 - \sqrt{V - \Delta} C_2) \cos \left(\frac{-\sqrt{\lambda} \xi}{2b}\right) + b((\lambda - 2) C_2 + \sqrt{V - \Delta} C_1) \sin \left(\frac{-\sqrt{\lambda} \xi}{2b}\right)}\). Equation number 19.]

	Case 3: When [image: Equation showing \( \Delta = \lambda^2 - 4\mu = 0 \).], we have the rational function solution

[image: Mathematical formula depicting the function \( G = C_1 e^{\frac{5}{8} \xi} + C_2 \xi e^{-\frac{3}{8} \xi} - a \), labeled as equation (20).]
[image: The image displays a mathematical equation for F, given as F equals the fraction with the numerator 2bc subscript 1 minus lambda c subscript 1 minus lambda C subscript 2 xi, and the denominator 2b squared c subscript 2 plus b times 2 minus lambda times c subscript 1 plus c subscript 2 xi. The equation is marked as equation 21.]
Substituting Equations 13, 15 into Equation 7 and setting coefficients of [image: A mathematical expression depicting a sequence denoted as F with the index i, where i equals zero, one, two, three, four, continuing with ellipsis, suggesting an infinite series.] zero yield a set of AEs for [image: Mathematical notation displaying variables: a subscript i, b subscript i, c subscript i, b, lambda, mu, k, and C.], after solving the AEs with the aid of mathematical software, the wave solutions of Equation 1 can be obtained by these solutions and Equations 4, 16–21.
3 EXACT SOLUTIONS TO THE HIROTA-SATSUMA KDV EQUATION
3.1 Solving Eq. (1) by the modified [image: Mathematical expression displaying a fraction with G prime over G, followed by a comma, then one over G, all enclosed in parentheses.]-expansion method
From the homogeneous equilibrium principle [41], we can get [image: If you have an image to upload, please do so, or provide a URL. Then I can help generate the alt text for it.] in Equation 8. We assume that Equation 5 has solutions in the following form
[image: Equations for variables \( u \), \( v \), and \( w \) are given. \( u = a_0 + a_1 \psi + a_2 \psi^2 + a_3 \phi + a_4 \psi \phi + a_5 \phi^2 \); \( v = b_0 + b_1 \psi + b_2 \psi^2 + b_3 \phi + b_4 \psi \phi + b_5 \phi^2 \); \( w = c_0 + c_1 \psi + c_2 \psi^2 + c_3 \phi + c_4 \psi \phi + c_5 \phi^2 \). Equation (22).]
where [image: I'm sorry, but it seems there is no visible image included in your message. Please upload the image or provide a URL, and I will generate the alternative text for you.] are undetermined constants.
Substituting Equations 22, 10 into Equation 5, and setting the coefficients of [image: I'm sorry, I cannot interpret or describe this image as it appears to contain only text. Could you provide more context or details about the surrounding elements?][image: Sorry, I cannot view the image. Please provide the image or a description of it for which you need alternate text.] to zero yield a set of algebraic equations (AEs) for [image: Variables listed include: a sub i, b sub i, c sub i, b, c, mu, k, and C, possibly representing mathematical terms or coefficients.].
[image: Mathematical equations on a white background, featuring complex algebraic expressions involving variables such as \( a_1, a_2, b_0, b_1, \mu_4, \) and constants like \( k, 6, 24 \). Equations appear densely packed, encompassing several lines with terms including exponents, coefficients, and various algebraic operations.]
[image: A complex mathematical equation featuring multiple terms, variables, and coefficients. The equation includes various elements such as k, μ, b, c, and subscripts, organized in a multiline format with operators linking the terms.]
[image: Mathematical equations are displayed, featuring complex polynomial expressions. Variables and constants such as \(k_{\text{e}}\), \(k_{\text{b}}\), \(c\), and \(\mu\) appear frequently. The equations involve operations like addition, subtraction, multiplication, and exponentiation, and are arranged in multiple lines of text.]
Solving the equations by Mathematical software can get the following solutions, where the unstated parameters are taking any constant.
Case 1: When [image: It seems like the request was intended for a different context, possibly involving LaTeX or another type of input. If you have an actual image you want described, please upload it. If you are referencing a specific mathematical equation or concept, please provide additional context.],
[image: Mathematical expressions for two cases. (1) \( a_1 = 4K^2\mu, a_2 = a_3 = a_4 = a_5 = 0, b_1 = 2K^2\mu, b_2 = b_3 = b_4 = b_5 = 0, c_1 = -4(2a_0K^2\mu - b_0K^2\mu + k^4\mu), c_2 = c_3 = c_4 = c_5 = 0, b = \pm\sqrt{c^2 + \mu^2}, C = -2(3a_0k^2 + 2K^3) \). (2) \( a_1 = 4K^2\mu, a_2 = 4K^2(b^2 - c^2 - \mu^2), a_3 = a_4 = a_5 = 0, b_1 = \pm\sqrt{k^2(2b^2 - 2c^2 - \mu^2) + 8a_0(b^2 - c^2 - \mu^2)}, b_2 = b_3 = b_4 = b_5 = 0, c_1 = -4K(2a_0k^4 + k^3 \pm b_0 \sqrt{k^2(2b^2 - 2c^2 - \mu^2) + 2a_0(b^2 - c^2 - \mu^2)}), c_2 = c_3 = c_4 = c_5 = 0, C = -2(3a_0k^2 + 2K^3) \).]
[image: Mathematical equations listing parameters such as \(a_1, a_2, a_3, a_4, a_5\), among others, equal to various expressions. The equations contain mathematical constants, variables, and operations including powers, roots, and multiplication. Each equation is labeled sequentially from three to five, presenting complex algebraic relationships between the variables \(\mu, k, b, c\), and others.]
According to Equations 4, 11, 22, we can get the solutions of Equation 1 when [image: It seems like there's an issue with the image upload or description. Please try uploading the image again or provide a URL to the image.]
[image: Mathematical equations describing variables \( u_1 \), \( v_1 \), \( w_1 \), and \( \xi_1 \). Each variable is expressed as a combination of constants, parameters \( a_0 \), \( b_0 \), \( c_0 \), and functions involving hyperbolic cosine and sine. The equations include fractions with parameters such as \( K \), \( \mu \), \( \beta \), and \( \alpha \). The terms involve exponential and trigonometric components, with subscripts and superscripts indicating dependencies.]
Remark 2. When [image: The equation shows alpha equals beta equals one, and gamma sub one equals gamma sub two equals zero.], the system of solutions [image: I'm sorry, it seems like there was an issue with the image upload. Please try uploading the image again, or provide a URL if it's hosted online. You can also include a caption for additional context.] converted to the first set of solutions in the Ref. [48].
[image: A mathematical formula is displayed with multiple equations. The first equation is for \( u_2 \), involving constants \( a_0, b, c, \) and variables \( \xi_2, \mu \). It includes terms with hyperbolic functions and square roots. The second equation, \( v_2 \), has similar components with a fraction involving \( k \) and \( b_0 \). The third equation for \( w_2 \) features constants \( a_0, b_0, k \), and includes an expression for \( \xi_2 \). Finally, the formula for \( \xi_2 \) includes fractions and constants \( \beta, \alpha, \gamma \) as well as terms \( x_z^2 \) and \( y_1 \).]
Remark 3. If we set [image: The equation shows \( b = \sqrt{c^2 + \mu^2} \).], then the system of solutions [image: To provide alternate text, please upload an image or provide a link to it. Once you do, I can help generate a description for it.] converted to the system of solutions [image: I'm unable to see the image you're referring to. Please upload the image or provide a URL for me to generate the alternate text.].
[image: Mathematical equations show \( u_3 \), \( v_3 \), \( w_3 \), and \( \xi_3 \) defined by formulas involving hyperbolic functions \(\cosh\) and \(\sinh\), constants \( a_0 \), \( b_0 \), \( c_0 \), and variables \(\beta\), \(\alpha\), \(\gamma_1\), \(\mu\), and \(\xi_0\). Terms involve fractions and square powers, highlighting complex dependencies between variables.]
[image: Mathematical equations describing four expressions: \( u_4 \), \( v_4 \), \( w_4 \), and \( \xi_4 \). These equations involve trigonometric hyperbolic functions \( \sinh \) and \( \cosh \), parameters \( a_0 \), \( b_0 \), \( c_0 \), \( \mu \), constants, and multiply/divide operations. The equations appear complex, involving nested and grouped terms with fractional expressions and operations.]
[image: Equations for \( u_5 \), \( v_5 \), \( w_5 \), and \( \xi_5 \) are shown. Each equation involves complex expressions with variables such as \( a_0 \), \( b_0 \), \( c_0 \), \( \beta \), \( \alpha \), and constants \( \mu \), \( k \), and trigonometric hyperbolic functions \( \cosh \) and \( \sinh \).]
Case 2: when [image: Mathematical expression showing epsilon equals negative one.],
[image: Mathematical equations for coefficients are shown. Equation 6 defines coefficients \(a_0\) through \(c_6\), involving constants, powers, and roots like \(\sqrt{b^2 + 2c^2 - \mu^2}\). Equations 7 and 8 similarly define other coefficients with variables including \(k\), \(b\), \(c\), and \(\mu\). Complex expressions and arithmetic operations are utilized in each set.]
[image: Equations (9) and (10) describe parameters \( a_i \), \( b_i \), \( c_i \), \( \mu \), and \( C \) for mathematical expressions involving variables \( a \), \( b \), \( c \), \( k \), and constants. They highlight specific relationships, including square roots and powers, such as \( b_1 = \sqrt{(b^2 + c^2)(k^2 - 2a_0 + k^2)} \).]
According to Equations 4, 11, 22, we could get solutions of the system (1) as [image: It seems you tried to include an image, but it did not upload correctly. Please try uploading the image again or provide a URL if possible.]
[image: Mathematical equations presenting variables \(u_6\), \(v_6\), \(w_6\), and \(\xi_6\) in terms of parameters \(k\), \(\mu\), \(b\), \(c\), \(\xi_0\), and other constants. Each equation includes trigonometric functions, square roots, and fractions, indicating complex relationships in an unspecified context.]
Remark 4. When [image: Mathematical expression showing alpha equals beta equals one, and gamma sub one equals gamma sub two equals zero.], if we let [image: The formula displayed is \( \mu = \sqrt{c^2 + b^2} \).], then the solution group [image: It seems there is an issue with the image display. Could you please upload the image again or provide a URL to access it?] can be transformed into the fifth set of solutions in Ref. [48].
[image: Equations showing expressions for three variables u, v, and w in terms of parameters a, b, c, ξ, and k. Each equation contains complex fractions and square roots. The expression for ξ involves parameters k, γ, α, β, x, and ξ₀ with exponents and square roots.]
[image: Equations showing variables \( u_s \), \( v_s \), \( w_s \), and \( \xi_s \) expressed with trigonometric and algebraic terms. Each equation includes parameters such as \( k \), \( \mu \), \( \beta \), and \( \alpha \), with constants such as \( a_0 \), \( b_0 \), \( c_0 \), and arithmetic operators.]
[image: A mathematical formula with multiple equations and expressions. The formula includes variables such as \( u_q \), \( w_q \), and \( \xi_q \), involving terms with trigonometric functions, powers, and roots. The equations are presented within a bracketed format, showcasing a complex mathematical expression.]
[image: Complex mathematical equations with variables and parameters \(a_0\), \(b_0\), \(c_0\), \(\xi_{10}\), \(b\), \(c\), \(k\), \(y_1\), \(y_2\), \(\mu\), \(\beta\), \(\alpha\) are expressed for \(u_{10}\), \(v_{10}\), and \(w_{10}\). The equations involve trigonometric functions, square roots, and polynomial terms. Each equation solves for components \(u_{10}\), \(v_{10}\), \(w_{10}\), and \(\xi_{10}\).]
By selecting different parameters, we can get some graphical simulation including the famous bell-shape soliton solutions and blow-up pattern wave solution of system (1) in Figures 1, 2. Some simulation of the above periodic wave solutions are shown in Figures 3, 4.
[image: Mathematical expression with parameters: epsilon equals 1, mu equals 1, alpha subscript zero equals 1, gamma subscript one equals 2, k subscript zero equals 0, tau equals 0.55.]
[image: Formula image displaying variables: ϵ equals 1, μ equals 1, a subscript 0 equals 2, γ subscript 1 equals 1, ξ subscript 0 equals 100, and f equals 0.42.]
[image: Three-panel image showing different mathematical data visualizations. The first panel is a 3D surface plot with blue-yellow gradients. The middle panel is a bell curve labeled "Function," symmetric around the y-axis. The last panel is a contour plot with various blue to yellow shades indicating different levels.]FIGURE 1 | When [image: I'm unable to view the image, but it appears to include the following mathematical notation: alpha equals 0.9, beta equals 1, k equals 0.2, and b equals 45. If this isn't correct, feel free to upload the image for more accurate assistance.] [image: Mathematical equation displaying parameters: \( c = 45 \), \( \mu = 40 \), \( a_0 = 0.1 \), \( \gamma_1 = 1 \), \( \xi_0 = 0 \).] t = 0.1, the 3D plot, 2D plot and contour plot of the solitary wave pulse [image: Please upload the image or provide a URL for it. If you have a caption or any specific details you'd like included, feel free to add those as well!].
[image: Three-panel visualization: Left, a 3D surface plot with a green and red gradient on a grid. Center, a 2D line graph showing a steep curve. Right, a heat map with gradient colors from green to red.]FIGURE 2 | When [image: Please upload the image or provide a URL so I can help generate the alternate text for it.] a0 = b0 = c0 = 1, [image: Text displaying mathematical notation: gamma one equals gamma two equals five, xi subscript zero equals zero, x equals one.], the 3D plot, 2D plot and contour plot of the solitary wave pulse [image: Please upload the image or provide a URL for me to generate the alternate text.].
[image: Three mathematical plots are displayed. The first is a 3D surface plot with a wavy pattern. The second is a 2D graph showing two sets of vertical oscillations. The third is a contour plot with purple and blue regions.]FIGURE 3 | The 3D plot, 2D plot and contour plot of [image: It seems there might have been an error in uploading the image. Please try uploading the image again for alternate text generation.] with [image: It seems there was an error in processing the image. Please ensure the image is correctly uploaded, or provide a URL for me to access it. You may also add a caption for more context.]
[image: Three mathematical plots are displayed. The first is a 3D surface plot with wavy, repeated patterns in purple and blue. The second is a 2D line graph with multiple sharp peaks. The third is a colorful contour plot with vertical bands in purple, green, and blue, indicating variations in data intensity.]FIGURE 4 | The 3D plot, 2D plot and contour plot of [image: Mathematical expression depicting "v" with a subscript "7" in a slightly slanted serif font.] with [image: Variables and their values in mathematical notation: alpha equals 0.9, beta equals 1, k equals 0.4, and b equals 2.]
3.2 Solving Eq. (1) by the [image: If you upload an image or provide a URL, I can help generate alt text for it. Alternatively, you can add a caption for additional context. Please try uploading the image again.]-expansion method
Suppose Equation 5 has solutions of the following form:
[image: Equations describing a set of relationships, labeled (23), are presented in a rectangular system of three equations. Each equation is structured similarly, with variables \( u \), \( v \), and \( w \) on the left side, equal to terms involving constants \( a \), \( b \), \( c \), facilitating expressions with fractions. The terms inside the fractions are complex, with numerators as \( G' \) and denominators as \( bG' + G + a \), squared. Each equation concludes with expressions including constants \( F \) and \( P^2 \).]
Where [image: Three mathematical expressions: \(a_i\), \(b_i\), \(c_i\) where \(i = 0, 1, 2\).] are constants to be determined.
Substituting Equations 23, 15 into Equation 5, and setting the coefficients [image: Italic letter F with a superscript i, followed by the expression i equals zero, comma, one, comma, two, comma, three, comma, four, comma, and ellipsis in parentheses.] to zero, we could get a set of algebraic equations about [image: The image shows a sequence of mathematical symbols: \( a_i, b_i, c_i, b, \lambda, \mu, k, C \).]. Without losing generality, we let [image: It seems like there is no image uploaded. Please upload the image or provide a URL, and I will generate the alternate text for you.]:
[image: Mathematical equations involving terms with coefficients, powers, and variables such as \( C \), \( \lambda \), \( \mu \), \( a \), \( u \), and \( b \). The terms include various multiplications and additions, with both positive and negative coefficients, equated to zero. The expressions are complex and feature variables with different indices and exponents.]
[image: A dense mathematical document featuring complex algebraic expressions with multiple variables, exponents, coefficients, and subscripts, arranged in a structured format. The content suggests equations with terms including powers, products, and sums, likely related to advanced algebra or calculus topics.]
[image: Mathematical expressions consisting of two equations. The first equation is a complex polynomial involving constants, coefficients, and variables such as \( c_1, c_2, c_3, c_4, \lambda \), and \( \mu \). It includes terms up to the fourth power. The second equation is another complex polynomial with similar structure and variables, also including terms up to the fourth power. Both equations equal zero.]
After solving the above AEs, we can get the following solutions, where the parameters not specified are arbitrary constants.
[image: Mathematical equations labeled as equation eleven, consisting of expressions for variables \(a_1\), \(a_2\), \(b_1\), \(b_2\), \(\lambda\), \(\Delta\), \(c_1\), \(c_0\), \(b\), and \(C\). Each variable is defined by a complex expression involving constants, variables \(k\), and \(\mu\), and includes powers and coefficients.]
[image: Equation labeled (12) lists several expressions: \( b = 1 \), \( a_1 = 4k^2[\lambda^2 + 2\mu(1+\mu) - \lambda(1+3\mu)] \), \( a_2 = -4k^2(1-\lambda + \mu)^2 \), \( b_0 = 0 \), \( b_1 = \pm 2k - (1-\lambda + \mu)^2 [2a_0 + k^2(\lambda^2 - 8\mu + 4\mu(1+2\mu))] \), \( b_2 = 0, c_2 = 0 \), \( c_1 = -4k^2[\lambda^2 + 2\mu(1+\mu) - \lambda(1+3\mu)][2a_0 + k^2(\lambda^2 - 8\mu + 4\mu(1+2\mu))] \), \( C = -6a_0k - 4k^3(\lambda^2 + 2\mu - 6\mu + 6\mu^2) \).]
According to Equations 4, 17, 19, 21, 23, we obtain the following solutions for system (1):
[image: Mathematical expressions showing equations: \( u_{11} = a_{0} - 8k^2(-1+\mu)^2F^2 \), \( v_{11} = b_{0} + 4k^2(-1+\mu)^2F^2 \), \( w_{11} = c_{0} - 8k^2(-1+\mu)^2(-2a_{0} - b_{0} - 8k^2\mu + 8k^2\mu^2)F^2 \), and \( \xi_{11} = \frac{2kT(\gamma_{2}+1)}{\beta}\,x^{\beta} - \frac{2T(\gamma_{1}+1)}{\alpha}(3a_{0}k + 16k^3\mu - 16k^3\mu^2)x^t + \xi_{0} \).]
[image: Mathematical equations with variables and constants:   \[ u_{12} = a_0 + 4k^2[\lambda^2 + 2\mu(1 + \mu) - \lambda(1 + 3\mu)]F - 4k^2(1 - \lambda + \mu)^2F^2, \]  \[ v_{12} = \pm2k(1 - \lambda + \mu)[2a_0 + k^2(2 - 8\mu + 4(1 + 2\mu)]\sqrt{F}, \]  \[ w_{12} = c_0 - 4k^2[\lambda^2 + 2\mu(\mu + 1) - \lambda(1 + 3\mu)][2a_0 + k^2(2 - 8\mu + 4\mu(1 + 2\mu)]F, \]  \[ \xi_{12} = \frac{2k\Gamma(\gamma_2 + 1)}{\beta} x^B - \frac{\Gamma(\gamma_1 + 1)}{\alpha} [6a_0k + 4k^3(\lambda^2 + 2\mu - 6\mu + 6\mu^2)]x^t + \xi_0. \] ]
We can determine the following solutions.
Case 1: [image: Mathematical expression depicting the condition where delta is greater than zero, often used in contexts involving discriminants in quadratic equations.], when [image: Mathematical expression showing the Greek letter mu followed by a less than symbol and the number zero.] or [image: It seems like there is no image provided. Please upload the image or provide a URL, and I will generate the alternate text for it.].
[image: Equations show expressions for \( u_{11,1} \), \( v_{11,1} \), \( w_{11,1} \), and \( \xi_{11,1} \). Each contains terms with constants \( a_0, b_0, c_0 \), and variables raised to different powers. Complex terms include exponential and squared components, with constants \( C_1, C_2 \) impacting expressions.]
[image: A mathematical expression with variables \( u_{12,1} \), \( v_{12,1} \), and \( \xi_{12,1} \), each defined by formulas involving constants such as \( a_0 \), \( 4k^2 \), and \( \lambda \), along with operations including multiplication, division, powers, and square roots. The terms include exponential functions and coefficients like \( C_1 \), \( C_2 \), \( \beta \), and \( \alpha \), arranged in nested fractions and products.]
Case 2: [image: If you provide the image or a URL, I can help generate alt text for it. You can also include a brief description or context to assist further.], when [image: Please upload the image you would like me to generate the alternate text for.].
[image: Mathematical equation involving expressions for \( u_{1,1,2} \), \( y_{1,1,2} \), \( w_{1,1,2} \), and \( \xi_{1,1,2} \). Each expression includes constants \( a_0 \), \( b_0 \), \( c_0 \), terms like \( \Lambda_C \), and operations such as trigonometric functions and powers. The equations are complex and involve parameters like \( k^2 \), \( \mu \), variables \( \xi_{1,1,2} \), and integrals.]
[image: Mathematical equations with variables \(u_{12.2}\), \(v_{12.2}\), \(w_{12.2}\), \(\xi_{12.2}\), and \(F_{12.2}\), involving constants \(a_0\), \(c_0\), \(k\), \(\lambda\), \(\mu\), and others. Each equation includes complex expressions with trigonometric functions, powers, and various parameters.]
Case 3: [image: It seems there was an error in uploading or displaying the image. Please upload the image directly or provide a URL. Optionally, you can add a caption for additional context.], when [image: Please upload the image or provide a link to it, and I will help generate the alternate text for you.].
[image: Mathematical equations defining variables \( u_{11.3} \), \( v_{11.3} \), \( w_{11.3} \), and \( \xi_{11.3} \). Each equation includes constants \( a_0 \), \( b_0 \), \( c_0 \), \( \lambda \), \( C_1 \), \( C_2 \), \( k \), \( \beta \), \( \alpha \), \( \gamma_1 \), \( \xi_0 \), and functions of \( k \), \( x \), and factorial expression \(\Gamma(\gamma_1 +1)\). Equations involve algebraic and exponential terms.]
[image: Mathematical equations detailing expressions for variables \(u_{1,2,3}\), \(v_{1,2,3}\), \(w_{1,2,3}\), and \(\xi_{1,2,3}\). The equations involve constants \(a_0\), \(c_0\), \(\lambda\), \(k\), and terms with square and linear powers of variables. Complex fractions and factorial terms like \(\Gamma(y+1)\) appear, illustrating a systematic mathematical solution.]
Selecting different parameters, we can get some graphical simulation of above solutions [image: The text shows mathematical expressions with \(\alpha = 1\) and \(\beta = 1\).] (Figures 5, 6) and [image: I'm unable to view images directly. Please upload the image or provide a link to it, and I will help you generate alt text.] (Figure 7) as follows:
[image: It seems like the text you provided is a mathematical expression or formula: \(\gamma_1 = 0, \xi_0 = 0, t = 0.02, C_1 = 1, C_2 = 2\). If you meant to describe an image associated with this text, please upload the image or provide more context.]
[image: Mathematical expression displaying parameters and their values: γ₁ equals 0, ξ₀ equals 0, t equals 0.02, C₁ equals 1, and C₂ equals 2.]
[image: Text displaying parameters: gamma_1 equals 1, kappa_0 equals 10, t equals 0.12, f equals 3, C_1 equals 3, C_2 equals 0.3.]
[image: Three-part visualization showing a 3D plot, a 2D line graph, and a two-panel contour plot. The 3D plot depicts a surface with gridlines and color gradient. The line graph shows a sharp drop in values along the horizontal axis. The contour plot displays vertical sections with shades of green and blue, separated by a prominent curved line.]FIGURE 5 | The 3D plot, 2D plot and contour plot of [image: Italic lowercase "u" with subscripts "1, 1, 1".] with [image: Equation with parameters: μ equals 3, λ equals 6, k equals 1, b sub 0 equals 1, c sub 0 equals 1, a sub 0 equals 1.]
[image: Three-part scientific visualization. Left: 3D plot with blue and brown waves on a grid surface. Middle: Line graph with three distinct peaks and valleys. Right: Vertical bar chart with alternating blue and brown sections.]FIGURE 6 | The 3D plot, 2D plot and contour plot of [image: Please upload the image you'd like me to generate alternate text for, or provide a URL.] with [image: The formula shown includes several variables with assigned values: μ equals one half, λ equals one, k equals one, b subscript zero equals one, c subscript zero equals one, and a subscript zero equals one.]
[image: A three-panel image showing different visualizations of the gamma function. The left panel is a 3D surface plot with a colorful gradient. The middle panel is a 2D graph with the gamma function curve. The right panel is a contour plot in vibrant colors.]FIGURE 7 | The 3D plot, 2D plot and contour plot of [image: Mathematical notation showing a variable \( w \) with a subscript of 11.3.] with [image: It seems you provided a mathematical expression instead of an image. Please upload an image file or provide a link, and I can then generate the alternate text for it.]
Remark 5. All of the above results have been checked by computer programs, and they are founded for the first time to our knowledge.
3.3 Results and discussion
We have obtained many types of new analytical solutions of the system (1) by two efficient methods, which include the famous bell-shaped solitary wave [image: Please upload an image or provide a URL so I can generate the alternate text for it.], this smooth solution reveals a balance of nonlinear effects and dispersion effects, the blow-up wave [image: Please upload the image or provide a URL so I can generate the alt text for you.] which is distorted between the interval (0.190, 0.192) etc. There are also many forms of periodic waves, and these periodic wave solutions embody different properties. For example, the waveform of [image: Please upload the image so I can generate the appropriate alt text for it.] alternates up and down in both directions, periodicity of [image: Please upload the image or provide a URL so I can generate the alt text for you.] and [image: Please upload the image or provide a URL so I can generate the alternative text for it.] are only reflected in one direction. If we choose different parameters and orders, we could find that the waveform of system (1) will evolve with time [image: Please upload the image or provide a URL so I can generate the alternate text for it.]. The Figures (a) and (b) in Figure 8 show the evolutionary process of [image: Mathematical expression featuring variables \( u_4 \) and \( v_6 \), with subscripts indicating specific elements or terms in a sequence or set.] with time fractional order with parameters [image: It seems you have provided a mathematical expression rather than an image. If you meant to upload an image, please try again. If you need help with the expression, let me know how I can assist!] and [image: The image contains a mathematical equation where \( a_0 = b_0 = c_0 = 1 \).] [image: Formula displaying mathematical variables: \( b = 45 \), \( c = 1 \), \( \mu = 1 \), \( k = 0.2 \), \( t = 0.55 \), \( \gamma_1 = 2 \).] [image: Sorry, I can't help with identifying or describing text in images directly. If you have any other questions or need further assistance, feel free to ask!] respectively. Numerical simulations show that the waveform shifts to the right as the time order increases, and these properties may be of great significance for revealing the internal structure of system (1). However, In MEMS, the understanding of nonlinear wave phenomena and the availability of exact solutions can contribute to the design and optimization of various components. For example, in MEMS sensors, these solutions can help analyze the response to external stimuli and improve the sensitivity and accuracy.
[image: (a) Graph showing two probability density functions with different means and standard deviations. (b) Multiple graphs illustrating varying functions associated with distinct line styles and colors, labeled for different parameter values.]FIGURE 8 | Fractional evolution of u4 in (A) and v6 in (B) over time under different parameters.
4 CONCLUSION
In conclusion, by utilizing the modified [image: Mathematical expression showing a vector with components: \(G'\) over \(G\), one over \(G\).]-expansion method, the [image: An algebraic expression showing \( G' \) divided by \( (bG' + G + a) \).]-expansion method and the travelling wave transform under the definition of M fractional derivative, twelve new types of exact solutions of the generalized time-space fractional coupled Hirota-Satsuma KdV system are obtained successfully. These solutions include complex solitary wave solutions, trigonometric periodic wave solutions, and rational function solutions. These solutions can be transformed into integer order cases under special parameter selection, and they have important theoretical guiding value for profoundly revealing the interaction between two nonlinear long waves with different dispersion effects. The waveforms of partial solutions and their characteristic images of time evolution are obtained by numerical simulation. It is proved by practice that these two methods can be applied to many other nonlinear equations including the MEMS. Additionally, in integrated MEMS systems, the knowledge of these solutions can enhance the functionality and reliability. However, the proposed definition of M-fractional derivatives still has some limitations, and it is difficult to characterize the necessary connection between two real number or complex number order derivatives. On the other hand, the unified definition of fractional derivatives definition needs to be further explored and developed for us in the future. Once our definition has been substantially refined, then we work on perturbation theory, dynamical system theory, soliton theory, etc., will be better developed [63–65]. How to extend this method to discretely-coupled nonlinear systems with arbitrary subhigher dimensions is still worth further study. This will open up new avenues for exploring more complex nonlinear phenomena and expanding the application scope of these methods in the field of nano/micro devices and systems.
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This mini-review focuses on He’s frequency formulation for fractal-fractional nonlinear oscillators. It examines the significance and applications of this formulation in understanding and analyzing the frequency-amplitude relationship within a fractal space. The review analyses the key features and advantages of He’s frequency formulation, highlighting its role in providing a straightforward approach to fractal vibration systems compared to traditional methods. Furthermore, it discusses an open problem for future research.


Keywords: nonlinear vibration, MEMS, periodic solution, frequency-amplitude relationship, fractal-fractional model




1 INTRODUCTION


The study of nanobeam vibrations is of great importance for the advancement of microelectromechanical systems (MEMS) [1]. The vibration of a nanobeam is not merely a mechanical phenomenon; rather, it is a critical element that drives the development of these highly sophisticated systems. In 6G communication technology, the stability of nano-antenna arrays directly depends on the precise control of nano-beam vibrations. Any instability in the vibrations can lead to signal interference and a decrease in transmission efficiency. For example, by optimizing the vibration modes of nano-beams, the radiation pattern can be adjusted and signal gain can be enhanced, thereby improving the overall performance of the communication system. Sensors based on the vibration of nanobeams can detect subtle changes in biomolecule concentrations, enabling early disease diagnosis. By modulating the vibrational characteristics (such as resonant frequency), the sensitivity of these sensors can be significantly enhanced, to the point where the presence of individual biomarkers can be detected. For instance, in early cancer screening, nanobeam sensors identify specific proteins at very low concentrations in the blood, offering new avenues for precision medicine. MEMS, with the potential to precipitate a revolutionary transformation in domains such as sixth-generation (6G) communications [2], quantum computing [3], and healthcare [4], rely heavily on an accurate understanding and control of nanobeam vibrations.

Minor disturbances, such as those caused by air pollution and changes in humidity, can impact the precision and dependability of the system by influencing the vibration characteristics of the nanobeam. Tian et al. were the first mathematicians to model these factors in a fractal space, and they concluded that in the fractal space, the pull-in instability can be eliminated [5]. As a consequence, a new branch of knowledge, known as fractal vibration theory [6, 7], has emerged. This innovative theory is specifically crafted to handle the complex and unconventional vibrating behaviors that traditional theories fall short in explaining. In the editorial article [8], the fundamental characteristics of fractional vibration theory and the fractal vibration theory are elucidated in meticulous and transparent detail.

Traditional vibration analysis methods are typically based on integer-order derivatives and assume that the system has regular geometric shapes and linear behavior. However, these assumptions no longer hold in fractal-fractional systems. For instance, when dealing with the vibration of nanostructures that have self-similar or irregular geometric structures, traditional methods cannot accurately describe the inherent non-locality and memory effects in the system. They often oversimplify complex physical processes, leading to significant errors in predicting the frequency-amplitude relationship and dynamic behavior of oscillators. In contrast, He’s frequency formula, by considering fractal and fractional-order characteristics, provides a more precise and powerful tool for analyzing such complex systems.

He’s frequency formulation [9, 10] represents an exceptionally potent analytical instrument within the domain of fractal vibration theory. This formulation not only presents a profound method of analysis but also offers significant promise for advancing our comprehension and practical applications in this intricate field. The formulation provides an efficient and highly efficacious means of determining the complex frequency-amplitude relationship of nonlinear oscillators. This relationship is of crucial importance for understanding the behavior and characteristics of a broad spectrum of systems, ranging from mechanical vibrations to electrical circuits and beyond.

The importance of He’s frequency formulation is further reinforced by a series of subsequent studies. He and Liu extended it to fractal oscillators [11], and numerous authors have demonstrated the applicability and versatility of He’s formulation in diverse contexts, including the case of the Toda oscillator [12] and various fractal vibration systems [13]. Moreover, numerous researchers have further expanded and refined the understanding of He’s frequency formulation for their applications, and a considerable amount of literature has contributed to the expanding body of knowledge surrounding He’s frequency formulation [14–18]. The extensive applications and continuous development of He’s frequency formulation are documented in Refs. [19, 20]. Moreover, the integration of this approach with other methods, such as the homotopy perturbation method [21, 22], has the potential to expand the research landscape of nonlinear oscillations. In conclusion, He’s frequency formulation represents a fundamental contribution to the field of nonlinear oscillations, offering a valuable and powerful tool for both researchers and practitioners. The continued exploration and application of this concept in a variety of studies serves to demonstrate its significance and potential for further advancements in our understanding and control of nonlinear systems. This paper presents a concise overview of the applications of this formulation to fractal-fractional oscillators.




2 FRACTAL-FRACTIONAL NONLINEAR OSCILLATOR


Different from fractional models [23–26], the fractal-fractional nonlinear oscillator [27, 28] constitutes a captivating area of study within the domain of nonlinear dynamics. It amalgamates the concepts of fractals and fractional calculus to model complex systems. Fractals provide a means to depict irregular structures, whereas fractional calculus offers a more accurate representation of systems with memory and non-local effects. In a fractal-fractional nonlinear oscillator, these elements converge to create a model that can capture the intricate behavior of diverse physical and engineering systems. This might include phenomena such as damping, resonance, and chaos. By understanding and analyzing these oscillators, researchers can obtain valuable insights into the behavior of complex systems and potentially develop new techniques for control and optimization [29–37].

Here, we consider a fractal-fractional (Equation 2) describes the nonlinear vibration system of a restrained cantilever beam with an intermediate lumped mass. [38].


[image: Equation showing a mathematical expression where \( (1 + au^2 + bu^4) \frac{d^2u}{dx^2} + (au + 2bu^3) \left(\frac{du}{dx}\right)^2 + \Omega^2 u + mu^3 + nu^5 = 0 \).]


with the boundary conditions


[image: Equation showing boundary conditions: \( u(0) = B \), and the first derivative at zero, \( \frac{du}{dx}(0) = 0 \). Equation number 2 is indicated on the right.]


where [image: The image shows a second derivative, represented by d squared u over d x squared, indicating the rate of change of the rate of change of u with respect to x.] is the two-scale fractal derivative [39–42], a and b respectively represent the contributions of the high - order terms of the nonlinear stiffness coefficient, m and n are the coefficients of the fifth - order terms of the nonlinear restoring force, [image: The image displays the Greek letter Omega, symbolized by a circle with downward-curving extensions on both sides. Omega is the last letter of the Greek alphabet and is often used to represent the concept of the end or limit in various contexts, such as physics and mathematics.] is the linear natural frequency, and [image: It seems there was an error with the image upload. Please try uploading the image again or provide a URL if possible.] is the order of the fractal derivative, which reflects the fractal characteristics of the system [42–45].

The two-scale fractal derivative is defined as:


[image: A mathematical equation showing a derivative expression: the second derivative of \( u(x) \) with respect to \( x \) is equal to \( \frac{1}{\Gamma(1-2\alpha)} \) times an integral from negative to positive infinity. The integrand is \( \frac{u(x') - u(x)}{(x'-x)^{1+2\alpha}}g(x,x',l_1,l_2) \, dx' \).]


Among them, [image: Mathematical expression showing a function g with variables x, x prime, l subscript 1, and l subscript 2, enclosed in parentheses.] is a weighting function related to the fractal structure and the scales [image: Text displaying the mathematical notation "l₁, l₂".]. Consider the fluid velocity field [image: Please upload the image or provide a URL, and include a caption if you have any specific context. This will help me generate accurate alt text for you.] in the fractal porous medium, and its governing equation is:


[image: The image shows a mathematical equation: \(\rho \frac{\partial v}{\partial t} = -\nabla p + \mu \left(\frac{d^{2\alpha} v}{dx^{2\alpha}} + \beta \frac{d^{n} v}{dx^{\alpha}}\right)\).]


where [image: Please upload the image or provide a URL so I can generate the alternate text for you.] is the fluid density, p is the pressure, [image: Please upload the image or provide a URL, and I'll help you generate the alt text.] is the viscosity, and [image: Please upload the image or provide a URL for me to generate the alt text.] is a coefficient related to the fractal characteristics. By solving this equation with the two-scale fractal derivative, we can accurately predict the flow patterns and velocities of the fluid in the fractal porous medium, which is not possible using traditional derivatives.

The two-scale fractal derivative [39, 40] is an innovative concept in the realm of mathematics and physics. It extends the traditional derivative to take into account fractal behavior. Through two-scale fractal derivatives, the flow patterns of fluids in fractal pores can be accurately predicted, whereas traditional derivatives cannot capture such complex behaviors.

This derivative considers two distinct scales, providing a more accurate description of processes that display non-integer scaling. It can be applied to various fields like fluid dynamics, material science, and signal processing. The two-scale fractal derivative aids in understanding complex phenomena involving irregular or self-similar structures. It offers new insights and tools for analyzing and modeling systems with fractal characteristics.

The nonlinear vibrations of a restrained cantilever beam with an intermediate lumped mass are an important area of study. This system exhibits complex behavior due to the combination of nonlinearities and the added mass. Understanding these vibrations is helpful in designing more robust structures and analyzing their dynamic responses.

Sun and his colleagues dedicated themselves to arduous research on Equation 1 and finally obtained the following frequency - amplitude relationship [38].


[image: Equation showing \( y^2 = \frac{8\Omega^2 + 6mB^2 + 5nB^4}{8 + 4aB^2 + 3bB^4} = \frac{\Omega^2 + 0.75mB^2 + 0.625nB^4}{1 + 0.5aB^2 + 0.375bB^4} \), labeled as equation (3).]


Their endeavors in this regard were truly outstanding. They engaged in complex analysis that demanded a high degree of expertise and intellectual rigor. Given the intricacy of their approach, there is currently a significant need for a one-step simple method, such as He’s frequency formulation [9, 10], which can offer a more streamlined and accessible means to achieve similar results.




3 A BRIEF REVIEW HE’S FREQUENCY FORMULATION



Equation 4 presents the basic form of a fractional-order nonlinear vibration system.


[image: Partial differential equation: \(\frac{d^2 u}{d x^2} + f(u) = 0\), with initial conditions \(u(0) = B\) and \(\frac{d u}{d x}(0) = 0\), labeled as equation (4).]


The most used frequency formulations are respectively expressed as [9, 10]


[image: Equation showing \( x^2 = \left\lfloor \frac{f}{u} \right\rfloor \), with \( u = \sqrt{3} B / 2 \). The equation is labeled as (5).]


and


[image: Mathematical equation showing omega squared equals the derivative of function f with respect to u, evaluated at u equals L over 2, enclosed in brackets. The equation is labeled with the number six.]


More generally, we can choose more than one location points [34]:


[image: Equation showing x squared subscript l equals a fraction with f in the numerator and u in the denominator, evaluated as j tends to nB. This is equation number 7.]


and


[image: Mathematical equation showing v squared equals the derivative of f with respect to u, evaluated at u sub y equals N sub y B. It is labeled equation eight.]


Where 0<N
i<1 and 0<N
j<1, and (Equation 9) provides the average value of the frequency squared at multiple location points.


[image: Equation showing that the average value of the squares, \( \bar{\omega^2} \), is equal to one over \( n \) times the sum of the squares of \( \omega_1 \), \( \omega_2 \), through \( \omega_n \).]



Equation 10 demonstrates the method for calculating the average frequency at multiple location points.


[image: Equation representing the arithmetic mean of n terms: \( \bar{x} = \frac{1}{n} (\omega_1 + \omega_2 + \cdots + \omega_n) \), labeled as equation 10.]


The selection of [image: Equation showing \( u = \sqrt{3B/2} \).] in Equation 5 is derived from the sensitivity of the nonlinear system to frequency changes near the critical amplitude. While the selection of [image: Equation showing "u = B divided by 2".] in Equation 6 captures the trend of frequency changes through the local behavior of the derivative at the mid - amplitude point. Sampling at multiple position points (Equations 7, 8) takes the average values over different amplitude ranges, which effectively reduces the error of single - point estimation and is applicable to highly nonlinear systems.


Equations 11–17 illustrate the frequency calculation methods at different location points and the derivation process of their average values.


[image: Differential equation displays \(\frac{d^2u}{dx^2} + \left( \mu \frac{du}{dx} \frac{d^2u}{dx^2} \right) = 0\). Initial conditions are \(u(0) = B\) and \(\frac{du}{dx}(0) = 0\).]


The frequency formulation is


[image: Mathematical expression showing an equation: omega squared equals a set of values including 1, 3 plus square root of 3 over 2, one minus omega squared over two, or negative 3 plus square root of 3 over 2.]


or


[image: Mathematical equation: \( x^2 = \left[ \frac{t}{u} \right]_{v = NB} \frac{d^{}_{de}}{x} - \sqrt{NB}Ba_0 \frac{d^{}_{gt}}{xe} - NBx^2 \). Equation number 13 is shown at the end.]


He-Liu frequency formulation [11] recommends the form


[image: Equation representing a weighted average: a squared (x) equals the integral from zero to lambda of (w(u)f)du divided by the integral from zero to lambda of (w(u))du. Equation number 14 is noted on the right.]


where w is a weighting function.




4 AN EXAMPLE


For Equation 1, f can be expressed as


[image: Equation labeled as 15 showing a complex mathematical formula: \( f = (au^2 + bu^3) \frac{d^2u}{dx^2} + (au + 2bu^2) \left (\frac{du}{dx} \right )^2 + \Omega^2 u + mu^3 + nu^5 = 0 \).]


By the frequency formulation, we have


[image: Equation (16) is shown with a complex expression involving derivatives and variables. The equation includes terms with \(a\), \(b\), \(u\), \(\Omega\), \(r\), and \(n\). Several derivative expressions and constants are demonstrated. Accompanying variables \(u\), \(\frac{du}{dx}\), \(\frac{d^2u}{dx^2}\), and values involving \(\sqrt{3}\) and \(B\) are defined in the text.]


After a simple calculation, we obtain


[image: The image shows a mathematical equation for omega squared (ω²). It is given as a fraction:  Numerator: Ω squared plus one-fourth m B squared plus three-sixteenths n B to the fourth power.  Denominator: one plus one-fourth a B squared plus three-sixteenths b B to the fourth power.  Equation is labeled as (17).]


The result obtained through this approach is much closer to Equation 3. When we consider adopting the simple approach, it truly stands out. As Ji-Huan He said, “The simpler is better.” The simplicity of this approach not only brings convenience in implementation but also leads to a remarkable result. It offers a more straightforward way to reach a conclusion that is highly comparable to what would be expected from more complex methods. The obtained result is indeed remarkable in that it showcases the effectiveness and efficiency of a less convoluted approach. It proves that sometimes simplicity can lead to outcomes that are just as valuable, if not more so, than those achieved through intricate and time-consuming methods.

Using a different location point, we have


[image: The image shows a mathematical equation and expressions. It begins with an equation for \(\omega^2\), incorporating terms like \((au + bv)\frac{d^mu}{dx^m}\) and \((a + 2bu)\frac{d^nv}{dx^n}\), and ends with terms \(\Omega^2 mu^2 + nu^t\). Definitions follow: \(u\) equals \(NB\), and derivatives with respect to \(x\) are \(\frac{du}{dx} = V1 - N_e\omega B\) and \(\frac{d^2u}{dx^2} = -N B \omega^2\). The expression equals \((aN B + bN^2 B^2)^{-(N B u)^t}\times(a + 2bN^2 B^2)((1-N^t)v^t B^2)^{t^m}+n NB^r + rn NB^t\), labeled as equation (18).]


From Equations 18, 19 further analyzes the frequency squared values under different parameter combinations.


[image: Equation showing \( \chi^2 = \frac{\Omega^2 + 0.69 m B^2 + N B^4}{1 + \alpha (2N^2 - 1) B^2 + \beta (3N^4 - N^2) B^4} \), labeled as equation 19.]


To further analyze the comparison between the results of He’s frequency formulation and Equation 3, we calculate the relative error for various parameter values. The results are given in Table 1 and illustrated in Figure 1.





TABLE 1 | 
Relative errors for different cases: Case 1 a = 0.1; b = 0.05; m = 2.0; n = 0.5; case 2 a = 0.3; b = 0.1; m = 1.5; n = 0.8.

[image: Table showing parameter combinations and relative errors for two cases. Case 1 parameters: a=0.1, b=0.05, m=2.0, n=0.5, B=0.2, with 2.3% relative error. Case 2 parameters: a=0.3, b=0.1, m=1.5, n=0.8, B=0.5, with 4.7% relative error.]



[image: Two graphs, labeled (a) and (b), show curves comparing Equation (9) and Hermite formulation. Both graphs feature a solid blue line for Equation (9) and a dashed red line for Hermite. The lines overlap closely, indicating similar trends. The x-axis ranges from 0 to 2 and the y-axis from 0 to 5.]



FIGURE 1 | 
Comparison of the He formula and Equation 3 under different conditions:(a) a = 0.1; b = 0.05; m = 2.0; n = 0.5; (b) a = 0.3; b = 0.1; m = 1.5; n = 0.8.



From the table, it can be seen that the relative error varies with different parameter values. The error mainly stems from the approximation and neglect of higher-order terms in the He formula, while the numerical solution of Equation 3 may produce deviations due to the accumulation of algorithmic truncation errors. Additionally, the selection of position points may not fully cover the system response in strongly nonlinear regions.


Figure 1 illustrates the comparison of the frequency squared values obtained from He’s frequency formulation and Equation 3 as a function of the amplitude. The blue curve represents the results from He’s frequency formulation, while the red curve represents those from Equation 3.

The potential sources of discrepancy between the two methods are multi-faceted. He’s frequency formulation makes certain approximations to simplify the calculation. For example, in the process of deriving the formula, some higher-order terms might be neglected. In contrast, Equation 3 is obtained through a more comprehensive and complex analysis process. Numerical errors also play a role. The calculation of Equation 3 may involve more complex numerical algorithms, and small errors in these algorithms can accumulate and lead to differences in the final results. Moreover, the choice of location points in He’s formulation is based on general principles, but it may not cover all the characteristics of the system in some special cases.

In practical applications, the implications of these differences are significant. For applications with relatively low accuracy requirements, the simplicity of He’s formulation makes it a convenient choice. However, for applications that demand high precision, such as in the design of high-performance MEMS devices, understanding these differences is essential. It allows engineers and researchers to make more informed decisions when choosing the appropriate method and provides a basis for further improving the formulations to achieve better accuracy.

The question of how to choose an optimal value of N remains an open problem that has yet to be fully resolved. There are possible approaches to optimization of its choice by various modern technologies, e.g., the genetic algorithm, the gradient descent method, and AI-powered problem solving method [46].




5 CONCLUSION


In conclusion, He’s frequency formulation for fractional nonlinear oscillators represents a valuable contribution to the field of nonlinear dynamics. This formulation offers a novel approach to analyzing and understanding the complex behavior of fractional nonlinear oscillatory systems. By providing a more accurate description of frequency and other characteristics, it has the potential to enhance our understanding of various physical phenomena and engineering applications. Future research could further explore the generalization and extension of this formulation, as well as its application in different types of nonlinear systems. Additionally, combining He’s frequency formulation with other advanced techniques may lead to even more powerful tools for the study of fractional nonlinear oscillators. Overall, He’s frequency formulation holds great promise for advancing our knowledge and capabilities in dealing with nonlinear oscillatory systems.

Looking ahead, several promising research directions emerge in the context of He’s frequency formulation. One avenue is to explore its integration with advanced numerical techniques. For instance, combining it with the finite element method would enable a more detailed analysis of complex systems with irregular geometries and varying material properties. In such an approach, the domain of the problem could be discretized using finite elements, and He’s frequency formulation could be applied within each element to account for the fractal-fractional behavior. This would enhance the accuracy of predicting the vibration characteristics of structures like those found in MEMS devices with intricate designs.

Another exciting direction lies in its application to emerging fields. In nanorobotics, where the precise control of nanoscale motions is essential, He’s frequency formulation can potentially be used to optimize the design of actuators and sensors. By understanding the frequency-amplitude relationships of the nanocomponents, we can improve the performance and reliability of nanorobotic systems. In biomolecular dynamics, it could offer new perspectives on the study of molecular vibrations and their role in biological processes. For example, it may help in elucidating the energy transfer mechanisms within biomolecules, which could have implications for drug design and understanding diseases at the molecular level.

Moreover, the development of more efficient parameter determination algorithms is of utmost importance. With the increasing complexity of systems, traditional methods for finding optimal parameters in He’s frequency formulation may become computationally expensive. Incorporating machine learning algorithms, such as genetic algorithms or neural networks, could potentially accelerate the search process and improve the accuracy of the determined parameters. This would make the application of He’s frequency formulation more practical and efficient in dealing with large-scale and complex systems.

In summary, the future of He’s frequency formulation research is rich with opportunities, and continued efforts in these directions are expected to yield significant advancements in our understanding and control of nonlinear oscillatory systems.
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Introduction: Microelectromechanical systems (MEMS) are pivotal in diverse fields such as telecommunications, healthcare, and aerospace. A critical challenge in MEMS devices is accurately determining the pull-in displacement and voltage, which significantly impacts device performance. Existing methods, including the variational iteration method and homotopy perturbation method, often fall short in providing precise estimations of these parameters.Methods: This study introduces a novel mathematical approach that combines physical insights into the pull-in phenomenon with variational theory. The method begins with a precise definition of the MEMS device's physical model. By uniquely applying the variational principle and incorporating a custom-designed functional, a set of equations is derived. These equations are transformed into an iterative algorithm for calculating pull-in displacement, with nonlinear terms addressed through approximation and perturbation techniques tailored to the MEMS system’s characteristics.Results: Validation using specific examples demonstrates the method's accuracy in determining pull-in displacement and voltage. For instance, in a MEMS oscillator case, exact results were achieved with a computation time of 0.015 s. Compared to traditional methods, this approach yields exact values rather than approximations, showcasing superior precision and efficiency.Discussion: The proposed method offers significant advantages, including enhanced accuracy, reduced computational time, and minimized error accumulation by solving algebraic equations instead of iterating differential equations. It also exhibits robustness to variations in initial conditions and system parameters. Limitations include the need for modifying the pull-in criterion when variational formulation is unattainable and the exclusion of environmental factors like temperature and pressure fluctuations. Future research should focus on refining MEMS models to incorporate these factors and integrating the approach with techniques such as Galerkin technology.Conclusion: This research advances the mathematical understanding of MEMS device behavior and holds substantial potential for the design and optimization of MEMS devices across various applications, further driving the progression of MEMS technology.Keywords: pull-in motion, pull-in displacement, pull-in voltage, pull-in criterion, variational principle
1 INTRODUCTION
1.1 Overview of MEMS technology and its application areas
Recent decades have seen a remarkable development in microelectromechanical systems (MEMS) [1, 2]. These systems integrate mechanical and electrical components at a microscopic level, enabling a diverse range of functions. In the telecommunications industry, MEMS-based devices are widely used in mobile phones and communication modules [3, 4]. For instance, MEMS sensors play a crucial role in signal filtering and sensing, enhancing the performance of communication devices. In the field of healthcare, MEMS technology finds application in implantable sensors for monitoring physiological parameters such as heart rate and blood pressure, as well as in lab-on-a-chip systems for rapid medical diagnostics [5, 6]. In the aerospace industry, MEMS sensors are utilized for aircraft performance monitoring, and micro-actuators are employed for precise control of spacecraft components [7, 8]. The prevalence of MEMS technology in various fields underscores the necessity for continuous enhancement of device performance. Among the various characteristics of MEMS devices, the pull-in instability [9, 10] is a critical parameter that significantly influences their performance and functionality.
1.2 The critical role of pull-in instability in MEMS
Pull-in instability [9, 10] is a pivotal factor that exerts a considerable influence on the performance and reliability of MEMS devices. It is directly related to the critical parameters of pull-in displacement and voltage [11, 12].To illustrate this, consider MEMS oscillators. As the applied voltage rises, the electrostatic forces between the movable and fixed parts can induce substantial deformation. The voltage threshold at which pull-in instability occurs is a critical factor in the design of MEMS devices, as it can lead to a sudden collapse of the device structure. This instability can have a significant impact on the long-term durability and accuracy of the device, as well as its ability to function properly under different operating conditions. Therefore, it is essential to develop a precise understanding of the relationship between pull-in displacement and voltage to optimize the design of MEMS devices and ensure their reliable performance.
As outlined in references [13–16], the variational iteration method is one of the approaches to be considered in this regard. However, it is a highly intricate process to identify the Lagrange multiplier. This identification requires an in-depth comprehension of the system’s dynamics and the underlying mathematical relationships, making it both complex and time-consuming. Since the accurate determination of the Lagrange multiplier is crucial for attaining precise outcomes, it frequently presents significant challenges in practical scenarios.
The homotopy perturbation method (HPM) [17, 18] has also been shown to have certain limitations. The application of the HPM requires two things: firstly, a well-constructed homotopy equation and secondly, a reliable initial guess. Formulating an appropriate homotopy equation is challenging, as it must precisely encapsulate the behavior of the system. Additionally, obtaining a good initial guess, as discussed in [19], often relies heavily on prior knowledge and experience. Erroneous initial estimates can invariably yield erroneous outcomes. To address these limitations, a combination of the homotopy perturbation method and the Laplace transform has been proposed for solving MEMS oscillators, as reported in [20].
The application of ancient mathematics to MEMS systems has recently attracted considerable attention on account of its effectiveness and simplicity, as evidenced in [21–23].Significantly, the point-solution method [24] and the Anjum-He method based on Sturm’s algorithm [25] have emerged as promising techniques for rapidly and accurately identifying the pull-in voltage. Furthermore, the advent of AI-powered problem-solving techniques has opened up new avenues for the resolution of complex MEMS systems [26].
The frequency formulation [27, 28] presents an alternative approach that offers simplicity and straightforwardness. It provides a relatively uncomplicated way to approach the problem. However, it is not an iteration method. The absence of an iterative process means that further improvement of its accuracy becomes challenging. Once the initial formulation is set, there are limited options for refining the results, making it difficult to achieve the high precision required for advanced MEMS device applications.
1.3 Bottlenecks
In the realm of MEMS device research and application, the accurate determination of pull - in displacement or pull - in voltage is of paramount importance. MEMS devices are playing an increasingly significant role in numerous fields. The pull - in displacement, as a pivotal parameter influencing their performance, renders its precise determination highly essential. When the pull - in voltage approaches a specific threshold, the system becomes acutely sensitive. Even a minute perturbation can cause the device’s dynamic characteristics to shift abruptly from stable periodic motion to pull - in instability, which can severely disrupt the device’s normal operation and degrade its performance.
Currently, although various analytical methods can estimate an approximate pull - in voltage for MEMS systems, such approximate results are insufficient to meet the ever - growing demand for high precision. Consequently, the exact determination of the pull - in voltage has emerged as a crucial issue in both theoretical analysis and practical applications.
1.4 Objectives and innovations of this research
In response to the challenges identified, this research endeavor seeks to formulate a novel mathematical approach for the expeditious and precise estimation of pull-in displacement in MEMS devices. The proposed method integrates sophisticated analytical techniques and pioneering algorithms, leveraging the variational principle in an original manner and introducing innovative computational strategies to circumvent the constraints imposed by conventional methodologies. The devised approach is engineered to achieve substantial enhancements in the efficiency and precision of pull-in displacement estimation. This will not only deepen our understanding of MEMS device behavior from a mathematical perspective but also hold great potential for facilitating the design and optimization of MEMS devices in various fields, thus contributing to the advancement of MEMS technology.
2 THEORETICAL FOUNDATIONS
2.1 Pull-in criterion
The pull-in phenomenon in MEMS represents a highly intricate physical process. In essence, in an electrostatically actuated MEMS device, the delicate balance between the mechanical and electrical forces within the system is disrupted when an external electrical stimulus, such as an increasing voltage, is applied. As the voltage ascends towards a critical value, the electrostatic forces start to preponderate, compelling the movable parts of the device to swiftly approach the fixed parts. This abrupt movement is precisely the pull-in instability. Mathematically, this process can be described by a set of equations that intricately link the displacement, velocity, and acceleration of the movable components to the applied voltage and the mechanical attributes of the device. For instance, in a basic MEMS oscillator model, the relationship among these variables is manifested through differential equations that govern the dynamic behavior of the system.
The periodic criterion is of fundamental importance in the analysis of the dynamic behavior of MEMS systems, and is inextricably linked to the pull-in criterion. In a MEMS oscillator, when the periodic criterion is fulfilled, the system exhibits stable oscillatory behavior, characterized by a particular relationship between the acceleration and displacement of the movable part, where their directions are consistently opposed during the oscillatory state. However, as conditions deviate from the periodic criterion and edge closer to the pull-in condition, the system’s behavior undergoes a significant transformation. The pull-in criterion delineates the conditions under which the system becomes unstable and the pull-in eventuates. By meticulously analyzing the transition from the periodic behavior to the pull-in behavior using mathematical models, we can attain a more profound understanding of the underlying mechanisms. This enhanced knowledge can then be applied to the development of effective methods for predicting and controlling the pull-in phenomenon.
Pull-in instability is a phenomenon that frequently manifests in certain mechanical and electrical systems. Essentially, it transpires when a system is subjected to an external force or stimulus and reaches a critical juncture where it suddenly experiences a breakdown or becomes unstable. This is vividly exemplified in microelectromechanical systems (MEMS).As the applied voltage mounts, the electrostatic force between the movable and fixed parts of a MEMS device may induce deformation. At a particular voltage threshold, the pull-in instability is initiated, leading to the swift collapse of the device. A comprehensive and in-depth understanding of pull-in instability is of the utmost importance for the design and operation of a wide range of advanced technologies. Engineers must accurately anticipate and appropriately consider this instability to ensure the reliability and optimal performance of their systems. By systematically investigating the factors that influence pull-in instability, such as material properties, geometry, and operating conditions, researchers can formulate strategic approaches to either mitigate this phenomenon or exploit it for specific applications. This facilitates the advancement and innovation of MEMS technology.
In this paper, we consider the following MEMS oscillator
[image: It seems you are referring to a mathematical equation rather than an image. If you have an image to upload, please do so, and I can help generate alternate text for it.]
where w is the dimensionless displacement.
Equation 1 has periodic solutions if the following periodic criterion holds [26]
[image: Mathematical expression showing the limit of the function f of w over w as w approaches zero is equal to zero, indicated by equation number two in parentheses on the right.]
This periodic criterion can be easily understood, we re-write Equation 1 in the form
[image: Mathematical expression showing a differential equation: \(\dot{w} = -\left[\frac{f(w)}{w}\right] w\), labeled as equation (3).]
Equation 3 indicates that when the periodic criterion is satisfied, there is consistent opposition in the directions of the accelerated speed and the displacement. That is to say, when the accelerated speed is positive, the displacement moves in the downward direction; conversely, when the accelerated speed is negative, the displacement moves upward. This alternating behavior between the accelerated speed and displacement results in the system oscillating continuously. This phenomenon of oscillatory behavior can be attributed to the relationship delineated by Equation 3.As the sign of the accelerated speed changes, it drives the displacement to move in opposite directions, thereby creating a repetitive cycle of motion. This continuous oscillation is a fundamental characteristic of the system under the conditions specified by Equation 3, and it is imperative for understanding the dynamic behavior and stability of the system.
As stated in references [29–31], the periodic criterion is of crucial importance and forms the solid foundation of He’s frequency formulation. This formulation has gained significant popularity and is widely applied in the field of vibration theory, as demonstrated in various studies such as [32–37]. It has been proven to be an essential tool for understanding and analyzing different aspects of vibration phenomena.
The pull-in criterion is a crucial tool for the development of advanced MEMS technology, which reads
[image: Mathematical notation showing two conditions: dot w is greater than or equal to zero and w dot is greater than or equal to zero, labeled as equation four.]
Equation 4 is related to the pull-in criterion in the context of MEMS devices. When considering the behavior of a MEMS oscillator, the pull-in criterion is crucial for understanding the instability phenomenon. In Equation 4, it describes a specific condition related to the accelerated speed and displacement. If the accelerated speed remains consistently positive, then the displacement gradually increases from w = 0 to w = 1. This dynamic behavior is indicative of the occurrence of pull-in motion. Conversely, in the event of a velocity that remains perpetually positive (i.e., without any alteration in sign), no periodic motion occurs. The satisfaction of the condition in Equation 4 is a prerequisite for the emergence of pull-in instability.
The relationship between the positive accelerated speed and the increasing displacement from w = 0 to w = 1 shows a specific pattern of behavior that leads to the pull-in motion. This equation is of particular importance in determining the conditions under which pull-in instability occurs in the MEMS device. It is employed in conjunction with other equations (such as those for simultaneously solving for the pull-in displacement and voltage) to analyze and predict the behavior of the system. The satisfaction of Equation 3 is therefore a crucial determinant for the occurrence of pull-in instability.
The pull-in displacement and the pull-in voltage can be precisely determined by simultaneously solving the following equations.
[image: Mathematical expression showing a system of differential equations: the second derivative of theta equals zero, and the second derivative of psi equals zero, labeled as equation (5).]
Equation 5 is of paramount importance in determining the crucial parameters related to pull-in displacement and voltage in MEMS devices. In this equation, the first equation indicates that the acceleration reaches zero, while the second equation implies that the velocity is zero. When both these conditions are met simultaneously, it defines the pull-in threshold. This threshold is a critical juncture that dictates the onset of the pull-in phenomenon, significantly influencing the performance and functionality of MEMS devices.
In the context of MEMS device research, a comprehensive understanding of the pull-in phenomenon is paramount. The pull-in displacement and voltage are pivotal parameters that exert a significant influence on the performance of these devices. Equation 5 provides a method for determining these parameters concurrently, and it is presumed that this method is founded on the relationships established by the pull-in criterion and other relevant principles and equations detailed in the study. The solution to this equation provides the values of the pull-in displacement and voltage, which are fundamental for understanding and analyzing the behavior of a given MEMS system.
The precise determination of these parameters is imperative for the effective design and optimization of MEMS devices, given their significant influence on diverse physical and engineering systems. Consequently, Equation 5 assumes a pivotal role in the analysis and design process, empowering researchers and engineers to enhance their comprehension and control of the behavior of MEMS devices with regard to pull-in displacement and voltage.
2.2 Variational principle
The variational principle [38], firmly grounded in the principle of least action [39], is an essential cornerstone in both physics and engineering. It asserts that for a physical system transitioning between two states, the actual path it follows is the one that minimizes a specific functional.
Let’s take a simple linear spring - mass system as an example. The kinetic energy K of a mass M moving with velocity [image: Please upload the image or provide the URL so I can generate the appropriate alt text for it.] in such a system is given by:
[image: The formula for kinetic energy appears, expressed as \( K = \frac{1}{2} m v^2 \), where \( K \) represents kinetic energy, \( m \) indicates mass, and \( v \) represents velocity.]
The potential energy E is
[image: The formula shows the elastic potential energy equation: E equals one-half times k times x squared, labeled as equation seven.]
The variational principle allows us to formulate equations that link the variations in these energies to the dynamic behavior of the system. Specifically, we can use the Lagrangian function L, which is defined as the difference between the kinetic energy K and the potential energy E of the system, i.e.,
[image: The equation \(L = K - E = \frac{1}{2} m \dot{x}^2 - \frac{1}{2} k x^2\) describes the Lagrangian \(L\) of a system, where \(K\) is kinetic energy, \(E\) is potential energy, \(m\) is mass, \(\dot{x}\) is velocity, \(k\) is the spring constant, and \(x\) is displacement. Equation number (8) is indicated.]
By applying the variational principle to the Lagrange function, we can derive the equations of motion for the spring system. The variational formulation can be written as
[image: Mathematical equation depicting an integral expression: \( J(x) = \int_{t_1}^{t_2} L dt = \int_{t_1}^{t_2} \left( \frac{1}{2} m \dot{x}^2 - \frac{1}{2} k x^2 \right) dt \rightarrow \min \), labeled as equation 9.]
According to the principle, the action J of the system is stationary for the actual path of the system. Through the calculus of variations, we have
[image: A mathematical equation shows the function \(\delta(x)\), where \(\delta(x)\) equals the integral from \(t_1\) to \(t_2\) of the expression \((m \cdot \ddot{x} - kx \cdot \dot{x})\) with respect to \(t\), set to zero. Equation number ten is indicated.]
The variational operator and the differential operator can be interchanged, so we re-write Equation 10 in the form after integration by parts
[image: The image shows a mathematical equation describing a function \(\delta(x)\). It involves integrating terms such as \(m\dot{x}(\frac{d\dot{\delta}}{dt}) - kx\dot{\delta}\), followed by further simplifications. The equation includes constants \(m\), \(k\), variables \(x\), \(\dot{x}\), and functions of time \(t_1\) and \(t_2\). The final line states that the expression equals zero. Equation label (11) is present.]
For arbitrary [image: It seems that the image did not upload correctly. Please try uploading the image again or provide a URL if it is hosted online.], from Equation 11, we have
[image: Equation twelve shows a differential equation: the derivative of mass times acceleration with respect to time plus spring constant times displacement equals zero. Initial conditions are mass times acceleration at time t equals zero, and mass times acceleration at time t subscript zero equals zero.]
For general nonlinear oscillators, the initial conditions are given as follows
[image: It seems there should be an image attached. Please upload the image or provide a URL, and I'll generate the alternate text for you.]
Equation 9 should be modified as
[image: Mathematical equation depicting a functional \( J(x) \) as an integral from 0 to 1 of the expression \(\left( \frac{1}{2} m \dot{x}^2 - \frac{1}{2} kx^2 \right) dt\), minus the product of mass \( m \), initial velocity \(\dot{x}(0)\), and displacement \( (x(0) - x_0) \).]
In the context of Microelectromechanical Systems (MEMS), this principle emerges as a vital instrument for deconstructing the intricate energy relationships within the system. The two principal energy modalities present in a MEMS device are kinetic energy and potential energy. The variational principle enables the formulation of equations that establish a connection between the variations in these energies and the dynamic behavior of the system. To illustrate this, the variational principle is applied to derive the equations of motion governing the MEMS device by incorporating the Lagrange function, which embodies the disparity between kinetic and potential energies. This derivation provides a powerful means of discerning how the system evolves temporally and how fluctuations in the energy components influence the device’s operational behavior.
The semi-inverse method [40] offers an efficient pathway for deriving variational formulations within the MEMS domain. The process initiates with the fundamental equations that govern the system’s behavior, followed by the formulation of assumptions regarding the form of the solution. Subsequently, by substituting these assumptions into the equations and invoking the variational principle, the variational formula can be successfully obtained. To illustrate this methodology, we may postulate a particular functional form for the displacement of the movable part and calculate the variations of kinetic and potential energies with respect to this displacement. Through a series of mathematical operations, such as integration by parts and the application of the variational operator, we arrive at the variational formula that correlates energy variations with system parameters. This derivation process provides a solid theoretical foundation for our methodology and validates the mathematical rigor underpinning the proposed approach.
In the field of research concerning MEMS pull-in displacement, the variational principle assumes a pivotal role. It provides a unified and comprehensive framework for analyzing the dynamic behavior of MEMS devices and predicting the onset of pull-in instability. By utilizing the variational principle to derive equations of motion and the pull-in criterion, we can accurately determine the critical conditions that trigger pull-in and precisely calculate the pull-in displacement. This capability empowers MEMS device designers to optimize device parameters, thereby either preventing or controlling the occurrence of the pull-in phenomenon. Moreover, the variational principle is invaluable in enhancing understanding of the system’s sensitivity to various factors, including initial conditions and external stimuli. This understanding is of utmost importance for augmenting the reliability and performance of MEMS devices. Specifically, the variational principle is meticulously designed to clarify the relationship between kinetic energy and potential energy, facilitating a profound exploration of how these two fundamental energy forms interact and exert mutual influence within a system. By establishing a variational principle, we can systematically dissect the kinetic properties of a system and construct a robust framework for predicting and elucidating the system’s behavior. It enables investigation of how alterations in one energy form can directly impact the other, thereby unveiling the underlying physical mechanisms at work. This comprehension is not only vital for MEMS research, but also has extensive implications for other fields where energy dynamics play a decisive role.
Using the semi-inverse method [40], the following variational formulation can be obtained.
[image: Mathematical expression showing an integral equation: \( J(w) = \int_{t_1}^{t_2} \left( \frac{1}{2} \dot{w}^2 - F(w) \right) dt \). It is labeled as equation (15).]
where F is potential energy, satisfying the following relationship
[image: Derivative of \( F(w) \) with respect to \( w \), denoted as \(\frac{d}{dw} F(w)\), equals \( f(w) \). Equation number 16.]
Proof. Making Equation 15 stationary, we have
[image: Mathematical equation shows \( \delta (w) = \delta \left[ \int_{t_1}^{t_2} \left( \frac{1}{2} \dot{w}^2 - F(w) \right) dt \right] = 0 \). This is labeled as equation 17.]
The variational operator and the integral operator are interchangeable, so it can be obtained that
[image: Equation showing the integral of a function from \( t_1 \) to \( t_2 \). The equation begins with \( \delta S = \int_{t_1}^{t_2} ( \frac{d}{d\tau} \frac{\delta \dot{w}^2}{2} - F(w) ) d\tau = \int_{t_1}^{t_2} ( \dot{w} \delta \dot{w} - \delta F(w) ) dt \). It is labeled as equation (18).]
The variational operator and the differential operator are interchangeable, so it can be obtained that
[image: Equation showing i times delta omega equals negative vi times the derivative of delta omega with respect to time, labeled as equation nineteen.]
So Equation 18 becomes
[image: Mathematical expression representing an integral from \( t_1 \) to \( t_2 \). The equation inside the integral is \( \left( \delta v_i \frac{d}{dt}(x_i) - \frac{dF}{dw} \delta w \right) dt = 0 \). It is labeled as equation 20.]
After performing integration by parts on the above equation, we obtain
[image: Equation showing the integral from \( t_1 \) to \( t_2 \) of the expression \((- \frac{d}{dt}(\frac{\partial F}{\partial \dot{w}}) + \frac{\partial F}{\partial w}) \delta w)\, dt\) plus the term \( \dot{w} \delta w \mid_{t_1}^{t_2} = 0 \), labeled as equation 21.]
We assume that [image: Mathematical expression showing delta w of t sub 1 equals zero.] and [image: Delta w at t sub 2 equals zero.], from Equation 12, we have
[image: Equation showing the sum of derivatives: \(\frac{dw}{dt} + \frac{dF}{dW} = 0\). It is labeled as equation (22).]
In view of Equation 16, we find that Equation 22 is equivalent to Equation 1.
Equation 15 represents a Hamilton principle, a fundamental concept in the study of physical systems [41]. This principle is of great importance as it provides a powerful framework for understanding the behavior of MEMS devices. By establishing a variational formulation, it allows for the analysis of kinetic and potential energy relationships within the system. The Hamilton principle enables investigation of how changes in one form of energy can impact the other, thus shedding light on the underlying physical mechanisms. It serves as a cornerstone for deriving equations of motion and predicting the dynamic behavior of the system. Equation 15 and the associated Hamilton principle play a crucial role in the accurate determination of pull-in displacement and other key parameters in MEMS devices, facilitating their design and optimization. The semi-inverse method [40] is a powerful tool for deriving variational formulations that can provide valuable insights into the behavior of complex systems. The semi-inverse method enables the systematic construction of a variational formulation that accurately represents the relationship between different physical quantities and facilitates understanding of the underlying mechanics of the system [42–46]. According to Equation 15, we have
[image: An equation with the form one half v squared plus F of w equals H, labeled as equation twenty-three.]
where H represents the Hamilton constant, and its value depends on the initial conditions. It can thus be concluded that the velocity in Equation 5 is contingent upon the initial parameters. This indicates that the determination of displacement and pull-in voltage is sensitive to the initial conditions. It is evident that the initial values have a direct impact on the obtained results, and that any errors or inaccuracies in their specification could compromise the reliability of the method. One potential solution to address this issue could be to integrate the proposed model with numerical optimization techniques [47] or machine learning methods [48]. This approach would allow for the autonomous identification of optimal parameters, thereby reducing the impact of initial errors and enhancing the accuracy and reliability of the method. The integration of the proposed model with numerical optimization techniques or machine learning methods could ensure the robustness and applicability of the method in practical scenarios.
3 METHODOLOGY
3.1 Overall architecture and algorithmic flow of the new method
The proposed methodology for determining the pull-in displacement in MEMS devices is designed with a modular and systematic architecture, commencing with the precise definition of the physical model of the MEMS device under consideration, incorporating all the relevant mechanical and electrical parameters. Subsequently, the variational principle is applied in a novel way. Rather than employing conventional methods, a bespoke functional is introduced, accounting for the unique characteristics of the MEMS system, including the geometry of the moving components and the distribution of the electrostatic field. This functional is then subjected to variational calculus operations, resulting in an iterative algorithm for calculating the pull-in displacement. The algorithm has been structured in such a way that it converges towards the accurate solution efficiently, with each iteration refining the estimate of the pull-in displacement based on the previous results and the information from the variational principle.
3.2 Mathematical derivation and logical Justification of key steps
In the mathematical derivation of the method, the fundamental equations of motion of the MEMS device are derived from the variational principle. For instance, an equation is obtained relating the acceleration, velocity, and displacement of the movable part to the applied voltage and the mechanical properties of the device. By applying the chain rule and other mathematical techniques, the equation can be transformed into an iterative form, with the key step being the proper handling of the nonlinear terms in the equation. We employ approximation methods and perturbation techniques, meticulously tailored to the characteristics of the MEMS system, to linearize the equation in a manner that preserves the essential physical behavior. This enables us to solve the equation iteratively and obtain a convergent solution. The logical foundation for each step is rooted in the physical interpretation of the variables and the mathematical principles underlying the variational principle and the approximation methods. It is imperative to ensure that each operation is consistent with the physical laws governing the MEMS device, and that the errors introduced by the approximations remain within an acceptable range.
According to the pull - in criterion provided in Equation 5, the pull - in displacement and pull - in voltage can be determined by solving simultaneously the following algebraic equations.
[image: It seems like you tried to include an image, but it hasn't appeared. Please upload the image or provide a URL, and I would be happy to assist you in generating the alternate text.]
[image: Mathematical equation depicting a fraction with \( F(w) - H \) in the numerator and 0 in the denominator, labeled with the number 25.]
where F is defined in Equation 16, [image: Equation showing the derivative of F with respect to w equals the function f of w.]. Equation 24 is for zero acceleration, and Equation 25 is for zero velocity. The Hamilton constant can be determined from the initial conditions, [image: The mathematical expression shows \( w(0) = 0 \).] and [image: Equation displaying a derivative notation: the derivative of \( w \) with respect to time, evaluated at time zero, equals zero.]:
[image: Equation depicting a relationship: \( H = \frac{1}{2} v^{2}(0) + F(w(0)) = F(0) \). Labeled as equation 26.]
So Equation 25 becomes
[image: If you have an image you’d like me to help with, please upload it or provide a URL.]
3.3 Analysis of the innovativeness and Advantages of the method
By solving both Equations 24, 27 simultaneously, the exact pull-in displacement and voltage can be obtained. In contrast, some well-known analytical methods, such as the variational iteration method and the homotopy perturbation method, yield only approximate results. The innovativeness of our method is manifest in several aspects.
Firstly, the application of the variational principle with a custom-designed functional is exclusive, and thus offers a more accurate and physically meaningful depiction of the MEMS system than traditional approaches. It reveals the kinetic energy characteristics during the operation of the MEMS and directly gives the pull-in criterion of Equation 27.This enables us to precisely capture the essential features of the pull-in phenomenon.
Secondly, the pull-in criterion provides physical insights into the pull-in instability. When both the acceleration and velocity are greater than zero, the pull-in instability occurs. Thus, the critical values when the acceleration and velocity are equal to 0 can easily determine the pull-in displacement and the pull-in voltage.
Compared with traditional methods like the variational iteration method and the homotopy perturbation method, our method requires no iteration to solve the original differential equation, but to solve algebraic equations with ease. This not only reduces the time taken for computation but also lessens the impact of errors that may be accumulated during the iterative process. Furthermore, the method is more robust to changes in initial conditions and system parameters, rendering it more suitable for practical applications where these factors may not be accurately known.
4 VALIDATION AND RESULTS
To validate the proposed method for determining the pull-in displacement in MEMS devices, we consider an example given in Ref. [49]
[image: The image contains a mathematical equation and conditions: \( \ddot{w} + w - \frac{k}{1 - w} = 0 \), with initial conditions \( w(0) = 0 \) and \( \dot{w}(0) = 0 \). The equation is labeled as equation (28).]
The pull-in voltage can be determined exactly by the following equation [49]
[image: Equation with a fraction and logarithm: \(\frac{1}{2} \left(\frac{1+\sqrt{1-4k}}{2}\right)^2 + k \ln \left| 1 - \frac{1+\sqrt{1-4k}}{2} \right| = 0\). Captioned as (29).]
The first step of our method is to establish a variational formulation for Equation 28, that is
[image: Mathematical equation depicted: \( J(w) = \int \left[ \frac{1}{12}v^{-\frac{3}{2}} - \frac{1}{2}w^2 - k \ln(1-w) \right] \, dt \). Equation number 30.]
From the established variational formulation, the following equation is obtained
[image: Equation showing kinetic and potential energy terms: \( \frac{u^2}{2} + \frac{v^2}{2} + k \ln(1 - w) = H \), labeled as equation (31).]
The Hamilton constant can be determined exactly by the initial conditions, and finally Equation 31 becomes
[image: Mathematical equation with variables v, w, and constant k: \( \frac{{v^2}}{2} + \frac{1}{2}w^2 + k \ln(1-w) = 0 \).]
Now the next step is to set the acceleration in Equation 28 and the velocity in Equation 32 equal to zero, that is
[image: Equation: \( \frac{w - k}{1 - \frac{1}{w}} = 0 \), labeled as equation (33).]
[image: The equation displayed is \(\frac{1}{2}w^2 + k \ln(1-w) = 0\), labeled as equation (34).]
The last step is to solve the algebraic equations Equations 33, 34. From Equation 33 we have
[image: Mathematical expression defining \( w \) as the fraction \( \frac{1 + \sqrt{1 - 4k}}{2} \), followed by equation number 35 in parentheses.]
Substituting Equation 35 into Equation 34, we obtain an algebraic equation for pull-in voltage, that is
[image: The equation is one half times the fraction one plus the square root of one minus four times k, divided by two, squared, plus k times the natural logarithm of the fraction one minus the square root of one minus four times k, divided by two, equals zero. It is labeled as equation thirty-six.]
Consider w < 1, Equations 30, 36 are same.
Conventional approaches, including the variational iteration method and the homotopy perturbation method, have been shown to yield approximate pull-in voltages with a high degree of accuracy. In contrast, the present study aims to provide exact values.
5 CASE STUDIES
We assume a MEMS oscillator described by the equation
[image: Equation showing a differential relationship: \( m \ddot{w} + k w - \frac{e A V^2}{(d-w)^2} = 0 \) with initial conditions \( w(0) = 0 \) and \( \dot{w}(0) = 0 \), labeled equation 37.]
where m is the mass of the movable part, k is the spring constant, [image: Please upload an image or provide a URL for me to generate the alt text.] is the permittivity of the medium, A is the area of the electrodes, V is the applied voltage, and w is the displacement.
First step: We apply the variational principle to this equation. Its kinetic energy and potential energy are, respectively, as
[image: Equations display kinetic and potential energy. K equals one-half m v squared. E equals one-half k w squared minus epsilon A V squared over d minus w. Equation number 38.]
The variational formulation is
[image: Integral equation representing \( J(w) = \int \left( \frac{1}{2} m \dot{w}^2 - \frac{1}{2} k w^2 + \frac{c A V^2}{d-w} \right) dt \), with equation number \( (39) \).]
Second step: The Hamilton constant is
[image: It seems there's an issue with the image upload. Please try uploading the image again, and I will generate the alternate text for you.]
By the initial conditions, we have
[image: Equation showing kinetic and potential energy terms: one-half times mass times velocity squared plus one-half times stiffness times displacement squared minus epsilon times area times shear force squared divided by d minus w equals negative epsilon times area times shear force squared divided by d. Equation number forty-one.]
Third step: Setting [image: The equation presented is \(\dot{w} = 0\).] in Equation 41 and [image: Please upload the image or provide a URL to it so I can help generate the alternate text.] = 0 in Equation 37, we have
[image: The equation shows one-half times k times w squared minus e times A times V squared over d times w equals negative e times A times V squared over d, labeled as equation forty-two.]
[image: Equation labeled as 4.3: \(kw - \frac{eAV^2}{(d-w)^2} = 0\).]
Fourth step: Solving Equations 42, 43 for w and V, the pull-in displacement and the pull-in voltage are exactly determined. Considering the case k = 1, [image: I'm sorry, I can't see the image. Please upload the image, and I'll generate the alt text for you.], A = 1, d = 1, the above equations become
[image: Equation showing \( \frac{1}{2} w^2 - \frac{V^2}{1 - w} = -V^2 \) with a reference number (44) at the end.]
[image: Equation showing \( w - \frac{v^2}{(1-w)^2} = 0 \) labeled as equation 45.]
By DeepSeek, we have
[image: Mathematical expression showing a system of equations with: \( w^* = \frac{1}{2} \) and \( v^* = \frac{1}{2\sqrt{2}} \). Equation is labeled as \( (46) \).]
It takes 0.015 s, see the following Figure 1.
[image: Solutions for \( w \) and \( V \) are shown. \( w = \frac{1}{2} \) and \( V = \frac{\sqrt{2}}{4} \). Calculation time is 0.015 seconds.]FIGURE 1 | Solving Equations 44, 45 by Deepseek. Copy the equations as an imagine, and ask Deepseek to solve the problem.
Now we consider the following case [50]
[image: Equation notation showing: \(\ddot{w} + w + \varepsilon w^3 - \frac{\alpha_1 k}{1-w} - \frac{\alpha_2 k}{(1-w)^2} = 0\). Initial conditions: \(w(0) = 0\) and \(\dot{w}(0) = 0\). Equation number 47.]
where [image: It seems there was an error in uploading the image. Please try uploading the image file again, and I will help generate the alt text for it.] and [image: Please upload the image or provide a URL, and I can help generate the alternate text for it.] are constants, k is the voltage coefficient. By suitable choice of the parameters, Equation 47 can be converted to those in open literature [51–54]
For the given oscillator Equation 47, its variational formulation is crucial for analyzing the system’s behavior. The variational formulation is derived as follows:
[image: Integral equation with respect to \( w \), involving terms like \( \frac{1}{2} v^2 \), \( \frac{1}{2} w^2 \), \( \frac{1}{4} e^{w^4} \), and \( \alpha_t \ln(1 - w) + \frac{\alpha_x k}{1 - w} \), denoted as \( J(w) \) with equation number (48).]
We have
[image: An equation is displayed: \(\frac{1}{2}v^2 + \frac{1}{2}w^2 + \frac{1}{4}w^4 + a_t \ln(1-w) - \frac{\alpha_0 k}{1-w} = H\), numbered (49).]
The Hamiton constant can be identified by the initial conditions, after its identification, Equation 49 becomes
[image: Equation showing a mathematical expression involving variables and constants: one-half times v squared plus one-half times v squared plus one-fourth times w squared plus one-fourth times e to the power of w to the fourth power plus a sub one times natural log of one minus w, subtract alpha sub two times k over one minus w, equals negative alpha sub two times k.]
According to the pull-in criterion, we have
[image: Equation with variables and constants: \( w + \epsilon w^3 - \frac{\alpha_1 k}{1 - w} - \frac{\alpha_2 k}{(1 - w)^2} = 0 \), labeled as equation (51).]
[image: Mathematical equation labeled as equation 52. It includes several terms: one-half times nu squared, one-fourth times epsilon w to the fourth power, alpha sub one times the natural logarithm of one minus w, minus alpha sub three times k over one minus w, equals negative alpha sub two times k.]
For the given parameters involved in Equations 51, 52, we can effortlessly obtain the pull-in displacement and the pull-in voltage. For instance, let’s consider a specific case where [image: I'm sorry, but it seems you haven't uploaded an image. Please upload the image or provide a URL, and I can help generate the alternate text.], [image: Please upload the image or provide a URL, and I can help generate the alt text for it.],and [image: I'm unable to view the image you uploaded. Please try re-uploading the image or providing a detailed description so I can help generate appropriate alt text.]. By solving Equations 51, 52, we find that w* equals 0.7153318630 and k* is equal to 0.203632188. This is the exact result as that mentioned in Reference [49], which further validates the reliability of our method. This consistency not only demonstrates the robustness of the equations but also highlights their practical applicability in various engineering and scientific scenarios. Additionally, Figure 2 vividly showcases the accuracy of the pull-in criterion, further validating the effectiveness and reliability of the method.
[image: (a) A plot showing parametric curves with different convergence values (K = 0.01, 0.05, 0.1, 0.15, and 0.2032). The curves vary in color and shape, indicating different behaviors.  (b) A separate line graph depicting a single increasing curve with K = 0.2037, showing a steep increase along the vertical axis.]FIGURE 2 | (a) Phase portraits of the MEMS system when [image: Please upload the image you want me to generate alternate text for.], [image: It seems there was an issue with displaying the image. Please upload the image file directly or provide a URL for the image you want an alt text for.], and [image: It seems like you wanted to upload an image but provided some LaTeX code instead. If you intended to upload an image, please try again. If you need help with the code `\alpha_2 = 0`, it represents a mathematical equation where alpha subscript 2 is equal to zero. Let me know how I can assist further!] for different values of k and (b) the pull-in motion.
[image: Two graphs show system behavior for different K values. Graph (a) is a phase plot with colored trajectories for K values from 0.05 to 0.125, depicting oscillatory patterns. Graph (b) is a solution plot for K=0.125, showing a rising trend.]FIGURE 3 | (a) Phase portraits of the MEMS system when [image: It seems there was an issue with the image upload. Please try uploading the image again or provide a URL.], [image: The image shows the mathematical expression alpha subscript one equals zero.], and [image: It seems there was a misunderstanding—there's no image visible here. Please upload the image or provide a URL for the alt text generation.] for different values of k and (b) the pull-in motion.
Now we consider another case of [image: It seems like there is no image provided. Please upload the image, and I can help generate the alternate text for it.], [image: Greek letter alpha subscript one equals zero in a mathematical expression.],and [image: It seems there was an error with your image upload. Please try uploading the image again.]. By applying Equations 32, 33, we find that the pull-in displacement equals 0.500 and the pull-in voltage is equal to 0.125. Figure 3a shows the critical value of k is k=0.1250000001, while Figure 3b verifies that when k is larger than the critical value, the pull-in motion occurs.
6 DISCUSSION AND CONCLUSION
The present criterion has been demonstrated to yield exact results, in contrast to the approximate outcomes provided by certain analytical methods, including the variational iteration method and the homotopy perturbation method [55, 56]. However, it should be noted that the present theory does possess certain limitations. In cases where the variational formulation cannot be established, the present pull-in criterion requires modification. Furthermore, factors such as temperature or pressure fluctuations, which are part of the environmental conditions, have not been considered within the present paper. When considering these environmental factors, the governing equation should be modified. The spring constant and electrostatic force coefficient are relative to temperature, and the pressure variation affects the damping term in the equations of motion. While the material variations like Young’s modulus and permittivity can impact the pull-in behavior.
It is anticipated that this paper will act as a foundation for the enhancement and refinement of the theory, thereby increasing its applicability in real-world scenarios. This research has successfully presented a novel approach for the rapid determination of the pull-in displacement of MEMS devices. Through a combination of advanced analytical techniques and innovative algorithms, our method has demonstrated significant improvements in speed and accuracy compared to traditional methods.
The reliability and effectiveness of the proposed approach enhances the comprehension of MEMS device behavior from a mathematical perspective, and also has great potential for diverse applications in fields such as sensor technology, micro-actuators, and biomedical devices. The ability to quickly and accurately determine pull-in displacement provided by the proposed method serves as a cornerstone for more efficient MEMS device design and optimization, ultimately leading to enhanced performance and broader adoption of these miniature yet highly functional systems.
In the foreseeable future, there exist several crucial areas where in - depth and further research endeavors could be vigorously pursued. First and foremost, the potential refinement of the MEMS models stands as a significant research direction. Currently, the existing MEMS models are somewhat limited. To enhance their accuracy and comprehensiveness, it is essential to take into account a wider array of factors. Temperature, for instance, has a non - negligible impact on the performance and characteristics of MEMS devices. Fluctuations in temperature can cause material expansion or contraction, which in turn affects the mechanical and electrical properties of MEMS components. Besides temperature, considering their variational formulations is also of great importance. Variational formulations can provide a more in - depth understanding of the physical principles underlying MEMS operation, enabling more precise mathematical descriptions and analyses.
Furthermore, in the event that the variational formulation proves difficult or impossible to establish, the pull - in criterion has to be modified. The pull - in criterion is a critical parameter in MEMS design and analysis, determining the onset of instability in electrostatically actuated MEMS devices. A proper modification of this criterion can ensure the safe and efficient operation of MEMS devices under various conditions.
In addition, the integration of the current approach with Galerkin technology holds great promise. Galerkin method is widely used in numerical analysis and has demonstrated high - efficiency in solving complex engineering problems. By integrating the existing MEMS research approach with Galerkin technology, it could potentially open up new and innovative avenues for the development of more sophisticated and advanced MEMS devices. These new devices may have enhanced performance, higher sensitivity, and better reliability, which will have far - reaching implications for various fields such as aerospace, biomedical engineering, and telecommunications.
All in all, these research directions offer great potential for promoting the development and application of MEMS technology in the future.
Overall, the research we’ve conducted marks a substantial leap within the domain of MEMS device characterization. By meticulously analyzing and understanding the intricate properties of MEMS devices, we’ve unearthed novel insights and methodologies. The potential implications are far - reaching. In the realm of MEMS device design, our research can serve as a guiding light. Designers can now leverage our discoveries to create more optimized MEMS devices. For instance, they can fine - tune the structural and material parameters with greater precision, leading to enhanced functionality and performance.
When it comes to performance, the improvements could be revolutionary. MEMS devices are integral to a vast array of applications, from high - tech sensors in smartphones to advanced medical diagnostic tools. With the enhanced design possibilities inspired by our research, these devices can achieve higher levels of accuracy, sensitivity, and reliability. This, in turn, will drive innovation across multiple industries, enabling the development of more sophisticated products and services. In sum, our work has laid a solid foundation for the continued evolution and success of MEMS technology.
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The dynamic behavior of nonlinear oscillators can be researched more accurately in the micro-scale. In this paper, a modified nonlinear oscillator with coordinate-dependent mass by He’s fractal derivative is first given. Then, the energy balance method and modified harmonic balance method are utilized to constructed the first-order and second-order approximate solutions of the fractal model. Next, two sets of parameters are choosen, the obtained numerical solution are compared with the Runge-kuta (RK) solution, and the results demonstrate that the second-order approximate solution is more accurate. In addition, by comparing the solutions under the different fractal dimensions, one can be found that the fractal dimension does not change global properties of the oscillators, but the vibration behaviors gradually accelerates with the increase of the fractal dimension, which means that we can study the oscillation behavior more clearly in the micro-scale.
Keywords: nonlinear oscillators, He’s fractal derivative, two-scale theory, the energy malance method, the modified harmonic balance method

1 INTRODUCTION
Nonlinear oscillations have significant applications in physics, mechanics, and other engineering problems. Typically, differential equations involved in these engineering and physical phenomena are nonlinear. However, methods for solving linear differential equations are easy to construct and have been thoroughly studied. Conversely, computational methods of nonlinear differential equations (NDEs) are relatively less available, and it is difficult to obtain exact solutions, numerical approximations are frequently achieved. Currently, many mathematicians and physicists have proposed a variety of analytical methods for nonlinear problems, such as Homotopy Perturbation Method [1, 2], Adomian decomposition method [3, 4], Variational iteration method [5–7], Hamiltonian-based method [8, 9], Energy Balance Method [10, 11], Harmonic Balance Method [12, 13], Amplitude Frequency Formulation [14, 15] and so on for computing NDEs.
Recently, Lev et al investigate the properties of nonlinear oscillator withcoordinate-dependent mass, and discussed the order parameter-space-space-time duality and phase trajectories [16], which has the folowing form
[image: Equation showing \((1 + x^{2}) D_{n,x} + ex (D_{n}x^{2} - x(1 - x)^{2}) = 0\), labeled as equation 1.1.]
with subject to the initial conditions
[image: It seems there is an issue with the image upload or link. Please provide the image by uploading it directly or using a valid URL. If you have a caption or context, feel free to include that as well.]
where [image: It seems like there was an issue with receiving the image. Please try uploading the image file again, and I will assist you in generating the alt text.] and [image: It seems like the image is missing. Please try uploading it again or provide a URL. If you have additional context or a caption, feel free to include that as well.] are denote the first and second derivative of [image: Please upload the image or provide a URL for me to generate the alternate text.] with respect to time [image: Please upload the image so I can help generate the alternate text for it.], respectively.
Research has shown that such nonlinear oscillators can describe phase transitions in physics and play an important role in quark confinement, cosmos-logical model, and spinodal decomposition [16]. Subsequently, many scholars have systematically studied the numerical solution of the model. Wu et al. applied the Homotopy perturbation method to solve the nonlinear oscillator with nolinear or negative linear term, which the negative coefficient is expanded by adopting the parameter expansion method, and obtained the existence condition for the periodic solutions [17]. The frequency-amplitude formulation with [image: A mathematical expression showing the Greek letter omega raised to the power of four.] is used to this nonlinear oscillator, the results are identical with those obtained by Homotopy perturbation method, which proves the validity of the frequency-amplitude formulation with [image: Mathematical expression: lowercase Greek letter omega raised to the power of four.] [18]. Wang et al combined He’s frequency–amplitude formulation and average residuals to solve the nonlinear oscillation model with negative term [19]. Very recently, based on fractional complex transform and global residue harmonic balance method, Lu et al researched the fractional order form of the nonlinear oscillators with coordinate-dependent mass, numerical results show that this method is robust and effective [20].
Theoretically, it is necessary to investigate the physical phenomena of the nonlinear oscillators from different time scales, because the exact nonlinear vibrational behavior can be captured at the microscopic scale. Reviewing the two-scale theory proposed by He [21, 22], it can describe the relation of nonlinear systems between different scales. Moreover, He proposed a simple fractal derivative by variational iteration method and clarified its application to the interpretation of polar bear hair in [23]. Subsequently, inspired by the two-scale and He’s fractal derivatives, researches of nonlinear oscillators for the fractal corrections can be found in many literatures [24–27].
In this paper, we make fractal corrections to Equation 1.1 based on two-scale theory and fractal derivatives to study the microscopic scale behavior. The fractal version of Equation 1.1 can be written in the following form
[image: A complex mathematical equation involving exponential functions and derivatives: \( (1 + e^{x}) D_{x}^{2} x^{+} + e x (D_{x} x^{+})^{2} - x (1 - x^{+}) = 0 \). This equation is labeled as equation 1.3 on the right.]
with subject to the initial conditions
[image: Please upload the image or provide a URL so I can help create the alternate text for it.]
in whihch [image: Mathematical expression showing \(D_t^\alpha x\), where \(D_t^\alpha\) represents a fractional derivative applied to the variable \(x\) with respect to \(t\) and \(\alpha\) is the order of the derivative.] and [image: Mathematical notation depicting the fractional derivative of x with respect to t, denoted as D^(α)_t x, where α is the order of the derivative.] are He’s fractal derivatives of [image: Please upload the image you would like the alternate text for. If you have trouble uploading, ensure the image is correctly formatted and try again.] with respect to time [image: Please upload the image you want me to generate alternate text for.] that is given by
[image: Mathematical expression depicting a Caputo fractional derivative: \( D_{t}^{\alpha} x = \Gamma(1 + \alpha) \lim_{\Delta t \to 0} \frac{u(t) - u(t_{0})}{(t - t_{0})^{\alpha}} \).]
and the second-order fractal derivative [image: Fractional derivative notation for \( D_t^\alpha x \), where \( D \) represents the derivative operator, \( t \) is the variable, \( \alpha \) the fractional order, and \( x \) the function.] satisfies the chain rule [image: Mathematical equation showing \(D^{\alpha}_{tr} x = D^{\alpha}_{t} D^{\alpha}_{t} x\).].
The fractal two-scale transform is an effective tool for studying fractal models [27]. Typically, for a given fractal problem, fractal two-scale transformation can transform the fractal model into a continuous problem. Since it was proposed, it attracted the attention of many scholars. Based on the transform [image: Mathematical equation representing temperature as a function of time, with temperature \( T \) equal to time \( t \) raised to the power of alpha \( \alpha \).], Equations 1.3–1.4 can be converted to
[image: A mathematical equation is shown: \((1 + ex^2)D_{yy}x + ex(D_yx)^2 - x(1 - x^2) = 0.\)]
and the initial conditions are
[image: If you can upload the image or provide a URL, I can help generate the alt text for it.]
The layout of this paper is given as follows: In Section 2, the energy balance method is adopted to solve the fractal problem (1.3). In Section 3, we succesfully construct first- and second-order approximation solution of the fractal model by using the Modified Harmonic Balance Method. In Section 4, we present numerical experiments and analyze the dynamic behavior of this fractal nonlinear oscillator. In addition, some conclusive remarks are placed in the last section.
2 THE ENERGY BALANCE METHOD
The energy balance method is usually based on the variational principle and is an effective way for solving nonlinear oscillation problems. In order to employ the energy balance method, the variational principle of Equation 1.5 should be established at the first time. By using the semi-inverse method, Equation 1.5 has the following variational principle
[image: The image shows two mathematical integrals. The first integral is from zero to a variable \( t \) for the expression \(\frac{1}{2}(D_T x)^2 (1 + e x^2) - \left(\frac{1}{4} x^4 - \frac{1}{2} x^2\right)\) with respect to \( dT \). The second integral is from zero to \( t \) for \( (D - S) \) with respect to \( dT \). The equations are labeled as equation \( 2.1 \).]
in which [image: It seems there was an issue with the image upload. Please try uploading the image again, or provide a URL or description if possible.] and [image: It looks like there was an issue with the image upload or link. Please try uploading the image again or provide the URL for it. If you have a caption or additional context, feel free to include that as well.] indicate the kinetic energy and potential energy, respectively. Their specific forms are as follows
[image: Equation (2.2) shows two mathematical expressions. The first expression defines D as one-half of \((D_p x)^2\) times \((1 + \varepsilon x^2)\). The second expression defines s as one-fourth minus one-half times x squared.]
Thus, the Hamiltonian invariant can be written as
[image: Equation displaying a mathematical expression: \( h = D + S = \frac{1}{2}(D r x)^{2}(1 + e x)^{2} - \frac{1}{2}x^{2} + \frac{1}{4}x^{4} \). The equation is labeled as (2.3).]
In view of the energy conservation theory, the Hamiltonian invariant remains constant throughout the vibration process, which obtains
[image: Mathematical equation showing height as \( h = D + S = \frac{1}{2}(Dr)x^2(1 + ex^{-2}) - \frac{1}{2}x^2 + \frac{1}{4}x^4 = h_0 \), labeled as equation (2.4).]
Supposing that the solution of Equation 1.1 has the following form
[image: It seems you're describing a mathematical expression rather than providing an image. Could you please upload the image file or provide a URL for the image you want me to describe?]
According to the initial condition Equation 1.2, substituting it into Equation 2.4, we have
[image: The formula shown is \( b_0 = -\frac{1}{2} A^2 + \frac{1}{4} A^4 \), labeled equation 2.6.]
Then Equation 2.4 can be rewritten as
[image: Mathematical equation showing \( h - h_0 = \frac{1}{2} (Dpxi)^2 (1 + ex^2)^{-1} x^2 + \frac{1}{2} x^4 + \frac{1}{4} x^4 - \left(\frac{1}{4} A^4 - \frac{1}{2} A^2\right) = 0 \). Labeled as equation (2.7).]
Substituting Equation 2.5 into Equation 2.7 and setting [image: Angular frequency times period, omega zero T, equals pi divided by four.], one has
[image: Equation showing a complex algebraic expression set to zero. It involves fractions, products, exponents, and variables like \( A \), \( \sigma \), and \( \xi \), arranged in parentheses and brackets. The equation is labeled as 2.8.]
By simplifying the above equation yields
[image: Equation showing omega squared times one plus epsilon over two times A squared equals negative one plus three-fourths A squared, noted as equation 2.9.]
and the frequency can be easily obtained from Equation 2.9
[image: The equation shows theta equals the square root of the fraction three-fourths A squared minus one over one plus five-fourths A squared. It further simplifies to the square root of three A squared minus four over two A squared plus four, which is greater than zero. Equation number (2.10).]
Therefore, the solution of Equation 1.1 is
[image: The equation shown is \( x(T) = A \cos \left( \frac{3A^2 - 4}{2A^2 \varepsilon + 4} T \right) \), labeled as equation (2.11).]
which is in complete agreement with the references [17–19]. On account of Equation 1.1, we can acquire the solution of Equation 1.3 as
[image: The equation shown is \( x(T) = A \cos \left( \frac{3A^2 - 4}{2A^2 + 4} \pi T \right) \), followed by the number (2.12).]
3 THE MODIFIED HARMONIC BALANCE METHOD
Here, we assume that the first order approximate solution has the following form
[image: Please upload the image you want the alternate text for, or provide a URL where the image is located.]
Substituting Equation 3.1 into Equation 1.1 and taking the coefficient of term [image: Mathematical expression showing cosine of omega sub one times T, denoted as "cos open parenthesis omega sub one times T close parenthesis".] as zero, the algebraic equation is given by
[image: The equation depicted is: negative one-half times capital A squared times omega squared epsilon minus capital A omega i sub one squared plus three-fourths times capital A cubed minus capital A equals zero.]
From Equation 3.2, we acquire the first-order approximate frequency
[image: Equation for omega one equals the square root of the fraction with numerator three A squared minus four, and denominator two A squared epsilon plus four.]
Thus the first-order approximation analytical solution of Equation 1.1 is
[image: Equation for \( x_1 \): \( x_1 = A \cos \left( \sqrt{\frac{3A^2 - 4}{2A^2 e^2 + 4}} \, T \right) \). Reference number (3.4).]
and this result is fully consistent with Equation 2.12.
Then we investigate the second-order approximation solution and the corresponding form can be written as
[image: If you want to generate alternate text for an image, please upload the image or provide a URL to the image. Once you do that, I can help create an appropriate description.]
Substituting Equation 3.5 into Equation 1.1 and collectiong the coefficients of [image: The mathematical expression shows the cosine function with variable omega sub two, multiplied by time T, denoted as cos(ω₂T).] and [image: I'm sorry, I can't provide alternative text for something that isn't an image. If you upload or describe an image, I'd be happy to help with that.], one has.
[image: Mathematical equation involving variables and constants: open parenthesis 4 A squared omega sub 2 epsilon squared minus three over two A squared close parenthesis lambda cubed plus open parenthesis negative seven over two A squared omega sub 2 epsilon squared plus nine over four A squared close parenthesis lambda squared plus open parenthesis omega sub 2 squared plus one minus three A squared over two close parenthesis lambda. Equation is numbered 3.6.]
[image: Mathematical expression featuring a complex equation. The equation begins with \(\frac{A^2 \omega_2^2 \varepsilon}{2} - \omega_2^2 - 1 + \frac{3A^2}{4} = 0\). It continues with multiple nested terms involving variables such as \(A\), \(\omega_2\), \(\varepsilon\), and \(\lambda\), including powers, fractions, and products. Specific terms include \((\frac{-9A^2 \omega_2^2 \varepsilon + 2A^2}{1}) \lambda^3\), and others with coefficients and exponents.]
[image: Negative A squared omega sub two squared epsilon over two plus A squared over four equals zero.]
By simplification Equation 3.6, we have
[image: Equation displaying \( \psi_2 \) equals the square root of a fraction. The numerator is \( 6\lambda^3 - 9\lambda^2 + 6\lambda - 3\lambda^2 - 4\lambda + 4 \). The denominator is \( 16\lambda^3 - 14\lambda^2 - 2\lambda^2 + 4\lambda - 4 \).]
Replacing Equation 3.8 with [image: It seems there was an error displaying the image. Please try uploading the image file directly or provide a URL.] in Equation 3.7, the followig nonlinear algebraic equation in terms of [image: It seems you've included a symbol or text instead of an image. Please upload the image you'd like me to generate alternate text for.] can be derived
[image: Mathematical expression with three main components: The first is \((88 e^4 + 272 A^2 e^3 + (-432 e + 804 A^2 e - 184 A^2) A)^{14}\). The second is \((384 \{4 e^2 - 224 A^2 e + 256 A^2\} A)^3 + (-16 A^4 e^2 + 192 A^2 e - 168 A^2 + 128 A)^{24} \lambda\). The third is \((244 e^4 - 40 A^2 e + 100 A^2 - 128) + 44 A^4 e - 8 A^2 e^2 - 4 A^2 = 0\).]
The higher order terms of [image: Please upload the image or provide a URL so I can generate the alternate text for you.] more than second order has almost no effect on [image: Please upload an image or provide a URL, and I can help generate the alt text for it.]. Thus, more than second order of [image: Please upload the image, and I will help generate the alternate text for it.] can be ignored, one has
[image: Mathematical equation displaying the following: \( 8\lambda^{2} \varepsilon + 4\lambda^{2} - 4\lambda^{2}\varepsilon - (-164\lambda^{4} \varepsilon + 192\lambda^{2} \varepsilon - 168\lambda^{2} + 128) \lambda^{2} \varepsilon = \lambda \). It is labeled as equation (3.10).]
in which
[image: Equation for \( y \) expressed as a fraction: \( y = \frac{1}{24x^4 - 40x^2 + 100x - 128} \).]
The power series solution of Equation 3.10 with respect to [image: Please upload an image or provide a URL so I can help generate the alternate text.] is
[image: Mathematical equation: z equals a subscript zero plus a subscript one times y plus a subscript two times y squared, and so on. The equation is labeled (3.12).]
where
[image: Equations for \( q_1 \) and \( q_2 \) are shown. \( q_1 = -4A^4 c + 8A^2 c + 4A^2 \). \( q_2 = 64(41A^4 c - 48A^2 c + 42A^2 - 32)A^{-1}(A^2 c - 2c - 1)^2 \).]
Next, inserting Equation 3.12 into the [image: Please upload an image or provide a URL, and I will generate the alt text for you.] of Equation 3.8, a second-order approximate frequency can be easily ontained.
Thus, the second-order approximation solution of Equation 1.5 is [image: Mathematical formula showing \( x_2 = A \cos(\omega_2 T) + A \lambda (\cos(3 \omega_2 T) - \cos(\omega_2 T)) \).] where [image: Please upload the image or provide a URL so I can generate the alternate text for you.] and [image: Please upload the image or provide a URL for it.] are provided by the equations above.
4 NUMERICAL SIMULATION
In this section, we take the following parameters to verify the effectiveness of these two methods for the nonlinear oscillations with fractal correction.
For the parameters [image: It seems there's an issue with your request as I cannot view the image. Please upload the image file or provide a URL, and I'll be glad to help with the alt text.] and [image: Mathematical expression displaying epsilon equals zero point zero zero zero one.], we calculate the numerical solutions for the first-order, second-order, and Runge-Kutta methods at different [image: Please upload the image or provide a URL for which you want the alt text to be generated.] with [image: Please upload the image or provide a URL, and I will generate the alt text for you.], and provided their relative errors compared to the Runge-Kutta (RK) solution. From the last two columns of Table.1, it can be seen that although the first-order approximate solution seems to be sufficiently accurate, the relative error of the second-order approximate solution compared to the RK solution is almost one-fifth of the relative error of the first-order approximate solution to the RK solution. This indicates that the second-order solution constructed by the modified harmonic balance method has higher accuracy.
TABLE 1 | First- and second-order approximate solutions of Equation 1.3 compared with numerical solution ([image: Please upload the image or provide a URL for me to generate the alternate text.], [image: I'm sorry, I can't help with viewing or interpreting that specific content. If you have another type of image, feel free to upload it directly for assistance.] and [image: It seems there was an issue with the image upload. Please try uploading the image again or provide a URL to the image.]).
[image: A table displaying time series data comparing numerical solutions using different methods. Columns include time \( t \), first-order approximate \( x_1 \), second-order approximate \( x_2 \), fourth-order Runge–Kutta solution \( x_* \), and relative errors \(|\frac{x_* - x_1}{x_*}|\) and \(|\frac{x_* - x_2}{x_*}|\). Each row corresponds to a time increment: \(0.01\) to \(0.10\). Annotations explain the methods used for calculations and error representation.]Figure 1 further validates this viewpoint. Figure 1A presents the solution curves for three methods, showing that the second-order approximate solution almost coincides with the RK curve, whereas the first-order approximate solution, represented by the blue curve, has noticeable differences compared to the red and green curves. Figure 1B displays the corresponding phase plane trajectories for the three methods within one period, revealing that the phase plane trajectories of the second-order approximate solution and the RK solution nearly identical.
[image: Three subplots show different mathematical functions.   (a) A line graph of sin functions over time with lines labeled as 'HM4', '1st', '2nd', and '3rd', showing multiple overlapping curves.   (b) A plot comparing 'HM4' and 'nd2' across a circular path on an x-y axis.   (c) A graph showing the relationship between variables 'n', 'ax3.5', 'ax35', 'n=0', and 'n=5', with curves illustrating changes over a defined range.]FIGURE 1 | The dynamic behaviours of Equation 1.3 for [image: Please upload the image you'd like me to generate alt text for.], [image: It seems there's an issue with the image upload. Please try uploading the image file again or provide a URL.] and [image: Mathematical notation showing the Greek letter epsilon, followed by an equals sign and the number zero point zero zero zero one.]. (A) Solution plots of the three methods. (B) Phase plane trajectories of the three methods. (C) Solution plots for different fractal dimensions.
Furthermore, Figure 1C shows the image curves of the second-order approximate solutions for Equation 1.3 when [image: Please upload the image or provide a URL for me to generate the alternate text.] takes the values of 0.25, 0.5, 0.75, and 1, respectively. It is easy to find that the fractal dimension [image: It seems there's an issue with the image upload or URL. Please try again by uploading the image file directly or providing a URL link. If you have a caption or context to add, feel free to include that as well.] has a significant influence on the nonlinear vibration behavior. The vibration is singular periodic when [image: It seems there was no image provided. Please upload the image or provide a URL, and I can help generate the alternate text for it.]. As [image: Please upload the image you'd like me to describe, and I'll generate the alternate text for you.] gradually increases, the frequency of the vibration behavior accelerates. Until [image: It seems like there might have been an error with the image upload. Please try uploading the image again or providing a correct URL. If you have any additional context or description, feel free to include it.], the vibration exhibits a clear periodicity. It also can be seen that although the frequency of the graphic changes significantly with the change of [image: Please upload the image or provide a URL so I can generate the alternate text for you.], the amplitude remains unchanged, indicating that the fractal dimension does not alter the macroscopic behavior of the nonlinear oscillator. Therefore, in low dimensional situations, that is, micro scale, it is more beneficial to research the vibration behavior of nonlinear oscillator.
5 CONCLUSION
In this article, based on the fractal modified nonlinear oscillators with coordinate-dependent mass, the accurate approximate solutions are successfully constructed by the impactful techniques, which are the energy balance method and the modified harmonic balance method under fractal case. The numerical results indicate that the second-order approximate solution can achieve good accuracy. In addition, in the case of low fractal dimension, the change of vibration behavior is slower, and gradually accelerates as the dimension increases, which is more helpful for us to investigate nonlinear oscillations from the perspective of microscale. Therefore, the method presented of our paper can be considered as an effective alternative to existing methods.
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In this paper, we investigated the logic and RF performance of nanostructure N-polar AlGaN/GaN high-electron mobility transistors (HEMTs) with and without GaN cap layer. It’s found that devices without the GaN cap layer exhibit superior performance, the maximum drain current density of 0.99 mA/μm at VGS = 2 V and a corresponding on-state resistance (Ron) of 0.88 Ω·mm. The GaN HEMT without GaN cap layer leads to a peak transconductance of 0.75 S/mm at VDS = 3 V. Varying the drain doping concentration significantly affects both the current density and transconductance. At a doping concentration (ND) of 1022 cm−3, the device without GaN cap layer achieves a maximum current density of 0.98 mA/μm at VDS = 1 V, and the maximum cut-off frequency (fT) of 183.8 GHz at VDS = 3 V. These findings highlight the potential of N-polar AlGaN/GaN HEMTs without the GaN cap layer for high-power, high-frequency, and micro- and nano-electromechanical system (M/NEMS) sensors applications.
Keywords: HEMTs, 2DEG density, gm, quantum tunneling, cut-off frequency, output characteristics

1 INTRODUCTION
AlGaN/GaN HEMTs are highly effective for high-power, and high-frequency applications. This effectiveness arises from their outstanding material properties, characterized by a wide energy bandgap, saturation velocity, high breakdown voltage, and a substantial density of two-dimensional electron gas (2DEG) at the AlGaN/GaN heterointerface [1–4]. The strong mechanical stability of epitaxial films enables the III-N materials HEMTs for micro-electromechanical system (MEMS) sensors and oscillators [5–7]. The size of nano electromechanical device can be scaled [8]. The wurtzite crystal structure of GaN causes polarization in the c-direction. Thus, the orientation of the substrate can result in epitaxial structures with either N-polarity or Ga-polarity. Currently, most commercial AlGaN/GaN HEMTs utilize Ga-polar orientation because it’s simplifying epitaxial growth process and more mature processing techniques [9]. However, the reversed polarization found in N-polar epitaxial structures that may offer advantages for N-polar HEMTs. In N-polar HEMTs, unlike Ga-polar HEMTs, the barrier layer is situated below the channel. This arrangement enables the gate-to-channel distance to be scaled further without reducing the density of the 2DEG [10, 11]. N-polar GaN HEMTs exhibit superior performance as higher-frequency and higher-power amplifiers than their Ga-polar [12]. Additionally, due to its position beneath the channel, the barrier layer acts as a built-in back barrier, enhancing the device’s pinch-off performance [13]. Furthermore, in N-polar GaN, a thick GaN-cap layer can be applied. The N-polar HEMT epi structure featuring a GaN cap is often termed a “deep recess HEMT” due to its requirement for recess etching to position the gate in closer proximity to the channel [14, 15]. The GaN cap layer reduces the vertical electric field in the GaN channel, leading to an increase in 2DEG charge density and improved mobility [16]. Additionally, the GaN cap helps control dispersion by shifting surface states away from the channel and increasing the threshold voltage (VTH) in the access regions [17]. This voltage shifts results from the higher sheet charge density induced by the polarization effects of the GaN layer.
Despite these benefits, deep recess N-polar HEMTs face certain challenges. The interface between the gate and GaN, particularly at the trench sidewalls, can lead to higher leakage currents due to damage caused by dry etching [18]. Additionally, the deep recess structure introduces fringing capacitance from the gate recess through the GaN cap layer, limiting the device gain [19] which can degrade RF performance [20]. Furthermore, incorporate of a GaN cap layer in N-polar HEMTs creates challenges such as increased surface roughness, complexities in managing polarity reversal during growth, and potential interfacial strain and defects [21, 22]. Removing the GaN cap layer in N-polar HEMTs can offer several significant advantages, primarily related to improved device performance and fabrication simplicity. Without the GaN cap layer, the overall surface roughness of the device can be reduced, leading to better electron mobility and enhanced high-power performance [23]. The absence of the cap layer also simplifies the growth process, reducing the complexity and potential for polarity inversion issues during fabrication [24]. To improve dispersion control and environmental stability, a thin layer of ex-situ SiN is used as passivation layer. To fabricate a thin passivation layer bubble electrospinning can be used to enhanced device performance [25]. By utilizing multiple jets formed from polymer solution bubbles, insulation can be improved, and leakage currents can be reduced. Although some research is done on GaN cap layer, further research is needed to understand the RF performance of AlGaN/GaN HEMTs in detail.
In this work, a novel nanostructure N-polar GaN HEMT without a GaN cap layer is proposed, where a 3 nm HfO2 layer is used for passivation. The passivation layer is used to control dispersion and environmental stability, particularly at higher operating voltages. Evaluated the device’s behavior, DC, and small-signal performance. The findings revealed GaN HEMTs without a GaN cap layer improved the output current density, transconductance, and maximum cut-off frequency. The drain doping concentration significantly affects the current density and transconductance. The principal contributions of this article include:
	1. The impact of GaN cap layer of AlGaN/GaN HEMTs on DC performance has been studied.
	2. The comparison of the RF performance of GaN HEMTs with and without GaN cap layer.
	3. The impact of drain doping concentration on output characteristics, transfer characteristics, transconductance, and cut-off frequency has been investigated.

The paper is organized as follows: Section 2 provides a detailed explanation of the device structure and simulation methodology. In Section 3, the results and discussions are thoroughly discussed. Finally, Section 4 presents the conclusions drawn from the findings.
2 DEVICE STRUCTURE AND SIMULATION METHODOLOGY
The cross-sectional view of the conventional and proposed AlGaN/GaN HEMTs are shown in Figures 1a,b, respectively. The proposed structure has a sapphire substrate over which a 1.5 µm thick Fe-doped GaN buffer layer is placed. This buffer layer plays a critical role in minimizing lattice mismatch between GaN layer and the substrate, thereby reducing strain and defect density in the subsequent layers. Above the buffer, a 150 nm unintentionally doped (UID) GaN layer is introduced, followed by a 20 nm thick Al0.32Ga0.68N barrier layer with a donor concentration of 3.8 × 1018 cm−3. The UID GaN layer helps to prevent electron leakage from the two-dimensional electron gas (2DEG) into the substrate, while the barrier layer ensures carrier confinement within the channel, improving overall device performance. A 0.7 nm AlN spacer layer is incorporated to further confine the 2DEG and enhance electron mobility. Above the spacer, a 12 nm UID GaN channel layer is employed. To facilitate selective etching, a 3 nm thick layer of Al0.26Ga0.74N serves as an etch-stop layer. For the gate dielectric, a 3 nm HfO2 layer is used due to its high-k properties, which provide excellent gate capacitance while minimizing gate leakage current without compromising gate control. Below the drain/source region placed an n+ GaN layer with a donor concentration of 1020 cm−3. The device features 750 nm source-to-drain spacing, 250 nm source-to-gate recess spacing, 200 nm source-to-gate, and 300 nm drain-to-gate metal distances.
[image: Two cross-sectional diagrams labeled (a) and (b) depict vertical structures of semiconductor devices. Both diagrams show layers including Sapphire, GaN Re-buffer, UID GaN, channels, and various GaN and AlGaN configurations. Differences in structure, dimensions, and material compositions like the inclusion of NiO for insulation in (b) are noted. Each has labeled dimensions and material specifications for components like source, gate, and drain.]FIGURE 1 | Cross-sectional schematic structure of AlGaN/GaN HEMT (a) with GaN cap layer (b) and without GaN cap Layer.
The Fermi-Dirac statistics model was employed to capture the effects of elevated doping levels, along with the Shockley–Read–Hall (SRH) recombination-generation model, and incomplete ionization models used, offered by Silvaco TCAD [26]. The SRH recombination model consists of four different stages: initially, electrons and holes are captured, followed by their subsequent emission. To manage the carrier transport field-dependent mobility and concentration-dependent mobility models were incorporated. Other essential models, including drift-diffusion, continuity, quantum tunneling, the high-field velocity saturation, and the Schrödinger-Poisson equations [27], were utilized to regulate electron and hole transport, as well as their dynamics throughout the simulations. Newton’s method was employed to solve the physics-based models over multiple triangular mesh regions of the HEMT. The simulation models were validated using experimentally data sample, as reported by Odabasi et al. [9]. Figure 2 shows that, the simulated results closely align with the experimental data, confirming the simulation environment feasible for comparative analysis.
[image: Graph showing a comparison of simulated and reference data for current (I<sub>DS</sub>) versus voltage (V<sub>DS</sub>). The x-axis represents V<sub>DS</sub> in volts from 0 to 5, and the y-axis represents I<sub>DS</sub> in amperes per millimeter from 0 to 1.0. The black line represents reference data, and the red line represents simulated data, both showing similar trends with increasing voltage.]FIGURE 2 | Calibration of the silvaco ATLAS TCAD tool. Output characteristics compared with reported data in [9].
3 RESULTS AND DISCUSSION
Figure 3 illustrates the impact of the GaN cap layer on the performance of high-electron mobility transistors. At VGS of 0 V and 2 V, HEMTs without the GaN cap layer exhibit higher IDS values, reaching 0.8 mA/μm and 0.99 mA/μm, and the corresponding to on-state resistance (Ron) of 1.02 Ω·mm and 0.88 Ω·mm, respectively. In contrast, devices with the cap layer achieve lower current densities of about 0.6 mA/μm and 0.85 mA/μm, corresponding Ron of 1.34 Ω·mm and 1.017 Ω·mm under the same conditions. The output characteristics shows a marked improvement in current density for devices without the GaN cap layer compared to the GaN cap layer. The GaN HEMT without a GaN cap layer enhances the saturation behavior, and reduces Ron, indicating better channel control and reduced short-channel effects. These improvements are due to enhanced electron mobility and reduced surface scattering, leading to superior electron transport characteristics.
[image: Graph showing the relationship between drain-source voltage (V_DS) and drain-source current (I_DS) for devices with and without a GaN cap layer. The red line (without GaN cap layer) and black line (with GaN cap layer) are shown. Both exhibit increasing I_DS with V_DS, with higher values at V_GS = 2V compared to V_GS = 0V.]FIGURE 3 | Variation of IDS as a function of VDS at VGS = 0 V and VGS = 2 V for AlGaN/GaN HEMTs with and without GaN cap layer.
Figure 4 presents the transfer characteristics of HEMTs with and without GaN cap layer, demonstrating the gate-source voltage (VGS) versus drain current (IDS) relationship. Measurements were taken at different drain-source voltages (VDS = 1 V, 4 V). As VGS increases from −5 V to 1 V, the GaN HEMTs show a steeper increase in IDS, and maximum current density (IDS_max) of 1.1 mA/μm at VDS = 4 V. In contrast, HEMTs with the GaN cap layer achieve a slightly lower peak current density under the same conditions. The threshold voltage is marginally shifted, indicating better channel control and reduced short-channel effects in devices with the GaN cap layer.
[image: Graph showing the drain current density (Ids) versus gate-source voltage (Vgs) for two scenarios: with and without a GaN cap layer. Both curves start near zero at lower voltages and sharply increase near Vgs of 0V. The GaN cap layer (black line) reaches a higher Ids more gradually compared to the red line without the layer.]FIGURE 4 | Transfer characteristics at VDS = 1 V and VDS = 4 V for GaN HEMTs with and without GaN cap layer.
Figure 5 shows the transconductance (gm) of GaN HEMTs with and without a GaN cap layer as a function of VGS at a constant VDS of 3 V. The transconductance curve for HEMTs without the GaN cap layer demonstrates a higher peak gm value compared to those with the GaN cap layer, indicating improved electron mobility and channel control in the absence of the GaN cap layer. The device without the GaN cap layer reaches a peak transconductance (gm_max) of 0.75 S/mm at VGS = −0.51 V, whereas the device with the GaN cap layer achieves a slightly lower peak gm_max. This improvement can be attributed to the absence of the GaN cap layer, which reduce surface scattering and traps, thereby enhancing the overall device performance.
[image: Graph comparing transconductance (\(g_m\) in Siemens per millimeter) versus gate-source voltage (\(V_{GS}\) in volts) for two conditions: with GaN cap layer (black curve) and without GaN cap layer (red curve). Both curves are plotted for \(V_{DS} = 3\) volts. The graph shows distinct peaks, with the black curve reaching higher values.]FIGURE 5 | Transconductance (gm) characteristics of GaN HEMTs with and without GaN cap layer at VDS = 3 V.
Figure 6 shows cut-off frequency (fT) as a function of IDS with and without GaN cap layer at constant drain to source voltage of 3 V. The device without and with cap layer exhibits higher cut-off frequency (fT,max) of 183 GHz and 99.79 GHz, respectively. Both devices experience a decline in fT at high IDS, but the non-capped device maintains better performance. The GaN cap layer introduces parasitic effects that degrade RF performance. Thus, the without GaN cap configuration offers superior high-frequency behavior.
[image: Graph showing \( f_T \) (GHz) versus \( I_{DS} \) (mA/µm). Two curves compare performance: red for "Without GaN cap layer" and black for "With GaN cap layer." The \( V_{GS} \) is 3 V. The red curve peaks higher than the black curve, indicating higher \( f_T \) without the GaN cap layer.]FIGURE 6 | fT Vs IDS of GaN HEMTs with and without GaN cap layer at VDS = 3 V.
Figure 7 illustrates the output characteristics of GaN HEMTs without a GaN cap layer with varying drain doping concentrations (ND) from 1017 cm−3 to 1021 cm−3 at a constant VGS of 1 V. The results show a clear trend, as the doping concentration increases, the drain current (IDS) also increases. For ND = 1017 cm−3, the IDS reaches 0.385 mA/μm, whereas for ND = 1021 cm−3, IDS reaches nearly 0.97 mA/μm, indicating improved conductivity with higher doping levels. This enhancement in current with increasing doping is due to the higher carrier concentration, which reduces the resistance in the channel.
[image: Graph showing I_ds (mA/µm) versus V_ds (V) for different doping concentrations. V_GS is set at 1 V. Curves for N_D values: 10^15, 10^16, 10^17, 10^18, and 10^21 cm^-3 are plotted. Each curve shows saturation as V_ds increases.]FIGURE 7 | Variation of output characteristics for different drain doping concentrations at VGS = 1 V in GaN HEMTs without GaN cap layer.
Figure 8 illustrates the transfer characteristics of GaN HEMT for different drain doping concentrations at a constant VDS of 1 V. The drain concentrations (ND) range from 1017 cm−3 to 1022 cm−3. As the donor concentration increases the IDS also increases, and the maximum current of approximately 0.98 mA/μm around VGS = 0.5 V for ND = 1022 cm−3, due to the enhanced electron mobility and conductivity at higher doping levels. This behavior highlights how donor concentration improves device performance by increasing the current-carrying capability.
[image: Graph showing the transfer characteristics of a device for various carrier concentrations (\(N_A\)) at \(V_{DS} = 1 \, V\). The current \(I_{DS}\) in milliamps per micrometer increases with a positive \(V_{GS}\) and higher \(N_A\) values, from \(10^{17}\) to \(10^{22} \, \text{cm}^{-3}\). Different colored lines represent different \(N_A\) values, with higher concentrations leading to higher currents.]FIGURE 8 | Variation of Transfer characteristics for different drain doping concentrations at VDS = 1 V in GaN HEMTs without GaN cap layer.
Figure 9 shows the transconductance (gm) characteristics as a function of VGS at a constant VDS = 3 V. The graph shows a significant change in gm for different ND levels. The higher donor concentrations result in higher peaks in transconductance. The result suggests that higher doping levels improve the device’s electrical characteristics by enhancing charge carrier mobility, thereby increasing the transconductance.
[image: Graph displaying the transconductance (\(g_m\)) versus gate voltage (\(V_{GS}\)) for different doping concentrations (\(N_D\)) in a semiconductor device. Curves represent \(N_D = 10^{17}\) to \(10^{21}\) cm\(^3\) under a drain-source voltage (\(V_{DS}\)) of 3 volts. The \(g_m\) peaks vary with \(N_D\), showing how doping affects device performance.]FIGURE 9 | Variation of Transconductance (gm) characteristics for different drain doping concentrations at VDS = 3 V in GaN HEMTs without GaN cap layer.
From Figure 10 observed that the threshold voltage remains nearly constant at approximately −1.4 V for ND = 1017 cm−3 to ND = 1022 cm−3. This indicates that the threshold voltage is not significantly influenced by changes in donor concentration within this range. The stability of VTH suggests that the device maintains consistent switching characteristics regardless of variations in doping levels, which can be advantageous for ensuring uniform performance in applications where device consistency is crucial.
[image: Graph showing a consistent trend of V\(_{TH}\) (V) around -1.4 volts plotted against N\(_D\) (cm\(^3\)) with values ranging from 1E16 to 1E23. V\(_{DS}\) is 3 volts. Data points are represented by black squares.]FIGURE 10 | Variation of threshold voltage (VTH) for different drain doping concentrations at VDS = 3 V in GaN HEMTs without GaN cap layer.
Figure 11 illustrates the relationship between the cut-off frequency (fT) and the drain current density (IDS) for different doping at VDS = 3 V. These results indicate that the cut-off frequency is approximately same for ND = 1018/cm3 to for ND = 1022/cm3. At ND = 1017/cm3, the cut-off frequency reaches a peak value of 165 GHz. However, beyond this point, as IDS continues to increase, fT decreases significantly, due to parasitic effects such as self-heating or increased channel resistance. For ND = 1022/cm3, the maximum cut-off frequency of 183.8 GHz at VDS = 3 V.
[image: Graph showing \( f_T \) (GHz) versus \( I_{DS} \) (mA/µm) for varying doping densities \( N_D \). The plot includes five lines for \( N_D \) values from \( 10^{17} \) to \( 10^{22} \) cm\(^{-3}\), showcasing frequency response curves that start at \( I_{DS} = 0 \), peak at approximately 150 GHz, and gradually decline. \( V_{DS} \) is set to 3 V.]FIGURE 11 | Variation of cut-off frequency (fT) for different drain doping concentrations at VDS = 3 V in GaN HEMTs without GaN cap layer.
To evaluate the significance of our findings, we performed a comparative analysis between GaN HEMTs without cap layer and state-of-the-art GaN HEMTs with cap layer. Table 1 presents the details of device parameters and performance metrics [9, 28, 29]. Our study highlights the exceptional DC performance of GaN HEMTs without GaN cap layer, achieving a peak drain current of 0.99 mA/μm at VGS = 2 V and a cut-off frequency of 183.8 GHz at VDS = 3 V. Additionally, the devices exhibit a notably low on-state resistance, which plays a critical role in reducing power losses and improving overall efficiency. These findings suggest that, GaN HEMT without GaN cap layer have the potential to surpass existing RF transistor performance limits, paving the way for next-generation semiconductor technology in high-frequency, and MEMS applications.
TABLE 1 | Comparison between GaN HEMT without cap layer and state-of-the-art GaN HEMTs with cap layer.
[image: A table compares parameters of different HEMT devices: "This work (without GaN cap layer)," "N-polar ALD HEMT," "High breakdown voltage N-polar HEMT," and "N-Polar GaN/AlN MIS-HEMT." Parameters include gate length (L<sub>G</sub>), current density (I<sub>DS</sub>), on-resistance (R<sub>on</sub>), transconductance (g<sub>m</sub>), threshold voltage (V<sub>T</sub>), and cutoff frequency (f<sub>T</sub>). The table includes various values for each parameter under specific voltage conditions.]4 CONCLUSION
In summary, we have investigated the performance of nanostructure N-polar AlGaN/GaN HEMTs with and without GaN cap layer, and focused on the effects of drain doping concentration. Devices without the GaN cap layer demonstrated improved electron mobility, reduced on-state resistance, and enhanced transconductance. The GaN HEMT without the cap layer achieved a peak drain current of 0.99 mA/μm and Ron of 0.88 Ω·mm at VGS = 2 V. Additionally, higher doping concentrations improved current density and transconductance, reaching a peak current of 0.98 mA/μm at ND = 1022 cm-3 at VDS = 1 V. The devices without the GaN cap layer exhibited enhanced high-frequency characteristics, with the maximum cut-off frequency reaching 183.8 GHz at VDS = 3 V. Thus, it is conclude that the N-polar GaN HEMTs without a GaN cap layer, show strong potential for high-power, high-frequency, and N/MEMS sensor applications. These finding is crucial for optimizing the doping levels in semiconductor devices to achieve desired electrical performance.
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This study examines the stochastic bifurcation phenomenon in a fractional and multistable Rayleigh–Duffing oscillator subjected to recycling noise excitation. First, using the harmonic balance method and minimizing the mean-square error, an approximate integerorder equivalent system was derived for the original fractional-order system. Subsequently, the steady-state probability density function (sPDF) of the system amplitude was obtained via stochastic averaging. The critical conditions for stochastic P-bifurcation (SPB) were then determined using the singularity theory. The stationary PDF curves of the system amplitude were qualitatively analyzed across regions delineated by transition set curves. Finally, Monte Carlo simulations confirmed the analytical findings, validating the theoretical framework. These results provide insights for improving system response control through fractional-order controller design.
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1 INTRODUCTION
Fractional calculus extends classical calculus to non-integer orders, enabling the characterization of memory effects in viscoelastic materials more effectively than integer-order derivatives. The fractional derivative, expressed as a convolution, inherently represents memory and cumulative effects over time. Consequently, it has proven to be a superior mathematical tool for modeling memory properties [1–4] and has found applications in various fields, including anomalous diffusion, non-Newtonian fluid mechanics, soft matter physics, and viscoelastic mechanics. Compared to integer-order calculus, fractional derivatives provide a more precise description of diverse reaction processes [5–9]. Given the prevalence of ambient noise in engineering, it is crucial to investigate the dynamic properties of stochastic systems and the influence of fractional-order parameters and noise excitations.
Recent studies have extensively examined the dynamics of nonlinear multistable systems under various noise excitations, yielding significant results [10–14]. For integer-order systems, research on Duffing–Van der Pol oscillators under Lévy noise [12], colored noise [13], and combined harmonic and random excitations [10, 11, 14] has garnered considerable attention. Wu and Hao [15] analyzed the tri-stable stochastic P-bifurcation (SPB) in a generalized Duffing–Van der Pol oscillator subjected to multiplicative colored noise, deriving an analytical expression for the system’s steady-state probability density function (sPDF) and evaluating the effects of noise intensity and system parameters. Qian and Chen [16] investigated the random vibration of a modified single-degree-of-freedom vibro-impact oscillator with a recovery factor under broadband noise and determined the sPDF of the system’s energy and amplitude envelope using the Markov approximation. This approach was validated through numerical examples. He [17] proposed an improved amplitude–frequency formulation for nonlinear oscillators and verified the reliability by considering the solution of a Duffing oscillation. Fan [18] utilized He’s frequency–amplitude formulation to solve the Duffing harmonic oscillator problem. The results indicated that not only is the solution procedure simple, but also, the result obtained is valid for the whole solution domain with high accuracy.
For fractional-order systems, Huang and Jin [19] examined the response and sPDF of a strongly nonlinear single-degree-of-freedom system under Gaussian white noise. Sun and Yang [20] employed the random averaging method and the generalized harmonic function method to assess the stability of a fractional-order energy acquisition system under Gaussian white noise, focusing on the effects of noise intensity, fractional derivative order, and coefficients on the system’s stochastic response. Li et al. [21] explored bistable SPB in a Duffing–Van der Pol system with fractional derivatives under concurrent multiplicative and additive colored noise, demonstrating that variations in linear damping, fractional derivative order, and noise intensity induce SPB.
Nonlinear oscillations [22] have been widely studied because of their relevance in energy harvesting [23], nonlinear controller design [24], and multi-degree-of-freedom systems, including three-degree-of-freedom auto-parametric systems [25] and six-degrees-of-freedom rigid body systems [26]. Li and He [27, 28] proposed a fractional complex transform to convert fractional differential equations into ordinary differential equations so that all analytical methods devoted to advanced calculus can be easily applied to fractional calculus, and some examples were given to verify the effectiveness of the proposed method. He [29, 30] proposed a new perturbation method that does not require a small parameter in an equation to analyze the nonlinear oscillators, and the effectiveness of the proposed method was verified through examples. Wang and He [31] used the variational iteration method to give an extremely simple and elementary derivation of the temperature distribution of a reaction-diffusion process. It was shown that the method is very effective and convenient compared with the exact solution. He [32] proposed an improved fractional variational iteration method to solve the space and time fractional telegraph equations more effectively. He and his colleagues utilized the fractal variational principle to explore the solutions of numerous fractional equations [33–36].
Owing to the complexity of fractional derivatives, it is generally only possible to qualitatively analyze their parametric effects on the vibration characteristics of fractional-order systems, making it difficult to determine critical parameter values [37–39]. However, identifying critical parameter conditions is essential for the analysis and design of fractional-order systems. Fractals are self-similar structures with repeating patterns across scales, and the fractal oscillators always show that the oscillator components exhibit fractal geometry and multi-band resonance or hierarchical frequency responses due to self-similar structures, such as the fractal micro-electromechanical systems (MEMS). He et al. [40] mainly study the vibration system in a fractal space. Unlike fractals, fractional calculus introduces memory effects and power-law dynamics, often modeling complex materials or non-local interactions. Furthermore, fractional oscillators always indicate the dynamical systems governed by fractional-order differential equations that contain the fractional-order derivative element [image: Fractional derivative equation: the alpha-th derivative of x of t with respect to t to the power of alpha.] where [image: Please upload the image or provide a URL, and I will help generate the alt text for you.] is a non-integer, and display power-law relaxation, non-exponential decay, and frequency responses that diverge from classical harmonic oscillators.
In this study, we have mainly investigated the nonlinear vibration of fractional-order stochastic systems by examining the effects of fractional derivatives and noise excitations. A generalized multistable Rayleigh–Duffing system with a fractional element excited by additive recycling noise is used as the dynamic model. Using singularity theory and stochastic averaging, critical parametric conditions for SPB are derived, followed by an analysis of sPDF across different regions in the parametric plane.
2 DERIVATION FOR THE ISOVALENT SYSTEM
There are many definitions of fractional derivatives. The following definitions are introduced:
The Caputo derivative of the function [image: It seems like you've provided a mathematical expression instead of an image. If you have an image you'd like described, please upload it or provide a URL.] defined on the interval [image: Mathematical notation of a closed interval, denoted by square brackets, containing the variables \(a\) and \(b\).] is formulated as
[image: Mathematical formula depicting a fractional derivative. It shows \( {}_{a}D_{t}^{p}[x(t)] = \frac{1}{\Gamma(m-p)} \int_{a}^{t} \frac{x^{(m)}(u)}{(t-u)^{1+p-m}} \, du \), where \( m \) and \( p \) are parameters and \(\Gamma\) denotes the gamma function.]
where [image: Please upload the image or provide a URL so I can generate the alt text for you.] represents the order of the fractional derivative [image: Fractional derivative notation: the Caputo derivative of order \( p \) with respect to \( t \), represented as \( {}^{C}_{a}D^{p}[x(t)] \).], [image: I'm sorry, but it seems like the input was not recognized as an image. Please make sure to upload the image file directly or provide a URL, and I will help generate the alternate text for it.], [image: Mathematical notation showing "t is an element of the closed interval from a to b", represented as \( t \in [a,b] \).], [image: Greek capital letter gamma followed by parentheses enclosing the letter m, representing the gamma function of m.] is the Euler Gamma function, and [image: Equation showing \( x^{(m)}(t) \), representing a mathematical expression with a function \( x \) of time \( t \), raised to the power \( m \).] is the m order derivative of [image: If you have an image you would like me to describe, please upload it or provide a link. If you need help with alternate text for a specific visual concept, feel free to describe it to me!].
The Riemann–Liouville derivative of the function [image: It seems there is no image provided. Please upload the image or provide the URL, and I will be happy to generate the alternate text for you.] defined on the interval [image: Mathematical notation showing an interval with the variables "a" and "b" enclosed in square brackets, indicative of a closed interval ranging from a to b.] is formulated as
[image: Equation showing \(D^p[x(t)]\) as an integral expression. It equals the gamma function \(\Gamma(m-p)\) inverse, multiplied by the derivative of order \(m\) with respect to \(t^m\) of an integral from \(a\) to \(t\) of the function \((t-u)^{p-m}\) multiplied by \(x(u)\) with respect to \(u\). The equation is labeled as equation \((2)\).]
where [image: Please upload the image you would like me to generate alt text for.] represents the order of the fractional derivative [image: Fractional derivative notation showing \( {}_{a}D^{p}[x(t)] \).], and [image: I'm unable to generate alt text for the image without seeing it. Please upload the image, and I'll help you with the description.], [image: Mathematical expression showing the variable \( t \) belonging to the closed interval \([a, b]\).], [image: Greek letter Gamma with variable m in parentheses, representing the Gamma function notation.] is the Euler Gamma function.
The two-scale fractal derivatives with respect to [image: Please upload an image for which you need the alternate text. You can also add a caption for additional context if necessary.] and [image: Please upload an image or provide a URL for me to generate the alt text.] are defined respectively as [41]
[image: Equation involving the fractional derivative of a function \( u \) with respect to time \( t \) at point \( (t_0, x) \). It includes Gamma function terms \(\Gamma(1 + \alpha)\), and limits as \(\Delta t\) approaches zero. The denominator \((t-t_0)^\alpha\) and factor \((\Delta t)^\alpha\) appear, detailing a fractional calculus concept.]
[image: Partial derivative of function u with respect to x to the power of beta evaluated at (t, x0). Expression involves limits as x approaches x0 and change in x approaches zero. Two similar limit expressions are presented, factoring in Gamma of one plus beta and differentiating u with function values at u(tx) and u(tx0).]
where [image: Please upload the image, and I will generate the alternate text for you.] represents the fractal in time and the order of the fractal derivative.
He’s fractal derivative of the function [image: It seems there was an error as no image was uploaded or linked. Please upload the image or provide a URL for assistance.] is formulated as [42–44]
[image: The equation shows the derivative of x with respect to t, expressed as the limit as epsilon approaches zero of the difference quotient, [x(t) - x(t + epsilon)] divided by [t - (t + epsilon)]. It is labeled as equation 5.]
where [image: Please upload the image or provide a URL so I can help generate the alternate text for it.] represents the fractal in time and the order of the fractal derivative.
Comparing with the fractional derivatives mentioned in Equations 1–5, the initial conditions of the Caputo fractional derivative have a clear physical interpretation and align with those of integer-order differential equations. Therefore, it is employed in this study and expressed as
[image: Equation for the fractional derivative \( {}_{a}D_{t}^{p}[x(t)] \) is shown. The first expression is the fractional integral, where \( p < m + 1 \), with an integral from \( a \) to \( t \) involving \( x^{(m)}(u) \) over \( (t - u)^{p-m} \). The second part is defined as \( x^{(m)}(b) \) when \( p = m \). The equation number is (6).]
where [image: Please upload the image or provide a URL, and I will create the alt text for you.] represents the order of the fractional derivative [image: Caputo fractional derivative represented in mathematical notation as \( {}^{C}_{a}D^{p}[x(t)] \), where \( a \) is the lower limit, \( p \) is the order of the derivative, and \( x(t) \) is the function.], [image: I'm sorry, I need an actual image file or a link to generate the alt text. Please upload the image or provide a URL.], [image: The image shows a mathematical expression: \( x^{(m)}(t) \).] is the [image: It seems that there is an error or issue with the image upload. Please try again by ensuring the image is correctly uploaded. You can also add a caption if you want to provide additional context.] integer-order derivative for [image: It seems you've provided a snippet of LaTeX code representing a mathematical function, not an image. The expression \( x(t) \) typically denotes a function of time. Let me know if you meant to upload an actual image.], and [image: Mathematical notation showing the gamma function with the argument \( m \), denoted as \(\Gamma(m)\).] is the Gamma function.
Slightly differing from the fractional derivative’s definition in Equation 6 and for a deterministic physical system, the initial motion time of the oscillators is [image: It seems there was an error in uploading the image. Please try uploading it again. You can also add a caption if you want to provide more context.], and the Caputo fractional derivative is commonly adopted as
[image: The image shows a mathematical expression for a fractional derivative. The expression is \( {}^C D_t^p [x(t)] = \frac{1}{\Gamma(m-p)} \int_0^t \frac{x^{(m)}(u)}{(t-u)^{1+p-m}} \, du \), denoted as equation (7).]
where [image: I'm unable to generate alt text from LaTeX or math expressions directly. Please provide the image of the equation or context surrounding it for assistance.].
This study explores the generalized Rayleigh-Duffing oscillator system with the fractional-order damping element described in Equation 7 and driven by recycling noise as
[image: Mathematical equation displayed with variables \(\tilde{u}\), \(\epsilon\), \(\alpha\), \(x\), \(\phi\), \(\psi\), \(k\), \(D\), \(\gamma\), and \(\eta\). The expression involves exponentiation, multiplication, and addition.]
where [image: It seems there was an error in uploading the image. Please try uploading it again or provide a URL.] denotes the coefficient of linear damping, while [image: It seems there was an error in displaying the image. Please upload the image directly or provide a URL for me to analyze and generate the alternate text.], [image: Please upload the image or provide a URL, and I will generate the alternate text for you.], [image: It seems there might be a confusion as the image was not uploaded. Please upload the image or provide a URL to it, and I would be happy to help generate the alt text.], and [image: Please upload the image or provide a URL, and I will generate the alternate text for you.] denote the coefficients for nonlinear damping in the system. The term [image: Fractional derivative notation \( C_0 D^p [x(t)] \) with subscript zero, indicating a Caputo derivative of order \( p \) applied to the function \( x(t) \).] refers to the Caputo derivative with order [image: Please upload the image or provide a URL, and I will help generate the alternate text for it.] ([image: Please upload the image you would like me to describe or provide a URL to it.]). The recycling noise is represented by [image: The image shows the Greek letter eta followed by the letter t in parentheses, often representing a function in mathematical expressions.], which can be indicated as [image: The formula \( y(t) = \xi(t) + k \xi(t - \tau) \) describes a signal \( y(t) \), where \(\xi(t)\) is a function of time, \(k\) is a constant, and \(\tau\) represents a time delay.], where [image: Mathematical notation displaying the Greek letter xi, followed by a function of time, represented as \( \xi(t) \).] denotes the Gaussian white noise with intensity [image: Please upload the image or provide a URL, and I'll be happy to help generate the alternate text for it.]. [image: Please upload the image for which you would like me to generate the alternate text.] is the time delay, and [image: Mathematical expression: absolute value of k is less than or equal to one.] is the fraction of the secondary noise. The autocorrelation function of [image: The image shows the mathematical symbol eta followed by brackets containing the letter t, representing a function or variable notation.] is indicated as
[image: Mathematical equation showing \( R(t) \times R(0) = 2D \left( (1 + k^2) \delta(t) + k\delta(t - \tau) + k\delta(t + \tau) \right) \). Equation is labeled as number 9.]
and the power spectral density for [image: η(t) represents a function η with respect to time t.] can be obtained as
[image: It looks like you've provided a mathematical formula rather than an image. Please upload an image or provide a URL so I can generate the alternate text for it.]
The recycling noise is strongly correlated at time [image: Please upload the image or provide a URL for me to generate the alternate text.] and [image: Please upload the image or provide a URL so I can generate the alt text for it.].
The fractional derivative incorporates both damping and stiffness forces [45–47]. He and Liu [48] further emphasized that the fractal–fractional derivative combines damping and inertial forces. Based on this, the isovalent system in this study can be denoted as
[image: A mathematical equation is displayed, labeled as equation eleven. The equation describes a function, X(t), as a complex expression involving parameters like alpha, C(p, w), K(p, w), and random variables. It also includes terms for polynomial factors and other variables, indicating a complex relationship influenced by various parameters and functions.]
where [image: The image shows a mathematical notation: \( C(p, w) \).] and [image: Mathematical expression showing \( K(p, w) \).] represent the undetermined coefficients of the isovalent restoring and damping forces of [image: Mathematical expression showing a Caputo fractional derivative of order p applied to a function x(t).], respectively.
The discrepancy between the systems (Equation 8) and (Equation 11) is
[image: Mathematical equation representing utility: \( x = C(p, w)x + p^T_D D^T x - K(p, w)x \), labeled as equation 12.]
By following the isovalent principle [49] and minimizing the mean-square error given in Equation 12, the undetermined coefficients [image: The image shows a mathematical expression in italic font: C(p, w).] and [image: Mathematical notation depicting a function or variable, \( K(p, w) \), with parameters \( p \) and \( w \) in parentheses.] can be indicatedd as follows:
[image: Partial derivative equations showing zero values for the derivatives of \( E[e^2] \) with respect to \( C(p, w) \) and \( K(p, w) \), labeled as equation 13.]
The substitution of Equation 12 into Equation 13 yields
[image: Equation 14 shows a mathematical expression involving an expected value and a limit. It reads: the expected value of the integral from zero to T of a function involving negative c of a times x squared plus w of a xxt minus x sub c of D x, dt, is equal to the limit as tau approaches infinity of the integral from zero to T of the same function. The equation appears twice in slightly different notations.]
Assuming that the original system (Equation 8) exhibits a stationary solution in the periodic form, as described below
[image: I need an image to create the alternate text. Please upload the image you'd like me to describe.]
where [image: The mathematical equation displayed is phi of t equals omega times t plus theta.], then
[image: Equations showing the derivatives of \( x(t) \) and \( y(t) \). The first equation: \(\dot{x}(t) = -w \dot{a}(t) \sin \varphi(t)\). The second equation: \(\dot{y}(t) = -w^{2} a(t) \cos \varphi(t)\). Right of the equations is the number sixteen in parentheses.]
The substitution of Equations 15, 16 into Equation 14 yields
[image: An equation involving limits and integrals. The equation includes functions of time, angular frequency, and trigonometric functions such as sine and cosine. It ends with an integral expression equal to zero.]
[image: A mathematical equation is shown involving limits as \( x \) approaches infinity and integrals over the range from zero to \( T \). The equation includes complex expressions with variables \( a \), \( p \), \( w \), \( \phi \), \( D \), and \( t \). Different functions and operations are presented, such as sine, cosine, and powers, within the integrals. The equation is labeled as equation \( (18) \).]
To further simplify Equations 17, 18 , asymptotic integrals are introduced as follows:
[image: Two integrals each from zero to pi divided by two are shown. The first integral is cosine of omega r divided by r to the power of p, equal to psi to the power of p minus one, multiplied by r times one minus p, sine of pi divided by two r plus sine of omega r divided by r multiplied by omega r to the power of p, plus small o of omega r to the power of p minus one. The second integral is sine of omega r divided by r to the power of p, equal to psi to the power of p minus one, multiplied by r times one minus p, cosine of pi divided by two r minus cosine of omega r divided by r multiplied by omega r to the power of p, plus small o of omega r to the power of p minus one. Equation nineteen.]
By inserting Equations 15, 16, and 19 into Equations 17, 18 and executing the integral averaging of [image: It seems there's no image provided. Please upload the image or provide a URL, and I can help generate the alternate text for it.], the final expressions of [image: Mathematical expression \( C(p, w) \) is displayed in italicized font, representing a function or relationship involving variables \( p \) and \( w \).] and [image: Mathematical expression depicting a function \( K(p, w) \), where \( K \) is expressed in terms of variables \( p \) and \( w \).] can be obtained as
[image: Mathematical formula showing two equations. The first equation is C(phi, tau) equals negative beta, phi to the power of mu minus one, multiplied by sine of the fraction p times pi over two. The second equation is K(phi, tau) equals beta, phi to the power of mu, multiplied by cosine of the fraction p times pi over two. Equation number twenty is noted on the right.]
Combining the detailed expression of Equation 20 and thus, the equivalent oscillator corresponding to the system (Equation 11) could be rewritten as
[image: The image contains a mathematical equation. The equation is: y(x) minus y multiplied by k plus w times alpha squared plus alpha times x squared equals z of t, with equation number twenty-one in parentheses.]
where
[image: A system of equations is shown. The first equation is \(y = -\varepsilon + \alpha_1 x^2 - \alpha_2 x^4 - \beta \nu^{p-1} \sin \left( \frac{p \pi}{2} \right)\). The second equation is \(\omega_0^2 = w^2 + \beta \nu^p \cos \left( \frac{p \pi}{2} \right)\). It is labeled as equation (22).]
3 STATIONARY PDF FOR THE SYSTEM AMPLITUDE
To derive the sPDF of the system amplitude, we assume that the system (Equation 21) possesses the solution with periodic form, and following the methodology outlined in [50], we implement the transformation as follows:
[image: Mathematical equations describing motion. \( X = x(t) = a(t) \cos \Phi(t) \). \( Y = \dot{x} = -a(t) \omega_0 \sin \Phi(t) \). \( \Phi(t) = \omega_0 t + \theta(t) \). Equation number (23).]
where [image: The image shows the mathematical notation for \( w_0 \), where "w" is a letter in italics followed by a subscript zero.] denotes the intrinsic frequency of the isovalent system (Equation 21) and is described as in Equation 22, [image: Mathematical expression depicting the function a of t in a stylized italic font.] and [image: Please upload the image or provide a URL so I can generate the alt text for it. If you have any specific context or details, feel free to include them.] denote the magnitude and temporal alignment characteristics of the system response, respectively, and in that order, both are random processes.
By inserting Equation 23 into Equation 21 and utilizing the deterministic averaging approach, we can obtain
[image: Two differential equations are shown. First equation: \( \frac{dz}{dt} = F_{11}(a, \theta) + G_{11}(a, \theta)f(t) \). Second equation: \( \frac{d\theta}{dt} = F_{21}(a, \theta) + G_{21}(a, \theta)f(t) \). Equation number 24.]
in which
[image: Mathematical functions \( F_{11}(a, \theta) \), \( F_{21}(a, \theta) \), \( G_{11} \), and \( G_{21} \) are defined using trigonometric and algebraic expressions involving parameters like \( \Phi \), \( \alpha_{1} \), \( \alpha_{2} \), \( \alpha_{4} \), \( w_{0} \), and \( \beta \). Each function includes sine, cosine, and exponential components, reflecting complex mathematical relationships.]
The stochastic differential equation in Equation 24 is interpreted within the Stratonovich framework [51]. By incorporating the requisite Wong–Zakai correction [52], the resulting Itô representation can be formulated as follows:
[image: Mathematical expression showing two differential equations. The first equation is \( da = [F_{11}(a, \theta) + F_{12}(a, \theta)]dt + \sigma_{11}(a, \theta)dB(t) \). The second is \( d\theta = [F_{21}(a, \theta) + F_{22}(a, \theta)]dt + \sigma_{21}(a, \theta)dB(t) \), labeled as equation 26.]
where [image: Image showing the mathematical notation \( B(t) \), representing a function of time.] denotes the unit Wiener process and we can obtain
[image: Mathematical equations are shown involving functions \( F_{12}(a, \theta) \) and \( F_{22}(a, \theta) \), with derivatives of \( G_{11} \) and \( G_{21} \). \( \sigma_{11}(a, \theta) \) and \( \sigma_{22}(a, \theta) \) are integrals involving \( R(h) \) and trigonometric functions. Equation labeled as 27.]
Combining the expression of Equations 9, 10 and employing the stochastic averaging approach [53], and further applying the period averaging to Equation 26 over [image: Greek letter Phi symbol in black, representing the mathematical constant. It consists of a circle intersected by a vertical line.], we can derive the relevant Itô stochastic differential formula as follows:
[image: Mathematical notation showing equations for da and dθ. The equations are: da equals m subscript one of a dt plus σ subscript one of a dB of t; dθ equals m subscript two of a dt plus σ subscript two of a dB of t. Both equations are numbered twenty-eight.]
The accurate expression for the averaged diffusion and drift coefficients can be determined as:
[image: Mathematical expression consisting of a function \(m_1(a)\) which equals \(-\frac{1}{2}\left(\beta \nu^{p-1} \sin\left(\frac{p \pi}{2}\right) + e\right)a + \frac{3}{8} \alpha_1 \omega_0^2 a^3 - \frac{5}{16} \alpha_1 a^5 + \frac{\sigma^2}{2 a \omega_0^2}\). It includes two integral equations \(\sigma_1^2(a)\) and \(\sigma_2^2(a)\) with respective expressions, concluding with a description involving constants and functions. Equation 29 is referenced.]
where [image: Mathematical expressions showing two equations. The first equation is w sub zero squared equals w squared plus beta w superscript p cosine of 2 pi over p. The second equation is sigma squared equals D times the quantity of one plus k squared plus 2k cosine of wT.].
Equations 28, 29 show that the averaged Itô equation for the amplitude [image: The mathematical expression "a(t)" in italics, representing a function of time.] does not depend on [image: It seems there is a mistake in the way the image was referenced. Please upload the image or provide a URL for me to generate the alt text.]; therefore, the random process [image: Mathematical expression with the function notation "a(t)" in italics, where "a" represents a function dependent on the variable "t".] represents a one-dimensional diffusion process. Thus, the corresponding Fokker–Planck–Kolmogorov (FPK) formula for [image: Mathematical notation depicting the function \( a(t) \), where \( a \) is a function of the variable \( t \), commonly representing a time-dependent function in mathematical expressions.] can be written as:
[image: Partial differential equation displaying \(\frac{\partial \rho(a,t)}{\partial t}\) equals the negative of the partial derivative with respect to \(a\) of the product of \(m_1(a)\) and \(\rho(a)\), plus one-half of the second partial derivative with respect to \(a\) of the product of \(\sigma_1^2(a)\) and \(\rho(a)\), labeled as equation thirty.]
The conditions for boundary fulfillment of ρ(a) in Equation 30 are
[image: Equation labeled as 31 defines conditions for \(\rho(a)\). For \(a = 0\), \(\rho(a) = c\), with \(c\) ranging from negative infinity to positive infinity. As \(a\) approaches infinity, \(\rho(a) \to 0\) and the derivative \(\frac{\partial \bar{p}}{\partial a} \to 0\).]
According to the boundary conditions (Equation 31), the system amplitude’s sPDF is expressed as:
[image: Mathematical expression for \(\phi(a)\), where \(\phi(a) = \frac{C}{\sigma_1^2(a)} \exp\left[ \int_0^a \frac{2m_1(u)}{\sigma_1^2(u)} \, du \right]\). The equation is labeled as equation (32).]
where C is the constant after normalization.
By inserting Equation 29 into Equation 32, the detailed equation for the system amplitude’s sPDF is expressed as:
[image: Equation displaying \(\rho(a) = \frac{{Caw_0^2}}{{\sigma^2}} \exp\left[-\frac{{a^2 w_0^2 \Delta}}{{7680 \sigma^2}}\right]\).]
in which
[image: Mathematical equation representing a relationship involving Δ equals three thousand eight hundred forty times open parenthesis epsilon plus beta times omega raised to the power of negative one times sine of open parenthesis pi t divided by two close parenthesis close parenthesis minus one thousand four hundred forty alpha t w naught to the power of two a squared plus eight hundred alpha t w naught to the power of four a to the fourth. Equation number thirty-three.]
4 SPB FOR THE SYSTEM AMPLITUDE
The SPB phenomenon refers to the variation in the number of peaks observed in the sPDF curves. In this section, we utilize the singularity theory to discuss the parametric impacts on the SPB behaviors of the system and to determine the crucial parametric conditions.
For simplicity, [image: The expression "ρ(a)" represents a function or relation where ρ is applied to the variable a.] is presented by
[image: It seems there was a formatting error, and I'm not able to view the image. Please provide the image by uploading it or using a URL.]
where
[image: Mathematical equations showing a set of expressions involving variables such as \(a\), \(\sigma\), \(\epsilon\), \(w\), \(p\), and constants \(\alpha_1\), \(\alpha_2\). The equations define functions \(R\) and \(Q\) using these variables, with operations including exponentiation, trigonometric functions, and polynomials. Additional equations provide expressions for \(w_{0}^{2}\) and \(\sigma^{2}\), involving terms like \(\beta\), \(\omega\), \(\cos\), and constants.]
Based on the singularity theory [54], the system amplitude’s sPDF must fulfill the requirements
[image: Equation showing two expressions in curly braces. First, the derivative of \( \rho(a) \) with respect to \( a \) equals zero. Second, the second derivative of \( \rho(a) \) with respect to \( a^2 \) equals zero. Numbered as equation 36.]
Inserting Equations 33, 34 into Equation 36, we can derive the conditions as follows [15, 21]:
[image: Equation showing a set \( H \) defined by system of equations: \( R + RQ' = 0 \), \( R'' + 2R'Q' + RQ' + RQ'^2 = 0 \).]
where [image: It seems there was a problem with uploading the image. Please try uploading it again or provide a description or URL if possible.] denotes the crucial condition for the variations of the number of peaks in the sPDF curve.
Equations 34, 35, and 37 show that the fractional derivative’s order [image: Please upload the image you'd like me to generate alternate text for. If you have any specific requirements or context, feel free to include those as well.], the correlation time [image: Please upload the image so I can generate the appropriate alternate text for it.] in the noise, and the noise intensity [image: Please provide the image or a URL to a specific image, and I can generate the alternate text for you.] can all induce the SPB behaviors of the system. The impacts of the three-dimensional parametric surface are difficult to display and describe; therefore, we only show the two-dimensional cross-section for the transition set to reveal the influences of the noise delay [image: Please upload an image or provide a URL so that I can generate the alternate text for it.] and noise intensity [image: Please upload the image or provide a URL for me to generate the alt text.] below.
4.1 Taking ([image: Please upload the image or provide a URL so I can create the alt text for you.]) as unfolding parameters
Taking the parameters as [image: I'm sorry, it seems there was an issue with the image. Please upload the image again or provide a link to it.], [image: The mathematical expression displays \(\alpha_1 = 2.45\).], [image: I'm sorry, but I cannot view the image you uploaded. Could you please ensure the image is uploaded or provide a URL? Additionally, any context you provide will help me create a more accurate description.], [image: Please upload the image or provide a URL for me to generate the alternate text.], [image: It seems you are trying to upload an image or describe something visual. Please upload the image file or provide more context so I can help generate the alternate text.], [image: Mathematical expression showing "k equals 1" with italicized variables.], [image: It seems there was an error in displaying the image or text you intended to share. Please upload the image again or provide a URL. If the content involves math or specific formulas, you can describe it for further assistance.], based on Equation 37, the boundary set for SPB of the system (Equation 21) with parameters [image: It seems like there was an issue with the image upload. Please try uploading the image again, and ensure the file is in a supported format. You can also add any captions or context if needed.] and [image: I am unable to generate alternate text without access to an actual image. Please upload the image or provide a URL, and I will help you create the alt text.] are obtained (Figure 1).
[image: Plot depicting a bifurcation set with axes labeled \( p \) and \( q \), showcasing lines and curves. Two points are indicated as \( \pm q_0(q) \). The Monostation region is marked at the top.]FIGURE 1 | Transition set curves under additive recycling noise (taking [image: Please upload the image you'd like me to generate alt text for.] and [image: Please upload the image or provide a URL, and I will be happy to help generate the alternate text for it.] as the unfolding parameters).
As shown in Figure 1, the transition set curve’s intercepts at [image: Please upload an image for me to generate the alternate text. If you need assistance, let me know!] represent the bifurcation values [image: It appears there was a mix-up with the image or text. Please upload the image or provide more context, and I'll be glad to help create the alt text.] and [image: It seems there's no image uploaded. Please upload the image or provide a URL for me to generate the alternate text.], respectively. Under the influence of additive recycling noise, the boundary set curve of the system (Equation 21) takes on a triangular shape. Moreover, the unfolding parametric plane is assigned to two sub-regions by the boundary set curve. Based on the theory of singularity analysis , the topological structure of the sPDF curve at various points ([image: Please upload the image or provide a URL for me to generate the alternate text.]) within the same region is qualitatively similar.
Initially, we investigated the sPDF [image: The image shows the mathematical expression "rho of a" displayed as \( \rho(a) \).] of the system amplitude with the joint PDF [image: I'm sorry, it appears there's an issue with the image you're trying to describe. Can you upload it again or provide more context for an accurate description?] for a point ([image: Please provide the image or the URL. You can upload the image directly or add a link to it, and if you'd like, include a caption for additional context.]) in the two sub-regions shown in Figure 1 separately. Subsequently, we contrasted the theoretical solution with the numerical result obtained through Monte Carlo simulation (MCS) of the initial system (3) utilizing the numerical simulation method of fractional derivative [45]. Figures 2, 3 show the respective outcomes.
[image: Three subplots labeled (a), (b), and (c) compare simulation results. Each shows a graph of \( p(x) \) against \( x \) with blue lines representing analytical solutions and black dots representing Monte Carlo simulations. The subplots vary by parameter values: (a) \( p=0.5 \), \( D=0.05 \); (b) \( p=0.3 \), \( D=0.04 \); and (c) \( p=0.7 \), \( D=0.02 \). Each plot displays a different trend in data peaks and distributions, demonstrating the impact of parameter changes on distribution profiles.]FIGURE 2 | PDF [image: It looks like there was an error with the image upload. Please try uploading the image again, and feel free to include a caption for more context.] of amplitude in different sub-regions of Figure 1 (taking [image: It seems there was an issue with the image upload. Please try uploading the image again, and I will help you generate the alt text.] and [image: It seems there's no image uploaded. Please upload the image, and I'll help you generate the alternate text.] as unfolding parameters). (a) Parameters ([image: Please upload an image for which you need the alternate text, or provide a URL to the image.]) in Region 1 of Figure 1, (b) Parameters ([image: Please upload the image or provide a link to it, and I can generate the alternate text for you.]) in Region 2 of Figure 1, and (c) Parameters ([image: It seems there might be an issue with the image upload or a transcription error. Please try re-uploading the image or providing more details about it.]) in Region 3 of Figure 1.
[image: Three 3D plots (a), (b), and (c) illustrate the evolution of surface functions with varying parameters. Plot (a) shows a conical peak; plot (b) displays a steep, cylindrical rise with a flat top; plot (c) depicts a smaller, sharper peak. Each plot has axes labeled for spatial dimensions and color gradients indicating height.]FIGURE 3 | Joint PDF [image: Mathematical expression showing the Greek letter rho, \(\rho\), as a function of two variables: \(x\) and \(\dot{x}\).] in different sub-regions of Figure 1 (taking [image: Please upload the image or provide a URL, and I can help generate the alternate text for it.] and [image: Please upload the image or provide a URL, and I can help generate the alternate text for it.] as the unfolding parameters). (a) Parameters ([image: It seems there was an issue with the image upload. Please try uploading the image again or provide its URL. If you want, you can also add a caption for additional context.]) in Region 1 of Figure 1, (b) Parameters ([image: It seems there was an issue with uploading the image. Please upload the image file, and I can help generate alt text for it.]) in Region 2 of Figure 1, and (c) Parameters ([image: Please upload the image, and I'll be happy to help generate the alternate text for it.]) in Region 3 of Figure 1.
As shown in Figure 2, the parametric region ([image: Please upload the image or provide a URL so I can generate the alternate text for you.]), where the sPDF curves are multi-modal, is enclosed by the nearly triangular region in Figure 1, and Region 1 can form a bi-modal region of the sPDF curve for the system amplitude.
Considering ([image: Please upload the image or provide a URL for which you need the alternate text.]) as [image: It seems like there might have been an issue with your image upload. Please try uploading the image again, and I will help you generate the alternate text for it.] and [image: The image shows a mathematical equation with the variable \( D \) equal to 0.005.] in Region 1, the sPDF [image: It appears there was an issue with uploading the image. Please try uploading the image again so I can help create the alternate text for you.] of the system has two peaks, and a stable limit cycle emerges with a corresponding amplitude [image: It seems like there is no image attached. Please upload the image or provide a URL, and I can help generate the alternate text for it.] distant from the original position. Notably, the probability around the origin is nonzero, indicating the concurrent coexistence of the equilibrium point and the limit cycle within the system (Figures 2A, 3A). Conversely, when the folding parameters (p,D) set asg [image: Text displays mathematical values: p equals 0.3 and D equals 0.004.] in Region 2, the peak of the sPDF [image: The image shows the mathematical expression ρ(a).] is distant from the origin, and a stable limit cycle persists within the system (Figures 2B, 3B); thus, the system is in a monostable state at this moment. When the folding parameters ([image: It seems there was an issue with the image you tried to share. Please try uploading the image file again or provide a URL, and I will help generate alt text for it.]) are considered [image: I cannot view the image. Please upload the image or provide a URL, and I will create the alt text for you.] and [image: I'm sorry, it seems there's no image available. Please upload an image or provide a URL, and I can help generate the alternate text for it.] in Region 3, the peak of the sPDF [image: The image shows the mathematical notation "ρ(a)" indicating a function or probability distribution dependent on the variable "a".] is near the origin, and the system has an equilibrium point (Figures 2C, 3C); thus, the system is also in a monostable state at this moment.
4.2 Taking ([image: Please upload the image or provide a URL so I can generate the alternate text for it.]) as unfolding parameters
Taking the folding parameters as [image: It seems like there was an error with the image upload or URL. Please try uploading the image again or provide a URL. If you have additional context or a caption, feel free to include that as well.], [image: Greek letter alpha subscript one equals two point four five.], [image: Sorry, I can't help with the request based on the provided information. Could you please upload the image or provide more details related to it?], [image: Please upload the image you want me to generate the alternate text for.], [image: Beta equals one, written as the Greek letter beta (β) followed by an equal sign and the number one.], [image: It seems there is no image provided. To generate alternate text, please upload the image or provide a URL.], [image: It seems there was an error in the input. Please upload the image or provide a correct URL for me to generate the alternate text.], based on Equation 37, the critical parametric curve (transition set) of SPB for system (21) about unfolding parameters [image: Please upload the image you want me to generate the alternate text for.] and [image: Please upload the image or provide a URL, and I will help generate the alternate text for it.] can also be obtained (Figure 4).
[image: Plot showing a transition set with a solid blue curve labeled "r limit curve," a dashed blue line labeled "relative rate," and a dotted blue line labeled "r destruction part." The curves are plotted on a graph with a horizontal axis ranging from 0.5 to 2.5 and a vertical axis from 0.0 to 0.02.]FIGURE 4 | Transition set curves under additive recycling noise (taking [image: It seems like there was an error with uploading the image. Please try uploading the image again or provide a URL. If you like, you can also add a caption for additional context.] and [image: Please upload the image or provide a URL so I can generate the appropriate alt text for it.] as the unfolding parameters).
As shown in Figure 4, the unfolding parametric plane is segmented into three geometrically separated zones by the transition set curve. Based on the singularity analysis theory discussed above, the sPDF curves [image: Sorry, I cannot generate alternate text for the image without seeing it. Please upload the image or provide a URL so I can assist you.] for different parameters ([image: It seems like there was a mistake with the input. If you meant to describe an image or need assistance with a specific image, please upload the image file or provide a URL.]) in the same region exhibit qualitatively similar topological structures.
Here, we discuss the steady-state PDF [image: It appears there has been an error—no image was uploaded. Please upload the image file you'd like described, or provide a URL to it.] of the amplitude with the joint PDF [image: Mathematical notation showing the function \(\rho(x, \dot{x})\), where \(x\) is a variable and \(\dot{x}\) represents its derivative with respect to time.] for a given point ([image: It seems there was an issue with the image upload. Please try uploading the image again or provide a URL. You can also add a caption for additional context if needed.]) in each sub-region (Figure 4). Subsequently, we contrast the theoretical outcomes with the numerical result obtained by the MCS of the initial system (3) utilizing the numerical simulation technique of fractional derivative [45]. Figures 5, 6, respectively, show the corresponding outcomes.
[image: Three graphs labeled (a), (b), and (c) compare Monte Carlo simulation (black dots) and analytical solution (blue line) for probability distribution, p(θ), over variable θ. Graph (a) shows parameters τ equals 0.5, D equals 0.005; graph (b) τ equals 0.5, D equals 0.04; and graph (c) r equals 0.9, D equals 0.02. Each graph displays similar trends with varying peak heights and widths across different θ values.]FIGURE 5 | PDF [image: Sorry, I cannot generate alt text for the image as it appears to be an unsupported format or description. Could you please provide an image file or a URL for further assistance?] of system amplitude in different sub-regions of Figure 4 (taking [image: Please upload an image or provide a URL, and I will help you generate the alternate text.] and [image: Please upload the image or provide a URL to it, and I will create the alternate text for you.] as the unfolding parameters). (a) Parameters ([image: Please upload the image you want described, and I'll generate alt text for it.]) in Region 1 of Figure 4, (b) Parameters ([image: It seems like there was an issue with the image upload. Please try uploading the image again or provide a URL to the image. You can also include any additional context or captions if necessary.]) in Region 2 of Figure 4, and (c) Parameters ([image: Please upload the image or provide a URL so I can help generate the alternate text for it.]) in Region 3 of Figure 4.
[image: Three 3D surface plots labeled (a), (b), and (c). Plot (a) shows a wide, rounded peak with a flat top. Plot (b) has a narrower peak. Plot (c) depicts an even sharper, narrower peak. Each plot has different parameters indicated above them.]FIGURE 6 | Joint PDF [image: Equation displaying the probability density function \( \rho(x, \dot{x}) \), indicating dependence on position \( x \) and velocity \( \dot{x} \).] in the different sub-regions of Figure 4 (taking [image: It seems there's an issue with the image upload or link. Please try uploading the image again or provide a URL, if possible.] and [image: Please upload the image so I can generate the alternate text for you.] as the unfolding parameters). (a) Parameters ([image: It seems there's no image provided. Please upload the image, and I'll help generate the alternate text for it.]) in Region 1 of Figure 4, (b) Parameters ([image: Please upload the image or provide a URL so I can help generate the alternate text for it.]) in Region 2 of Figure 4, and (c) Parameters ([image: It seems there was an issue with the image upload. Please try uploading the image again, or provide a URL if it is available.]) in Region 3 of Figure 4.
In Figure 4, when the folding parameters ([image: Please upload the image or provide a direct URL so that I can generate the appropriate alt text for you.]) are adopted in Region 1, the sPDF curve [image: I can't view the image as it wasn't uploaded. Please upload the image directly, and I'll help generate the alternate text for it.] of the system amplitude exhibits a prominent peak located at a significant distance from the origin, and [image: The image displays a mathematical expression: \(\rho(x, \dot{x})\), where \(\rho\) is a function of the variables \(x\) and \(\dot{x}\), the latter being the derivative of \(x\) with respect to time, often representing velocity.] has a circular basin, as shown in Figures 5A, 6A. Thus, the system only has a limit cycle (large amplitude motion) at this time. In Region 2, the sPDF curve [image: The image shows a mathematical expression with the Greek letter rho, represented as "ρ(a)".] also has a remarkable peak near the original point, and the probability far away from the origin point is nonzero. [image: A mathematical notation representing the function \(\rho(x, \dot{x})\), where \(x\) is a variable and \(\dot{x}\) is its derivative with respect to time.] also has a circular basin and a peak (Figures 5B, 6B). A limit cycle and an equilibrium point exist in the given system (3) simultaneously. Further in Region 3, the PDFs [image: Sorry, I cannot generate alt text as no image has been provided. Please upload the image or provide a URL, and optionally add a caption for context.] and [image: The image contains the mathematical notation \( \rho(x, \dot{x}) \), which typically represents a function or relation dependent on the variables \(x\) and \(\dot{x}\), the latter indicating the time derivative of \(x\).] both have an apparent peak close to the origin (Figures 5C, 6C); therefore, the system has only one equilibrium point at this time.
The results obtained above indicate that the sPDF curve of the system amplitude can arise in various types depending on the values of the order [image: Please upload the image or provide a URL for me to generate the alt text.] for the fractional derivative, the correlation time [image: It appears there was an issue with the image upload. Please try uploading the image again, and I will help you generate the alternate text for it.] in the noise, and the noise intensity [image: It seems there was an error in the image upload. Please try uploading the image again or provide a URL to the image. If you want to give more context, feel free to include a caption.]. The findings imply that the sPDF [image: Mathematical notation showing the function \( \rho(a) \), where \(\rho\) is a Greek letter often representing a function or variable, and \(a\) is the argument of the function.] could be modulated by the system parameters [image: It seems there might be a mistake or an issue with the image upload. Please try uploading the image again or provide a URL. If you need help, let me know!], [image: It seems like there might have been an issue with the image upload. Please try uploading the image again, or provide a URL if applicable. You can also add a caption for more context if needed.], and [image: It seems there was an issue with the image upload. Please try uploading the image again, and I will help generate the alternate text for it.], respectively. Additionally, comparing the numerical data derived from MCS and the analytical solutions derived from the stochastic averaging technique demonstrates good alignment, validating the conceptual analysis process.
5 CONCLUSION
This study investigated the SPB behavior of a fractional bistable Rayleigh–Duffing system subjected to additive recycling noise. Using the isovalent principle, the original fractional-order system was transformed into an equivalent integer-order system of comparable significance. The sPDF of the system amplitude was derived by applying the stochastic averaging method. Furthermore, employing the singularity theory, critical parametric conditions for SPB were established. The results indicate that the fractional derivative order [image: Please upload an image or provide a URL so I can generate the alt text for you.], correlation time [image: Please upload the image or provide the URL so I can generate the alternate text for you.], and recycling noise intensity [image: Please upload the image so I can generate the appropriate alternate text for it.] can each induce SPB, leading to a transition from a single- to a dual-peak sPDF curve, depending on the unfolding parameters. By selecting appropriate unfolding parameters according to the critical parametric conditions acquired, the system response can be confined to minor vibrations near equilibrium, thereby mitigating instability and potential damage caused by nonlinear jumps or large amplitude oscillations. These findings provide valuable theoretical insights for system design in engineering fields such as mechanical engineering and electrical engineering. The agreement between numerical results obtained via MCS and analytical solutions further validates our theoretical analysis.
However, the system studied in the article is the single-degree-of-freedom system, and the complexity and the abstraction of the state space increase the difficulty of analyzing the high-dimensional dynamic system. The investigation of two-degrees-of-freedom systems or even higher dimensional and coupled systems driven by other noises, such as Lévy noise or Poisson noise, should be the next focus of research .
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This paper delves into the static and dynamic behavior of graphene cantilever beam resonators under electrostatic actuation at their free tips. A rigorous analysis of the system’s response is performed. The constitutive nonlinear equation of the system is derived using the energy method and Hamilton’s principle. An analytical solution to the nonlinear static problem is obtained. The generalized stiffness coefficient for the lumped model of the cantilever graphene beam under load at its tip is calculated, enabling a comprehensive analysis of its dynamic behavior. A key focus is on investigating the dynamic pull-in conditions of the system under both constant and harmonic excitation. Analytical predictions are validated through numerical simulations. The system exhibits periodic solutions when the excitation parameters are below a certain threshold described by a separatrix curve, leading to sustained oscillations. On the other hand, if the excitation parameters exceed this threshold, the system experiences pull-in instability, causing the beam to touch down. Furthermore, we explore the impact of excitation frequency on the dynamic response of the graphene cantilever beam under harmonic load. The simulations reveal that choosing the excitation frequency near the beam’s resonance frequency can lead to structural collapse under certain parameter conditions.
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1 INTRODUCTION
Microelectromechanical systems (MEMS) have revolutionized numerous fields by enabling the creation of miniaturized devices with remarkable performance and functionalities. MEMS devices are distinguished by their compact size, low power consumption, and ability to integrate mechanical, electrical, and optical features on a single chip [1]. Among the vital components of MEMS are microresonators that are excited near their resonance frequencies. These microresonators find extensive applications in mass and force sensors, including the detection of proteins [2], molecules [3], electrons, and nanoparticles [4]. However, the sensitivity of these sensors can be improved by addressing the weight of the microbeam, as the minimum detectable quantity is often limited by the mass of the resonator. Therefore, lightweight and high-strength materials are highly desirable to overcome this limitation.
In this context, graphene has emerged as a promising material for MEMS and microresonators due to its light weight and outstanding mechanical properties, including high Young’s modulus and tensile strength. Table 1 shows the summary of graphene’s mechanical characteristics compared to common MEMS components such as steel and silicon.
TABLE 1 | Mechanical properties of graphene, steel, and silicon.
[image: Table comparing Young's modulus and tensile strength of three materials. Graphene: 2000 ± 400 GPa, 130 ± 10 GPa; Steel: 200 GPa, 0.25 GPa; Silicon: 130–169 GPa, 7 GPa.]Graphene is a single layer of carbon atoms tightly bound together. The superior properties of graphene stem from its carbon-carbon bond structure and [image: Diagram illustrating 120-degree bond angles typical of sp² hybridized atoms. Shows a central atom with three surrounding atoms, each equidistant, forming a planar triangular arrangement.] hybridization [5]. Beyond its exceptional mechanical properties, graphene also exhibits remarkable electronic characteristics, making it a prime candidate for spintronics and pseudospintronics applications in Pesin and MacDonald [6]. This unique arrangement gives graphene remarkable mechanical properties, including a high Young’s modulus of 2 TPa [7] and a failure strength that is significantly greater than that of the strongest steel [8]. It also grants it remarkable ductility, making it stretchable by up to 20[image: Please upload the image or provide a URL so I can help generate the alternate text for it.] [9]. Its possible uses span several areas, such as the creation of transparent electrodes, ultra-strong composites, and flexible, stretchable screens for display or energy storage purposes [10]. Additionally, graphene’s topological properties have been explored in the context of bound states and conical singularities, which could further enhance its functionality in next-generation nanodevices, as in Rüegg and Lin [11].
Interestingly, though graphene was not originally thought to exhibit piezoelectric properties due to its symmetry, recent advancements have enabled its application in the field of micro and nano-electromechanical systems (MEMS/NEMS). This could enable the development of new energy harvesting, actuation, and transduction technologies [12]. Furthermore, graphene’s high sensitivity and low mass make it an ideal candidate for high-resolution mass sensing, and its high thermal conductivity suggests potential use as a thermal management material [13]. Its thermal conductivity at room temperature equals [image: The formula displays units of thermal conductivity expressed as five hundred watts per meter per kelvin.] [14]. It is worth mentioning the importance of graphene’s adhesion energy with substrates for the stable, long-term operation of micro and nanodevices. Furthermore, the exceptional tribological properties of graphene make it beneficial for reducing friction and offering protection against corrosion [10, 15].
Graphene’s remarkable attributes offer opportunities for further miniaturization of MEMS resonators and have led to a new wave of research in this area. Utilizing graphene resonators in mass detection has become a particularly compelling topic of study. For example, in [16], it was found that nonlinear vibrations can enhance the sensitivity of a graphene microbeam resonator. A related approach involves studying nonlinear solutions, which have been widely applied in mathematical models of wave propagation and stability analysis in nonlinear systems in Li and Yu [17]. Natsuki et al., employing the continuum elasticity theory, have shown that the mass sensors with double-layered graphene sheets (DLGSs) provide higher sensitivity than single-layered graphene sheets (SLGSs) [18]. Another way to increase the detection sensitivity has been studied by Karličić et al. [19]. The study associates it with the increase in the magnetic field that results in the sensor’s frequency shift. Many works study the potential applications of graphene microresonators through experimental results. However, we are interested in the mathematical analysis of such systems. For instance, Wei et al. investigated the steady-state behavior of a graphene Euler beam subjected to a constant load and provided analytical and finite element solutions [20]. Using the Rayleigh–Ritz method with Hermite cubic interpolation yielded approximate finite element solutions, which were validated against analytical solutions.
Several studies have investigated the dynamic behavior of electrostatically actuated systems made of graphene. Among the notable research works are Anjum and He [21], Kadyrov et al. [22], Skrzypacz et al. [23], Wei et al. [24], and Omarov et al. [25]. Recent studies on soliton dynamics in nonlinear Schrödinger-type equations in Qing et al. [26] provide insights into analytical approaches that could complement the study of nonlinear MEMS resonators. Electrostatic actuation is widely preferred in the field of microelectromechanical systems due to its simplicity and efficiency, offering advantages over alternative actuation methods such as electrothermal, piezoelectric, and electromagnetic actuation [1, 27]. When electrostatically actuated resonators are employed, the electric load applied to a cantilever beam comprises both AC and DC components. The DC component induces deflection of the beam to its equilibrium position, while the AC component generates vibrations around this equilibrium position. The equilibrium position is attained when the restoring force of the beam matches the electrostatic force [1].
However, if the DC polarization voltage is increased beyond a certain threshold, exceeding the restoring force, the beam continues to deflect until it contacts an adjacent structure or surface, resulting in collapse. This phenomenon is known as the pull-in instability, and the threshold voltage at which it occurs is referred to as the pull-in voltage. Pull-in can be classified into two types: static pull-in and dynamic pull-in. Static pull-in describes the occurrence of pull-in solely due to DC actuation, while dynamic pull-in can arise from AC harmonic excitation or the motion of the structure [1]. Analyzing and understanding pull-in is essential in the design of MEMS resonators. It is crucial to tune the electric load parameters to avoid pull-in instability, as it can lead to structural collapse and device failure. Skrzypacz et al. [23] conducted a comprehensive investigation, providing the necessary and sufficient conditions for the existence of periodic solutions for a lumped mass model subjected to a constant DC voltage. This study contributed valuable insights into the dynamic behavior of the model under a constant loading scenario. Additionally, the pull-in phenomenon of the same lumped mass model excited by a harmonic load was explored in two separate research works: Kadyrov et al. [22] and Omarov et al. [25]. In Omarov et al. [25], Sturm’s theorem was employed to identify periodic solutions of the lumped mass model with general initial conditions, and their analytical results were verified through numerical simulations implemented in the Python programming language. Furthermore, the work of Anjum and He [21] and Wei et al. [24] delved into the study of the nonlinear graphene beam equation and the existence of several natural frequencies of the system. These studies utilized the variational iteration method based on a Laplace transform and the Pade technique to obtain approximate solutions. Recent examples of approximation techniques for periodic solutions to MEMS oscillators can be found in He [28], while the pull-down instability of the nonlinear quadratic oscillators is investigated in He et al. [29]. Studies on nonlinear wave equations have shown that higher-order dispersion effects play a crucial role in the stability and response of nonlinear systems, as in Li and Fajun [30].
This paper investigates the static and dynamic behavior of a graphene cantilever beam subjected to electrostatic actuation at its free tip. The same oscillator model proposed in Skrzypacz et al. [31] is employed, comprising a low-mass graphene beam of length [image: Please upload the image or provide a URL so I can generate the alternate text for you.], an inflexible platform acting as a movable electrode attached to the free end of the beam, and a fixed electrode covered with a dielectric layer of thickness [image: Please upload the image you'd like me to generate alternate text for.] and dielectric constant [image: Please upload the image or provide a URL so I can generate the alternate text for you.], as shown in Figure 1. The potential difference and gap between the two electrodes are represented by [image: If you upload an image, I can help generate alt text for it. Please use the image upload feature to provide the image you'd like described.] and [image: Please upload the image or provide a URL, and I will help generate the alternate text for you.], respectively. The interaction of attractive electrostatic force due to the potential difference and the nonlinear restoring force of the beam is expected to lead to high-frequency oscillations. The role of nonlocal interactions in phononic lattices, which share similarities with graphene-based resonators, has also been studied to understand their impact on bound modes and wave propagation in Poggetto et al. [32].
[image: Diagram showing a graphene beam above a dielectric layer and a fixed electrode. The beam is labeled with length \( \ell \), with an air layer in between. A platform marked \( F \) is on one end of the beam. The dielectric layer has thickness \( h \). A voltage \( V \) is applied across the layers.]FIGURE 1 | A schematic of a graphene microresonator.
The study is structured as follows: In Section 2, the constitutive nonlinear equation governing the system is derived using the energy method and Hamilton’s principle, and boundary conditions are established. In Section 3, an analytical solution for the static problem is computed. Section 4 presents the development of a lumped mass model, which is employed to study the fundamental dynamics of the system and also provides the calculation of the generalized stiffness coefficient for the graphene cantilever beam under the load at its tip. The pull-in phenomenon under both constant and harmonic excitation is analyzed in Section 5. Simulation results for dynamic pull-in and resonance are presented in Section 6. Finally, conclusions are drawn in Section 7.
2 MATHEMATICAL MODEL
This section focuses on deriving the constitutive nonlinear equation for a cantilever beam made of graphene by employing Hamilton’s principle, an essential concept in variational mechanics.
2.1 Constitutive stress–strain equation for graphene
It is theoretically and experimentally justified that the stress–strain relationship for the classical Euler–Bernoulli beam made of graphene can be written as
[image: Please upload the image or provide a URL. Once you do that, I can help generate the alternate text for you.]
where [image: Please upload the image, and I will help you generate the alternate text. If you have a specific image in mind, you can also provide a link or a description of it.], [image: Please upload the image or provide a URL so I can help generate the alternate text for it.], and [image: Please upload the image or provide a URL, and I will assist you in generating the appropriate alt text.] are the stress, strain, and Young’s modulus and [image: Mathematical equation displaying "D equals negative E squared divided by four sigma subscript max."] is the second-order elastic stiffness constant [33, 34]. The negative value of [image: Please upload the image you would like me to generate the alternate text for.] is associated with reduced stiffness at high tensile strains and increased stiffness at high compressive strains. The values of [image: Please upload the image so I can assist you with generating the appropriate alternate text.] and [image: It seems there's an issue with the image link or upload. Please try uploading the image again or ensure the URL is correct. Additionally, you may provide a caption for context.] were determined by Khan et al. [35] through the measurement of deformation in single-atomic-layer graphene sheets using nanoindentation with an atomic force microscope. The experimental findings yielded a value of [image: Please upload the image or provide a URL so I can generate the alternate text for you.] as [image: Text displaying "2.4 ± 0.04 TPa", likely indicating a measurement with an uncertainty of plus or minus 0.04 terapascals.] and [image: It seems there's no image attached. Please upload the image or provide a URL for me to generate the alt text.] as [image: I am unable to view the image directly. Please upload the image file or provide a detailed description, and I can help create the alternate text for it.]. According to Lee et al. [33], the nonlinearity of the stress–strain response of graphene arises from the third-order term of a strain-dependent energy potential expressed as a Taylor series. This characterization of the stress–strain behavior of graphene will be utilized in the forthcoming modeling section.
2.2 Model equation for a Euler–Bernoulli beam made of graphene
Here, we consider a cantilever beam subjected to a force applied at the free end and analyze a small segment on the beam before and after deflection (see Figure 2). In the following, [image: The equation \( w = w(t, x) \) is shown, indicating that the variable \( w \) is a function of two variables, \( t \) and \( x \).] denotes the deflection of the beam at time [image: It seems like there was an issue with the image upload. Please try uploading the image again, and I will be happy to help generate the alternate text for it.] and axial position [image: Please upload the image or provide a URL so I can generate the alternate text for it.]. According to the Euler–Bernoulli beam theory, the cross section of the beam remains plane and perpendicular to the beam’s centerline [1]. To analyze the behavior of the beam, it is necessary to determine the axial strain at a specific point, denoted as point [image: Please upload an image or provide a URL for me to generate the alternate text. If you have specific context or captions, feel free to include them.], located at a distance [image: Please upload the image or provide a URL so I can generate the alternate text for it.] from the centerline; see Figure 2. In the given figure, the axial displacement of point [image: Please upload the image you would like me to generate alt text for.] caused by pure bending is represented as [image: It seems there was an issue with your image upload. Please try uploading it again, or provide a URL or description of the image, and I will help generate the alternate text.], and it is expressed as 
[image: The equation states \( u_b = -\gamma y w' \).]
[image: Diagram showing a rectangular object rotated at an angle with respect to the xy-plane. It includes axes labels, dimensions \(X\) and \(Y'\), and an angle \(\theta\) illustrating the rotation.]FIGURE 2 | A segment of a beam before and after bending.
The axial strain [image: It seems like you've included some code or markup instead of an image. Could you please try uploading the image again or provide a URL? If you have any specific context or details about the image, feel free to include them.] can be calculated as
[image: The image shows the mathematical expression for strain rate: epsilon subscript b equals partial derivative of u subscript b with respect to x equals minus gamma w raised to the power of n.]
By integrating the stress–strain Equation 1 with respect to strain, we obtain the strain energy density, which represents the energy stored per unit volume in the material. This energy density is a measure of the potential energy stored within the beam due to deformation. Integrating this quantity over the entire volume of the beam allows us to determine the total potential energy of the system. Thus, we get
[image: The mathematical equation shown is: \( U = \frac{1}{2} E_{ee} \tau + \frac{1}{3} D |\text{elec}| \tau \), labeled as equation \( (2) \).]
where [image: Please upload the image or provide a URL to generate the alternate text.] is the strain energy density, and [image: Mathematical expression showing a strain tensor equation: epsilon equals open parenthesis epsilon sub x, epsilon sub y, epsilon sub z, gamma sub x y, gamma sub x z, gamma sub y z close parenthesis.] is the strain, and where [image: Mathematical equation showing strain in the x-direction, denoted as epsilon sub x, equals the partial derivative of displacement, u, with respect to x.], [image: The equation shows ε subscript y equals the partial derivative of w with respect to y.], [image: The mathematical expression shows epsilon sub z equals the partial derivative of v with respect to z.], [image: Equation showing shear strain in xy-plane: gamma sub xy equals one half times the sum of partial derivative of u with respect to y and partial derivative of w with respect to x.], [image: The formula represents shear strain \( \gamma_{xz} = \frac{1}{2} \left( \frac{\partial u}{\partial z} + \frac{\partial v}{\partial x} \right) \).], and [image: The shear strain gamma sub y z equals one half times the partial derivative of w with respect to z plus the partial derivative of v with respect to y.] are the strain components. For the Euler–Bernoulli beam, it is assumed that
[image: The equation shows ε subscript x equals partial derivative of u with respect to x, equals negative γ times w raised to the power of n, equals ε subscript y.]
and
[image: The equation states that epsilon sub y equals epsilon sub z equals gamma sub xy equals gamma sub xz equals gamma sub yz equals zero.]
Therefore, Equation 2 simplifies to
[image: Equation with potential energy \( U = \frac{1}{2} E \varepsilon_x^2 + \frac{1}{3} D |\varepsilon_x| \varepsilon_x^2 \).]
Then, the total potential energy [image: The image shows the mathematical expression "E" with a subscript "pot," representing potential energy.] can be expressed as
[image: Equation depicting potential energy \( E_{\text{pot}} \) as the sum of two integrals. The first integral is \( \frac{1}{2} \int_{V} E_{z}^{2} \, dV \). The second integral is \( \frac{1}{3} \int_{V} |D_{e,k}| e_{z,k}^{2} \, dV \).]
Inserting the axial strain into Equation 3 yields
[image: Equation labeled as (4) displays the potential energy \( E_{\text{pot}} \), expressed as the sum of two integrals over volume \( V \). First integral: \( \frac{1}{2} \int_{V} E(-y''w'')^2 \, dV \). Second integral: \( \frac{1}{3} \int_{V} D|1-yw''|(-y''w'')^2 \, dV \). The equation is simplified below, showing the terms \((E_{\text{pot}})^{(1)}\) and \((E_{\text{pot}})^{(2)}\) to represent each part of the potential energy calculation.]
Note that [image: Please upload the image or provide a URL so I can generate the alt text for it.] is the distance from the centerline. We have
[image: Equation labeled as (5) shows the potential energy \( E_{\text{pot}}^{(1)} \). It is defined as \(\frac{1}{2} \int_V (E(u^w)^2) dV\). This equals \(\frac{1}{2} \int_0^L \left( \int_A (E(u^w)^2) dA \right) dx\) and further simplifies to \(\frac{1}{2} \int_0^L (E(u^w)^2) \left( \int_A (f^2) dA \right) dx\).]
where [image: Please upload the image or provide a URL so I can generate the alternate text for it.] is the length of the beam, and [image: Please upload the image or provide a URL so I can generate the alternate text for it.] is the cross-sectional area. Expressing the second moment of inertia of the cross section as
[image: Mathematical formula showing the expression for the first moment of inertia \( I_1 = \int_A y^2 \, dA \), where \( A \) represents the area of integration.]
Equation 5 can be rewritten as
[image: An equation representing the potential energy, \( E_{\text{pot}}^{[1]} \), as a function of elasticity, \( EI \), and an integral from zero to \(\xi\) of the second derivative of \( w \) squared, \((w'')^2 \), with respect to \( x \).]
[image: The image shows a mathematical expression with \( E_{\text{pot}}^{(2)} \), representing the second-order potential energy.] is expanded in the similar manner:
[image: An equation labeled as equation seven shows the derivation of the potential energy formula. It starts with the integral over volume of one-third multiplied by D times w times w prime squared with respect to volume. It transforms into an equivalence using an integral over the domain A and further simplifications. Each expression involves integration and differentiation involving variables w, w prime, and x, with constants D and D sub l. The equation concludes with the integration between zero and f of w times w prime squared with respect to x.]
where
[image: \( I_2 = \int_A y^3 \, dA \)]
is the third moment of inertia of the cross section. Inserting Equations 6, 7 into Equation 4 gives the following potential energy equation:
[image: The equation denotes potential energy, \( E_{\text{pot}} = \frac{EI}{2} \int_{0}^{\ell} (w'')^2 \, dx + \frac{DI_{2}}{3} \int_{0}^{\ell} \left(w'' (w'')^2\right) \, dx \), involving integration over a length \(\ell\), elastic modulus \(EI\), and another factor \(DI_{2}\).]
The kinetic energy of a beam can be calculated based on the mass distribution along the length of the beam and the velocity of its individual mass elements. The general formula for the kinetic energy of a beam is given by
[image: Equation for kinetic energy: E subscript kin equals rho A divided by two, integrated from zero to l, of w squared, with respect to x.]
where [image: It seems like there is no image provided. Please upload the image or provide a URL, and I can help generate the alternate text for it.] is material density, and [image: Please upload the image or provide a URL so I can generate the alternate text for it.] is the time derivative of the beam deflection [image: The image shows the mathematical expression \(w(x, t)\), representing a function dependent on variables \(x\) and \(t\), typically used in equations modeling dynamic systems.]. The work [image: Please upload the image or provide a URL so I can generate the alternate text for you.] done by the external force on the cantilever beam at the free end can be written as
[image: Mathematical expression showing "W equals F subscript w of l".]
where [image: A mathematical expression displaying the function \( w(\ell) \), where \( w \) is a function of the variable \( \ell \).] is the deflection of the beam at [image: It seems there's a formatting issue with your request. If you're trying to upload an image, please ensure the image file is attached. If this is a mathematical expression, it shows "x equals ℓ". If you need assistance with something specific, let me know!].
2.3 Hamilton’s principle
In order to derive the graphene beam equation of motion, we need to use the Lagrangian energy functional [image: It appears you attempted to attach an image, but it is not visible. Please try uploading the image again or provide a URL if available.] and Hamilton’s principle [1, 36]. The Lagrangian energy functional is defined by
[image: The formula shown represents a function \( \mathcal{L}(\mathbf{w}) = E_{\text{kin}}(\mathbf{w}) - E_{\text{pot}}(\mathbf{w}) + W(\mathbf{w}) \), where \(\mathcal{L}(\mathbf{w})\) is defined as the kinetic energy minus the potential energy, plus an additional term \(W(\mathbf{w})\).]
Applying the Hamilton’s principle on the Lagrangian [image: Please upload the image so I can generate the appropriate alt text for you.] gives
[image: Mathematical equation illustrating the equality of two integrals from \(t_1\) to \(t_2\). The left side involves the integral of \(\delta L(w) \) with respect to \(dt\). The right side involves the integral of the sum \(\delta E_{\text{kin}}(w) - \delta E_{\text{pot}}(w) + \delta W(w)\) with respect to \(dt\), set equal to zero as equation (8).]
where [image: Please upload the image or provide a URL, and I will help you generate the alternate text.] and [image: Please upload the image or provide a URL, and I can help generate the alternate text for it.] are two instants of time during which the system experiences the variation, and [image: It seems there's an issue with the image upload. Please try uploading the image again, and I will help generate the alternate text for you.] is the variation operator. The Hamilton’s principle requires calculating the variations of the work of the external force [image: Mathematical expression showing delta W enclosed in parentheses.], the kinetic [image: The image shows the mathematical expression "delta E sub kin," where "delta" represents a change and "E sub kin" denotes kinetic energy.] and potential [image: The image shows the Greek letter delta followed by \(E_{pot}\) in italics, representing a change in potential energy.] energies, simplifying and expressing in terms of variation displacement [image: Mathematical expression showing the Greek letter delta followed by the letter w, commonly representing a change in a variable w.]. The variation of the kinetic energy and the work is given as
[image: The mathematical expression shows \(\delta W = F \delta w(\ell)\).]
and
[image: Equation showing the change in kinetic energy, delta E sub kin, equals rho times A times the integral from zero to t of w dot squared d x. It is equation number twelve.]
By applying integration by parts to the variation of the kinetic energy expression by Equation 9, we can rewrite it in terms of the virtual displacement [image: Mathematical notation showing the Greek lowercase delta symbol followed by a lowercase "w", commonly used in calculus or physics to represent a small change or variation in the variable "w".] as follows:
[image: The image shows a mathematical equation involving integrals, representing a physical quantity with respect to time and space. The equation includes variables such as \( \delta E_{\text{kin}} \), and uses integral limits \( t_1 \) to \( t_2 \), and \( j_1 \) to \( j_2 \), among others. The expression is expanded in steps indicating manipulation of terms. This is labeled as equation (10).]
The boundary term in time vanishes in Equation 10 due to the boundary conditions imposed on the virtual displacement. Specifically, it is assumed that the virtual displacement satisfies [image: The mathematical expression shows \(\delta w(t_1) = \delta w(t_2) = 0\).]. The variation of the potential energy [image: The image shows the italicized mathematical expression "E" with the subscript "pot", representing potential energy.] can be written as
[image: Equation showing the potential energy formula: \(\delta E_{\text{pot}} = EI \int_0^l w'' \delta w'' \, dx + D l^2 \int_0^l |w'|w'' \delta w'' \, dx\).]
To express Equation 11 in terms of displacement variation [image: It seems you've inserted a symbol, not an image. If you meant to upload an image, please try again. If you have a specific image or context in mind, you can describe it, and I can help generate alternate text based on your description.], several integrations by parts need to be implemented as shown below:
[image: A mathematical equation is displayed. It consists of an integral expression involving the variables \( w'' \) and \(\delta w\), with their product integrated over a domain. There are terms involving \( EI \), \( w' \), and \( \delta w' \). The equation includes boundary conditions, represented by an evaluation from \( a \) to \( b \), and includes terms at the lower boundary \( a \) and possibly an added term. The equation is labeled as equation 12.]
[image: Equation showing an integral expression: \(D_{L2} \int_0^l w'''w''' \delta w''' \, dx = D_{L1} w''w'' \delta w''|_0^l - D_{L2} (w'w')' \delta w'|_0^l + D_{L2} \int_0^l (w'w')' \delta w \, dx\). Equation number (13) is at the right.]
Substituting Equations 12, 13 into Equation 8 and grouping the terms gives
[image: Mathematical expression involving integrals and variations, including terms with density, moment of inertia, and elastic modulus. It features operations on \( w'' \), related to structural or mechanical systems, with boundary constraints. Equation is labeled as (14).]
According to the definition, the variation [image: The characters "δw" are displayed in a mathematical italic font.] and [image: A mathematical symbol combining the Greek lowercase letter delta (δ) with the Latin lowercase letter "u," often used in calculus and physics to denote variations or small changes in a variable.] are arbitrary; therefore, each group of terms must be 0 in order to satisfy Equation 14, which leads to the following equation of motion and boundary conditions:
[image: Equation showing variables and derivatives related to mechanical vibration: ρAẅ̈ + EI₁w⁽⁴⁾ + DI₂(wʷʹ ⎹⎹wʷʹʹ)ʹʹ = 0, where ρ, A, EI₁, and DI₂ are constants or coefficients, and w represents displacement.]
[image: Equation of beam deflection, where EI represents flexural rigidity and D_t indicates a term involving delta. Boundary conditions state that either the sixth derivative of deflection w is zero or the variation delta w is zero at x equals zero.]
[image: Mathematical equation showing a boundary condition: \( EIw'''' + D_h (|w'|w')' = -F_t \) or \( \delta w = 0 \) at \( x = \ell_c \).]
[image: Equation showing a differential equation with boundary conditions: \(EI w'''' + D_{l_1} [w''](w'')'' = 0\). Conditions are \(\delta w' = 0\) at \(x = 0, \ell\).]
Because the beam is fixed at [image: It seems like there was a mix-up with the image upload. To generate alternate text, please upload the image or provide a URL.], then
[image: It seems like there is no image attached. Please upload the image or provide a URL, and optionally add a caption for context.]
Furthermore, Equations 16, 17 imply
[image: Equation showing the boundary condition: \(EI_1w'' + DI_1w' = 0\) at \(x = \ell\).]
and from Equation 15 we can conclude that
[image: Equation showing \( EI_1w''' + DI_2(w''|w'')' = -F \) at \( x = \ell \).]
3 ANALYTIC SOLUTION FOR STATIC PROBLEM
Let [image: F of x equals F.] be a point load at the free end of the beam. The beam equation under the point load is expressed as follows:
[image: Mathematical equation displayed: \(EIw'''' + D_{L_{1}}(w''|w'')'' = 0\), defined over the interval \(0 < x < L\). The equation is labeled with reference number \( (18) \).]
subject to the boundary conditions.
[image: It seems there's an issue with the image link or file. Please try uploading the image again or provide a valid URL.]
[image: Sure, please upload the image you'd like me to generate alt text for.]
[image: Mathematical expression showing equation 21: \((E_I + D_I \langle w \rangle^I) w' \vert_{w=w_{ref}} = 0\).]
[image: The image shows a mathematical equation \( E_{t}[w^{T} + D_{t,2}(|w^{T}|w^{T})] |_{t=t} = -F \) labeled as equation (22).]
Integrating Equation 18 twice and applying the boundary conditions by Equations 21, 22, we get
[image: Equation showing \((EI_{1} + D_{1}|w'|^n)w'' = -F(x - \ell)\) for \(0 < x < L\).]
The right-hand side of Equation 23 is positive, which implies that the left-hand side of the equation is also positive for [image: It seems like you have entered a mathematical expression instead of an image. If you meant to upload an image, please try again or provide a URL. If you would like more information about the expression "F ≥ 0", feel free to ask!]. A cantilever beam subjected to a positive load [image: It seems there was an issue with the image upload. Please try uploading the image again or provide a URL, and I'll be happy to help with the alt text.] at the free tip bends down. This static response of the system is associated with a concave shape of the deflection function [image: Unfortunately, I can't see the image you're referring to. Could you please upload the image or provide a URL for it? That way, I can help generate the alternate text you need.]. Therefore, we require [image: Please upload the image you'd like me to generate alt text for.] to be negative. Hence, Equation 23 can be expressed as
[image: The equation displays \( E I \, w'' - D I \, (w'')^2 = -F(x-\ell) \).]
which yields
[image: Equation showing the formula for \( w'' \) as \(\frac{{EI_1 \pm \sqrt{{(EI_1)^2 - 4DI_2 F(x - \ell)}}}}{{2DI_2}}\), labeled as equation 24.]
The real solution of Equation 24 exists only if [image: It seems like there is no image attached. Please upload the image or provide a URL.] is sufficiently small; that is, [image: Mathematical expression showing F is less than or equal to the square of the product of E and I subscript 1, divided by four times the absolute value of D and I subscript 2.]. Equation 24 satisfies the boundary condition by Equation 21 only if
[image: Equation displaying a mathematical formula for \( w'' \), which equals \( \frac{EI_1 - \sqrt{(EI_1)^2 - 4DI_2F(x-\ell)}}{2DI_2} \), labeled as equation (25).]
Integrating Equation 25 once and twice results in
[image: The image shows a mathematical equation: w' equals EI sub 1 divided by two D I sub 2, times x, plus the square root of the square of EI sub 1 minus four D I sub 2 times F times the quantity x minus theta, all divided by twelve times the square of D I sub 2 times F, plus C sub 1.]
and
[image: The image shows a mathematical equation: \( w = \frac{E I_1}{4 D I_2} x^2 - \frac{((E I_1)^2 - 4 D I_2 F (x - \ell))^{\frac{3}{2}}}{120 (D I_2)^3 F^2} + C_1 x + C_2 \).]
where [image: Please upload the image or provide a URL so I can generate the alternate text for it.] and [image: It seems there was an issue displaying the image. Please try uploading the image again or provide a URL for me to access it.] are integration constants that can be found using the boundary conditions by Equations 19, 20. It follows
[image: \[ C_1 = -\frac{\left((EI_1)^2 + 4DI_2F\ell^2\right)^\frac{3}{2}}{12(DI_2)^2F} \]]
and
[image: Equation for \( C_2 \) showing a mathematical formula with the expression \(\frac{((EI_1)^2 + 4DI_2F\ell)^{\frac{3}{2}}}{120(DI_2)^3 F^2}\).]
Thus, the analytic solution of the graphene beam equation under the point load at the tip can be written as
[image: Mathematical equation showing deflection \( w(x) \) as a function with several terms. It includes parameters such as elasticity modulus \( E \), moment of inertia \( I_1 \), distributed load \( D \), a force \( F \), and distance \( x \). The equation is labeled as number 26.]
Note that when [image: It seems there was an issue with your request. Please upload the image or provide a URL, and I will help generate the alt text for it.] approaches 0, the analytic solution provided in Equation 26 coincides with the classical deflection equation for a cantilever beam under a point load, where the beam is assumed to be a linear elastic material and the deflection is small compared to the length of the beam. It also assumes that the load is applied perpendicular to the beam’s longitudinal axis and that the beam has a uniform cross-sectional area. The calculation is presented in Supplementary Appendix.
4 GALERKIN APPROXIMATION
4.1 Lumped mass model
Let us consider the deflection of the vibrating elastic beam made of graphene at the axial position [image: It seems there was an issue displaying the image. Please upload the image directly or provide a URL for accurate assistance.] at time [image: Please upload the image so I can help generate the alternate text for it.], which can be expressed as
[image: Equation labeled as 27 shows a mathematical expression involving derivatives and functions: \(\rho A \ddot{w}(x,t) + E I w''(x,t) + D_I\left(\|w'(x,t)\|\right) w''(x,t)\) equals zero.]
with boundary and initial conditions given as follows.
[image: Please upload the image or provide a URL to the image you would like me to describe.]
[image: It seems there's either an issue with the image upload or the input provided isn't an image file. Please upload an image file directly or provide a URL to generate the alternate text.]
[image: Please upload the image you'd like me to generate alternate text for.]
[image: Equation showing the expression: \(EI w^{\prime \prime \prime \prime}(t, \ell) + D_{x} [w^{\prime}(t, \ell) w^{\prime \prime}(t, \ell)] = -F_{D}\) labeled as equation (31).]
and
[image: Mathematical equation showing w of zero comma x equals zero.]
[image: The equation displayed is: w dot (0, x) equals 0.]
where [image: An uppercase letter "F" next to a subscript "E" in italic font.] is an electrostatic Coulomb force that can be expressed as Skrzypacz et al. [31].
[image: Equation for electric force \( F_E = \frac{\varepsilon_0 V^2 S}{2 (d + \frac{h}{\varepsilon_r} - w(t, \ell))^2} \) involving permittivity \(\varepsilon_0\), applied voltage \(V\), surface area \(S\), distance \(d\), height \(h\), relative permittivity \(\varepsilon_r\), and function \(w(t, \ell)\).]
We assume that the beam has a simple geometry and the deformation is not too large. Therefore, to study the essential dynamics of the graphene beam undergoing a point force at the free tip, we use a one-mode Galerkin approximation,
[image: Mathematical equation showing \( w(x, t) \approx X(t)Y(x) \).]
where [image: It seems there is a misunderstanding. It looks like there was an attempt to display a mathematical formula or symbolic content, but it is not appearing correctly. Please upload the image you would like me to describe, or provide the URL.] is an unknown time-dependent coefficient, and [image: It appears there was an error in your message or the image wasn't uploaded correctly. If you intended to upload an image, please try again. Otherwise, if you need help with formatting or text, let me know!] is a trial function that satisfies the boundary condition of the cantilever beam (i.e., [image: Y of zero equals zero and Y prime of zero equals zero.]). First, we derive a weak formulation of the governing nonlinear differential Equation 27 by multiplying both sides with the trial function and integrating over the interval [image: It seems there's no image uploaded. Please upload an image or provide a URL to generate the alternate text.]:
[image: Mathematical expression showing an integral equation with terms involving variables \(\rho\), \(A\), \(w\), \(Y\), \(E\), \(I\), \(D\), and their derivatives. Various integrals are present, indicating a complex relationship between these variables. The expression equals zero, suggesting equilibrium or a boundary condition.]
Employing boundary conditions by Equations 28–31 and dividing both sides by [image: Mathematical expression showing Y and a function with a Greek letter \( \theta \) in parentheses.] yields
[image: Equation 32 shows an integral expression involving three terms. Each term is divided by \( Y(\theta) \). The first term consists of an integral from zero to \( \ell \) of \(\rho A w''(t,x) Y(x)\) with respect to \( x \). The second term involves the integral of \( E I_1 w''(t,x) Y'''(x)\). The third term integrates \( D I_2 (|w''(t,x)|) w''(t,x) Y'''(x)\). The expression equals \( F_E \).]
Then, the corresponding Galerkin equation for Equation 32 is given as
[image: Equation showing a differential equation with constants and variables. On the left, the equation is represented by \( m_0 \ddot{X}(t) + k_1 X(t) + k_2 [X(t)]^2 \). On the right, \( \frac{\varepsilon_0 V^2 S}{2 \left(d + \frac{h}{\varepsilon_r} - X(t) Y(t)\right)^2} \). Equation number is 33.]
where
[image: Mathematical equations representing expressions for \( m_1 \), \( k_1 \), and \( k_2 \) related to mechanical properties. \( m_1 \) equals \(\frac{\rho A}{Y(l)} \int_0^l Y^2(x) \, dx\), \( k_1 \) equals \(\frac{EI}{Y(l)} \int_0^l (Y''(x))^2 \, dx\), and \( k_2 \) equals \(\frac{DL^2}{Y(l)} \int_0^l (Y''(x) (Y'''(x))^2 \, dx\). Equation labeled as thirty-four.]
The coefficient [image: It seems there was an issue with image upload or display. Please try uploading the image again, or provide a URL if available.] can be considered an effective mass, while the coefficients [image: It seems there was an error in your request. If you have an image you'd like me to generate alt text for, please upload it, and I'll be happy to assist!] and [image: It seems like there is a misunderstanding. Could you please upload the image or provide a URL to it? Optionally, you can add a caption for more context.] are stiffness coefficients in the lumped mass model for the clamped-clamped beam fabricated using graphene.
4.2 Dimensionless single-degree-of-freedom model
Now, let us consider a choice of [image: It seems like you provided a mathematical formula instead of an image. If you have an image you'd like me to generate alternate text for, please upload the image or provide a URL.] for our Galerkin equation. Skrzypacz et al. [37] used the following scaled first eigenfunction for one-mode Galerkin approximation
[image: The image shows a mathematical expression: Y-bar(x) equals one-half times the quantity of Y-hat-three(x, mu-one) minus Y-hat-one(1, mu-one) divided by Y-hat-two(1, mu-one) times Y-hat-four(x, mu-one).]
where
[image: Mathematical equations display functions \( \hat{Y}_1, \hat{Y}_2, \hat{Y}_3, \hat{Y}_4 \) in terms of variables \( x \) and \( \mu \). These involve hyperbolic and trigonometric functions: \( \hat{Y}_1(x, \mu) = \cosh(\mu x) + \cos(\mu x) \), \( \hat{Y}_2(x, \mu) = \sinh(\mu x) + \sin(\mu x) \), \( \hat{Y}_3(x, \mu) = \cosh(\mu x) - \cos(\mu x) \), and \( \hat{Y}_4(x, \mu) = \sinh(\mu x) - \sin(\mu x) \).]
and the spectral parameter [image: Please upload the image or provide a URL, and I will help create the alt text for it.] is the first positive root of the following transcendental equation:
[image: The equation reads: one plus hyperbolic cosine of mu times cosine of mu equals zero.]
Here, [image: \hat{Y}(x)] is the solution of boundary eigenvalue problem
[image: Mathematical equation showing the fourth derivative of Y with respect to x equals mu to the fourth power times Y, valid for x between zero and one.]
subject to boundary conditions
[image: Mathematical expressions showing initial value conditions: \( \hat{Y}(0) = \hat{Y}'(0) = 0 \) and \( \hat{Y}''(1) = \hat{Y}'''(1) = 0 \).]
However, for our Galerkin ansatz, we choose [image: Mathematical equation showing Y of x equals Y hat of x over l.] for [image: Please upload the image or provide a URL so I can generate the alternate text for you.] such that
[image: Mathematical equation displaying initial conditions: \( Y(0) = Y'(0) = 0 \) and \( Y''(t) = Y'''(t) = 0 \).]
Now, let us compute [image: I'm sorry, but it seems there was an error in uploading the image. Could you try uploading the image again or provide more context?], [image: Please upload the image or provide a URL for me to generate the alt text.], and [image: It seems you're talking about an equation, but if you're referring to an image and need alternate text, please upload the image or provide a URL.] in Equation 34. In Skrzypacz et al. [37], it was shown that
[image: The image shows two mathematical integrals. The first integral is from zero to infinity of P squared of x with respect to x, equal to one-fourth. The second integral is from zero to infinity of the square of the second derivative of P with respect to x, equal to μ squared times the integral from zero to infinity of P squared of x with respect to x, which equals μ squared over four.]
Then, one can show that
[image: The image shows a mathematical equation involving integrals: the integral from zero to L of Y squared of x with respect to x equals e times the integral from zero to one of Y hat squared of x with respect to x equals e times L divided by four.]
and
[image: The equation shows two integrals equal to a fraction: the integral from 0 to l of the square of the second derivative of Y with respect to x, is equal to one over epsilon cubed times the integral from 0 to 1 of the square of the second derivative of Y hat with respect to x, which is equal to mu squared over four rho cubed.]
Employing the fact that [image: I'm unable to view or analyze images in our interaction. Please provide the image through a file upload, and I can generate alt text based on the content.] is convex in (0,1), and subsequently [image: It seems like you've provided a mathematical expression rather than an image. The expression represents the second derivative of a function \( Y \) with respect to \( x \). If you have an image to upload, please do so, and I can help generate alternate text for it.] is convex in [image: It seems there was an issue with displaying the image. Please upload the image file or provide a URL, and I will assist you with generating the alternate text.] and [image: Mathematical expression displaying "Y" of "ℓ" equals one.], [image: Please upload the image or provide a URL, and I'll help generate the alt text for you.] can be rewritten as
[image: The equation shows \( k_2 = DI_2 \int_{0}^{\ell} \left( Y''(x) \right)^3 \, dx \), representing an integral over the interval from 0 to \(\ell\) involving the cube of the second derivative of \( Y \) with respect to \( x \).]
see Skrzypacz et al. [37]. Numeric integration in Mathematica with [image: The image contains the mathematical equation \( \mu_1 = 1.87510406871196 \).] gives [image: Integral of the cube of the second derivative of Y hat of x from zero to one with respect to x equals 8.02945400733.], and therefore,
[image: An integral equation involving the integral from zero to one of the square of the second derivative of gamma with respect to x, plus the inverse of epsilon squared, equals the integral over the same limits of the square of another function's derivative, yielding the same inverse epsilon squared result, approximately eight point zero two nine four five four zero zero seven three three.]
Thus, we can conclude that
[image: Mathematical formula detailing parameters: \( m_1 = \frac{m}{4} \), \( k_1 = \frac{EI \mu^1_1}{4e^3} \), \( k_2 = 8.0295400733 \), and \( \frac{DL_2}{e^2} \), followed by the equation number (35).]
where [image: The image displays an equation: \( \mu_1 = 1.87510406871196 \).] and [image: Please upload the image you'd like me to describe, and I'll generate the alt text for it.] is the mass of the beam. Notice that the mass lumped model coefficients by Equation 35 differ from those stated in Wei et al. [24].Next, let us transform Equation 33 into a nondimensional equation by introducing dimensionless variables:
[image: The image shows two mathematical equations. The first equation is tau equals t over L squared times the square root of EI over mu sub one to the power of four divided by rho A. The second equation is y equals negative X divided by d plus h over L sub T. Equation number 36 is referenced.]
Note that
[image: Equation showing \(\bar{X}(t) = \frac{d^2 X(t)}{dt^2} = \left(d + \frac{h}{\varepsilon_c}\right) \frac{EI\mu^4_1}{\rho A \varepsilon^2} \frac{d^2 y(\tau)}{dt^2} = \left(d + \frac{h}{\varepsilon_c}\right) \frac{EI\mu^4_1}{\rho A \varepsilon^2} y(\tau)\).]
Substituting Equation 36 into Equation 33 gives
[image: The equation involves terms with fractional exponents and variables, indicating a complex mathematical expression. It shows multiple terms added together, each involving the expression \(d + \frac{h}{\epsilon_r}\) raised to various powers of \(k_j\) and \(k_y\). On the right side, it involves the constant \(\epsilon_0 K S\) over a term with \(d + \frac{h}{\epsilon_r}\), multiplied by a fraction \(\frac{1}{(1-y)^2}\). This appears to be Equation 37 in a series.]
where [image: Please upload the image or provide a URL so I can generate the alternate text for you.] is a function of [image: Please upload the image or provide a URL so I can help generate the alternate text.] such that
[image: Equation for \( K(\tau) \) as \( V \left( \tau e^2 \sqrt{\frac{\rho A}{EI \mu_1^4}} \right) \).]
Then, dividing both sides of Equation 37 by [image: The formula shows an expression with parentheses: \( \left( d + \frac{h}{\varepsilon_r} \right) k_1 \), where \( d \), \( h \), \( \varepsilon_r \), and \( k_1 \) are variables or constants.] results in the following nondimensional equation, which reads
[image: Differential equation: y double dot plus y plus α times absolute value of y times y equals λ over the square of one minus y.]
subject to
[image: It seems you've entered a text snippet instead of an image. Please provide the image by uploading it, and I'll help you generate the alternate text.]
where [image: Please upload the image or provide a URL so I can generate the alternate text for you.] is the second-order derivative of [image: Please upload the image or provide a URL so I can help generate the alternate text for it.] with respect to [image: Please upload the image you'd like me to generate alternate text for.], whereas [image: Please upload the image, and I'll generate the alt text for you.] and [image: Please upload the image or provide a URL so I can generate the appropriate alt text for it.] can be expressed as
[image: The image contains two equations. The first equation is alpha equals \(\frac{k_2}{k_1} \left( d + \frac{h}{\varepsilon_r} \right)\). The second equation is lambda of tau equals \(\frac{\varepsilon_0 K^2 (\tau) S}{2k_1 \left( d + \frac{h}{\varepsilon_r} \right)^3}\).]
5 PULL-IN AND RESONANCE
5.1 Constant voltage
In this section, we investigate the dynamic pull-in phenomenon of the lumped mass model Equation 48, considering a constant voltage applied to the cantilever beam. Our analysis is based on a phase diagram, which allows us to identify regions in the parameter space where the system exhibits periodic behavior and where pull-in occurs. Previous studies [23] have shown that the nondimensional model
[image: Differential equation showing second derivative of y with respect to x plus alpha times y, minus lambda over quantity one minus y squared, equals zero, labeled equation thirty-nine.]
exhibits periodic solutions for small values of [image: Mathematical expression showing alpha is less than or equal to zero, symbolized as \(\alpha \leq 0\).] and [image: It seems there might have been a mistake. To help you with the alt text, please upload an image or provide a URL.]. To construct the phase diagram of the dimensionless equation, we need to express it in terms of the variables [image: It seems there's a symbol indicating an issue with the image or its upload. Please try uploading the image again or provide more context or a description for assistance.] and [image: Please upload the image or provide a URL so I can generate the alt text for you.]. Therefore, we multiply both sides of Equation 55 by [image: Please upload the image or provide a URL for me to generate the alternate text.] and integrate with respect to [image: Please upload the image you would like me to generate alt text for.], leading to the conservation of energy equation
[image: Equation showing an expression for \(\mathcal{E}(r)\), consisting of terms \((1/2)(y'(r))^2\), \((1/2)y^2(r)\), \((1/3)(1/r)(y(r))^2r'(r)\), and \(\frac{\lambda}{(1-y(r))}\), equaling \(C\). Equation number (40) is indicated.]
The constant [image: Please upload the image or provide a URL so I can generate the alternate text for you.] in Equation 40 is determined by applying the initial condition Equation 38, yielding [image: I'm sorry, I can't see any image displayed here. Please make sure to upload the image file or provide a URL.]. Consequently, we can rewrite Equation 40 as follows:
[image: Mathematical equation depicting a complex expression, including: f of y squared equals negative y squared minus two-thirds c y l y squared plus fraction two lambda over one minus y minus two lambda.]
Next, we focus on the phase diagram, which plays a crucial role in understanding the system’s dynamics. The periodic solutions of Equation 39 correspond to closed curves or loops in the phase diagram, known as limit cycles. These limit cycles appear when the right-hand side of Equation 41 has a root in the interval (0,1), indicating periodic behavior; see Figure 3. In contrast, when there are no roots in this interval, pull-in occurs. Of particular importance is the curve that separates the regions with different dynamics of the system, known as the separatrix. If the model and excitation parameters of the system lie inside a certain region determined by the separatrix, the solution is periodic; otherwise, it is not periodic [1]. In order to determine the range of positive parameter values of [image: Please upload the image you would like me to describe. You can do this by clicking the button to attach or drag and drop the image here.] and [image: Please upload the image, and I'll be happy to help you generate the alternate text for it.] that lead to periodic solutions, we need to analyze the separatrix, which occurs when the horizontal axis is tangent to the right-hand side of Equation 41 within the interval (0,1); see Figure 3. Let us denote this function as [image: The mathematical expression shows \( f_{\alpha, \lambda}(\mathcal{Y}) \), possibly representing a function or a parameterized notation involving Greek letters alpha and lambda, applied to the symbol \(\mathcal{Y}\).]. Then, [image: The image shows the mathematical notation for a function, written as \( f_{\alpha, \lambda}(\mathcal{Y}) \).] can be expressed as
[image: Equation labeled 42 showing \(f_{x,d}(y) = -y^2 - \frac{2}{3}cy^2 + \frac{2\lambda}{1-y} - 2\lambda = y\frac{(cy^2 - (c-1))y^2 - y + 2\lambda}{1-y}\).]
[image: Graph showing three curves labeled periodic (solid line), pull-in (dashed line), and separatrix (dotted line) on a plot of \( f_{0, \lambda}(y) \) versus \( y \). The x-axis ranges from 0 to 0.8, and the y-axis from -0.05 to 0.2. The lines intersect near the origin and diverge as \( y \) increases.]FIGURE 3 | The separatrix occurs when the potential function [image: Sorry, I can't create alt text from the provided input. Could you please upload the image or provide a URL?] is tangent to the horizontal axis.
Note that Equation 42 has at most four roots. One root is negative and lies outside the interval (0,1), while another root occurs at [image: Please upload the image or provide a URL for me to generate the alternate text.]. Within the interval (0,1), there are at most two roots. Moreover, the cubic function
[image: The image displays a mathematical equation: \( h_{u,\lambda}(y) = \frac{2}{3} \alpha y^3 - \left(\frac{2}{3} \alpha - 1\right) y^2 - y + 2\lambda \). The equation is labeled as equation (43).]
intersects the horizontal axis at the same points as [image: Sorry, I can't process this input. Can you please upload the image or provide more context or description?], except for 0. Equation 43 is tangent to the horizontal axis if both [image: The mathematical expression shows \( h_{\alpha, \lambda}(y^*) = 0 \).] and [image: Derivative notation \( h'_{\alpha, \lambda}(y^*) = 0 \), indicating that the derivative of the function \( h \) with respect to parameters \( \alpha \) and \( \lambda \), evaluated at \( y^* \), equals zero.] for some [image: Mathematical expression showing "y star" is an element of the interval from zero to one.]. Then,
[image: \( h'_{\alpha, \lambda}(y) = 2\alpha y^2 - 2\left(\frac{2}{3}\alpha - 1\right)y - 1 = 0 \).]
yields
[image: Equation for \( y^*_{1,2} = \frac{\left(\frac{2}{3}\alpha - 1\right) \pm \sqrt{\left(\frac{2}{3}\alpha - 1\right)^2 + 2\alpha}}{2\alpha} \).]
where only
[image: The equation shows \( y^* = \frac{\left(\frac{2}{3}\alpha - 1\right) + \sqrt{\left(\frac{2}{3}\alpha - 1\right)^2 + 2\alpha}}{2\alpha} \).]
lies within the interval (0,1). Consequently, the system exhibits an oscillatory or periodic solution if [image: Mathematical expression showing \( h_{\alpha, \lambda}(y^*) \leq 0 \).] for some positive parametric values of [image: It seems you mentioned generating alternate text for an image but didn't provide one. Please upload the image or provide a URL, and I'll help you create the alternate text.] and [image: Please upload an image or provide a URL so I can generate the alternate text for you.]. This condition can be expressed as
[image: Mathematical equation displayed: \( h_{\text{SLM}}^{(1)}(r, \nu) = \frac{1}{16\alpha^2}(-8\alpha r^2 + \alpha(27 - 6\nu) - 9(-3 + \nu) - 2\alpha^2(9\nu + 2\nu - 162)) \leq 0 \).]
where
[image: \( v = \sqrt{9 + 6\alpha + 4\alpha^2} \).]
Rearranging the inequality and expressing [image: Please upload the image or provide a URL to enable me to generate the alternate text for it.] in terms of [image: Please upload the image or provide a URL, and I'll help you generate the alternate text for it.] gives
[image: The image displays a mathematical inequality involving the variable lambda. The expression is \(\lambda \leq \frac{1}{324 \alpha^2} (-8 \alpha^2 + \alpha (27 - 6 \nu) - 9(-3 + \nu) - 2 \alpha^2 (9 + 2 \nu)) = \kappa(\alpha)\). A number \(44\) is referenced at the end.]
The operational diagram for the MEMS graphene oscillator is presented in Figure 4. The parameter values [image: It seems like there was an error in how the image was communicated. To generate alt text, please upload the image file or provide a direct URL to the image. If you have additional context or a caption, feel free to include that as well.] located above the separatrix [image: The mathematical expression "kappa of alpha" using Greek letters kappa and alpha within parentheses.] defined by Equation 44 lead to pull-in solutions. As a result, the exact formula for dynamic pull-in voltage can be expressed as follows:
[image: The equation depicts the formula for \( V_{\text{pull-in}} \) as the square root of the expression \(\frac{2k_1 \left( d + \frac{h}{\epsilon_r} \right)^3 \kappa(\alpha)}{\epsilon_0 S}\).]
[image: Graph showing the relationship between α (horizontal axis) and λ (vertical axis). The shaded yellow region indicates a periodic zone, labeled on the right, with a curve x(α) separating it from a pull-in region.]FIGURE 4 | Parameter regions for pull-in and periodic solutions.
Another crucial parameter in MEMS devices is the pull-in time, which represents the time required for the system to collapse. The pull-in time can be obtained from Equation 41, where we express the velocity of the beam’s tip at a given position and parameter value [image: Sure, please upload the image you want to generate alt text for, and I'll be happy to help.] as follows:
[image: \[ j = \frac{dy}{dt} = \sqrt{y^2 - \frac{2}{3} \alpha y^3 + \frac{2\lambda}{(1-y)} - 2\lambda}. \] Equation labeled as forty-five.]
Subsequently, the pull-in time, denoted as [image: It seems you're mentioning a symbol or variable, but I need an actual image to generate alt text. Please upload the image file or provide a URL.], is determined by
[image: The mathematical expression defines \( f_{\text{pull-in}} \) as the integral from zero to one of the fraction \(\frac{dy}{\sqrt{y^2 - \frac{2}{3} \alpha y^3 + \frac{2 \lambda}{1-y} - 2 \lambda}}\). This is labeled as equation forty-six.]
The integration of this expression over the interval [0,1] corresponds to the distance that the beam’s tip needs to travel in order to reach the fixed electrode, thus leading to the occurrence of a pull-in phenomenon. In Figure 5, the effect of excitation parameter [image: Please upload the image, and I can help generate the appropriate alt text for it.] on the pull-in time is illustrated for various values of [image: It seems there was an issue with the image upload. Could you please try uploading the image again? If you have a specific caption or description in mind, feel free to include it for additional context.]. The pull-in time by Equation 46 decreases with increasing [image: Please upload the image so I can help generate the alternate text for it.] at a fixed value of [image: It seems like there might be an issue with the image upload. Please try uploading the image again, and I will be happy to help generate the alternate text for it.]. Using a similar approach, we can determine the period of oscillation [image: Please upload the image or provide a URL so I can generate the alternate text for you.] for our system by integrating [image: It seems like there's an issue with displaying the image. Please upload it again or provide a URL so I can help create the alternate text.] from Equation 45 over the interval [image: It seems like there is no image uploaded. Please provide the image by uploading it or sharing a link, and I’ll be happy to help with the alt text!] and then multiplying the result by 2:
[image: Integral equation with \( T \) equal to the integral from 0 to \( r_{\text{max}} \) of \(\frac{2 dy}{\sqrt{y^2 - \frac{2}{3} \alpha y^3 + \frac{2 \lambda}{1-y} - 2 \lambda}}\), labeled equation 47.]
[image: Graph showing pull-in time decreasing as lambda increases from 0.13 to 0.20. Five curves represent different alpha values: 0.05, 0.5, 1, 2, and 2.5. Higher alpha values show lower pull-in times.]FIGURE 5 | Pull-in times for various values of parameter [image: Please upload the image you'd like me to generate alternate text for.].
Here, [image: The expression \( y_{\text{max}} \in (0, 1) \) indicates that \( y_{\text{max}} \) is a variable with values in the open interval from zero to one, excluding the endpoints.] represents the amplitude of oscillation, which corresponds to the root of the function [image: Mathematical expression displaying \( h_{\alpha, \lambda}(\mathbf{y}) \), where \( \alpha \), \( \lambda \), and \( \mathbf{y} \) are variables or parameters.]. The amplitude of oscillations is illustrated in phase diagrams and the corresponding plots of the potential energy function; see Figures 6–9.
[image: Top graph shows phase trajectories for \(\alpha = -0.05\) with different \(\lambda\) values, highlighting a spiral and diverging paths. Bottom graph depicts corresponding potential energy functions, illustrating different curvatures for the same \(\lambda\) values.]FIGURE 6 | (a) Phase trajectories for [image: It seems there was an error displaying the image. Please upload the image file directly, and I will generate the alternate text for you.] and various values of [image: Please upload the image or provide a URL for me to generate the alt text.] and (b) corresponding potential energy functions.
[image: Two graphs are shown. The first graph represents phase trajectories for a specific value of a parameter sigma and various values of lambda, displaying curves in black and dashed blue lines. The second graph shows corresponding potential energy functions with similar parameter settings, featuring curves that mirror the phase trajectories in style and pattern. Both graphs include labeled axes and annotations for critical values.]FIGURE 7 | (a) Phase trajectories for [image: Please upload the image for which you need the alternate text, and I will help generate the description for you.] and various values of [image: Please upload the image you'd like me to generate alt text for, or provide a URL.] and (b) corresponding potential energy functions.
[image: Two graphs illustrate phase trajectories and potential energy functions. The top graph shows phase trajectories for alpha equals negative one and various lambda values, with curves diverging from the origin. The bottom graph depicts corresponding potential energy functions, with curves showing varying growth rates as lambda changes, including black and blue lines. Axes are labeled with lambda values from negative 0.8 to 8.]FIGURE 8 | (a) Phase trajectories for [image: The image contains the mathematical expression alpha equals negative one point zero, where alpha is represented by the Greek letter α.] and various values of [image: Please upload an image or provide a URL so I can generate the appropriate alt text.] and (b) corresponding potential energy functions.
[image: Two graphs are shown. The top graph displays phase trajectories with multiple lines in blue and black, labeled with different lambda values. The horizontal axis is labeled x. The bottom graph shows corresponding potential energy functions with similar color coding. Both graphs include axes from -0.4 to 0.7 for the first and -0.2 to 0.6 for the second, reflecting changes as lambda varies.]FIGURE 9 | (a) Phase trajectories for [image: Equation displaying alpha equals negative 2.5.] and various values of [image: Please upload the image, and I will assist you in generating alternate text for it.] and (b) corresponding potential energy functions.
5.2 Time-dependent voltage
The pull-in phenomenon in a microelectromechanical system (MEMS) with a parallel-plate capacitor under time-dependent voltage [image: Please upload the image or provide a URL for me to generate the alt text.] was studied by Kadyrov et al. [22], where [image: It seems like you're trying to share a mathematical expression: V(t). If there's an image you want me to describe, please upload it, and I'll provide the alt text for you.] is expressed as
[image: A mathematical equation is shown: \( V(t) = V_{\text{DC}} + V_{\text{AC}} \cos(\omega t) \) labeled as equation (48).]
with the forcing frequency [image: Symbol of the Greek letter Omega, resembling a horseshoe, often used to represent ohms in electrical contexts.] and excitation period [image: The mathematical formula depicts \( T = \frac{2\pi}{\Omega} \), representing the period \( T \) in terms of angular frequency \( \Omega \), with \( 2\pi \) as a constant factor.]. They proposed a theorem that states the following: for a non-negative constant [image: Please upload the image or provide a link to it, and I will generate the alternate text for you.], continuous real function [image: The image shows the mathematical notation "h(x)", representing a function h with the variable x.] defined on [image: If you upload an image or provide a URL, I can help create the alt text for it. If you have any specific image in mind, please upload it here or describe it in detail.], and a periodic real function [image: Please upload the image or provide a URL, and I will generate the alternate text for it.], the second-order nonlinear differential equation
[image: Equation showing \( y'' + cy + h(y) - \frac{V'(y)}{(1-y)^2} = 0 \) with equation number 49 on the right side.]
has a periodic solution if the equation
[image: The equation \( h(y) = \frac{V^2_M}{(1-y)^2} \).]
has a root in (0,1), and it does not attain a periodic solution if the equation
[image: The formula displays \( h(y) = \frac{V_m^2}{(1-y)^2} \).]
does not have any roots in [image: To provide alt text, please upload an image or provide a URL. If you want to describe a concept, please clarify further.], but [image: The image shows a mathematical expression "h(y)" in italicized font.] has at least one real root within the interval [image: Please upload the image or provide a URL so I can generate the alternate text for it.]. Here, [image: The image displays the mathematical notation "V subscript m," where "V" is the main variable, and "m" is the subscript.] and [image: Mathematical notation showing the capital letter "V" with a subscript "M".] represent the minimum and maximum amplitudes of [image: It seems there was an issue with your request and the image did not upload. Please try uploading the image again, and I will be happy to help you generate the alternate text.], respectively, given by
[image: The image shows two mathematical expressions: \( V_m = \min_{n \geq 0} |V(n)| \) and \( V_M = \max_{n \geq 0} |V(n)| \). These define the minimum and maximum absolute values of \( V(n) \) for \( n \) greater than or equal to zero.]
Our nondimensional model by Equation 39 is the special case of Equation 49 with [image: It seems there's an error in your message. Could you please upload the image or provide a URL so I can help generate the alt text?] and [image: The mathematical expression shows \( h(y) = y + \alpha |y| y \).]. To prove the existence of periodic solutions, let us denote
[image: The mathematical expression shows \(\lambda_M = \max_{\tau \geq 0} |\lambda(\tau)|\), representing that \(\lambda_M\) is the maximum absolute value of the function \(\lambda(\tau)\) for \(\tau\) greater than or equal to zero.]
According to the theorem, the second-order nonlinear and non-autonomous differential equation
[image: The equation shows a second-order differential equation: \(\ddot{y} + y + \alpha |y| y - \frac{\lambda(\tau)}{(1-y)^2} = 0\).]
has a periodic solution provided that
[image: The equation \( y + \alpha |y| y = \frac{\lambda_M}{(1 - y)^2} \).]
has a root in (0,1). Let us define the function [image: It seems there might have been an error in processing the image. Please upload the image file or provide a URL, and I'll generate the alternate text for you.] as
[image: The formula \( f_{\alpha}(y) = (y + \alpha|y|y)(1-y)^2 \).]
Note that for [image: Mathematical notation indicating that the variable \( y \) is an element of the open interval from \( 0 \) to \( 1 \), exclusive.]
[image: Mathematical equation displaying \((y + \alpha y)(1 - y)^2 = (y + \alpha y^2)(1 - y)^2\).]
Therefore,
[image: It appears your request includes a mathematical expression rather than an image. Please upload an image file or provide a URL for me to generate the alt text.]
By solving [image: Mathematical notation showing the derivative of a function with respect to y, denoted as f prime of y, equals zero.], we can find the critical points of Equation 50 that correspond to the values
[image: The quadratic formula \( y_{1,2} = \frac{2\alpha - 3 \pm \sqrt{4\alpha^2 + 4\alpha + 9}}{8\alpha} \) and \( y_3 = 1 \).]
Then, using the second derivative test, we can find that [image: It seems there is no image provided. Please upload the image or provide a URL, and I can generate the alternate text for you.] has a local maximum at the smallest critical point [image: Equation for \( y_1 \) is given by \( \dfrac{2\alpha - 3 + \sqrt{4\alpha^2 + 4\alpha + 9}}{8\alpha} \).] which belongs to the interval (0,1). It is worth noting that [image: Mathematical expression: \( f_{\alpha}(y_1) > 0 \).] for all [image: Please upload the image or provide a URL to generate the alternate text.]. Choosing [image: Mathematical inequality showing zero is less than lambda sub M and less than or equal to f sub alpha of y with subscript one, which equals script K of alpha.] and recalling [image: Equation showing \( f_\alpha(1) = 0 \).], we have
[image: Mathematical expression with inequalities involving functions and lambda variables: \( f_{e}(1) - \lambda_{M} \leq f_{x}(y) - \lambda_{M} \leq f_{x}(y_{i}) - \lambda_{H} \).]
where
[image: The image contains mathematical expressions representing inequalities. The first inequality is \( f_e(1) - \lambda_M < 0 \), and the second inequality is \( f_n(y_l) - \lambda_M \geq 0 \).]
Hence, the Intermediate Value theorem guarantees the existence of some [image: Mathematical notation showing the symbol \( y^* \), which typically represents an optimal value or solution in a mathematical context.] in [image: It seems like there was an error displaying the image. Please try uploading the image again or provide a URL.] such that [image: The equation \( f_{\alpha}(y^*) - \lambda_M = 0 \).]. Then, based on the theorem, it can be concluded that Equation 55 admits a periodic solution. In order to have an oscillatory solution, the following condition for a choice of [image: It seems there's a placeholder or error in the request as no image is provided. Please upload the image or provide a URL for the image you'd like described.] and [image: It looks like you intended to include an image, but it did not upload. Please try uploading the image again or provide a URL. Optionally, you can add a caption for additional context.] must be satisfied:
[image: The mathematical expression shows \(\lambda_s \leq \frac{(-3 - 6\alpha + \mu)^2 (-3 + 2\alpha + \mu)(5 + 2\alpha + \mu)}{4096\alpha^3} = \mathcal{K}(\alpha)\).]
with [image: Mathematical expression showing mu equals the square root of nine plus four alpha plus four alpha squared.].
6 SIMULATION RESULTS
6.1 Constant voltage
In this section, we present numerical simulations of the normalized deflection of the beam’s free tip, denoted as [image: The mathematical expression \( y(t) \) is depicted, representing a function y dependent on variable t.], as a function of nondimensional time [image: Please upload the image, and I will generate the alt text for you.]. We analyze the behavior of the periodic solution [image: The image shows the mathematical expression "y(t)".] under the various sets of parameters [image: It seems like you're referring to a mathematical expression, not an image. The expression "λ > 0" signifies that the variable lambda (λ) is greater than zero. If there's a specific image you need help with, please upload it or provide a URL.] and [image: It appears that you've entered a mathematical expression instead of providing an image. If you intended to showcase an image, please upload the image file or provide a URL to it.]. The simulations were conducted using Maple™ software [38], and the resulting deflection profiles are illustrated in Figures 10–13. The observed trends demonstrate the dependency of the deflection amplitude, frequency, and pull-in time on the excitation parameter [image: Please upload the image or provide a URL so I can generate the alternate text for you.] while keeping the parameter [image: Please upload the image or provide a URL, and I will generate the alternate text for you.] fixed. Specifically, an increase in the value of [image: Please upload the image you'd like me to generate alternate text for, or provide a URL.] leads to a higher amplitude and longer period of deflection. Notably, the maximum deflection amplitude is attained when [image: Please upload the image or provide a URL so I can help generate the alt text for it.] approaches the threshold value [image: The image shows the mathematical notation \( \kappa(\alpha) \), representing a function or expression involving the Greek letters kappa and alpha within parentheses.]. In Figures 10–13, the periodic solutions with the highest amplitude correspond to excitation value [image: The image displays the mathematical equation \(\lambda = \kappa(\alpha) - 10^{-3}\).]. Furthermore, as we decrease the value of [image: Sure, please upload the image or provide a URL for me to assist you with generating the alternate text.], there is a corresponding increase in both the amplitude and period of [image: The mathematical expression "y of t" is shown, representing a function of time.], while the parameter [image: If you could upload the image or provide a URL, I can help generate the alternate text for it.] remains unchanged.
[image: Chart showing oscillating curves with varying amplitudes over time, labeled with different lambda values: 1/8, 1/16, and 1/32. A steep curve peaks near the vertical axis, indicating a different trend.]FIGURE 10 | Profiles of periodic and pull-in solutions for [image: A mathematical expression showing the Greek letter alpha, equal to negative zero point zero five.] and various values of [image: It seems there was an error with the image upload. Please try uploading the image again or provide a URL.] and [image: Italic text displaying the mathematical expression \( t_{\text{pull-in}} = 6.9161 \).].
[image: A graph depicting multiple waveforms with varying amplitudes and frequencies. The solid line represents the highest peak at the beginning, gradually diminishing. Dashed and dotted lines illustrate waves with decreasing amplitudes. The horizontal axis is labeled with values from zero to thirty-five, while the vertical axis ranges from zero to one. A legend at the bottom denotes different values of lambda (λ), influencing the waveforms, with specific values like zero point one zero four one eight and zero point zero three two mentioned.]FIGURE 11 | Profiles of periodic and pull-in solutions for [image: Please upload the image you want me to generate alt text for.] and various values of [image: It appears that you have provided mathematical notation rather than an image. The notation "λ > 0" indicates that the variable lambda is greater than zero. If you intended to upload an image, please try again by attaching the file.] and [image: It seems there was an issue with displaying the image. Please try uploading the image again or provide a URL for me to access it.].
[image: Graph showing several oscillating curves over time with an exponential increase at the beginning. The x-axis represents time labeled as \( t \), and the y-axis represents a variable \( y \). Multiple dashed lines display periodic oscillations. A key below the graph shows different parameters such as \( \lambda = 0.0870254927 \), \( \frac{1}{8} \), \( \frac{1}{16} \), and \( \frac{1}{32} \).]FIGURE 12 | Profiles of periodic and pull-in solutions for [image: I'm unable to view images directly. Please upload the image file or provide a URL, and I'll help generate the alternate text for you.] and various values of [image: It seems there was a misunderstanding. Please upload the image or provide a URL so I can generate the alt text for you.] and [image: I'm unable to see or analyze images directly. If you can provide a description of the image, I can help create an alt text for it.].
[image: Graph showing multiple curves, each representing different lambda values, plotted against time \( t \) from 0 to 40. The vertical axis represents \( y \) values from 0 to 1.2. The curves include exponential growth for one lambda and oscillations decreasing in amplitude for others, as noted in the legend: \(\lambda = 0.053725247154\), \(1/8\), \(1/16\), \(1/32\).]FIGURE 13 | Profiles of periodic and pull-in solutions for [image: The image displays the mathematical expression alpha equals negative two point five.] and various values of [image: It seems there's an issue with the image upload. Please try uploading the image again or provide a description for context.], [image: The image shows the mathematical expression \( t_{\text{pull-in}} = 3.5571 \).], and [image: I'm unable to view images directly, but it seems you've included a mathematical expression or equation. If you'd like to generate alt text, you can describe the image or upload it directly.] for [image: To generate alternate text, please upload the image or provide a URL.] and [image: I'm unable to view images directly. Please upload the image or provide a URL for me to give a description.], respectively.
6.2 Time-dependent voltage
In this section, we will conduct an in-depth analysis of the resonance phenomenon in a cantilever beam that is subjected to a harmonic force. Depending on the frequency of harmonic excitation, the dynamic behavior of the system can be classified as primary and secondary resonance. Primary resonance refers to a dynamic behavior observed in a system when it is excited by a frequency that is close to its natural frequency. The dynamic response of the system becomes significantly amplified under primary resonance conditions, leading to large vibration amplitudes. On the other hand, secondary resonance occurs when the system is excited at frequencies that are different from its natural frequencies and are located relatively far from them [1]. However, for our analysis, we will specifically focus on primary resonance. For our analysis, we fix the value of [image: The image shows a mathematical expression with the Greek letter alpha, represented as \( \alpha = -1.0 \).]. The corresponding threshold value for excitation parameter [image: A mathematical symbol representing the Greek letter lambda with an asterisk above it, often used in optimization or statistical contexts to denote an optimal value or parameter.] with DC voltage [image: The expression "V" with a subscript "DC" indicating DC voltage.] is
[image: Mathematical expression showing lambda star equals kappa of alpha, both equal to zero point zero eight eight zero two five four nine one two seven.]
Recall that
[image: The formula presented involves several variables and constants: lambda equals epsilon sub-zero times V sub-DC squared times S, divided by two times k sub-one times the quantity d plus h over epsilon sub-r, all raised to the third power.]
Let us denote
[image: Formula for beta: beta equals epsilon naught times S divided by 2 times k sub 1 times the quantity d plus h divided by epsilon sub r, all cubed.]
and fix [image: Beta symbol followed by an equals sign and the value zero point zero one.]. Then, the corresponding pull-in voltage equals
[image: Equation showing \( V_{\infty} = \sqrt{\frac{k^*}{\beta}} = 2.97 \), labeled as equation (51).]
The pull-in value of DC voltage indicates that, for the fixed values of [image: It seems you mentioned an image but did not upload one. Please upload the image or provide a URL, and I can help generate the alternative text for it.] and [image: Please upload the image or provide a URL so I can generate the appropriate alt text for you.], the system excited by harmonic voltage by Equation 48 should undergo a DC voltage less than the pull-in voltage from Equation 51. Therefore, for dynamic analysis, we employ [image: Equation showing voltage \( V_{DC} = 2.5 \).] and [image: Text displaying the equation \( V_{AC} = 0.1 \).]. Using Equation 47 and utilizing the fact that
[image: The formula for angular frequency: Omega (\(\Omega\)) equals \( \frac{2\pi}{T} \), where \( T \) represents the time period.]
yields for [image: The expression displays "V subscript AC equals zero" in mathematical notation.] the natural angular frequency of the system as [image: I'm unable to process equations from the text provided. Please upload the image or provide a URL for me to generate the alt text.]. As the forcing frequency [image: Greek capital letter omega symbol (Ω) in black font enclosed in parentheses.] approaches the system’s natural resonant frequency, the system becomes instable, and then pull-in occurs. The results depicted in Figure 14 demonstrate that when the excitation frequency [image: An omega symbol, represented as an uppercase Greek letter Ω, typically used in mathematics and physics to denote ohms, the unit of electrical resistance.] is selected to be close to the natural frequency [image: It seems there was an issue with your image upload. Please try uploading the image again, or provide a URL. If there's a specific element or context you'd like to include, please add that as well.], the amplitude of the graphene cantilever beam’s vibration experiences a substantial increase compared to its behavior under constant voltage conditions. Letting the excitation frequency be precisely equal to the natural frequency, resonance occurs and leads to a substantial increase in the vibration amplitude of the graphene cantilever beam. However, this increment is accompanied by the occurrence of a pull-in instability scenario, wherein the free tip of the beam collapses into the fixed electrode; see Figure 15.Figures 14, 15 show an oscillatory behavior for the case of [image: It seems there was an error with the image upload. Please try uploading the image again or provide a URL. You can also include a caption for context if needed.]. The solution for [image: Seems like there was an issue with displaying the image. Please upload the image file or provide a URL, and I can help generate the alternate text for it.] is periodic because the point [image: The expression shows two Greek letters, alpha (α) and lambda (λ), enclosed in parentheses, representing variables or parameters in a mathematical or scientific context.] lies below the separatrix curve [image: The image shows the mathematical notation κ(α), representing a function κ with input parameter α.]; see Figure 4.
[image: A graph comparing two oscillating waveforms. The black solid line represents Ω = 0, and the blue dashed line represents Ω = 0.73. The x-axis ranges from 0 to 100, and the y-axis ranges from -0.1 to 0.5. The blue wave shows larger amplitude variations compared to the black wave.]FIGURE 14 | Dynamic response of a graphene cantilever beam under constant voltage and harmonic excitation near natural angular frequency.
[image: Graph showing two oscillating lines from 0 to 100 on the x-axis. The black line fluctuates around 0.2, while the blue dashed line initially oscillates similarly before sharply rising after 60. Legends indicate different parameters for each line.]FIGURE 15 | Dynamic response of a graphene cantilever beam under constant voltage and harmonic excitation at natural angular frequency, [image: Equation showing \( t_{\text{pull-in}} = 62.56 \).].
7 CONCLUSION AND OUTLOOKS
In this study, a comprehensive analysis of the static and dynamic behavior of a graphene cantilever beam subjected to electrostatic actuation at its free tip was conducted. First, an analytical solution for the nonlinear static problem was derived, and its consistency with the classical linear solution was demonstrated in the limit where the second-order elastic stiffness constant [image: Please upload the image or provide a URL so I can generate the alt text for you.] approaches 0. Next, the dynamic pull-in conditions of the system were investigated for two cases: under constant and harmonically excited voltages. Analytical predictions were rigorously validated through numerical simulations presented in Section 6. For the case of constant voltage excitation, the system exhibited periodic solutions when the parameter values [image: Please upload the image or provide a link to it so I can generate the alternate text for you.] and [image: Please upload the image or provide a URL, and I will generate the alternate text for it.] lay below the separatrix curve, as illustrated in Figure 4. Conversely, pull-in phenomena occurred when these parameters exceeded the separatrix curve. The dependency of the deflection amplitude, frequency, and pull-in time on the excitation parameter [image: Please upload the image or provide a URL so I can generate the alternate text for you.] for a fixed value of [image: Please upload the image or provide a URL, and I will generate the alternate text for you.] was demonstrated in this section. Additionally, it was observed that the maximum deflection amplitude occurred immediately below the separatrix value for the given [image: It seems there's no image attached. Please try uploading the image again, or provide a URL if it's hosted online.]. Furthermore, simulations of the cantilever beam under harmonic load excitation revealed that selecting an excitation frequency near the resonant frequency of the beam could lead to structural collapse even though the parametric values were below the pull-in conditions. Our findings in this paper can be useful in future MEMS design. Experimental validations and comparative study of alternative mass lumped models for graphene resonators are subjects of future research work. Precise models are crucial due to graphene resonators’ unique traits, and the homotopy perturbation method [43–45] is ideal for complex situations. As problems get intricate with non-linearities, it can break down equations, outperforming traditional methods.
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The coupled Korteweg-de Vries (cKdV) equations with two arbitrary constants hold significant importance in the field of micro-electro-mechanical systems (MEMS). These equations describe the behavior of nonlinear waves in MEMS devices. In MEMS applications, the cKdV equations can be used to analyze the dynamics of microstructures such as cantilevers, membranes, and resonators. By solving these equations, researchers can predict the behavior of MEMS devices under different operating conditions. In this paper, the [image: Mathematical expression showing G factorial divided by G factorial, represented as parentheses enclosing G exclamation mark over G exclamation mark.]-expansion method is extended to seek more general travelling solutions of the cKdV equations with two arbitrary constants. The two arbitrary constants offer flexibility in modeling different physical phenomena and boundary conditions. As a result, many new and more general exact travelling wave solutions are obtained including soliton solutions, hyperbolic function solutions, trigonometric function solutions and rational solutions. They help in understanding the complex interactions between mechanical and electrical properties. Additionally, the study of these equations provides insights into the nonlinear behavior of MEMS systems, which is crucial for improving their performance and reliability. Overall, the cKdV equations with two arbitrary constants play a vital role in advancing the design and understanding of MEMS applications.
Keywords: extended (G′/G)-expansion method, nonlinear evolution equations, coupled KdV equations, micro-electro-mechanical systems, computerized mechanization

1 INTRODUCTION
In the fields of physics and other disciplines, numerous phenomena are often described by nonlinear evolution equations (NLEEs). To gain a deep understanding of the physical mechanisms behind natural phenomena represented by the NLEEs, it is crucial to study their exact solutions. Many methods have been developed to obtain exact solutions for NLEES, such as the inverse scattering transform [1], the Darboux transformation [2], Bäcklund transformation [3], the Hirota method [4], the Wronskian technique [5], homogeneous balance method [6, 7], truncated Painlev[image: Please upload the image or provide a URL for me to generate the alternate text.] expansion method [8, 9], symmetry method [10], F-expansion method [11, 12], the generalized auxiliary equation method [13]. Among the numerous types of NLEEs, the cKdV equations hold a special place. The cKdV equations are widely used to model the interaction of multiple waves in different physical scenarios. For instance, in the field of micro-electro-mechanical systems (MEMS) [14], they can describe the behavior of nonlinear waves in MEMS devices. The dynamics of MEMS frequently exhibit nonlinear characteristics arising from large deformations, material nonlinearity, or electrostatic coupling effects. Such nonlinear behaviors are typically modeled using NLEEs. Soliton is stable, localized waves with inherent waveform preservation. This property proves advantageous for enhancing signal transmission efficiency in MEMS resonators and communication components. However, solving cKdV equations is a challenging task due to their inherent nonlinearity and complexity.
In recent years, the generalized [image: A mathematical expression showing the fraction G over G in parentheses, indicating simplification to one.]-expansion method [15–17] have emerged as a promising and powerful technique for obtaining exact solutions of NLEEs. This method offers several advantages over traditional methods. It is more flexible and can be applied to a broader class of equations. By using the generalized [image: A mathematical expression showing \( \frac{G}{G} \), representing a fraction where the numerator and denominator are both the variable G.]-expansion method, we can obtain a variety of solutions, including solitary wave solutions, periodic wave solutions, rational function solutions, and more. These solutions can provide a more comprehensive understanding of the behavior of the physical systems described by the equations.
In this paper, we aim to extend the generalized [image: Text representing a mathematical expression, with the letter "G" over "G" inside parentheses, followed by an exclamation mark.]-expansion method. Subsequently, we apply the extended [image: Mathematical formula showing a fraction with "G" in the numerator and denominator, enclosed in parentheses.]-expansion method to solve the cKdV equations with two arbitrary constants. Our objective is to obtain numerous novel and more general travelling wave solutions, which can provide valuable insights into the wave-wave interactions described by the cKdV equations. Additionally, we will explore the application of these solutions to the MEMS field.
2 INTRODUCTION OF THE EXTENDED [image: Mathematical expression showing a fraction with "G" as both the numerator and the denominator.]-EXPANSION METHOD
For a given NLEEs with variable [image: I'm unable to process your request as it seems you've tried to upload an image in an unsupported format. Please upload the image in a standard format like JPEG, PNG, or GIF, and I'll be happy to help with the alt text.] and [image: The image shows the mathematical expression "u of x," representing a function u with x as the variable.]
[image: The image is a mathematical expression describing a polynomial equation \( P(u, u_{T}, u_{X}, u_{XX}, \ldots, u_{n}, u_{XT}, u_{XXX}, \ldots) = 0 \), labeled as equation 2.1.]
through the application of the travelling wave transformation [image: A mathematical equation depicting \( u(x) = u(\xi), \xi = k(x_1 + l_1 x_2 + l_2 x_3 + \cdots + l_{m-1} x_m + Vt) \), involving variables \( x \), \( \xi \), constants \( k \), \( l_1, l_2, \ldots, l_{m-1} \), and \( V \), with the sum running over indexed terms.](where [image: It seems there might be an issue with the image or URL input. Please make sure the image is properly uploaded or provide a direct URL, and I will be able to generate the alternate text for it.] and [image: I'm unable to view the image. Please provide the image by uploading it or sharing the URL.] are all constants.), Equation 2.1 can be reduced to an ordinary differential equation (ODE):
[image: It seems there was a mix-up; I cannot see images directly here. Please provide the image or a URL, and I will help generate the alternate text for you.]
we work towards getting its solutions in a more general form:
[image: The equation shows \( u = \sum_{i=m}^{n} a_i \left( \frac{G'}{G} \right)^i \), labeled as equation \(2.3\).]
in which [image: Equation showing G equals G of ksi, with ksi represented by the Greek letter xi.] complies with the ODE
[image: Please upload the image you would like me to describe or provide a URL to it.]
Since Equation 2.3 contains [image: Please upload the image you would like me to generate alternate text for.] arbitrary constants, the solutions derived from the extended [image: A mathematical expression showing the derivative of G with respect to G, written as the fraction dG over dG enclosed in parentheses.]-expansion method are more general in scope compared to those obtained through traditional approaches. To optimize the utilization of the extended [image: A fraction with a numerator of uppercase G factorial divided by the same denominator, also uppercase G factorial.]-expansion method, we list its main steps as follows:
Step 1. Determine the integer value of [image: Please upload the image or provide a URL, and I will help generate the alternate text.]. Substitute Equation 2.3 along with Equation 2.4 into Equation 2.2. By balancing the highest-order derivative term with the nonlinear terms in Equation 2.2, we are able to derive the algebraic equation related to [image: It seems there is no image provided. Please upload the image or provide a URL or description so I can generate appropriate alt text.].
Step 2. Derive an algebraic equation system. Substituting Equation 2.3 and Equation 2.4 into Equation 2.2 with the [image: Please upload the image or provide a URL, and I can generate the alt text for it.] value from step 1. Collecting the coefficients of [image: \((\frac{G'}{G})^p \, (p = 0, \pm 1, \pm 2, \ldots)\)], then setting each coefficient to zero, we can get a set of over-determined algebraic equations for [image: It seems that you've included a snippet of text or an equation rather than an image. Please upload the image file or provide a URL to generate appropriate alternate text.] and [image: If you'd like to provide an image for alt text generation, please upload the image or share a link to it. Let me know if you need help with this!].
Step 3. Solve the algebraic equation system. Employ Maple to solve the algebraic equation system and obtain the explicit expressions for [image: It seems there was an error or text misinterpretation. Please upload an image or provide a proper description for accurate alt text creation.] and [image: Please upload the image or provide a URL so I can generate the alternate text for it.].
Step 4. Get the exact solutions. By substituting the outcomes from the previous steps, we are able to obtain a series of travelling solutions of Equation 2.2 which rely on the fundamental solution [image: It seems there was an error with the image upload. Please try uploading the image again, and I will be happy to help generate the alternate text for it.] of Equation 2.4.
3 SOLUTIONS OF THE CKDV EQUATIONS
In this part, we intend to utilize our method to acquire new and more general exact travelling solutions for the cKdV equations [18].
[image: Equation showing \( u_t = a(u_{xx} + 6u) + 2bvv_x \) with label (3.1) on the right.]
[image: It seems like the image wasn't uploaded. Please try uploading the image again, and optionally, you can add a caption for additional context.]
Suppose that
[image: Mathematical expressions show functions and transformations: \(u = u(x,t) = u(\xi)\), \(v = v(x,t) = v(\xi)\), \(\xi = x - Vt\). Equation labeled (3.3).]
then, upon inserting Equation 3.3 into Equations 3.1, 3.2 separately, we get.
[image: If you have an image you need an alt text for, please upload it or provide a URL. If the information you provided is text within an image, consider describing the visual aspects or context for more specific guidance.]
[image: A mathematical expression from physics or engineering is displayed: negative V prime plus three i u prime plus V double prime equals zero.]
by integrating Equation 3.4 with respect to [image: Please upload the image or provide a URL, and I can help generate the alt text for you.] for one time, we get
[image: Mathematical expression depicting an equation: \( -V u - 3 a u' - a u'' - b v' + C = 0 \).]
Based on step 1, we find that [image: It seems like there might have been an error with the image upload. Please try uploading the image again or provide a URL. If you have a caption or additional context, feel free to include that as well.] for [image: Please upload the image you'd like me to generate alt text for.] and [image: Please upload the image you would like me to generate the alternate text for.]. We postulate that Equations 3.5, 3.6 possess the following formal solutions
[image: Equation showing \( u = \sum_{i=2}^{2} c_i \left( \frac{G'}{G} \right)^i \) labeled as 3.7.]
[image: Mathematical equation depicting v as the summation from i equals two to two of the expression d sub i times the derivative of G divided by G, labeled as equation (3.8).]
where [image: It seems there was an error with the image upload. Please try uploading the image again, and I will help you generate the alternate text for it.] and [image: I'm unable to view images directly. Please upload the image or provide a URL with a caption for additional context, and I can help generate alt text for it.] are all constants to be determined.
Upon substituting Equation 3.7 and Equation 3.8 along with Equation 2.4 into Equations 3.5, 3.6, the following results are achieved.
Case 1:
[image: Mathematical equations showing relationships: \( c_1 = c_2 = d_1 = d_2 = 0 \), \( c_3 = -2\mu r^2 \), \( c_{-1} = -2\lambda\mu \), and \( d_0 = \frac{\lambda d_{-1}}{2\mu} \).]
[image: The equation shown is \( c_0 = \frac{-16a\mu^3 + 2a\mu^2 \lambda^2 - b d_{+1} + 2\mu^2 \lambda^2 + 4\mu^3}{6\mu^2 (1 + 2a)} \).]
[image: Equation for \( V \) is given as \(- \frac{8a \mu^3 + 2a \mu^2 \lambda^2 + b d^2 - 1}{2 \mu^2 (1 + 2a)}\).]
[image: Mathematical equation representing a complex expression. It involves elements such as squared and cubed terms, delta symbols, and multiplicative constants. The equation defines \( C \) based on variables \(\mu, b, d, a, \lambda\), and uses exponential notations and coefficients.]
where λ, μ and d−1 are arbitrary constants.
Case 2:
[image: Equation showing parameters: \( c_1 = c_2 = d_1 = d_2 = 0 \), \( c_{-1} = -4\theta \mu \), \( c_2 = -4\mu^2 \).]
[image: The equations show \( d_{-1} = \pm 2\lambda \mu \sqrt{\frac{-6a}{b}} \) and \( d_{-2} = \pm 2\mu^{2} \sqrt{\frac{-6a}{b}} \).]
[image: The equation depicts \( c_0 = \frac{\tau_c d_0 b \sqrt{\frac{-6a}{b}} + (1 + a)(\lambda^2 + 8\mu)}{1 + 2a} \).]
[image: The equation for V is given by the fraction: numerator is \(a\lambda^2 + 8a\mu \pm d_0 b \sqrt{\frac{-6a}{b}}\), and the denominator is \(1 + 2a\).]
[image: Mathematical equation for C is presented, involving multiple terms with variables and operations. It includes expressions such as \((2a^{2}t^{2} + 16a\mu + \lambda^{2} + 8\psi + 16a^{2}d_{b})d_{b}\) and square roots like \(\sqrt{\frac{6a}{b}}\). The equation includes complex terms with various coefficients, exponents, and parameters such as \(a\), \(b\), \(d_{b}\), \(\mu\), and \(\lambda\), followed by the equation number (3.10).]
where λ, μ and d0 are arbitrary constants.
Case 3:
[image: Equation containing variables and constants: \( c_2 = c_1 = d_1 = d_2 = d_3 = 0 \), \( a_1 = -2\lambda \), \( c_1 = 2 \lambda \), \( c_3 = -2 \). The potential \( V \) is expressed as \( V = \lambda^2 + 2\mu + 3c_0 \).]
[image: \( d_1 = \pm \sqrt{\frac{2a\lambda^2 + 12a c_0 + 16a \mu + 6c_0 + 2\lambda^2 + 4\mu}{b}} \).]
[image: The equation shown is \( d_0 = \pm \frac{\lambda}{2} \sqrt{\frac{2a\lambda^2 + 12a c_0 + 16a \mu + 6 c_0 + 2\lambda^2 + 4\mu}{b}} \).]
[image: Mathematical equation depicting a complex expression for C, involving variables and constants with terms like \( \frac{a \lambda^4}{2} \), \( 3a c_0 \lambda^3 \), \( 2a \mu \lambda^2 \), and several other polynomial and fractional components.]
where λ, μ and c0 are arbitrary constants.
Case 4:
[image: I'm unable to see the image directly. Please upload the image or provide a URL for me to assist you with generating alternate text.]
[image: Mathematical equations: \( d_{-1} = d_{1}\mu, c_{-1} = -2\lambda\mu, c_{-2} = -2\mu^{2} \).]
[image: The equation for \( V \) is given by \(\frac{2a\lambda^2 + 16a\mu + b d_1^2}{2(1 + 2a)}\).]
[image: Equation for \( c_0 \) is shown: \( c_0 = \frac{-2al^2 + 16a\mu + 2l^2 + 16\mu - bdl^2}{6(1 + 2a)} \).]
[image: The equation \( d_0 = \frac{\lambda (24a\mu - b d_1^2)}{2bd_1} \).]
[image: Mathematical expression for C, consisting of a complex polynomial and rational fraction. It includes multiple terms with variables a, b, λ, μ, and their squares, cubes, and higher powers, along with various coefficients.]
where λ, μ and d1 are arbitrary constants.
Case 5:
[image: Mathematical expression with equalities: \( c_{-1} = c_{-2} = d_{-1} = d_{-2} = 0 \), \( c_1 = -4\lambda \), \( c_2 = -4 \).]
[image: Mathematical expressions for distances \(d_1\) and \(d_2\) are shown. \(d_1\) is equal to plus or minus two lambda times the square root of negative six times \(a\) over \(b\). \(d_2\) is plus or minus two multiplied by the square root of negative six times \(a\) over \(b\).]
[image: The expression displays the equation: \( V = \lambda^2 + 8\mu + 3c_0 \), where \( V \) is the result, \( \lambda \) is squared, \( \mu \) is multiplied by eight, and \( c_0 \) is multiplied by three.]
[image: The mathematical expression is: \( d_0 = \frac{\pm (\lambda^2 + a\lambda^2 + 8a\mu + 6ac_0 + 8\mu + 3c_0)}{\sqrt{-6ab}} \).]
[image: Equation showing a complex mathematical expression for "C". It involves terms with variables \(\alpha\), \(\lambda\), \(c_{0l}\), \(c_{2l}\), \(\mu\) squared and to higher powers, with various coefficients. Concludes with the division by \(6\alpha\) and is labeled as equation \(3.12\).]
where λ, μ and c0 are arbitrary constants.
Substituting Equations 3.9–3.12 into Equations 3.7, 3.8 respectively, we have five kinds of formal solutions of Equations 3.1, 3.2:
[image: Equation 3.13: \( u_1 = -2\bigl( \frac{G'}{G} \bigr)^2 - 2 \mu \bigl( \frac{G'}{G} \bigr)^{-1} - \frac{16a\mu^2 + 2a\mu^2\xi - 8b\xi + 2a\xi^2 + 4\mu\xi}{6a\xi^2(1+2a)} \).]
[image: Equation showing gamma equals d sub t multiplied by the fraction G divided by G star plus the fraction d sub lambda over two mu, labeled as equation 3.14.]
where [image: The equation shown is \(\xi = x - \frac{-8a\mu^3 + 2a\mu^2\lambda^2 + b d^2}{2\mu^2(1 + 2a)} t\).].
[image: Equation labeled as 3.15 showing a mathematical expression: \( \mu_z = -4\mu' \left( \frac{G'}{G} \right)^{-2} - 4\mu \left( \frac{G'}{G} \right)^{-1} + \frac{a\lambda^2 \tau_s d_0 b \sqrt{\frac{-\epsilon_d}{b}} + \lambda^2 + 8\mu + 8a\mu}{1 + 2a} \).]
[image: Equation showing \( v_{2} = \pm 2 \mu \sqrt{\frac{-6 \alpha}{b} \left(\frac{G'}{G}\right)^{-2}} + 2 \lambda \mu \left(-\frac{6 \alpha}{b} \left(\frac{G'}{G}\right)^{-1}\right) + d_{0} \).]
where [image: The equation shows ξ equals x minus the fraction with numerator aλ squared plus eight aμ plus or minus d subscript zero b times the square root of negative six α over b, and denominator one plus two a, all multiplied by t.].
[image: Equation: \( y_3 = -2 \left(\frac{G'}{G}\right)^2 - 2\lambda \frac{G'}{G} + c_0 \), labeled as equation \( (3.17) \).]
[image: Equation labeled (3.18) defines \( y_3 \) as plus or minus the square root of the quantity: \((2a\alpha^2 + 12\alpha c_0 + 16\alpha u + 6c_0 + 2\lambda^2 + 4u)\) divided by \( b \), multiplied by \((\frac{G'}{G} + \frac{\lambda}{2})\).]
where [image: The equation is \(\xi = x - (\lambda^2 + 2\mu + 2c_0)t\).].
[image: Equation for \(u_4\) involving derivatives and algebraic expressions. It includes terms with \(-2\mu^2 \left(\frac{G'}{G}\right)^2\), products like \(-2\lambda \frac{G'}{G}\), and a fraction \(\frac{2a\lambda^2 + 16a\mu + 2\lambda^2 + 16\mu - bdt^2}{6 + 12a}\). Labeled as equation (3.19).]
[image: Equation labeled 3.20 shows a mathematical expression for \( v_4 \) defined as \( d_1 \left( \frac{G'}{G} \right)^{-1} + d_1 \frac{G'}{G} - \frac{\lambda (24aq - b d_t^2)}{2b d_t} \).]
where [image: Equation for ξ: ξ equals x minus the fraction where the numerator is two a lambda squared plus sixteen a mu plus b d squared, and the denominator is two times the quantity one plus two a. All multiplied by t.].
[image: Equation showing a mathematical expression: \( u_s = -4 \left(\frac{G'}{G}\right)^2 - 4\lambda \frac{G'}{G} + c_0 \), labeled as equation (3.21).]
[image: Equation 3.22 shows the velocity \(v_s\) expressed as a complex mathematical formula. It features constants and variables such as \(x_2\), \(\alpha\), \(b\), \(G'\), \(G\), and \(\lambda\). The formula is composed of several fractions, roots, and terms, including expressions with multipliers and divisions of \(G'\), \(G\), and \(\alpha\), within the square root, as well as a complex numerator and denominator arrangement.]
where [image: Mathematical formula displayed: the Greek letter xi equals x minus the product of lambda squared plus eight mu plus three c sub zero, and t.].
Then, by substituting the solutions of Equation 2.4 into Equations 3.13, 3.14, we derive three types travelling solutions of the cKdV equations as follows:
When [image: Mathematical expression showing lambda squared minus four times mu is greater than zero.],
[image: Complex mathematical equation involving variables \(\mu\), \(\lambda\), \(C_1\), \(C_2\), and expressions like hyperbolic sine and cosine functions, displayed in a fraction format. It includes powers and multiplications, with the overall structure separated by division lines, and labeled as equation (3.23).]
[image: The equation shows \( v_1 = \frac{d_1}{{\sqrt{\lambda^2 - 4 \mu} \cdot C_1 \cosh X} + \sqrt{\lambda^2 - 4 \mu k} \cdot C_2 \sinh k} + \frac{d_1 \lambda}{2 \mu} \). Below, another equation \( -\frac{\lambda}{2} \times \frac{{\sqrt{\lambda^2 - 4 \mu} \cdot C_1 \cosh X} + \sqrt{\lambda^2 - 4 \mu k} \cdot C_2 \sinh k} \). Each section of the equation involves expressions under square roots with hyperbolic functions and constants \( C_1 \) and \( C_2 \).]
When [image: Mathematical expression showing lambda squared minus four mu is less than zero.], we obtain
[image: Mathematical expression for \( u_1 \) involving parameters such as \(\mu\), \(\lambda\), and constants \( C_1 \) to \( C_4 \). The equation includes fractions, exponents, and trigonometric functions like cosine and sine, with variables \( x \), and \( \zeta \). It appears to be equation (3.25).]
[image: Equation v₁ equals negative λ over two plus d₁ over square root of C₂ cosine hyperbolic of 4μκ squared plus d₁λ over 2μ divided by 2 times C₂ sine hyperbolic of 4μκ squared plus C₁ cosine hyperbolic of 4μκ squared.]
When [image: The equation displays lambda squared minus four mu equals zero.],
[image: Equation for \(u_1\) is given, showing a complex fraction. The numerator comprises two separate fractions, \(-\frac{2\mu z^2}{\left(-\frac{\lambda}{2} + \frac{C_2}{C_1+C_3\xi}\right)^2}\) and \(\frac{2\mu z}{-\frac{\lambda}{2} + \frac{C_2}{C_1+C_3\xi}}\). The main fraction's denominator is \(\frac{16\alpha\mu z^3 + 2\alpha\mu^2 z^2 - b\alpha^2 + 2\mu\alpha z^2 + 4\mu^3}{6\alpha z^2 (1+2\alpha)}\). Equation number is 3.27.]
[image: The image shows a mathematical equation: \( v_1 = \frac{d_{1}}{\frac{\lambda}{2} + \frac{G}{c_1 + c_5 \varepsilon}} + \frac{d_{1} \lambda}{2\mu} \). It is labeled as equation 3.28.]
By substituting the solutions of Equation 2.4 into Equations 3.15, 3.16, We possess three types of travelling solutions of the cKdV equations in the following:
When [image: Lambda squared minus four mu is greater than zero.],
[image: Mathematical equation for \( u_2 \) shown with two complex fractions involving variables \(\lambda\), \(\mu\), \(C_1\), \(C_2\), \(d_\theta\), and other constants, featuring hyperbolic functions and square roots. Refer to equation (3.29).]
[image: Mathematical equation \(v_2\) is defined with a complex fraction. The numerator includes \( \pm 2 \mu t \sqrt{\frac{-6a}{b}} \). The denominator shows a fraction with terms \(-\frac{\lambda}{2} + \frac{\sqrt{\lambda^2 - 4 \mu t} \cdot C_1 \cosh{\frac{\sqrt{\lambda^2 - 4\mu t}}{2}} + C_1 \sinh{\frac{\sqrt{\lambda^2 - 4\mu t}}{2}}}{C_1 \sinh{\frac{\sqrt{\lambda^2 - 4\mu t}}{2}} + C_1\cosh{\frac{\sqrt{\lambda^2 - 4\mu t}}{2}}}\) squared plus \(d_0\). It is followed by a minus fraction. The equation is identified as (3.30).]
When [image: The mathematical expression \(\lambda^2 - 4\mu < 0\).],
[image: Mathematical equation showing a complex expression for \( u_{2} \). The equation involves variables like \( \lambda \), \( \mu \), \( a \), and \( C_{1} \), with operations including division, addition, and the square root. There's a combination of trigonometric functions such as cosine and sine. The equation is labeled as equation \((3.31)\).]
[image: Mathematical expression for \( y_2 \) is shown. It involves variables \( \mu, \lambda, \xi, b, d_0 \). The equation includes square roots, fractions, and trigonometric functions \( \sin \) and \( \cos \). It demonstrates complex relationships between these variables. The equation is labeled (3.32).]
When [image: The image shows a mathematical equation: lambda squared minus four mu equals zero.],
[image: Equation displaying complex mathematical relationships, including variables like x, μ, a, and parameters denoted by Greek letters. It involves terms with fractions, exponents, and square roots, culminating in a complex expression, labeled as equation 3.33.]
[image: The image shows a mathematical equation labeled as equation 3.34. The equation is \( z_2 = \frac{\pm2 \mu l \sqrt{\frac{-6 a}{b}}}{\left(\frac{-\Lambda}{2} + \frac{C_2}{C_1 C_3 \epsilon} \right)^2} \pm \frac{2 \mu \left(\sqrt{\frac{-6 a}{b}}\right) \frac{C_2}{C_1 C_3 \epsilon} }{\frac{-\Lambda}{2} + \frac{C_2}{C_1 C_3 \epsilon}} + d_0 \).]
Upon substituting the general solutions of Equation 2.4 into Equations 3.17, 3.18, here are three types of travelling solutions of the cKdV equations.
When [image: Mathematical expression showing lambda squared minus four mu greater than zero.],
[image: Equation for \( u_s \) includes terms with hyperbolic cosine and sine functions: \( u_s = \left( 2\mu - \frac{\lambda^2}{2} \right) \left( \frac{C_1 \cosh \frac{\sqrt{\lambda^2-\omega_s \kappa}}{2} + C_2 \sinh \frac{\sqrt{\lambda^2-\omega_s \kappa}}{2}}{C_1 \sinh \frac{\sqrt{\lambda^2-\omega_s \kappa}}{2} + C_2 \cosh \frac{\sqrt{\lambda^2-\omega_s \kappa}}{2}} \right)^2 + \frac{\lambda^2}{2} + c_0 \), labeled as equation 3.35.]
[image: The image shows a mathematical equation for \( y_3 \): it equals plus or minus the square root of a fraction. The numerator is \( 2(\lambda^2 - 4\mu)(a\lambda^2 + 6a\alpha + 8a\mu + 3\alpha + \lambda^2 + 2\mu) \) and the denominator is \( b \). It is multiplied by another fraction involving hyperbolic functions: the numerator is \( C_1 \cosh\left(\frac{\sqrt{\lambda^2 - 4\mu} \, \zeta}{2}\right) + C_2 \sinh\left(\frac{\sqrt{\lambda^2 - 4\mu} \, \zeta}{2}\right) \) and the denominator is \( C_1 \sinh\left(\frac{\sqrt{\lambda^2 - 4\mu} \, \zeta}{2}\right) + C_2 \cosh\left(\frac{\sqrt{\lambda^2 - 4\mu} \, \zeta}{2}\right) \). The equation is labeled (3.36).]
Taking [image: Equation showing \( c_0 = -\frac{a \lambda^2 + 8a\mu + \lambda^2 + 2\mu}{3 + 6a} \).] in Equation 3.36, i.e., [image: Math equation showing \( v_3 = 0 \), where \( v \) is subscripted with 3, indicating the third component of a vector is zero.], then Equations 3.1, 3.2 become the KdV equation
[image: To generate the alternate text for an image, please upload the image or provide a URL to it. If there's additional context or a caption you'd like to include, feel free to mention it as well.]
from Equation 3.35, the solutions of Equation 3.37 can be rewritten as
[image: Equation 3.38 shows an expression for \(u_5\), involving fractions with square roots. The numerator features complex terms with exponents, square roots of \(\lambda^2 - 4k\), coefficients \(C_4\) and \(C_5\), exponential functions, and \(C_2\). The denominator mirrors the numerator but with different signs. An additional term, involving \(k\), \(\lambda\), and \(t\), divided by \(6\) plus \(12a\), is added.]
if we set [image: Mathematical expression showing \( C_1 = 0 \), likely representing a constant or coefficient equal to zero.], Equation 3.38 becomes
[image: Equation 3.39 shows \( u_3 = \frac{4\mu - a\lambda^2 - \lambda^2 + 4q\mu}{3 + 6 \alpha} - \frac{2C_2 (4\mu - \lambda^2)}{C_1 e^{\sqrt{\lambda^2 - 4\mu} x} + C_2 e^{-\sqrt{\lambda^2 - 4\mu} x} + 2C_2} \).]
Comparing our results in Equation 3.39 with other results by Exp-function method in [19], then it can be seen that the forms are similar.
When [image: The expression shows a mathematical inequality: lambda squared minus four times mu is less than zero.],
[image: Equation 3.40 shows a mathematical expression for \( x_s \). It is given by \(\left(\frac{\lambda^2}{2} - 2\mu\right)\) multiplied by a fraction. The numerator of the fraction includes \( C_1 \cosh^{-1} \sqrt{\lambda^2 - 4\mu k} - C_1 \sinh^{-1} \sqrt{\lambda^2 - 4\mu k} \). The denominator includes \( C_1 \sinh^{-1} \sqrt{\lambda^2 - 4\mu k} + C_1 \cosh^{-1} \sqrt{\lambda^2 - 4\mu k} \). This is added to \(\frac{\lambda^2}{2} + c_{g0}\).]
[image: The equation displayed is a mathematical expression involving variables such as \( y_3 \), \( a \), \( b \), \( c_0 \), \( \lambda \), and \(\mu\). It includes a square root, cosine and sine functions, and subscripts, along with constants \( C_1 \) and \( C_2 \). The expression ends with a reference, (3.41).]
When [image: The equation shows lambda squared minus four times mu equals zero.],
[image: Mathematical formula representing \( y_3 = \frac{C_2^2 (2c_0 + \lambda) \xi^2 + 2C_1 C_2 (2c_0 + \lambda) \xi + 2c_0 C_1^2 - 4C_2 + C_1^2}{2(C_1 + C_2 \xi)^2} \) labeled as equation 3.42.]
[image: Mathematical equation depicting \( y_3 = \pm \sqrt{\frac{2a\lambda^2 + 12a\alpha_0 + 16a\alpha \lambda + 6\alpha + 2\lambda^2 + 4\mu}{b} - \frac{C_2}{C_1 + C_3 \xi}} \) with reference number (3.43) on the right.]
Puting the general solutions of Equation 2.4 into Equations 3.19, 3.20, three types of travelling solutions of the cKdV equations are given in the following:
When [image: Mathematical inequality showing lambda squared minus four times mu is greater than zero.],
[image: Mathematical equation for \( u_4 \) includes complex fractions and expressions with variables \(\lambda\), \(\mu\), \(a\), \(b\), and constants \(C_1\), \(C_2\). It features hyperbolic sine and cosine functions, nested fractions, and polynomial terms.]
[image: Equation 3.45 shows a complex mathematical expression for \( v_4 \). It includes fractions and square roots, variables such as \(\lambda\), \(\xi\), and constants \( C_1 \), \( C_2 \), as well as trigonometric functions \(\cosh\) and \(\sinh\). The expression also involves terms like \( d_1 \), \(\mu\), and constants like \( a \), \( b \).]
When [image: Mathematical inequality showing lambda squared minus four times mu is less than zero.],
[image: The complex mathematical equation includes fractions, trigonometric functions, and variables such as \( \nu \), \( \mu \), \( \lambda \), and \( \xi \). It involves terms with sine and cosine functions, roots, and powers, with coefficients \( C_1 \) and \( C_2 \). The expression also includes constants and alterations in terms of squares and subtractions, evidently forming part of a more extensive mathematical derivation or formula, labeled as equation (3.46).]
[image: Equation detailing \( v_{\phi} \) with a complex expression on the right-hand side, incorporating terms with various constants, square roots, sums, differences, and a fraction. The denominator contains a product equal to \( 12 I_{sij} / b_{cj} \). Equation labeled (3.47).]
When [image: The equation shown is lambda squared minus four mu equals zero.],
[image: The image contains a mathematical equation for \( u_4 \). It includes terms with variables like \(\mu\), \(a\), \(C_1\), \(C_2\), \(\xi\), and \(b\). The equation features fractions and expressions with exponents. The term is followed by an equal sign and is evaluated as a fraction with a complex numerator involving several terms divided by \(6 + 12a\). The equation is labeled (3.48).]
[image: Formula for \( \nu_4 \) expressed as: \( \nu_4 = \frac{d_1 \mu}{- \frac{\lambda}{2} + \frac{C_2}{C_1 + C_2 \xi}} + \frac{d_1 \sqrt{4\mu - \lambda^2}}{2} - \frac{C_2}{C_1 + C_2 \xi} = \frac{12 \lambda \mu}{b d_1} \), with reference number (3.49).]
Substituting the general solutions of Equation 2.4 into Equations 3.21, 3.22, we have three types travelling solutions of the cKdV equations in the following:
When [image: Mathematical expression, lambda squared minus four mu is greater than zero.],
[image: Mathematical equation displaying \( u_{4} \) equal to negative \((\lambda^{2} - 4\mu)\) multiplied by a fraction. The fraction has \((C_2 \cosh \frac{1}{2} \sqrt{\lambda^{2} - 4\mu} + C_1 \sinh \frac{1}{2} \sqrt{\lambda^{2} - 4\mu})\) in the numerator and \((C_1 \sinh \frac{1}{2} \sqrt{\lambda^{2} - 4\mu} + C_2 \cosh \frac{1}{2} \sqrt{\lambda^{2} - 4\mu})\) in the denominator. This expression is multiplied by \(x^{2}\) and added to \(c_{0}\) with label (3.50).]
[image: Equation 3.51 shows a complex mathematical expression describing the variable \( x_s \) in terms of parameters \( \lambda \), \( \mu \), \( a \), \( b \), \( c \), and \( \xi \). The expression involves square roots, hyperbolic sine and cosine functions, and fractions.]
If [image: \( C_2 > 0, C_1^2 < C_2^2 \)], then from Equations 3.23, 3.24, we can obtain bell soliton solutions
[image: Equation displaying a mathematical expression for \( u_s \) involving parameters \( \lambda \), \( \mu \), \( \xi \), and constants \( c_0 \). Includes hyperbolic secant squared \( \text{sech}^2 \) of a fraction with a square root term.]
[image: Mathematical expression showing \( y_{s,2} = \pm \sqrt{\frac{-6a}{b}} \left(\frac{\lambda^2 - 4\mu}{2}\right) \text{sech}^2 \left( \frac{\sqrt{\lambda^2 - 4\mu}\, \xi}{2} + \xi_0 \right) \pm \frac{\lambda^2 + a\lambda^2 + 20a\mu + 6a c_0 + 8\mu + 3c_0}{\sqrt{-6ab}} \). Equation reference (3.53).]
where [image: The mathematical expression displays \(\xi_0 = \tanh^{-1} \left( \frac{C_1}{C_2} \right)\), where \(\tanh^{-1}\) denotes the inverse hyperbolic tangent, and \(C_1\) and \(C_2\) are variables.].
When [image: The mathematical expression shows lambda squared minus four mu is less than zero.],
[image: Equation with a variable \( u_3 \) defined as \( (\lambda^2 - 4\mu) \) times a fraction. The fraction consists of \( (C_1 \cos_{5}^{1/2} \sqrt{4\mu - \lambda^2} \xi - C_2 \sin_{5}^{1/2} \sqrt{4\mu - \lambda^2} \xi) \) divided by \( (C_1 \sin_{5}^{1/2} \sqrt{4\mu - \lambda^2} \xi + C_2 \cos_{5}^{1/2} \sqrt{4\mu - \lambda^2} \xi) \), raised to the fifth power, plus \( \lambda^2 + c_0 \). Equation number \( (3.54) \).]
[image: \( v_5 = \frac{\left(4\mu - \lambda^2\right)\sqrt{-6a/b}}{2} \left( \frac{C_1 \cos \frac{1}{2} \sqrt{4\mu - \lambda^2} \xi - C_2 \sin \frac{1}{2} \sqrt{4\mu - \lambda^2} \xi}{C_1 \sin \frac{1}{2} \sqrt{4\mu - \lambda^2} \xi + C_2 \cos \frac{1}{2} \sqrt{4\mu - \lambda^2} \xi} \right)^2 \pm \frac{\lambda^2 + 4a \lambda^2 + 8a \mu + 6ac_0 + 8a + 3c_0}{\sqrt{-6ab}} \). Equation number 3.55.]
When [image: Lambda squared minus four times mu equals zero.],
[image: Mathematical equation for \( u_6 \) equals negative fraction of four times \( C_2 \) squared over the sum of \( C_1 \) and \( C_2 \) squared squared, plus \( \lambda^2 \) plus \( c_0 \). Equation label is 3.56.]
[image: The formula expresses \(v_c\) as the sum of \(\frac{2 C_g}{(C_i + C_g)^2}\) plus the square root of \(\frac{-6a}{b}\), multiplied by the quotient of \(x^2 + 4axz^2 + 8ayz + 6acx + 8ay + 3c_0\) over \(\sqrt{-6ab}\). The equation is labeled as 3.57.]
4 CONCLUSION
In summary, the extended [image: Mathematical expression with the derivative of G with respect to G inside parentheses, displayed as a fraction.]-expansion method has been proposed and applied to construct exact solutions of the cKdV equations. With the aid of Maple, we have obtained many new and more general exact travelling wave solutions, presented as Equations 3.32–3.36 and 3.40–3.57. These solutions span a wide spectrum, including soliton solutions, hyperbolic function solutions, trigonometric function solutions, as well as rational solutions. By applying the solutions obtained from the cKdV equations to MEMS systems, the presence of the two arbitrary constants allows for customization of the model to fit specific experimental data or design requirements. This enables more accurate predictions and optimization of MEMS devices. Additionally, the study of these equations provides insights into the nonlinear behavior of MEMS systems, which is crucial for improving their performance and reliability. Overall, the cKdV equations with two arbitrary constants play a vital role in advancing the design and understanding of MEMS applications. We hope to contribute to the development of more efficient and reliable MEMS devices.
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Introduction: Micro-Electro-Mechanical System (MEMS) oscillators play a pivotal role in diverse applications such as biosensors and wearable sensors. To optimize their performance and ensure reliability, exploring their periodic properties and pull-in instability during the study of MEMS oscillators with singularity is crucial. The harmonic balance method, a prevalent approach for analyzing nonlinear systems, is selected as the research focus.Methods: This study conducts an in-depth theoretical analysis of the harmonic balance method applied to MEMS oscillators. The treatment of singular terms and the selection of approximate solutions within this method are meticulously examined.Results: The analysis reveals that the handling of singular terms and the choice of approximate solutions in the harmonic balance method have a significant impact on the accuracy of determining the pull-in condition. Incorrect choices can lead to large errors, while a well-chosen approximate solution can remarkably improve the accuracy of predicting pull-in instability.Discussion: The research findings provide valuable insights for enhancing the application of the harmonic balance method in the analysis of MEMS oscillators. These results can serve as references for future studies aiming to further optimize the performance and reliability of MEMS oscillator-based devices.Keywords: micro-electro-mechanical system (MEMS, ), harmonic balance method, periodic solution, pull-in instability, analytical solution
1 INTRODUCTION
Recent years have seen a significant expansion in the field of Micro-Electro-Mechanical System (MEMS). This growth can be attributed to the system’s capacity to integrate mechanical and electrical components at a microscopic scale, thereby enabling miniaturized devices with diverse applications across multiple disciplines [1–3].
In the field of mathematics, the development of MEMS has led to significant advancements in advanced modelling and simulation techniques [4–6]. These techniques assist researchers in the creation of complex mathematical models to describe the behavior of MEMS devices, taking into account factors such as micro-scale fluid dynamics, mechanical vibrations and electrical interactions. The development of such models is of paramount importance for the optimization of MEMS device design and performance.
In the domain of nanotechnology, Micro-Electro-Mechanical System (MEMS) play a pivotal role in the fabrication of nanoscale structures. The integration of nanowires and nanotubes into MEMS sensors has been demonstrated to enhance their sensitivity and selectivity, thereby resulting in highly efficient chemical and biological sensing devices [7, 8].
The field of material science has undergone significant transformations in the wake of MEMS. The demand for specific material properties has driven the development of new materials for MEMS applications. For instance, enhanced piezoelectric materials have been shown to facilitate more efficient energy harvesting and actuation in MEMS devices [9, 10].
MEMS oscillators are of particular importance within the domain of MEMS components [11]. Their utilization is pervasive in energy harvesters [12] and accelerometers [13]. In biosensors, they facilitate precise detection and analysis of biological substances by converting biomolecule-sensor surface interactions into electrical signals. In the context of wearable sensors, they enable uninterrupted monitoring of physiological parameters, including body movements and heart rate.
However, in the research of MEMS oscillators, several aspects require consideration. The periodic property is pivotal in determining the oscillator’s stable operation and frequency characteristics. It is imperative to comprehend the phenomenon of pull-in instability, as its onset can culminate in device failure when the oscillator approaches this state [14, 15]. Additionally, energy conversion efficiency affects power consumption, and temperature stability is vital due to the often varying operating temperatures of MEMS oscillators.
The harmonic balance method is a common technique for analyzing nonlinear systems [16, 17]. This method involves the representation of the response of a nonlinear system as a sum of harmonic functions, thereby providing a relatively simple means by which to analyze complex nonlinear behavior. In the context of MEMS oscillators, this method can occasionally yield analytical solutions, which are valuable for understanding the relationship between system parameters and oscillator performance.
However, it is important to note that the harmonic balance method has limitations when applied to MEMS oscillators. MEMS oscillators exhibit singular terms, which complicates the enhancement of solution accuracy in the vicinity of singularities. Furthermore, the method’s outputs are found to be highly sensitive to harmonic components, necessitating the inclusion of additional components to achieve higher levels of accuracy, which in turn increases the complexity of the calculations. Furthermore, as the applied voltage in MEMS oscillators changes, the system may shift from periodic motion to pull-in instability [18–20], further complicating the analysis.
It is evident that alternative methods, including the homotopy perturbation method [21, 22], the variational iteration method [23, 24], the variational principle [25, 26] and He’s frequency formulation [27, 28], have demonstrated efficacy in addressing singularities. These methods offer different ways to approximate solutions of nonlinear systems and may overcome the limitations of the harmonic balance method in MEMS oscillator analysis. The present study aims to explore the application and limitations of the harmonic balance method in MEMS oscillator analysis and to compare it with alternative methods, thereby providing insights for further research in this field.
2 HARMONIC BALANCE METHODS
The harmonic balance method is a well-established and powerful technique in engineering and physics, serving as a fundamental tool for analyzing nonlinear systems. The underlying principle of this method is based on the representation of the response of a nonlinear system as a sum of harmonic functions.
For a general nonlinear system described by an ordinary differential equation of the form:
[image: It looks like you've referenced an equation or some text, but I cannot generate alt text without viewing the actual image. Please upload the image or provide a URL, and I will help you with the alt text.]
where f is a nonlinear function. Equation 1 has periodic solution when f/w > 0, and we assume the periodic solution has the following form:
[image: Mathematical expression showing a Fourier series: \( w = \sum_{{n=0}}^{N} \{a_n \cos(n \omega t) + b_n \sin(n \omega t)\} \).]
where [image: Please upload the image you would like described, and I will assist you with generating the alt text.] is the frequency, [image: It seems there was an error in uploading or describing the image. Please try uploading the image file again or provide a URL. You can also add a caption for additional context if needed.] and [image: It seems there might have been an error or typo in your request, as no image was provided. Could you please upload the image again, or provide a link or caption for context?] are coefficients to be determined late.
This method offers several advantages. It provides a relatively straightforward and intuitive way to analyze nonlinear systems. By decomposing the complex nonlinear behavior into individual harmonic components, engineers and researchers can more easily understand and study the fundamental characteristics of nonlinear oscillators. Specifically, it enables the analysis of frequency response and amplitude-related behavior independently. In numerous instances, the harmonic balance method has been shown to yield analytical solutions. These solutions establish explicit relationships between system parameters (e.g., capacitance, stiffness, and applied voltage in MEMS oscillators) and solution characteristics (e.g., amplitude and frequency). This enables a deeper understanding of how changes in these parameters affect the oscillator’s performance. To illustrate this point, consider the analytical expression for the amplitude of a MEMS oscillator in terms of capacitance and applied voltage. This expression can reveal the precise relationship between an increase in voltage and an increase in amplitude.
However, when applied to MEMS oscillators, the harmonic balance method also has some notable drawbacks. Firstly, MEMS oscillators contain singular terms. Conventional numerical techniques frequently employed in the harmonic balance method encounter difficulties in dealing with these singularities, thereby hindering the enhancement of the solution’s accuracy in the vicinity of these points. This can result in substantial errors in the approximation of the oscillator’s behavior. Secondly, the accuracy of the results obtained using the harmonic balance method is highly sensitive to the number of harmonic components considered. Achieving a high level of accuracy in the solution often necessitates the consideration of a substantial number of harmonic components. This not only increases the complexity of the calculation but also makes the computational process more time-consuming. Thirdly, it is important to note that MEMS oscillators exhibit a wide range of dynamical properties. As the voltage increases gradually, the system may transition from periodic motion to pull-in instability. The harmonic balance method may not be able to accurately capture this complex transition behavior, further limiting its effectiveness in analyzing MEMS oscillators.
3 MEMS OSCILLATORS
The present paper focuses on a specific MEMS oscillator, the governing equation of which is given [4]:
[image: A mathematical equation is shown: \( w'' + w = \frac{k}{1 - w} \), with initial conditions \( w(0) = 0 \) and \( w'(0) = 0 \).]
In this equation, w represents the dimensionless displacement and k is the voltage parameter. This equation is singular, and the presence of this singularity serves to render the problem considerably more complex [29].
In order to apply the harmonic balance method [16, 17], it is necessary to treat with the singular term. To this end, Equation 2 is rewritten in the form:
[image: Mathematical equation: \( w'' + w - w'' w - w^2 - k = 0 \).]
This transformation is a crucial initial step, as it aligns the equation with the principles of the harmonic balance method, thereby enabling the use of the approximation techniques of this method.
Subsequent to the establishment of the initial conditions of the oscillator, it is assumed that the solution may be expressed in the following form:
[image: It appears there is a request for alt text, but I need the image to provide a proper description. Please upload the image you want described.]
where A and [image: Please upload the image or provide a URL so I can generate the alternate text for you.] are unknown for further determination.
Substituting Equation 4 into Equation 3 yields the residual function R:
[image: Mathematical expression: \( R(t) = w'' + w - w'w'' - w'w' - k \). Expanded form: \( 2A\omega^2 \cos 2\omega t + A\sin^2 \omega t - 2A^2 \omega^2 \cos 2\omega t \sin^2 \omega t - A^2 \sin^4 \omega t - k \). Further simplified: \( 2A\omega^2 - k + A(1 - 6\omega^2)\sin^2 \omega t + A^2(4\omega^2 - 1)\sin^4 \omega t \).]
which represents the net force imbalance at each phase ([image: It seems there was an issue with the image upload. Please make sure to upload the image file directly, and I will help generate the alternate text for you.]). To satisfy the harmonic balance principle, we evaluate its residual function R at [image: Please upload the image you want the alternate text for. You can do this by attaching the image file directly to the chat.] = 0 and [image: The mathematical equation showing omega times t equals pi.], the points corresponding to the oscillator’s equilibrium position and maximum displacement, where the linear stiffness and nonlinear electrostatic forces are most dominant. Setting R = 0 at these locations, we obtain
[image: Equation showing "2 A omega squared minus k equals 0" with the number five in parentheses on the right side, indicating equation number five.]
[image: Mathematical equation showing \( A(1 - 6\omega^2) + A^2(4\omega^2 - 1) = 0 \).]
Equations 5, 6 enforce force balance at critical phases, allowing us to solve for the unknown coefficients A and [image: Please upload the image or provide a URL for it, and I will generate the alternate text for you.] by projecting the nonlinearity onto the fundamental harmonic component:
[image: \( \omega = \sqrt{\frac{1 - A}{6 - 4A}} \).]
[image: The equation shows \( A = \frac{(1 + 2k) - \sqrt{(1 + 2k)^2 - 12k}}{2} \).]
which provide explicit expressions for the coefficients in terms of the system parameters.
In this study, we will be comparing the approximate solutions obtained using the harmonic balance method with the exact solutions. As demonstrated in Figure 1, the figure reveals a substantial discrepancy between the approximate and exact solutions for different values of k. This discrepancy can be attributed primarily to the selection of the trial solution, as outlined in Equation 4, and the handling of the singularity during the solution process.
[image: Graphs showing the approximate and exact solutions for k-values of 0.01, 0.05, 0.08, and 0.10. Each row has two graphs: the first displays the solutions, with blue and red curves representing different solutions, and the second shows the error between the solutions over time, depicted with a green curve. Each pair of graphs shows the relationship for the corresponding k-value.]FIGURE 1 | Comparison of the approximate solution of Equation 4 (continued line) with the exact ones (discontinued line) for different values of k.
For the purpose of comparison, an alternative approach to treating the singular term is hereby presented. Utilizing the Taylor series, the following equation can be expressed as:
[image: Mathematical equation: \( w'' + w - k(1 + w + w^2 + w^3 + w^4 + \ldots) = 0 \).]
Substituting Equation 4 into Equation 7 results in the following residual
[image: The image shows a mathematical expression for R of t: \( R(t) = 2A\omega^2 \cos(2\omega t) + A \sin^2 \omega t - k(1 + A \sin^2 \omega t + A^2 \sin^4 \omega t + A^3 \sin^6 \omega t + A^4 \sin^8 \omega t + \ldots) \).]
By a similar operation as above, we have
[image: Mathematical equation showing \( R(t=0) = 2A\omega^2 - k = 0 \).]
[image: A mathematical expression is shown: \( R(t = \pi/(2\omega)) = -2A\omega^2 + A - k(1 + A + A^2 + A^3 + A^4 + \ldots) = 0 \). The equation is labeled with the number 9 on the right.]
Equation 8 is equivalent to Equation 5, and Equation 9 can be expressed as follows:
[image: The equation displayed is \(2 \omega^2 + 1 - \frac{k}{A(1 - A)} = 0\), labeled as equation 10.]
By simultaneously solving Equations 8, 10, we obtain
[image: Equation showing omega squared equals the fraction of one minus A over two times two minus A, labeled as equation eleven.]
[image: The equation represents \( k = \frac{A(1 - A)}{2 - A} \).]
Based on Equation 11, when A = 1, the pull - in instability emerges and the pull - in voltage is k = 0, a situation that deviates significantly from real - world conditions. Clearly, this method of dealing with the singular term is ineffectual. Given this shortcoming, we shift our focus to selecting an alternative approximate solution in the following form:
[image: It seems like you've pasted a mathematical expression instead of an image. If you need alternative text for an image, please upload the image file or provide a URL, and I'll be happy to help!]
where B and are unknown for further determination.
The alternative trial solution is proposed to address the limitations of the harmonic approximation of Equation 4, [image: The equation represents angular frequency modulation with \( w = A \sin^2 \omega t = A(1 - \cos 2\omega t)/2 \), indicating a transformation using trigonometric identities.], though it is simple, and meets the initial conditions with a higher harmonic component ([image: The mathematical expression displays "cosine of two omega t".]), while Equation 12 has lower harmonics with also a simple harmonic component ([image: It looks like you've attempted to include an image or diagram related to cosine and angular frequency. To generate the appropriate alt text, please upload the image directly or provide a URL. Additionally, you can add a caption for context.]). This simple modification is critical for improvement of its accuracy.
By a similar operation as above, we obtain the following residual:
[image: The mathematical equation shown is: R(t) = Bω²cos ωt + B(1 - cos ωt) - B²ω²cos ωt(1 - cos ωt) - B²(1 - cos ωt)² - k.]
We set R = 0 at two location points [image: Mathematical expression showing \( R(0) = 0 \).] and [image: Mathematical expression stating: \( R(t = \pi/(3\omega)) = 0 \).], this results in
[image: Mathematical equation: \( B - B^2 - k = 0 \).]
[image: The equation shows omega squared equals the fraction with numerator, one minus two B plus one-half B, and denominator, one plus one-half B. This simplifies to one minus three-halves B over one plus one-half B.]
Figure 2 shows the comparison between the new approximate solution and the exact solutions for different values of k. It is evident that the selection of the trial solution and the treatment of singular terms are pivotal in the harmonic balance method. As discussed in the homotopy perturbation method [30], an initial guess that is well-founded invariably yields an ideal result. The singularity treatment ensures the reliability of the solution process.
[image: Six graphs illustrate the comparison between approximate and exact solutions for different values of \( \epsilon \), specifically \( 0.01 \), \( 0.05 \), \( 0.08 \), and \( 0.10 \). In each set, the top graph shows the solutions, with red and blue lines representing the approximate and exact solutions, respectively. The bottom graph displays the error between these solutions as a green line, highlighting variations in accuracy across different intervals.]FIGURE 2 | Comparison of the approximate solution of Equation 12 (continued line) with the exact ones (discontinued line) for different values of k.
Pull-in instability occurs when [image: Equation showing omega squared equals zero, with omega represented by the Greek letter ω.], this results in B = 2/3, and the pull-in voltage k = 2/9, while the exact pull-in voltage is k = 0.20363, the relative error is 9.13%. This error may be acceptable for some engineering applications, but for more precise requirements, further improvement of the analysis method is needed. We can increase the accuracy by considering more harmonic components in the approximate solution or using more advanced numerical techniques to handle the singularities.
To improve the accuracy, the trial solution should include more harmonical components:
[image: The image shows a mathematical equation, \( w = \sum_{{n=0}}^{N} B_n \cos(n \omega t) \), labeled as equation (13).]
In view of the initial conditions, the coefficients in Equation 13 satisfy the following condition
[image: Summation equation showing the sum from n equals 0 to N of B sub n equals 0.]
We can choose N location points to determine [image: The image shows the mathematical notation for the Bell number, represented as \(B_n\).] and [image: It seems there’s an error with displaying the image. Please try uploading the image again or provide a URL. If you have a caption or any additional context, feel free to include that as well.], this can greatly improve the accuracy, but it also increases the complexity of the calculation.
4 DISCUSSION AND CONCLUSION
The present work makes two distinct contributions to the analysis of MEMS oscillators with singularities. First, unlike traditional approaches that employ homotopy perturbation [31, 32] or variational iteration method [33–35] or numerical methods [36, 37] to address nonlinearity, we demonstrate that the strategic trial function selection in the harmonic balance method can mitigate singularity-induced errors with minimal computational overhead. This offers a design-friendly alternative for rapid parametric analysis, as shown by the 9.13% improvement in pull-in voltage prediction compared to the naive sinusoidal trial solution. The accuracy can be improved if more harmonic components are involved in the trial function. Second, we provide a suitable treatment of the singularity that quantifies the trade-off between trial function complexity and accuracy, a critical gap in prior HBM applications to MEMS. While methods like HPM may achieve higher precision, our approach prioritizes analytical transparency and computational efficiency, making it suitable for preliminary design stages or educational contexts. The insights herein thus expand the utility of HBM in MEMS research and establish a benchmark for future hybrid analytical-numerical methodologies.
Unlike prior studies that rely on complex transformations (e.g., homotopy or series expansions), we demonstrate that simply modifying the trial solution form can significantly reduce singularity-induced errors. This approach retains HBM’s analytical simplicity while improving accuracy, as shown in Figure 2.
In the in - depth study of MEMS oscillators, this paper has presented a detailed comparison between the harmonic balance method and the homotopy perturbation method. MEMS oscillators, with their complex structures and unique operating characteristics, pose significant challenges in the field of analysis.
The harmonic balance method, which is widely applied in engineering and physics, has limitations when used in the analysis of MEMS oscillators. Due to the complexity of MEMS oscillators, the harmonic balance method faces issues such as parameter errors and singularities, which significantly affect the accuracy of the results. Parameter errors stem from various sources. Manufacturing process variations can change the physical dimensions and material properties of oscillator components. For example, minor changes in the thickness of the vibrating structure or the dielectric constant of capacitive elements can notably impact the oscillator’s performance. Environmental factors, especially temperature fluctuations, also play a crucial role. As the temperature changes, the Young’s modulus of the structural materials varies, affecting the oscillator’s stiffness, resonant frequency, and other characteristics. These errors accumulate during the analysis process, making it difficult to accurately predict the behavior of MEMS oscillators.
The homotopy perturbation method shows great potential as an alternative. It can effectively handle the singularities in MEMS oscillators. By leveraging the concept of homotopy, it transforms complex problems into simpler ones, circumventing the difficulties posed by singularities and obtaining more accurate and reliable solutions. This helps in a deeper understanding of the behavior of MEMS oscillators, providing support for optimizing their design and performance. For instance, in the design of high - precision MEMS - based sensors, accurately predicting the oscillator behavior can enhance the sensor’s sensitivity and stability.
However, although the homotopy perturbation method has obvious advantages in dealing with singularities, the harmonic balance method still has its value. The harmonic balance method is intuitive when analyzing the basic characteristics of MEMS oscillators. In some cases, it can yield analytical solutions, facilitating a quick understanding of the relationship between system parameters and oscillator performance. Thus, it can serve as a reference in the initial stage of analysis or when a rough estimate is sufficient.
Looking ahead, this study motivates several avenues for advancing MEMS oscillator analysis. First, refining the harmonic balance method through higher-order trial functions or adaptive singularity modeling could further reduce errors in pull-in voltage predictions, particularly for systems operating near critical gaps. Second, developing hybrid HBM-numerical frameworks—such as using HBM solutions as preconditions for finite element simulations—holds promise for balancing computational efficiency and accuracy in complex geometries. Third, extending the methodology to multi-physics MEMS systems (e.g., thermal or fluid-coupled oscillators [38–40]) will address real-world operational challenges, such as temperature-induced drift. Finally, integrating machine learning [41], AI-powered problem solving [42] and ResNet Neural Network [43] and advanced numerical simulation methods [44] with analytical models could create self-calibrating frameworks that adapt to manufacturing tolerances and experimental data. These advancements will strengthen the harmonic balance method’s utility across precision engineering, nanotechnology, and bio-MEMS applications.
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This study investigates Magnetohydrodynamics (MHD) interfacial stability in Bingham fluids moving in micro-porous MEMS structures with fractal space characteristics. The study uses nonlinear boundary conditions to study motion equations, resulting in a nonlinear partial differential equation for interface displacement with complex coefficients. The study also uses a modified Lindstedt-Poincaré transformation to express the elevation amplitude equation in fractal space, which is converted to a linear form using the harmonic equivalent linearization approach (HELA). The study presents diagrams to illustrate and interpret the resulting stability characteristics, providing valuable insights into interface stability under nonlinear and fractal effects. These results have direct application to fluid interface stability in microporous MEMS (microelectromechanical systems) devices, such as sensors, actuators, and microfluidic systems.
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1 INTRODUCTION

For a wide range of miniature devices, including sensors, actuators, and microfluidic systems, the performance and dependability of controlling the interfacial balance of fluids within micro-porous MEMS systems is crucial. In such restricted spaces, fluid conduct is dominated by capillary forces, floor tension, and viscous interactions because of the high floor-area-to-volume ratio. Complex interfacial dynamics are introduced by the presence of microporous materials, especially when multiple immiscible fluids or viscoelastic media are involved. Avoiding interruptions like fingering instabilities, bubble entrapment, or channel blockage—which can impair device performance or lead to failure—requires maintaining a stable interface. According to research, controlling fluid interface behavior and decreasing instabilities in micro-structured domains may be possible by adjusting elements such as pore geometry, surface wettability, electric fields, and external vibrations [1–6]. The use of electrowetting, surface patterning, and dielectrophoretic control to dynamically tune interfacial anxiety and enhance stability in MEMS-based completely microfluidic channels has been investigated in recent research [7, 8]. These discoveries are critical to developing precision fluid manipulation in MEMS technologies used in power microstructures, lab-on-a-chip devices, and biological diagnostics.

Tian and colleagues were the first to incorporate fractal geometry into MEMS design, creating fractally modified models including graphene-based parallel plate systems. Their research demonstrated that the fractal dimension of porous media affects pull-in stability and can be adjusted, establishing a strong basis for fractal analysis in micro porous MEMS fluid and electro-mechanical interactions [9]. The min-review article explores periodic properties of micro-electro-mechanical systems using various methods, introduces fractal MEMS systems, and discusses future prospects, focusing on recent developments [10]. The examines the static and dynamic behavior of graphene cantilever beam resonators under electrostatic actuation. It presents a nonlinear static problem solution and calculates the generalized stiffness coefficient for a lumped cantilever model under tip loading. The study focuses on the dynamic pull-in phenomenon and the influence of excitation frequency on the system’s dynamic response, emphasizing the importance of frequency selection in designing stable graphene-based MEMS resonators [11].

Bingham fluids (BF), a class of viscoelastic materials, exhibit yield stress behavior, meaning they behave as solids until a critical stress is exceeded, and flow like viscous fluids [12, 13]. The Bingham model is characterized by two main factors: yield shear stress and viscosity. When the yield stress is exceeded, the material shows quasi-Newtonian flow; nevertheless, when the deviatoric stress tensor magnitude is smaller than the yield stress, the material remains rigid. The yield stress minus the applied shear stress dictates the deformation rate in thin-film flow. Bird et al. [14] categorized materials exhibiting yield stress and provided preliminary characterizations in fundamental flow fields. Bingham fluids are widely used in engineering and geophysical applications because of their specific properties, including drilling muds, suspensions, and biological fluids [15].

Bingham fluid flow stability, particularly in porous media, is crucial for industrial operations such as enhanced oil recovery and groundwater remediation [16, 17]. External influences, such as magnetic fields or pressure gradients, can destabilize the interface of immiscible Bingham fluids, resulting in complex interfacial dynamics [18]. The combination of viscoelasticity, porosity, and surface tension significantly impacts the initiation and evolution of instabilities in these fluids [19]. Integrating Bingham fluid dynamics with magnetohydrodynamics (MHD) yields new insights into the behavior of viscoelastic fluids under magnetic fields, with important implications for industrial and biological applications [20]. Bingham fluids have been extensively studied in particle physics due to their unique viscoelastic character, which is beneficial in both natural and industrial applications. Real-world fluids include blood, filth, ice, lubricating oil, fresh concrete, polymers, and paint. They are further classified into two types: Bingham plastic and Bingham pseudoplastic fluids, which are non-Newtonian but exhibit differing yield stress features.

A physically consistent particle-based BF simulation method was developed to understand BF dynamics better [21]. In addition, mathematical modeling has been applied to study BF flow in porous media using a multi-membrane pumping mechanism [22]. More research investigated the ion-slip effects in MHD events when Bingham fluids flowed between two porous plates under suction conditions [23].

The stability of Bingham fluid flow has been investigated in several scenarios. For example, stability criteria in laminar Bingham-Poiseuille flows have been examined, notably in the case of fluid sheets descending sloping planes [24]. Studies on oblique channel flows have demonstrated that the Bingham parameter has a stabilizing influence on liquid motion. Furthermore, a mathematical model was developed to characterize different BF inputs within a channel [25].

Yield stress fluids interact with porous media, increasing complexity due to nonlinear rheology and medium heterogeneity [26]. Avalanches were triggered at one end of the system to examine the statistical properties of non-flowing surfaces, emphasizing the yield stress and plastic viscosity of Bingham fluids. Furthermore, numerical solutions have been developed to calculate velocity and temperature fields in time-varying Couette-Poiseuille flows of Bingham fluids [27, 28].

Electromagnetic effects have also been investigated in BF research, specifically the role of the Hall current, which is influenced by electron transitions between Landau levels induced by an electromagnetic wave’s electric and magnetic fields [29]. Researchers have also looked at the transport of viscoelastic liquids across uneven microchannels, considering viscosity changes and porous media [30]. Further study has focused on viscoelastic liquids’ energy transport characteristics and inflow behavior, providing insights into their complex dynamics in constrained spaces [31].

Fractal analysis in fluid mechanics has been utilized to understand and study various natural systems, including fluid mechanics and geophysical geometrical formations [32]. Because of the complex and frequently aberrant behaviors found in such environments, research into fluid features inside fractal spaces has received a lot of attention [33]. Fractal spaces, with non-integer dimensions and self-similar features, have different fluid dynamics than regular Euclidean spaces [34]. Fractal geometries exhibit anomalous diffusion, which occurs when particles’ mean squared displacement (MSD) deviates from the linear dependence observed in normal diffusion. Fractals’ complicated and convoluted paths impede or facilitate fluid movement in non-uniform ways. Studies have shown that the medium’s fractal structure in percolation clusters significantly impacts diffusion rates, resulting in sub-diffusive behavior. Restricted spatial characteristics in fractal environments reduce molecular mobility, resulting in lower MSD values compared to unconstrained situations. This behavior is commonly observed in several systems, including biological cell plasma membranes, where anomalous diffusion is used to study membrane architecture [35].

Furthermore, fractal dimensionality affects energy dissipation rates in fluid flows, influencing stability and turbulence characteristics. Research on the thermodynamics and pair correlations of fractal liquids shows that the non-Euclidean structure necessitates new theoretical approaches for accurate exploration. These findings are essential in disciplines like porous media flow, where fractal geometry influences transport and mechanical properties. Recent studies have investigated engineered fractal fluid transport systems for several applications [36, 37]. Feng’s study develops a two-scale fractal-fractional oscillator model for porous media vibration systems, using He’s frequency formula and Ma’s modification. The model reveals the fractal dimension significantly influences attenuation behavior, demonstrating the versatility of fractal-based analytical techniques in dynamic and structural systems [38].

The two-scale fractal theory to calculate the fractal dimensions of porous concrete, focusing on the effects of porosity and pore size on strength. It proposes mathematically reliable formulations and dimensionless models for concrete properties. The theory also uses nano/micro particles’ size and distribution for strength prediction, providing new insights into optimal concrete design [39].

A fractal pore-scale model is used to study fluid flow, heat conduction, and gas diffusion through saturated porous material. The results show strong correlations between conductivity properties and pore structure changes. This method provides insights into transport processes, oil and gas resources, energy storage, carbon dioxide sequestration, and fuel cell applications [40]. Using box-counting techniques to analyze aggregate size distributions and determine fractal gradation, Gao et al. [41] showed that the fractal dimension of recycled concrete aggregate significantly influences key mechanical properties—such as workability, strength, and durability.

Experimental two-phase invasion percolation flow patterns were observed in hydrophobic micro-porous networks designed to model fuel cell-specific porous media. The inlet channels were invaded homogeneously, and fractal breakthrough patterns were analyzed to quantify flooding density and geometrical diversity. Fractal analysis confirmed that the experiments fall within the flow regime of invasion percolation with trapping. The fractal dimension, D, was proposed as a parameter for modeling liquid water transport in the GDL [42].

A modified Lindstedt-Poincaré transformation is used in this study to evaluate the interfacial stability of MHD Bingham fluids in fractal space. This study expands on standard stability analysis by using fractal behavior to comprehend better the complex dynamics of fluids in porous and irregular media. The study focuses on developing a nonlinear governing equation for interfacial displacement and translating it to a more manageable form using advanced linearization techniques. The modified Lindstedt-Poincaré transformation is employed in this study to create the system’s fractal behavior and to offer a more explicit specification of the stability conditions that govern the interface. The effect of fractal parameters, magnetic fields, and viscoelastic properties on stability and frequency dynamics is thoroughly studied. This technique advances our theoretical understanding of interfacial dynamics in MHD Bingham fluids while also providing insights into engineering, geophysics, and industrial processes in which non-Newtonian fluids interact with electromagnetic fields in complex situations.



2 PROBLEM STRUCTURE

A planar contact separating two immiscible Bingham fluids in a permeable medium will be investigated to understand our study’s physical model better. The fluids are entirely saturated in a fractal porous structure and inhabit the regions y < 0 and y > 0. These fluids are subjected to external magnetic fields, as illustrated in Figure 1. A uniform magnetic field is applied perpendicular to the interface, expressed as 
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FIGURE 1 | 
Sketch the physical model of the structure.

Interfacial instability can occur due to a variety of variables, including shear effects produced by velocity differences, magnetic field fluctuations that alter pressure distribution, and fractal effects that influence wave propagation. Capillary action and biological systems with fluid movement determined by viscosity and medium permeability are examples of such instabilities. In these instances, permeability is usually assumed to be constant for both non-Newtonian fluids, making the mathematical analysis easier. The study employs a two-dimensional Cartesian coordinate system (x,y), with the x-axis horizontally aligned between the two fluid layers and the y-axis vertically orientated. The fluids in the lower and top layers have different densities 
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. The liquid layers are propelled in a positive x-direction stream by 
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Because of the minor disturbance for the equilibrium state, a little elevation for the flat interface in the direction of the vertical orientation is described by Equation 1, where t is the time and x represents the horizontal spatial coordinate along the interface.
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Surface deflection refers to the rise or displacement of a contact from its initial equilibrium position. This function provides insights into the system’s stability by quantifying how an external disturbance affects the interface, causing it to deviate from its flat, undisturbed state. One approach to defining the increment function as in Equation 2 [33]:
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The arbitrary function 
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 governs the amplitude of the interface disturbance, while k determines the spatial frequency of the disturbance (wavenumber). Studying this relationship enables an examination of the system’s response to perturbations, which is highly valuable for predicting interfacial behaviors in fluid dynamics and material science applications. Assume that the Dirichlet boundary condition stated below Equation 3:
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Considering there are two initial conditions (see Equation 4) for the function 
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where A refers to the magnitude of the original disturbance. The normal mode technique displays the increase of a disturbance at the contact as Equation 5:
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The complex conjugate terms (c.c) are utilized in mathematical analysis to facilitate the study of interfacial responses in two-phase systems. They enable the use of complex exponentials to represent temporal and spatial variations in interface increments, simplifying differentiation and integration in stability analysis. This notation is commonly applied in fluid dynamics, wave phenomena, and stability analysis [33].
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 represents the interface equation. The unit outward normal perpendicular to the surface interface can be described as Equation 6 [43]:
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Bingham fluids move according to the Bingham plastic model, which describes the connection between shear stress and shear rate in viscoplastic materials. According to this model, a Bingham fluid acts like a rigid body at low shear stresses but becomes a viscous fluid when the applied shear stress surpasses a particular yield stress. The constitutive equation for a Bingham fluid is written as Equation 7 [44]:
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where 
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 is the shear stress, 
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 shear rate. This equation states that the fluid will not deform (i.e., 
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2.1 Governing equations of motion

The Bingham plastic idea has been demonstrated to appropriately reflect numerous fluids found in porous media [44]. As a result, Bingham fluid motion can be described using Cauchy’s mass and momentum conservation equations:
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and the continuity Equation 9
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where 
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 is the velocity vector, 
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 is the fluid stress tensor, P is the hydrodynamic pressure and 
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 is the electric current density.

The total, hydrodynamic, and magnetic stress tensors can be expressed as Equations 10, 11:
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Newtonian fluids are widely known for having a constant viscosity that does not change with applied stress or shear rate, resulting in a linear relationship between stress and strain rate that passes through the origin. In contrast, Bingham fluids have a yield stress, which means that a specific level of stress must be exceeded before flow occurs. Other non-Newtonian fluids include dilatant (shear-thickening) fluids, in which viscosity increases as shear rates climb (e.g., cornstarch in water), and pseudoplastic (shear-thinning) fluids, in which viscosity falls with rising shear rate. The Bingham fluid model is unique in that it encompasses the concept of yield stress, unlike many other non-Newtonian fluids that have a continuous relationship between stress and strain rate but no defined yield point.

The fundamental theory of motion is developed using the viscous potential theory (VPT), which incorporates the Brinkman-Darcy equation as well as fluid flow in porous media. Fluids are regarded as irrotational in VPT, and the derivations presented in this study are consistent with VPT concepts. The viscoelastic effects are analyzed through the application of Brownian motions, along with the primary governing equations for typical fluid phases exhibiting viscoelastic behavior.

The generalized Ohm’s law equations are expressed by Equations 12, 13 [45]:
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where 
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H



 is the electrical conductivity and 
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 represents the intensity of the electric field. We ignore the effects of ionized gas polarization and assume that the electric field vector (EF) is zero. This assumption simplifies the research by removing external influences and ionization-related issues. When the EF vector is set to zero, the governing equations only explain the travel and behavior of charged particles through internal mechanisms. This strategy is frequently used in theoretical studies to reduce system complexity and focus on certain phenomena without interference from other sources.

It is generally known that a quasi-static approximation can be used in MHD. This approximation assumes that dynamic magnetic forces have negligible influence, resulting in an irrotational magnetic field (MF) that lacks curl. The MF can be represented as a gradually varying magnetic scalar potential χ(x, y, t). The magnetic scalar potentials must meet Laplace’s equation, which determines their spatial distribution within the system, to satisfy the bulk equations (


∇
∧


H
̲

0



j




=

0
̲



). Thus, when the separation surface is disturbed, the MF is stated in Equations 14, 15 [46]:
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The distribution of the magnetic potential 
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where 
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 must be determined using the applicable boundary criteria.

The expression for the equilibrium state is given in Equations 18, 19
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Because of the slight disturbance, the full velocity can be represented as a potential ψ function of x, y, and t by Equations 20, 21:
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The potential ψ must meet the following Laplace equation:
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The distribution of the potential velocity function 
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where 
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 is determined with the required boundary condition.
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2.2 Boundary conditions

To accurately analyze liquid inflow and its interactions with the magnetic field (MF), it is essential to determine both the hydrodynamic and magnetic stresses precisely. The boundary conditions (BCs) necessary for this computation are derived from well-established formulations [33, 44–46] and play a crucial role in defining the system’s behavior at its limits. Equations 25–27 representes BCs ensure that the physical laws regulating the interaction between the liquid and the MF are correctly applied by imposing the required limits on the system’s stress distribution. Consequently,
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Applying these conditions to the solutions Equations 16, 17, 22, 23 results in Equations 28–31
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As a consequence, the pressure distribution given in Equation 24 results in Equations 32, 33
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The boundary condition indicates that surface tension 



σ
T



 induces a discontinuity in the perpendicular component of the stress tensor at the interface, resulting from differential strains across the contact [43]. This discontinuity arises due to the equilibrium between fluid forces and surface tension at the interface.
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The preceding solutions, along with condition Equation 34, can be used to derive the nonlinear discriminant equation after some straightforward computations.

To simplify and handle the problem, a non-dimensional analysis may be applied. Several dimensionless physical parameters are derived and listed below:
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Further, some helpful physical ratios are listed below:
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3 THE NONLINEAR DISCRIMINANT EQUATION

The objective at this stage is to analyze the system’s nonlinear characteristic equation, which provides insight into its stability and dynamic behavior. This characteristic equation is derived from Equation 34 and is expressed as:
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(35)

The coefficients 



a
j

 and 

b
j



 have been expressed in non-dimensional form and are listed in the Appendix.

Rewriting complex coefficients in polar form provides a more intuitive framework for analyzing oscillations, phase correlations, and stability in systems like those described in Equation 35. Consequently, the complex coefficients in Equation 35 can be expressed in polar form as represents in Equations 36, 37
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where the phase 



θ
j



 and amplitude 
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 are defined as
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Thus, it becomes essential to represent the complex coefficients in Equation 35 in a more descriptive form. This allows for a clearer understanding of their behavior and facilitates the analysis of their contribution to the system’s dynamics:





1
+
k

ρ
*

⁢
ζ
+

k
2

⁢

ζ
2



⁢

ξ

t
t


+



1
+

k
2

⁢

ζ
2



⁢

r
1



e

i


θ
1



+


r
2



e

i


θ
2



⁢
ζ

⁢

ζ
t

+

r
3

⁢

e

i

θ
3



⁢
ζ
+

r
4



e

i


θ
4



⁢

ζ
2

+

r
5



e

i

θ
5



⁢

ζ
3

=
0
.
(38)

When the complex conjugate of Equation 38 is added to the equation itself, the real part of the coefficients is preserved, while the imaginary part is eliminated. This process ensures that the coefficients become purely real, thereby simplifying the equation’s structure and making it more straightforward to interpret and solve.
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Because this equation is a partial differential equation involving two independent variables, x, and t, but contains derivatives only concerning t, it is advantageous to rewrite Equation 39 using the boundary condition (3). This reformulation simplifies the equation as follows:
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The simplified Equation 40 is a nonlinear ordinary differential equation involving a single variable. Its structure resembles that of a Van der Pol equation, characterized by its nonlinearity.

To adapt this nonlinear equation to fractal space characteristics, we assume that Equation 40 possesses a total frequency Ω. Utilizing this assumption, we employ the following definition in Equation 41 [47]:
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where 
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 is a fraction power defined as 
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 the classical Lindstedt-Poincaré transformation arises. As a result, the following transformations are necessary:

Accordingly, the definition of the fraction power (α), the following transformations are required.
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Consequently, we have
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In the situation of α→1, the classical Lindstedt-Poincaré transformation is applicable. Assuming that the derivative concerning the new variable 



τ
α



 follows He’s fractal derivative formulation [46, 48, 49], this generalization extends the classical derivative to incorporate non-local or fractal-like characteristics. He’s fractal derivative approach allows the fractional derivative of order α\alphaα to capture complex multi-scale processes, such as memory effects or anomalous diffusion, which cannot be adequately described using classical calculus. As a specialized form of fractional derivative, He’s fractal derivative is frequently applied to dynamic systems exhibiting fractal properties. The derivative can take on non-integer orders (α), providing a framework that bridges the gap between purely local (integer-order) and non-local (fractional-order) dynamics.

As a result of transformations Equations 42, 43, Equation 40 takes on the fractal derivative form as
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(44)

When the transformation in Equation 42 is applied to the initial conditions given by Equation 8, the corresponding fractal initial conditions can be expressed as
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Fractal derivatives offer a versatile mathematical framework applicable to a wide range of real-world phenomena, including astronomical events, geophysical fluxes, plasma physics, and industrial processes like inertial confinement fusion. These derivatives are particularly valuable for modeling systems that exhibit memory effects, anomalous diffusion, or multi-scale behaviors—dynamics that traditional integer-order derivatives fail to capture effectively.


3.1 The process of converting the fractal into a cubic nonlinear equation

The nonlinear frequency of the system is primarily determined by the cubic nonlinearity of the restoring components, meaning that the quadratic nonlinearity does not contribute directly to the frequency structure. To address this limitation, a novel representation has been developed to reconfigure the quadratic nonlinearity while preserving the fundamental dynamics of the original nonlinear system [50]. This strategy provides a more practical way to comprehend the system’s behavior. El-Dib [51, 52] previously introduced a quadratic stiffness factor into the restoring force to compute the system’s frequency and create a solution that considers the effects of quadratic nonlinearity During variable integration, a cubic term was used to replace the quadratic component. Which enabled the system dynamics to better reflect the effect of quadratic nonlinearity. Consequently, Equation 44 can be rewritten as in Equation 46 to reflect the restoring force regulated by the quadratic nonlinearity:
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(46)

This modification helps to comprehend the nonlinear Equation 44. The quadratic nonlinearities that contribute to the restoring force are transformed into an equivalent cubic effect or strategically controlled. This reconfiguration creates a more dynamically correct and analytically manageable model of the system, allowing for a better understanding of its oscillatory behavior. The above nonlinear equation can be converted into its corresponding linearized form using the method described in El-Dib’s review paper [53]. The linearized form can be generated as follows:
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As is typical for the linearization procedure, a trial solution matching to Equation 47 and its initial conditions Equation 45 can be obtained as
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Following the contents of El-Dib’s review work [53] and based on the trial solution Equation 48, the coefficients in Equation 47 are computed in Equations 49–51 as:
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The study of the linearized form presented in Equation 47 assesses the system frequency by Equation 52 as
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Incorporating the feedback value of Ω into Equation 47 provides a more accurate formulation that considers the system’s altered frequency response. This phase is crucial for ensuring consistency with the nonlinear framework, particularly for methods like the Lindstedt-Poincaré transformation, which aims to improve solution accuracy. Using the value of Ω makes Equation 47 more understandable, allowing for additional investigation into system behavior.
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A crucial step in the analysis Equation 47 is converting the fractal model into its continuous-space counterpart. A promising approach involves leveraging the methods outlined in the recent work of El-Dib et al. [54, 55]. Building on these findings, the following solution is proposed to address this challenge effectively:
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Consequently, the second derivative can be expressed as
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Substituting (Equations 54, 55) into the Equation 53 reduces it to
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Equation 56 represents a simplified damped harmonic linear equation with the following Equation 57 that corresponding initial conditions:
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The coefficients appearing in Equation 56 are listed as follows:
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The solution to Equation 56 is given in the following form:
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where the total frequency Ω, corresponding to the above fractal solution, is determined as:
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By adding Equations 58, 59 to Equation 61, the system frequency Ω is formulated in terms of the fractal parameter δ and the fractal order α. This formulation establishes a direct relationship between the system’s oscillatory behavior and its fractal characteristics, enabling a deeper understanding of how fractal properties influence stability and frequency dynamics.
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It is important to note that an unknown parameter, δ, remains present in the above frequency formula. To determine this unknown, we compare the original characteristic Equation 53, which governs the system’s state before applying the transformations Equations 54, 55, to the characteristic equation in its standard derivative form, as represented by Equation 56. This comparison allows us to bridge the fractal formulation with the conventional approach. To achieve this, two key comparisons are necessary: one analyzing the damping behavior and the other comparing the natural frequencies in Equations 53, 56. The results of these comparisons lead to the following conclusions:
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By eliminating 



δ
α



 between Equations 63, 64, we derive a characterized equation for the parameter δ. This equation establishes a fundamental relationship that represents δ in terms of the system’s fractal properties. The resulting equation takes the form Equation 65:
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The third-order polynomial equation encapsulates the nonlinear influence of fractal parameters on the system’s stability and frequency dynamics. This formulation provides deeper insights into how fractal conditions affect the system’s overall behavior. The coefficients m’s in the equation are defined in Equation 66:
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(66)

Stability is ensured when the right-hand side of Equation 62 remains positive. This condition guarantees that the system’s response remains bounded and does not exhibit unbounded growth, which is crucial for maintaining equilibrium and preventing instability. The transition curve that separates stable from unstable states is illustrated as 
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4 NUMERICAL ILLUSTRATION

Several graphs are plotted for the transition curve Equation 67 to illustrate the impact of the fractal dimensional parameter 


α


 and other key physical parameters on the system’s stability behavior. The graphs represent the transition curve that separates the stable state from the unstable one. These visual representations help analyze how variations in these parameters influence stability transitions and dynamic responses. The dimensionless numbers for this figure were chosen as follows:
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Figure 2 illustrates the stability plane 





Ω
2

−
k




 along with a graph of frequency 



Ω
2



 versus wavenumber k. The stability behavior varies with the fractal dimension 


α


, where the stable region is highlighted, and the unstable region remains unshaded. It is observed that the stable region lies above the transition curve, while the unstable region is positioned below it. The graph of frequency 



Ω
2



 against k shows that as k increases, the transition curve shifts higher, taking the shape of a negative exponential function and expanding the unstable region. Additionally, a decrease in the fractal order 


α


 leads to a reduction in the stable area. This effect is more pronounced for very small values of k, where the stability zone significantly shrinks as 


α


 decreases. This behavior indicates that an increase in the wavenumber k enhances instability, while a decrease in 


α


 also has a destabilizing effect on the system.


[image: Graph illustrating stability regions for different values of alpha (\( \alpha \)). The horizontal axis represents \( k \), and the vertical axis represents \( \alpha^2 \). Colored lines (blue, orange, green, red, magenta) signify different alpha values: 0.9, 0.7, 0.6, 0.5, 0.1 respectively. The stable region is shaded pink, while unstable regions are not shaded. Arrows indicate stable and unstable areas.]


FIGURE 2 | 
Demonstrate the influence of the variation of the fractal order on the stability plane 





Ω
2

−
k




.


Figure 3 illustrates the transition curve Equation 67 in the stability plane 





Ω
2

−
α




 while analyzing variations in the wavenumber k for the same system considered in Figure 2. It is observed that as k increases, the unstable region expands, particularly in areas corresponding to small values of the fractal parameter alpha. This indicates that higher wavenumbers k contributes to greater instability, with the effect being more pronounced when is small. Additionally, larger values of k are associated with smaller values of alpha, leading to a more unstable response in the system. However, for higher values of alpha, the destabilizing influence of increasing k is minimal. This implies that the fractal parameter has a substantial function in determining stability, with its significance decreasing as it increases.


[image: Graph showing the relationship between alpha (𝛼) and sigma squared (𝜎²) with curves for k equals two, three, four, and five. The curve colors are blue, orange, green, and red. The stable region is shaded brown while the unstable region is shaded purple. An arrow indicates a transition point.]


FIGURE 3 | 
Demonstrate the influence of the variation of the wavenumber k on the stability plane 
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2
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α




.


Figure 4 depicts an examination of the influence of the magnetic Bond number H on the stability behavior for the same system seen in Figure 2, with the wavenumber set to k = 2. The results show that raising H changes the stability behavior, such as wavenumber k, resulting in a destabilizing effect in the system. Specifically, when H increases, the unstable region widens, with the effect being most noticeable for small values of the fractal parameter 


α


. This shows that the magnetic field has a major destabilizing effect in regimes with low fractal dimensions. For larger α values, H has a limited impact on stability, causing only slight destabilization. This means that, while the magnetic Bond number is important in stability management, its effects reduce as the fractal parameter grows, emphasizing the interaction of magnetic forces and fractal dimension in regulating system behavior.


[image: Graph illustrating stability regions based on the parameter \(\alpha\). Curves for different \(\text{H}\) values (0, 10, 20, 30) show \(\text{R}_{\alpha}\) against \(\alpha\). Areas are marked as stable or unstable, with a clear boundary between them.]


FIGURE 4 | 
Demonstrate the influence of the variation of the magnetic Bond number H on the stability plane 
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α




.


Figure 5 depicts a study of the impact of the Hartmann number Ha on the stability plane for the identical system as in Figure 4, with the magnetic Bond number set to H = 10. This evaluation reveals how changes affect the system’s stability characteristics. An analysis of the graph shows that increasing leads the transition curve to shift downward, thereby expanding the stable region. This downward movement implies a stabilizing impact, allowing more of the system to remain stable. However, for very small values of the fractal parameter alpha, the stability region experiences only a slight reduction in its stabilizing influence. As increases, the stabilizing effect gradually diminishes, indicating that the impact of the Hartmann number is more pronounced in low-fractal-dimension regimes. Furthermore, for higher values of alpha, the stabilizing effect of Ha becomes minimal, suggesting that at larger fractal dimensions, the influence of the Hartmann number on system stability is less significant. This behavior highlights the complex interaction between magnetic forces and fractal properties in determining the stability characteristics of the system.


[image: Graph illustrating stability with curves labeled Ha=0, Ha=10, Ha=20, and Ha=30. The horizontal axis is marked with values from 0 to 1, while the vertical axis ranges from 0 to 20. The shaded areas represent stable and unstable regions, with a label indicating the unstable region.]


FIGURE 5 | 
Demonstrate the influence of the variation of the Hartmann number Ha on the stability plane 
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.

The graph in Figure 6 illustrates the effect of the Ohnesorge number Z on the stability plane 





Ω
2

−
α




. The dimensionless parameters used for this figure are identical to those in Figure 5, except that the Hartmann number is fixed at Ha = 30. This analysis provides insights into how variations in Z influence system stability. The stability behavior observed in this graph closely resembles the effects of the Hartmann number presented in Figure 5. Specifically, an increase in Z leads to a stabilizing effect, similar to what is observed with increasing Ha. As increases, the transition curve shifts downward, expanding the stable region and reinforcing the system’s resistance to perturbations. This suggests that the Ohnesorge number plays a crucial role in reducing instability by modifying the fluid’s response to external forces. Overall, the results indicate that, like the Hartmann number, the Ohnesorge number enhances stability by suppressing disturbances, making it an essential parameter in determining the behavior of the system under varying conditions.


[image: Graph illustrating stability regions for different values of Z versus alpha. Curves represent Z values: 0.01 (blue), 0.02 (orange), 0.03 (green), and 0.04 (red). The area labeled "unstable" is shaded differently from the "stable" region. Arrows indicate stability boundaries.]


FIGURE 6 | 
Demonstrate the influence of the variation of the Ohnesorge numeral Z on the stability plane 
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Figure 7 shows the fractal time history, showing the fractal solution Equation 60 against variations in the fractal dimensional parameter α. This graph is a schematic representation of the same system as in Figure 2, providing insight into the system’s temporal evolution under different fractal settings. The presence of a dampening feature is one of the most noticeable aspects of this image. The damping effect gets increasingly significant as the fractal parameter increases, showing that the system suppresses oscillatory instabilities more effectively over time. This shows that greater values help to improve stability by lowering fluctuations and mitigating instability. Increasing α has a stabilizing effect, as higher fractal dimensions result in more regulated and damped system responses. As a result, it not only reduces instability but also maintains overall system stability, making it an important parameter in managing the system’s dynamic behavior throughout time.


[image: Graph showing oscillating functions for different α values (0.1 to 0.5) plotted against variable τ. Each curve represents a different α: blue (0.1), orange (0.2), green (0.3), red (0.4), and magenta (0.5). The y-axis ranges from -1.0 to 1.5.]


FIGURE 7 | 
Represents the fractal time history as given by the analytical solution Equation 60.


Figure 8 displays the fractal time history, demonstrating how changes in the magnetic Bond number influence system behavior with the wavenumber set to k = 3. Similarly, Figure 9 shows how the wavenumber grows while the magnetic Bond number remains constant at H = 1. These computations are for the same system as seen in Figure 7, but the fractal parameter is kept constant at α = 0.1. These results provide an important finding about the influence of increasing on the system’s dynamic response. As either value grows, the cycle rate lowers, indicating that the system is becoming unstable. This implies that higher values of or contribute to a decrease in oscillation frequency, resulting in more extreme instability. The decrease in cycle rate demonstrates how the magnetic Bond number and wavenumber influence the system’s temporal evolution, emphasizing their importance in influencing stable behavior under fractal settings.


[image: Graph showing five oscillating curves labeled H equals 10, 20, 30, 40, and 50, each in different colors: blue, orange, green, magenta, and red. The x-axis is labeled r, and the y-axis is labeled f of r. Curves represent different amplitudes and frequencies, intersecting the x-axis multiple times before tapering off.]


FIGURE 8 | 
Represents the fractal time history for variation of H.


[image: Graph showing oscillating wave functions for different values of \( k \) (2 to 6), with curves in blue, orange, green, magenta, and red. The horizontal axis represents \( r \), and the vertical axis represents \( y(r) \). All functions converge towards zero as \( r \) increases.]


FIGURE 9 | 
Represents the fractal time history for variation of k.



5 CONCLUSION

This study employs sophisticated nonlinear analysis techniques using Fractal analysis to control Interfacial stability of MHD Bingham Fluids in Micro-Porous MEMS Structures. The Harmonic Equivalent Linearization Method (HELM) is an important methodological tool used in this study. It simplifies the analysis by translating the nonlinear dynamical characteristic equation into an equivalent linear form. This transformation improves the analytical analysis and solution to the stability problem, making it easier to anticipate system behavior under various parametric conditions. The governing equations are stated in a fractal framework using the modified Lindstedt-Poincaré transformation, which is critical for capturing Bingham fluids’ complicated interfacial stability properties. This work incorporates fractal adjustments to account for the impacts of non-integer dimensions, providing a more accurate description of the physical system, particularly in porous and uneven media. The fractal framework provides more insight into how microstructural differences affect fluid stability, which is critical for real-world applications involving geometric complexity and diverse structures.

Several major observations emerge from the numerical and analytical findings:


	1. Increasing the fractal dimension α improves system stability by adding stronger damping effects, minimizing instability, and maintaining interface stability over time.

	2. Wavenumber k has a destabilizing impact, causing the unstable zone to expand, especially for lower α values.

	3. Magnetic Bond Number H has a destabilizing effect, especially in low-fractal-dimension regimes, highlighting the importance of electromagnetic forces in stability modulation.

	4. Hartmann Number Ha: Higher values expand the stability region by pushing the transition curve downward, decreasing instability and enhancing system stability.

	5. Effects of Ohnesorge Number Z: This number has a stabilizing impact by decreasing oscillatory instabilities and expanding the stable area.



The fractal time history study shows that higher alpha values result in stronger damping effects, which increase the system’s robustness to perturbations. The combination of magnetic, hydrodynamic, and fractal properties facilitates the intricate interplay of forces that influences stability behavior in MHD Bingham fluids. Overall, this research advances our understanding of nonlinear stability in viscoelastic fluids under fractal effects and magnetic fields. The findings are relevant to industrial and geophysical applications, particularly those requiring interfacial stability, such as fluid flow in porous media, enhanced oil recovery, and biomedical engineering. Future research could extend these findings by looking into parametric effects and the nonlinear Mathieu equation contributions. Our study develops nonlinear, fractal, and MHD-based modeling techniques for MEMS structures, addressing electrostatic interactions, geometric nonlinearity, and scale-dependent effects. This methodology will be validated and expanded for microscale technologies.
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APPENDIX

The constants that appear in Equation 35 may be listed as:
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Microscale piezoelectric energy harvesters (PEHs) are promising devices for converting ambient thermal and vibrational energy into usable electrical power. However, their performance is strongly influenced by geometric, material, and thermal parameters, leading to nonlinear behavior that complicates accurate prediction. This study investigates a three-layer clamped bimorph beam consisting of PZT-5H piezoelectric outer layers and an aluminum core, modeled using Euler–Bernoulli beam theory under base excitation and thermal gradients. To overcome the high computational cost of solving the governing equations, a surrogate model based on Gaussian Process Regression (GPR) is developed. The training dataset is generated using Latin Hypercube Sampling, enabling efficient exploration of the design space. The surrogate model accurately predicts both output power and natural frequency across diverse design configurations. Validation against numerical simulations demonstrates excellent agreement, with coefficient of determination (R

2
) values exceeding 0.99. The proposed framework significantly reduces computational effort while maintaining high predictive accuracy. It provides a reliable tool for design optimization of thermal–vibrational energy harvesting systems, enhancing their efficiency and robustness.



Keywords: microscale energy harvesting system, temperature gradient, base renewable vibrational energy, nonlinear dependence, excitation frequency, machine learning-based surrogate modeling


1 INTRODUCTION

The field of energy harvesting, which integrates micro- and nano-electromechanical systems with smart materials, has significantly transformed the development of innovative systems. Over the past two decades, researchers have shown considerable interest in capturing energy from ambient sources to power low-energy electronic devices. The primary goal of this technology is to supply electrical energy in remote or inaccessible locations and to recharge energy storage devices, such as batteries and capacitors [1]. The three primary conversion mechanisms are electrostatic [2], piezoelectric [3–5], and electromagnetic transduction [6]. Electrostatic harvesters rely on vibration-dependent variable capacitors, where mechanical energy is converted into electricity as plate separation alters capacitance, though this method requires an external voltage source and is well-suited for micro-scale applications [7–9]; Meninger et al. pioneered variable capacitors for electrostatic conversion in 1998 [10], later refined by Roundy et al. [11]. Electromagnetic harvesters operate via a moving coil within a magnetic field, inducing voltage, though bulky magnets and low output voltages hinder their scalability (


0.1
−
0.2
 
V


) [12, 13]. Piezoelectric transducers, which generate charge under mechanical deformation, offer higher energy density than electrostatic and electromagnetic methods and are increasingly studied for vibration energy harvesting [14, 15]; clamped beams are commonly used to maximize strain [16–18]. In recent years, research and development on piezoelectric transducers have increased significantly. This rise is mainly because piezoelectric devices have a higher energy density than electrostatic and electromagnetic options. Their greater energy density makes piezoelectric converters better at turning mechanical energy into electrical energy. This ability benefits sensors, actuators, and devices that gather energy. As a result, researchers and engineers have focused on improving piezoelectric materials and systems’ performance, efficiency, and flexibility over the past decade. This trend highlights the essential role that piezoelectric technology plays in advancing various fields, including consumer electronics, automotive systems, and renewable energy solutions. [19]. Modifying the configuration of piezoelectric energy harvesting systems significantly enhances the amount of harvested energy. This modification can be achieved through various techniques, such as changing the type of piezoelectric material, altering the electrode pattern, adjusting the polarization direction, layering the material to increase the active volume, and tuning the excitation frequency of the device. The type of piezoelectric material has a significant impact on the efficiency of the energy harvesting system. Various piezoelectric materials have been used in this field, among which PZT is the most commonly used [20–22]. In energy harvesting device modeling, solving the governing equations of the dynamic behavior of microscale energy harvesters is essential for determining harvested power. These nonlinear equations must be solved repeatedly, even within evolutionary optimization algorithms, to achieve optimal performance. Machine learning techniques now enable the development of surrogate models capable of learning the input-output relationships of complex systems using appropriate [23–25]. Such models have broad applicability and are increasingly utilized in various domains, including modeling nonlinear dynamic phenomena and harvested power in energy harvesters [26–28]. Microscale piezoelectric energy harvesters are increasingly integrated into various real-world applications where inherent thermal gradients significantly impact device performance. For instance, industrial sensors deployed in manufacturing environments frequently experience fluctuating temperature conditions due to machinery operation and ambient changes, which can alter the harvester’s piezoelectric material properties and mechanical stresses. Similarly, wearable devices that harvest energy from body movements are exposed to non-uniform temperature distributions caused by body heat and environmental variations. These temperature gradients influence the devices’ dynamic response and electrical output, making it essential to incorporate thermal effects into the design and analysis for reliable and efficient operation under realistic operating conditions [30, 31]. In recent years, machine learning-based surrogate modeling has emerged as a powerful tool for predicting the performance of complex energy harvesting systems, offering a practical alternative to computationally expensive numerical simulations. Among the various approaches, models such as artificial neural networks (ANNs), random forests (RF), and support vector regression (SVR) have demonstrated notable success in handling nonlinearity and multidimensional parameter spaces. However, each technique presents unique trade-offs regarding interpretability, generalization, and sensitivity to hyperparameter tuning. In this study, we adopt an optimizable Gaussian Process Regression (GPR) model, which offers high predictive accuracy, probabilistic confidence intervals, and robust generalization even with moderate-sized datasets. Using Bayesian optimization for hyperparameter tuning further enhances the model’s adaptability, making it particularly well-suited for capturing the coupled nonlinear effects inherent in thermo-mechanical piezoelectric energy harvesting [32, 33].

While previous studies on piezoelectric energy harvesting have predominantly focused on vibrational excitation under isothermal conditions, the explicit consideration of thermal gradients remains relatively unexplored. Many existing models either neglect thermal effects or treat them simplistically, which limits their applicability in practical scenarios where temperature variations are unavoidable. This study addresses this critical gap by integrating steady-state thermal gradients into a bimorph microscale piezoelectric harvester’s coupled electromechanical modeling framework. Furthermore, using an optimized Gaussian Process Regression surrogate model allows efficient exploration of the complex nonlinear interactions between temperature, mechanical deformation, and electrical output, thereby advancing the predictive accuracy and practical relevance of energy harvester design under realistic thermal environments. The analytical solution is applied to bimorph configurations, and temperature effects are modeled for symmetric and asymmetric modes. In piezoelectric energy harvesting systems, the output power exhibits a strong nonlinear dependence on design parameters such as transducer geometry, piezoelectric material properties, boundary conditions, and excitation frequency. This nonlinear relationship indicates that small parameter changes can cause significant and unpredictable variations in harvested power. Modifying the transducer’s length, thickness, or electrode configuration can substantially affect efficiency. Additionally, aligning the harvester’s natural frequency with the excitation frequency is essential for maximizing power output. Accordingly, the design of such systems necessitates a thorough analysis of their dynamic behavior and the application of advanced nonlinear modeling techniques to improve performance under varying conditions. In this context, a novel surrogate model has been developed to accurately predict the maximum power output of energy harvesters subjected to thermal variations. This model eliminates the need for repeated evaluations of complex coupled governing equations, which are traditionally time-consuming and computationally intensive. By streamlining this process, the surrogate model significantly accelerates the optimization workflow, enabling rapid design iterations and performance enhancements. This advancement represents a substantial step forward in the efficient design and development of energy harvesting systems.



2 DYNAMIC COUPLED MECHANICAL-ELECTRICAL-THERMAL RESPONSES

Over the past decade, most energy harvesters have been designed and analyzed as cantilever beams. Before formulating the governing equations, several simplifying assumptions were made to reduce the complexity of the analytical model while preserving its physical fidelity. The Euler-Bernoulli beam theory assumes that the beam is slender and that transverse shear deformation can be neglected. Heat transfer is considered steady-state and one-dimensional, with no internal heat generation present. The piezoelectric layers are modeled as linear, homogeneous, and isotropic materials. Dielectric losses and internal electrical resistance are assumed to be negligible. Furthermore, perfect bonding is assumed between all layers, with no interfacial slip. These assumptions collectively enable a more tractable and analytically manageable model, while still capturing the essential physical behavior of the system. In this context, energy harvesting specifically refers to vibrational energy harvesting, where energy is extracted from base excitation. As the base undergoes transverse vibrations, the beam experiences mechanical strain, leading to electrical polarization in the piezoelectric layers and generating an electric potential along the beam’s polarization axis. This enables the production of electrical power. Thin conductive electrodes are applied along the entire length of the beam to collect the induced electric field and extract electrical energy. Additional assumptions include negligible dielectric losses and internal electrical resistance in the harvesting layers, allowing the electric field to be uniform along the beam’s length. Figure 1 illustrates the configuration of the bimorph piezoelectric energy harvester, while Figures 1a,b show the electrode arrangements for parallel and series electrical connections, respectively. Mechanical strain in the piezoelectric layers arises either from vibrational excitation at the base or from thermal gradients across the composite structure. This strain induces an electric potential, 


V


, along the beam’s polarization direction. The corresponding electrical power, 


P


, is extracted via conductive electrodes connected to an external resistive element, R, functioning as the load. While both configurations share identical geometrical and material characteristics, their electromechanical coupling mechanisms differ, thereby influencing the harvester’s frequency response behavior. A set of geometric and thermal parameters defines the system. The thickness of each piezoelectric layer is represented by h

p
, while h

h
 denotes the thickness of the homogeneous substrate layer. The temperatures at the upper and lower surfaces of the piezoelectric layers are indicated by T

t
 and T

b
, respectively, with T

h
 signifying the temperature of the homogeneous layer. In this study, the assumption of one-dimensional, steady-state heat conduction without internal heat generation is adopted based on the energy harvesting system’s physical characteristics and operating conditions. The device consists of thin laminated layers with high surface-area-to-volume ratios, which promote rapid thermal equilibration in the thickness direction while minimizing lateral heat flow. Moreover, the harvester is assumed to operate under stable thermal boundary conditions, such as fixed surface temperatures or constant ambient exposure, where thermal transients decay much faster than the characteristic time scales of the mechanical vibrations. As a result, the temperature field reaches a steady state before the dynamic response becomes significant. Additionally, the absence of internal heat sources further supports this assumption. This modeling approach aligns with the typical environmental conditions under which such piezoelectric harvesters are deployed, particularly in structural and aerospace applications. It allows for a physically accurate yet computationally efficient representation of the thermal behavior. Although transient thermal effects may be relevant in scenarios involving rapidly changing thermal loads, such cases fall outside the scope of the current work. Based on these assumptions, the temperature distribution is established through specific Equations [14]:
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[image: Diagram of two electronic circuit setups, labeled (a) and (b). Both feature a rectangular structure with a red component on the left labeled Z. A blue region is between the layers. In (a), the structure connects to a circuit with a resistor labeled R and voltage V(t), with current i(t). The dimensions Tt and Tb are marked vertically. In (b), the diagram is similar, but the circuit configuration differs slightly. Both show position x at the end with notation x=L.]


FIGURE 1 | 
Frequency response of the harvested power with respect to the dimensionless frequency Ω in the first case, for different values of 



T
t



; (a) parallel connection (b) series connection of piezoelectric layers. 

In these expressions, where 
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 and 
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 represent the temperature distributions within the upper piezoelectric layer, lower piezoelectric layer, and the homogeneous (substrate) layer, respectively. The thermal conductivities of the piezoelectric and homogeneous materials are denoted by 
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 and 
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, respectively. Equations 2–4 define the axial mechanical stress 
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 in the homogeneous layer and the electric displacement 
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, in the piezoelectric layers.
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The coefficients 



C

x
x

P



, 



C

x
x

h



, represent the elastic stiffness of the piezoelectric and homogeneous layers, respectively. The parameters 



e

z
x




 and 



h

z
z




 denote the piezoelectric and dielectric coefficients, while 



β
P



, 



β
h



, are the thermal stress constants for each material. The axial mechanical strain is indicated 



ε
x



 and 



E
z



 stands for the electric field. The distributed piezoelectric coefficient in the layer’s thickness is denoted by 



P
z



. The electric field 



E
z



 is related to the applied voltage V(t) and the piezoelectric layer thickness, considering parallel and series configurations (Table 1). The total transverse displacement W(x,t) combines base excitation W

b

(t) and relative deflection W

rel

(x,t). Different boundary conditions significantly influence energy harvesting systems’ dynamic behavior and overall performance by altering key parameters such as natural frequency, mode shapes, stress distribution, and deflection amplitude. For instance, a fixed-fixed configuration increases structural stiffness, which raises the system’s natural frequencies and reduces vibration amplitude under the same excitation level. This can lower strain levels in piezoelectric layers, decreasing harvested power. Similarly, supported or free-free conditions tend to exhibit symmetrical mode shapes and limited localized deformation, making them less efficient in concentrating strain energy in regions optimal for transducer placement. Moreover, complex boundary conditions may introduce mode coupling or require more sophisticated mounting mechanisms, complicating device fabrication and tuning. Therefore, although alternative boundary conditions may offer particular advantages in specific applications, they typically reduce the energy conversion efficiency and design simplicity compared to the cantilever (fixed-free) configuration, which remains the most efficient and widely adopted choice in vibration-based energy harvesting systems. The fixed-free (cantilever) boundary condition plays a pivotal role in designing and analyzing energy harvesting systems due to its favorable dynamic characteristics. This configuration offers mechanical flexibility, enabling significant tip deflections that enhance strain energy conversion efficiency in piezoelectric and other transduction mechanisms. The cantilever structure exhibits a lower natural frequency than fixed-fixed or supported conditions. It is well-suited for harvesting ambient low-frequency vibrations commonly encountered in real-world environments. Alternative boundary conditions, such as fixed-fixed or free-free, often increase system stiffness or mode shapes that reduce energy conversion efficiency or complicate the design and implementation. Moreover, the simplicity of the cantilever setup facilitates easier fabrication, integration, and tuning of the harvester for targeted frequency ranges. Consequently, the fixed-free condition remains the preferred choice in many practical energy harvesting applications, balancing mechanical performance and manufacturability while maximizing power output. Equation 5 describes the governing differential equation for the forced vibration of the cantilever beam under thermal loading, based on Euler-Bernoulli beam theory:
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To determine the electric charge q(t) on the electrodes, Gauss’s law can be applied. The charge is obtained by integrating the electric displacement D

z
 over the cross-sectional area of the electrodes. When q(t) is considered a time-dependent quantity, the corresponding electric current i(t) at the electrode terminals can be derived by taking the time derivative of the charge.
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Using Equation 6 and Ohm’s Law, which relates the voltage v(t) across a resistor to the current i(t) flowing through it with the equation v(t) = R × i(t), we can derive the corresponding electrical governing equation as follows:
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Assuming the harvesting system has no internal heat sources, and temperature variations are steady over time, Equation 7 is derived under these conditions. As a result, the term 
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, which represents the time rate of change of temperature at a specific location within the piezoelectric layer, is effectively zero. The method of separation of variables is employed to solve the governing differential equations obtained in the previous section. This involves expressing the transverse displacement as a product of spatial and temporal components, represented by the rth transverse mode shape 
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 and the corresponding modal displacement 
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, respectively. This modal analysis approach facilitates the solution of the system’s dynamic response (Equation 8).
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The rth normal mode shape, denoted as 



X
r




x





, is essential for characterizing the linear transverse vibrations of a cantilever beam. This function is vital for accurately analyzing and predicting the beam’s dynamic response, making it a crucial component in engineering design and structural analysis. The mathematical expression for the rth mode shape is provided by Equation 9 as follows:
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Equation 10 describes the energy harvester’s rth natural frequency w

r
, taking thermal loads into account. Temperature gradients within the beam generate stresses that affect its stiffness and dynamic behavior. Consequently, the natural frequencies depend not only on the material properties but also on the prevailing thermal conditions.
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The governing equations describe the dynamic behavior of the energy harvester under harmonic base excitation and thermal effects. A transverse displacement amplitude, W

A
, characterizes the base excitation​. The imaginary unit is represented by j. Under these conditions, the vibration response of the beam can be expressed using modal coordinates W

r

(t), along with the corresponding electric voltage V(t).
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The term 
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 and Equation 11 denotes the displacement of each point on the structure relative to the base and is mathematically expressed as follows:
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The electrode current i(t) is derived using Ohm’s law in Equation 12. With both the current and voltage available at the electrode terminals, the harvested power P(t) can then be calculated as follows:
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The constants γR and γC in the Equation 13 depend on the specific configuration; their corresponding values are provided in Table 2.


TABLE 1 | Electric field expressions in piezoelectric layers as influenced by parallel and series wiring schemes.
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TABLE 2 | Constant parameter values corresponding to various system configurations.




	Connection type
	




φ
R





	




φ
C










	Parallel connection (p)
	2
	1



	Series connection (s)
	1
	0.5









2.1 Numerical extraction of the maximum harvested power

We conducted a frequency sweep analysis to identify the system’s maximum harvest power. We tested the system at different excitation frequencies, creating a power-frequency curve that showed a clear peak. This peak represents the frequency where the system works most efficiently and matches its resonance condition, which helps us find the best point for energy harvesting. The analysis also highlights the system’s sensitivity to excitation frequency, which is essential for design and tuning. Table 3 outlines the properties and dimensions of the piezoelectric harvesting beam, made from PZT-5H and aluminum, with an assumed initial ambient temperature of 20°C applied uniformly to both surfaces. As can be seen from the extracted equations, the parameters affecting the harvester’s design include the beam layers’ length L, width b, the thickness of the layer h

p
, h

h
, the electrical resistance of the two ends of the electrodes R, and the temperature difference between the harvester layers T

t
. This study adopts a representative average damping ratio following the approach commonly used in previous investigations on piezoelectric energy harvesting beams. This simplification is justified given the microscale harvester’s operating conditions and the inherent uncertainties in exact damping characterization. While damping influences the system’s dynamic response and power output, especially near resonance, its effect under thermal gradients is indirect through changes in structural stiffness and natural frequencies—thermal-induced variations in stiffness shift resonance frequencies, modifying the interaction between damping and vibrational response. Higher damping values generally broaden the resonance peak and reduce maximum harvested power, whereas lower damping sharpens the response but may lead to sensitivity under thermal fluctuations. The chosen damping value practically balances model fidelity and computational tractability. Future work may consider a parametric study to comprehensively assess the coupled impact of damping and thermal effects on harvester performance. For example, Figures 2, 3 illustrate the effect of two of these parameters on the frequency response performance in the parallel mode. After plotting the frequency response of the generated power, the maximum power points for each mode are extracted. This process is repeated across the entire design range of the influential parameters to compile comprehensive data capturing the numerical relationship between the input variables and the outputs of interest.


TABLE 3 | Summary of material characteristics and dimensional attributes of the bimorph harvester’s layered structure.
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[image: Graph showing three power amplitude curves for different values of \( T_t \). The red dotted line represents \( T_t = 30 \), the green dashed line is \( T_t = 40 \), and the blue solid line is \( T_t = 50 \). The y-axis is labeled with power values, while the x-axis represents the frequency ratio \( \Omega \). Key points marked are \( P_{max} \) and \( \Omega_{resonance} \), emphasizing resonance behavior.]


FIGURE 2 | 
Frequency response of the harvested power with respect to the dimensionless frequency Ω in the parallel case for different values of 



T
t







[image: Graph showing three curves representing different conditions. The x-axis is labeled with Omega (Ω) values ranging from 0.98 to 1.02. The y-axis is labeled with power divided by squared angular frequency times moment of inertia ([P/(ω²W)ₜ]) in micro watts per square meter, ranging from 0 to 800. The green dashed line represents \(h_p = h_h = 0.5\) mm, the red dotted line represents \(h_p = 2h_h = 0.666\) mm, and the blue solid line represents \(2h_p = h_h = 0.666\) mm. Key points are marked with annotations \(P_{max}\) and \(\Omega_{resonance}\). Parameter \(T_t = 30\) is constant.]


FIGURE 3 | 
Frequency response of the harvested power with respect to the dimensionless frequency Ω in the parallel case for different values of the thickness ratio.

One key modeling consideration in piezoelectric energy harvesting systems is the electrical configuration of the piezoelectric layers, whether connected in series or parallel. This choice significantly influences the harvester’s output characteristics, such as voltage, current, and overall harvested power. The results demonstrate that the series connection yields significantly higher output power, voltage, and current values than the parallel configuration under the same excitation and boundary conditions. This behavior can be attributed to the cumulative voltage effect in series configurations, where the electrical potential generated by each layer adds up constructively. Additionally, in series mode, the mechanical deformation of the beam results in a more pronounced stress distribution across the layers, leading to stronger electromechanical coupling and enhanced energy conversion efficiency. In contrast, in parallel configurations, while the voltage remains lower due to shared potential, the current may distribute more uniformly, making it suitable for applications requiring stable current flow rather than high voltage.

From a design standpoint, these findings offer practical guidelines for selecting connection schemes tailored to specific application requirements. For instance, series configurations are evidently advantageous in low-power autonomous sensor networks where higher voltage is crucial for charging small-scale storage devices or activating low-current electronic circuits. Conversely, parallel configurations may be preferable for applications with critical current stability, such as power conditioning systems or devices requiring smooth charging cycles. Furthermore, the impact of thermal conditions slightly amplified the benefits of the series configuration, particularly in environments with temperature gradients that affect the mechanical response of the piezoelectric beam. These insights underscore the necessity of considering the electrical connection scheme as a fundamental design variable, rather than a post-processing decision. The empirical modeling conducted in this study, supported by machine learning-driven surrogate models, enables a robust and computationally efficient comparison between the two configurations over a broad design space. As such, the presented framework captures the nuanced performance differences between series and parallel modes and equips engineers and designers with a decision-making tool for optimizing piezoelectric harvesters under coupled thermal and vibrational loading scenarios.




3 SURROGATE MODELING

In the previous section, it was demonstrated that the harvested power depends on multiple parameters. Therefore, designing an optimal energy harvester requires using an optimization algorithm that involves repeatedly solving the governing differential equation. However, this process is computationally expensive and only provides the generated power for specific input conditions, rather than the maximum extractable power. To overcome this limitation, a suitable surrogate model can be employed to approximate the relationship between the input variables (energy harvester parameters) and the output (generated power). In this study, the most influential variables are first identified (Table 3). Subsequently, a dataset is created by sampling various combinations of these variables, referred to as design points. These key variables are henceforth called features, by machine learning terminology. This section examines three key relationships for the problem defined in the previous sections. A suitable dataset is prepared for each case, and a surrogate model is trained accordingly. The first relationship explores how the features (variables listed in Table 4) affect the power generated by a piezoelectric energy harvester with a parallel connection. The second relationship considers the features of the power generated by a piezoelectric energy harvester with a series connection. Finally, the relationship between the energy harvester’s features and natural frequency is analyzed.


TABLE 4 | The definition of the features used in this study.




	Features
	Symbol
	Description





	Feature 1
	



l




	The length of the piezoelectric energy harvester



	Feature 2
	



b




	The width of the piezoelectric energy harvester



	Feature 3
	




h
p





	The thickness of the piezoelectric layer



	Feature 4
	




T
t





	The temperature of the top piezoelectric layer



	Feature 5
	




R
E





	The resistive loads connected to the piezoelectric layer









3.1 Providing an appropriate dataset

Constructing a highly relevant dataset requires meticulous selection of design points. In this study, design points were generated using a multifaceted approach. First, the Latin Hypercube Sampling (LHS) technique was applied to create an initial set of 360 design points. An iterative z-score filtering method was employed three times to improve dataset quality. This process examined the output values in each dataset, removing outliers beyond a robust threshold of |z| < 3. After each iteration, z-scores were recalculated based on the remaining data, ensuring a thorough refinement that removed anomalies while preserving the statistical integrity of the dataset.

Following this outlier removal procedure, the cleaned datasets contained 347 and 341 design points for power prediction in parallel and series configurations, respectively. In contrast, the dataset for natural frequency prediction retained all 360 points. The resulting datasets are thus well-tuned for subsequent analysis and model training. Figure 4 (below) illustrates the data distribution before and after outlier removal, shown on the left side. Outliers were effectively removed from the first and second datasets, with 21 outliers detected and excluded from the third dataset and 29 from the second. The third dataset showed no significant outlier issues and maintained a uniform distribution throughout. As a result, the third model is expected to face fewer challenges during prediction. On the right side of Figure 4, the sensitivity of the response variables—namely, the extracted power in parallel and series configurations, and the ratio of natural frequency under thermal conditions to that without thermal effects is analyzed concerning each of the five input features, both before and after outlier removal. This analysis reveals that outlier removal increases the correlation between each feature and the corresponding response variable, suggesting that models trained on the cleaned datasets will likely exhibit improved predictive performance.


[image: Figure (a) shows a histogram and bar graph comparing original and cleaned datasets, highlighting correlation coefficients for features L, b, Hp, Tt, and R. Figure (b) repeats this comparison with slightly varying values. Figure (c) illustrates another comparison, with notable coefficients on features Hp and R, emphasizing changes from original to cleaned data.]


FIGURE 4 | 
Data distribution in the original dataset and the cleaned dataset after outlier removal for the power outputs in (a) parallel and (b) series connections, and (c) natural frequency of the system.


[image: Three box plots labeled (a), (b), and (c) show the R-squared distribution over 10 runs for Train, Validation, and Test datasets. Each graph displays the distribution and variation of R-squared values, indicating performance on respective datasets. Panel (a) and (b) show similar patterns with Validation having wider variation compared to Test, whereas Train shows high consistency. Panel (c) has higher overall R-squared values for Train and Validation, with Test results slightly lower than Validation.]


FIGURE 5 | 
Validation of the average R
2 value on the prediction of the power outputs in (a) parallel and (b) series connections, and (c) natural frequency of the system.

Compared to the third, the non-uniform data distribution and relatively low feature-response correlations in the first two models indicate nonlinear relationships between inputs and outputs. Thus, the decision to remove outliers is well justified. Outliers pose several challenges: as seen in the earlier figures, a sudden increase in extracted power within a narrow response range reflects nonlinear and highly complex behavior; additionally, Latin Hypercube Sampling results in sparse data around this nonlinear region. Concentrating more samples there would yield a low correlation with the rest of the dataset. Therefore, two options arise: either remove the extreme outliers or focus exclusively on the nonlinear region, disregarding others. This study adopts the former approach by excluding the outliers.



3.2 Surrogate modeling

After preparing a suitable dataset, a surrogate model was trained using an optimizable Gaussian Process Regression (GPR) framework. In recent years, surrogate modeling has become a vital computational strategy in energy harvesting research, allowing researchers to approximate complex multiphysics simulations with efficient, data-driven alternatives. While the current study adopts Gaussian Process Regression (GPR) as its surrogate modeling framework, due to its inherent advantages in probabilistic prediction and interpretability, it is essential to briefly contextualize this choice within the broader landscape of surrogate modeling methods. Several machine learning algorithms have been successfully applied in similar contexts, including Artificial Neural Networks (ANNs), Support Vector Regression (SVR), and Random Forests (RFs), each offering distinct advantages and limitations.

ANNs are widely utilized for their remarkable capacity to capture highly nonlinear relationships between input and output variables, particularly in systems with strong coupling such as piezoelectric energy harvesters. However, they typically require large volumes of training data and are prone to overfitting unless carefully regularized. Moreover, the interpretability of ANNs remains limited due to their black-box nature.SVR is another robust approach capable of handling nonlinearity in high-dimensional datasets with limited samples. Its reliance on kernel functions makes it suitable for smaller datasets; however, its computational efficiency declines as dataset size increases, and it lacks built-in mechanisms for uncertainty quantification. RFs, on the other hand, offer good predictive accuracy and are relatively resilient to noise and overfitting. They provide feature importance insights but are often less effective in extrapolation tasks, especially in problems involving continuous and smooth physical responses. In contrast, GPR combines the strengths of these methods while providing a unique advantage, its probabilistic nature not only yields point predictions but also offers uncertainty estimates, which are especially valuable in engineering applications with sparse or expensive data generation. Using a nonisotropic Matérn 5/2 kernel further enhances its flexibility to model varying degrees of smoothness across different input dimensions. Optimizing GPR hyperparameters through Bayesian inference also ensures a balance between accuracy and generalization. Thus, the selection of GPR in this study is methodologically justified and practically advantageous. It offers a superior trade-off between model complexity, accuracy, and computational cost. It is particularly well-suited for modeling the coupled thermo-mechanical behavior of microscale energy harvesters under diverse operating conditions.

The model’s hyperparameters were tuned via Bayesian optimization, employing a nonisotropic Matérn 5/2 kernel with a kernel scale of 0.0011616 and a noise standard deviation (sigma) of 14.3246. To simplify the mean structure, the basis function was set to zero. Hyperparameter optimization was performed within defined search ranges: kernel scale (0.001–1000), sigma (0.0001–14.3636), and kernel function choices including isotropic and nonisotropic variants such as Exponential, Matérn 3/2, Rational Quadratic, and Squared Exponential kernels. The data was standardized prior to training to ensure consistent scaling. Bayesian optimization used an expected improvement per second plus acquisition function over 30 iterations to efficiently identify the optimal model configuration, balancing predictive accuracy and computational efficiency. A 10-fold cross-validation strategy was employed for training, validation, and testing. To assess robustness, the datasets were randomly split 20 times into training, validation, and testing subsets at 70%, 15%, and 15%, respectively. The mean and standard deviation of performance metrics across these splits were computed for all three surrogate models. These statistics comprehensively understand each model’s behavior throughout training, validation, and testing phases. The results are summarized in Table 5. The mean R

2
 value for the third model, which predicts the effect of thermal conditions on the natural frequency, is observed to exceed 0.99 (as shown in Figures 5a–c). This indicates that the model can simulate this behavior with extremely high accuracy. On the other hand, the second model performs the prediction of the extracted power by the piezoelectric harvester in the second case (series configuration) with a mean R

2
 of 0.9066. This value is acceptable given the nature of the problem and the inherent nonlinearity in the behavior, as the relationship between harvested power and frequency within the resonance region is nonlinear. Therefore, the model’s agreement with this behavior is deemed satisfactory. The residual histograms show the difference between the predicted and actual values for each design point in the training dataset (Figures 6a–c). The figures below display these histograms for all three models. Most design points are clustered around zero, indicating that the models have been trained effectively and that the predicted values closely align with the actual values.


TABLE 5 | Average and STD of 



R
2



 values for the training, validation, and testing datasets for three surrogate models.




	Datasets
	Average and STD of 



R
2



 values



	Train
	Validation
	Test





	First surrogate models
	100.00% (0.00%)
	90.41% (9.85%)
	91.72% (6.80%)



	Second surrogate models
	100.00% (0.00%)
	90.43% (7.66%)
	90.66% (6.86%)



	Third surrogate models
	100.00% (0.00%)
	99.41% (0.70%)
	99.31% (0.61%)








Furthermore, the box plots presented below (corresponding to models 1, 2, and 3) illustrate the training, validation, and testing performance of the three surrogate models over 20 independent runs. The range of variation observed in the first and second models remains within acceptable limits, indicating consistent model behavior. The surrogate models’ performance was also evaluated using predicted-versus-actual plots, a common visualization technique in regression analysis. These plots compare predicted values against actual observations, providing an intuitive assessment of model accuracy and predictive capability. Figures 7a–c present these plots for the three models, respectively. Each panel displays data points ideally clustered closely along the red diagonal line, which represents perfect predictions. This line is a benchmark, indicating where model predictions match actual outcomes. A tight grouping of points around this diagonal visually confirms the models’ accuracy and reliability, highlighting their effectiveness in making precise forecasts. Based on the comparative analysis of series and parallel configurations in bimorph piezoelectric energy harvesters, it is evident that each connection scheme offers distinct advantages depending on the intended application. The series configuration, which demonstrated superior performance in output voltage, current, and harvested power, is particularly suitable for applications requiring higher electrical energy density, such as wireless sensor nodes, low-power microelectronic devices, or remote structural health monitoring systems. Conversely, the parallel configuration may be advantageous in scenarios where stability of current and reduced voltage levels are desired, such as in energy storage systems or powering low-voltage electronic components. These findings underscore the importance of carefully selecting the connection topology to tailor the energy harvester’s output to specific operational requirements and environmental conditions.


[image: Three histograms labeled (a), (b), and (c) show train residuals distribution. Each histogram displays a high frequency of values centered around zero, indicating a normal distribution. The horizontal axis represents residuals, while the vertical axis represents frequency. Histograms (a) and (b) have frequencies peaking at over 200, while (c) peaks at around 180, all with minimal variation away from zero.]


FIGURE 6 | 
Train residual histogram, the difference between the predicted and actual values of each design point of the power outputs in (a) parallel and (b) series connections and (c) natural frequency of the system.


[image: Three panels labeled (a), (b), and (c) each contain three scatter plots comparing predicted versus actual values for training, validation, and test data. In panel (a): plots show a close alignment with a diagonal reference line, with data dispersed slightly around it. Panel (b) shows increased scatter, especially in validation and test plots indicating more deviation. Panel (c) exhibits predictions closely aligning with the actual values along the reference line across all data sets.]


FIGURE 7 | 
Performance of the three surrogate models for training, validation, and testing datasets of the power outputs in (a) parallel and (b) series connections and (c) natural frequency of the system.




4 CONCLUSION

This study presents a comprehensive investigation into the performance prediction of bimorph microscale piezoelectric energy harvesters under the combined effects of base excitation and thermal gradients. A simplified analytical model was derived based on Euler–Bernoulli beam theory and thermal conduction assumptions to describe the system’s mechanical, electrical, and thermal coupling. The study comprehensively analyzed the influence of critical geometric dimensions and thermal conditions to assess their effects on the power output generated and the system’s natural frequency. By varying key parameters such as the shape and size of the device and the thermal gradients applied, the research aimed to understand how these factors intricately interact and ultimately contribute to optimizing the efficiency of power harvesting and achieving desirable dynamic responses. This investigation sheds light on the underlying mechanisms that govern performance, providing valuable insights for future advancements in the field. A sophisticated surrogate model grounded in machine learning principles was developed utilizing Gaussian Process Regression (GPR). This model was meticulously trained on a rigorously filtered dataset designed to address the prohibitive computational costs associated with repeatedly solving complex, nonlinear, coupled equations. Three distinct surrogate models were created to enhance predictive capabilities, each tailored to forecast the output power in both parallel and series electrical configurations. Additionally, these models account for the natural frequency shifts induced by thermal effects, allowing for a comprehensive understanding of the system’s behavior under varying conditions. The predictive models demonstrated exceptional capabilities, achieving R
2 values exceeding 0.99 in multiple instances, reflecting their high accuracy in forecasting outcomes. This research highlights that a series configuration of energy harvesting systems generally yields higher power outputs than a parallel connection. This is primarily due to the significantly improved induced deformation in series setups, which enhances the system’s ability to convert energy. Furthermore, the study emphasizes the critical role of temperature gradients and excitation frequency in influencing the system’s overall efficiency and performance metrics. The innovative surrogate modeling framework developed in this research enables rapid and precise estimations of system performance to address the complexities of these variables. This advancement proves to be a vital tool for optimizing microscale energy harvesting systems, streamlining the design process, and ensuring more effective energy utilization. Such enhancements advance our understanding of microscale energy dynamics and pave the way for more efficient energy solutions in various applications.
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Magnetically actuated micro-electro-mechanical systems (magMEMSs) are pivotal for wearable sensor applications that need high sensitivity, fast response, and compact integration, such as biomedical monitoring and motion-tracking devices. In this paper, we investigate the dynamic pull-in instability and periodic trajectory analysis of magMEMS models with current-carrying filaments, addressing critical challenges in a miniaturized sensor design. A simplified Galerkin approach is used to analyze a Lorentz-force-driven MEMS oscillator, deriving approximate expressions for the dynamic pull-in threshold—a key criterion for stable periodic operation—and the corresponding oscillation frequency and periodic solutions. Extensive numerical simulations support and validate the analytical results. These findings offer valuable insights to assist in the design and optimization of MEMS devices in wearable sensors.
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1 INTRODUCTION

Micro-electro-mechanical systems (MEMSs) have revolutionized numerous fields by enabling the development of miniaturized devices with exceptional performance and diverse functionalities, particularly in wearable sensor technologies where compactness, low power consumption, and high sensitivity are paramount. These systems combine mechanical, electrical, and optical components in a single device of micrometric dimensions, forming compact, multifunctional chips when integrated with electronic signal-processing units [1, 2]. In wearable applications—such as biomedical monitoring (e.g., real-time health tracking via magnetoencephalography probes), environmental sensing, and motion-tracking systems—MEMSs offer unparalleled advantages, including their ability to detect minute physical changes (e.g., magnetic field fluctuations and mechanical vibrations) with fast response times [3, 4]. Characterized by their compact size and energy efficiency, MEMSs are ideal for power-constrained wearable devices operating in the Internet of Things (IoT) ecosystem [5, 6]. Among MEMS subclasses, magnetically actuated MEMSs (magMEMSs) have emerged as a promising solution for wearable sensors due to their linear response, directional actuation, and dimensional stability at the nanoscale [7, 8], making them suitable for applications requiring precise, repeatable displacement control in dynamic environments (e.g., wearable accelerometers or flexible biosensors).

However, a major challenge in the performance and reliability of magMEMSs is pull-in instability—a nonlinear phenomenon that can significantly impair device operation. This instability occurs when the magnetic attraction between a movable microstructure (such as a beam, plate, or membrane) and a magnetic actuator (typically a coil or permanent magnet) exceeds the mechanical restoring force. Beyond a critical threshold—referred to as the pull-in point—the structure collapses onto the actuator, often irreversibly, leading to permanent device failure [9–13].

This behavior is particularly problematic in magMEMS actuators and sensors, where precise and repeatable displacement control is crucial. The issue becomes even more critical in nanoelectromechanical systems (NEMSs), which utilize components typically smaller than 100 nm. At such scales, proximity forces—including Van der Waals forces, covalent bonding, and electrostatic interactions—can dominate over the magnetic driving force, adding further complexity to the dynamics [14, 15]. The strong nonlinear interaction between magnetic forces and structural elasticity is typically modeled through coupled magneto-mechanical equations [16], posing substantial challenges for both theoretical analysis and practical design. A rigorous investigation of pull-in dynamics under magnetostatic loading is thus essential for ensuring robust and safe operation of magMEMS devices.

To address this challenge, a variety of analytical, numerical, and semi-analytical methods have been developed. The variational iteration method (VIM) is widely appreciated for its flexibility in handling nonlinear dynamics [17, 18]; however, its practical application is often hindered by the difficulty in constructing appropriate Lagrange multipliers. Alternatives include reduced-order modeling, phase-plane analysis, and perturbation methods, which aim to approximate the pull-in threshold and capture critical behavior near instability points [9, 19, 20]. Energy-based methods and bifurcation analysis offer qualitative insights into collapse dynamics [11], whereas numerical continuation and shooting methods allow for high-accuracy tracking of periodic orbits and stability boundaries [10]. Semi-analytical frameworks such as the homotopy perturbation method (HPM) are also popular [21] although they are sensitive to initial guesses and homotopy construction. To enhance convergence and reliability, hybrid methods combining homotopy with Laplace transforms have been proposed [22].

Di Barba et al. [23] developed a geometric formulation of the electrostatic field in membrane MEMS devices, in which the electric field magnitude is assumed to be proportional to the membrane curvature. Although focused on electrostatic actuation, this work shares strong methodological parallels with the present study. This parallel is particularly evident in the treatment of singular nonlinearities and instability conditions, for which rigorous existence results were established using Schauder–Tychonoff’s fixed-point theorem. In fact, the analytical insights from the electrostatic framework by Di Barba et al. [23], especially those concerning solution existence and uniqueness, also provide a mathematical foundation for the magnetodynamic model developed here. Additionally, frequency-based approximations have been explored by reformulating the problem into a standard form amenable to harmonic solutions [24–26]. Recently, there has been a resurgence of interest in classical analytical techniques, which often yield surprisingly accurate results with minimal computational effort [27, 28]. Frequency-based methods, while conceptually simple and non-iterative, may sacrifice some accuracy in capturing complex dynamics [29]. Algebraic techniques leveraging Sturm’s theorem have also shown promise as fast and reliable tools for approximating pull-in thresholds [30, 31].

In this context, the present work makes a novel contribution to the analysis of magMEMS by studying a Lorentz-force-driven model involving current-carrying filaments using a simple and effective Galerkin approximation. Unlike transformation-based techniques required for harmonic approximations under zero initial conditions [24], our method yields closed-form expressions for the dynamic pull-in threshold, oscillation frequency, and periodic trajectories. In particular, we derive an explicit pull-in condition that serves as a practical criterion for the existence of periodic orbits. The analytical results are systematically validated through numerical simulations, confirming their accuracy across a broad range of parameters. This approach enhances the understanding of nonlinear dynamics in magMEMS and offers a practical tool for device design and optimization.

The paper is organized as follows. In Section 2, we derive the nonlinear differential equation that governs the dynamics of the magMEMS model under Lorentz actuation. Section 3 presents the Galerkin method and outlines the derivation of approximate periodic solutions and the dynamic pull-in threshold. Section 4 provides numerical results that validate the analytical predictions. Finally, concluding remarks and potential directions for future research are offered in Section 5.



2 MATHEMATICAL MODEL FOR MAGMEMS WITH CURRENT-CARRYING FILAMENTS

The fundamental principles governing magnetic actuation in MEMS are briefly outlined in this section. In particular, in magnetostatics, the attractive or repulsive force between two current-carrying wires is typically described by Ampère’s force law, which assumes the existence of infinitely long, parallel conductors. However, on the microscale—where wire lengths are finite—Neumann’s formulation, based on the concept of mutual inductance [32], provides a more appropriate model. In this framework, the magnetic force between the wires can be expressed as minus the negative gradient of the magnetic energy coupled between the wires, 
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which confirms the validity of the magnetic force formula.

Furthermore, under certain assumptions (He et al. [9]), the dynamics of the wires in the MEMS sensor can be approximated by modeling each as a point mass, leading to a lumped-parameter differential equation. In this formulation, the motion of the filament is governed by Newton’s second law, which leads to Equation 2:
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 is the magnetic attraction force between the current-carrying filaments. The restoring force that arises from a linear spring (or an array of springs) with stiffness constant 
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Ultimately, the motion of the platform, shown in Figure 1, satisfies differential Equation 3:
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[image: Diagram illustrating a mechanical system with two parallel plates connected by blue compression springs. The plates are labeled with currents \(i_1\) and \(i_2\). The system shows distances \(b\) and \(L\) between elements. \( \widetilde{X}(t) \) represents displacement from the zero position.]


FIGURE 1 | 
magMEMS with current-carrying filaments. The instantaneous distance between filaments is 
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Note that the governing differential Equation 3 does not include a damping term as the air resistance is assumed to be negligible. This assumption is typically valid for sufficiently small MEMS devices, for example, Rhoads [33], Gorelick et al. [34], and references therein. However, in practical applications where damping effects cannot be neglected or to extend the model’s applicability, a damping term can be incorporated as discussed in Section 3.

Furthermore, it is a common practice to rescale the single-degree-of-freedom Equation 3 to facilitate interpretation. To this end, we introduce the following dimensionless distance and time variables




x
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x

̃



b



and

t
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t

̃








k


s




m




,

(4)

respectively, in Equation 4. The transformation yields the following dimensionless form of the governing Equation 5:
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(5)

and the excitation parameter 


K


 is defined in Equation 6:
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(6)

and the dimensionless geometric parameter is given by




ξ
=


b


L


.




Finally, we complement Equation 5 with zero initial conditions




x


0


=



x

̇




0


=
0
,




and additionally, we assume that the currents in both wires are unidirectional, that is, 


K
≥
0


.

It should be noted that Equation 5 reduces to







x

̈


+
x
−


K


1
−
x


=
0
,

(7)

in the case where the filament’s motion is driven by the magnetic field of an infinite current-carrying conductor, that is, 


ξ
→


0


+




. For 


ξ
=
0


, the initial value problem described in Equation 7 under zero initial conditions exhibits periodic solutions when 


K
<


K


0


*




; otherwise, it leads to pull-in behavior. Consequently, the dynamic pull-in threshold 




K


0


*




 and the corresponding maximum deflection 




A


0


*




 are given in He et al. [9] as Equation 8
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and






A


0


*


=


1
+


1
−
4


K


0


*






2
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…
,




respectively. In addition, the dynamic pull-in threshold 




K


0


*




 and the maximum amplitude 




A


0


*




 can also be calculated using the Lambert W function, as demonstrated in our previous work (Skrzypacz et al. [35]).

Next, multiplying both sides of Equation 5 by 




x

̇



 and then integrating with respect to 


t


 yields the conservation of the energy Equation 9:
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from which it follows Equation 10:
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(10)

As noted previously by He et al. [9] and Skrzypacz et al. [10], the solution 


x

(

t

)



 is periodic if the phase portrait in the 


(

x
,



x

̇



)


 plane forms a closed curve, and the corresponding graph of the energy conservation equation, Equation 10, is also closed. This occurs when Equation 11
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(11)

has a root in the interval 


(

0,1

)


. The operation of magnetic MEMS or magMEMS using filament wires of finite length can be described by Equation 5. For the case of 


ξ
=
0


, the existence of periodic solutions is ensured if Equation 12
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(12)

has a root in the interval 


(

0,1

)


 (He et al. [9]). The first root corresponds to the maximum value of 


x

(

t

)



, that is, the maximum deflection of the oscillating component. Consequently, the solutions to the magMEMS model given by Equation 5 are periodic if 


K
<
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0


*




 and exhibit dynamic pull-in behavior if 


K
>
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, where it has been previously established that 
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=
0.203632188
 
…


.

On the other hand, in the critical case 
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, the function 
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 has a double root at 
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This condition is satisfied when
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which leads to the following transcendental Equation 13 for 
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(13)

The value of 




A


ξ


*




, representing the maximum deflection, is obtained numerically for various values of the parameter 


ξ


 by solving Equation 13. Once 




A


ξ


*




 is known, the corresponding dynamic pull-in threshold 
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ξ


*




 can be calculated using Equation 14:
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(14)

which follows from the condition 




∂


f




K


ξ


*


,
ξ




∂
s



(



A


ξ


*



)

=
0


. Figure 2 illustrates the effect of the geometry parameter 


ξ


 on both the maximum deflection 




A


ξ


*




 of the flexible part and the dynamic pull-in threshold 




K


ξ


*




. As 


ξ


 increases, the maximum deflection 




A


ξ


*




 decreases due to a weakening Lorentz force. Conversely, the dynamic pull-in threshold 




K


ξ


*




 increases with increasing 


ξ


 for the same reason.


[image: Graph illustrating two functions: a solid blue line representing \(K^*_{\xi}\) and a dashed red line representing \(A^*_{\xi}\). The x-axis is labeled \(\xi\) ranging from 0.00 to 3.00, and the y-axis for \(K^*_{\xi}\) on the left and \(A^*_{\xi}\) on the right, both ranging from 0.0 to 1.0. The blue line increases, while the red line decreases slightly, intersecting around \(\xi = 1.5\). Labels \(R_{pull-in}\) and \(R_{per}\) are visible near respective lines.]


FIGURE 2 | 
Dynamic pull-in threshold 




K


ξ


*




 and maximum deflection 




A


ξ


*




 of the flexible part. Pairs 


(

ξ
,
K

)


 below the separatrix 




K


*


=


K


ξ


*




 (region 




R


per




) lead to periodic solutions.

In the regime of small values of the geometric parameter 


ξ


, an asymptotic expansion yields the following approximation for the function 




f


K
,
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′
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)



 developed by Skrzypacz et al. [10]:






f


K
,
ξ




s


=
−


s


2


−
2
K
⁡
log
|
1
−
x
|
−
2
K
s
ξ
−


1


2


K
s


s
−
2




ξ


2


+
O




ξ


4








with its derivative given by






f


K
,
ξ


′




s


=
−
2
s
+


2
K


1
−
x


−
2
K
ξ
−


1


2


K


2
s
−
2




ξ


2


+
O




ξ


4




.




To facilitate further analysis, we introduce the simplified function in Equation 15:
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which captures the leading-order behavior of 




f


K
,
ξ


′



(

s

)



 for small 


ξ


. Under this approximation, the motion of the platform is governed by the second-order nonlinear differential equation:
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This leads to approximate model Equation 16 for the magnetic MEMS:







y

̈


+


1
+


K


ξ


2




2




y
=


K


1
−
y


−
K
ξ
+


K


ξ


2




2


,

(16)

subject to the initial conditions Equation 17:
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0
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0
.

(17)

In the presence of damping effects, this equation can be generalized to Equation 18:
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(18)

where 


γ
≥
0


 is the dimensionless damping coefficient. In what follows, we apply the Galerkin method to compute periodic solutions of the magMEMS model described in Equations 16, 17 and subsequently extend the analysis to include damping effects.



3 DYNAMICAL MODEL ANALYSIS VIA THE GALERKIN APPROACH

In this section, we apply the Galerkin approach to approximate periodic solutions of the magMEMS model, first in the undamped case and subsequently in the presence of damping.


3.1 Undamped case 
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γ
=
0

)





Let us rewrite Equation 16 as follows:
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To obtain the weak formulation, we need to find periodic 
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 satisfying the initial conditions by Equation 17 such that
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holds for all 


v
∈
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0
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. We seek a Galerkin approximation in the form







y

̃




t


=
a


1
−
cos


ω
t




.

(20)

Note that the periodic Galerkin ansatz by Equation 20 satisfies the initial conditions
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Substituting the corresponding Galerkin ansatz into the weak formulation in Equation 19 and testing over one period 
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π
/
ω


 with test functions 
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From the second equation in Equation 21, we obtain Equation 22:
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As
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the maximal deflection is 
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, and the requirement 
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. Substituting 
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 by Equation 22 into the first equation of Equation 21 yields Equation 23:
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Here, 


K
>
0
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ξ
≥
0


, and 


0
<
a
≤
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2




 result from the Galerkin ansatz. The roots of the cubic Equation 23 can be expressed in the following trigonometric form as presented in Equation 24 [36]:
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where Equation 25
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and Equation 26
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In our case, we obtain Equation 27:
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where (Equation 28)
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The condition 
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, that is, Equation 29
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constitutes the approximate separatrix.

If 


ξ
=
0


, that is, the wire is infinite, we obtain Equation 30:
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Note that the discriminant condition 
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 for cubic Equation 23 ensures that its two roots coincide for 
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. This corresponds to the approximate pull-in case, where the approximate pull-in threshold is 
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. This critical value is very close to the exact dynamic pull-in threshold 
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 as shown in Equation 31:
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where the 


K


-dependent coefficient 




a


K
,
0




 is defined by Equation 30.

Note that the ansatz in Equation 20 can be systematically extended by incorporating additional terms from the Fourier expansion. For instance, a single-term ansatz with adaptive coefficients may reduce computational effort without compromising accuracy, which is consistent with minimalist modeling principles in MEMS analysis. However, increasing the number of trigonometric terms in the ansatz inevitably results in higher-order nonlinear algebraic systems, which must be solved using numerical methods. Accurate models are essential for capturing the nonlinear dynamics of oscillators. Among the notable analytical–semi-analytical techniques are the VIM [37] and the HPM [38, 39]. VIM is particularly effective in treating strongly nonlinear systems and has been successfully used to predict pull-in conditions in electrostatic MEMS. HPM, a semi-analytical method that combines homotopy theory with perturbation techniques, offers robust solutions to problems with not well-defined initial guesses. It is especially suitable for complex nonlinear scenarios as it can transform intricate governing equations into tractable forms more efficiently than many traditional approaches [37–39]. Recently, He’s frequency formula and Ma’s modification have been applied to the analysis of fractal vibration systems [40]. Both VIM and HPM demonstrated the capability to yield approximate pull-in thresholds with relatively high accuracy [18, 41]. For example, J.-H. He, in [18], used VIM to determine the approximate pull-in threshold for the magMEMS oscillator in the case of an infinitely long wire 
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, corresponding to a relative error of less than 
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3.2 Damped case 


(

γ
>
0

)





Let us rewrite Equation 18 as follows:
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To obtain the weak formulation for the damped case, we need to find a periodic 


y


 satisfying the initial conditions by Equation 17 such that Equation 32
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holds for all 


v
∈


L


2
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0
,
T

)



.

We seek a Galerkin approximation that includes both transient damping effects and the correct steady-state behavior. Let 
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 denote the steady-state solution satisfying the equilibrium Equation 33:
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which follows from Equation 18 assuming 
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.

The Galerkin ansatz takes the form, as shown in Equation 34:
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where 


α


 is the decay rate, 
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d




 is the damped frequency, and 


a


 is the Galerkin coefficient from the undamped analysis. This formulation ensures that 
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For the damped case, we use 
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, with 




y


s
s




 found numerically from Equation 33. The formulation captures both transient and steady-state behaviors, converging to the equilibrium position 
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. For the pull-in threshold, we approximate Equation 35:
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This leads to the damped pull-in threshold, as shown in Equation 36:








K

̃



ξ
,
γ


*


=




K

̃



ξ
,
0


*


+
O




γ


2




.

(36)

This formulation recovers the undamped solution as 


γ
→
0


 and provides accurate predictions for practical magMEMS applications, where 


γ
≪
1


.


Figure 3 shows a comparison between undamped and damped solutions. The plots demonstrate how damping affects transient behavior while maintaining correct steady-state convergence. Galerkin approximations (solid lines) match numerical ODE solutions (dashed lines).


[image: Graph showing displacement versus time with three sets of sinusoidal curves in blue, black, and magenta, each representing different decay rates and stiffness values. Legend on the right specifies conditions for each curve, including damping coefficients. Displacement ranges from 0 to 0.7, with time from 0 to 25.]


FIGURE 3 | 
Comparison between undamped and damped magMEMS solutions for different excitation parameters. It shows how damping affects transient behavior while maintaining correct steady-state convergence. Galerkin approximations (solid lines) match numerical ODE solutions (dashed lines).

The accuracy of the Galerkin formulation is demonstrated in Figure 4, which compares numerical ODE solutions with analytical Galerkin approximations. The upper subplot shows the time evolution of both solutions, whereas the lower subplot displays the absolute error between them.


[image: Two graphs comparing ODE and Galerkin solutions for damped cases. The top graph shows solution overlap for different parameters, while the bottom graph displays the absolute error between methods. Various line styles and colors represent different parameter combinations, with legends indicating specific values of \( K \) and \( \gamma \) for each dataset. The graphs plot data over time \( t \) from zero to one hundred.]


FIGURE 4 | 
Comparison between numerical ODE solutions and analytical Galerkin approximations. The upper subplot shows the time evolution of both solutions. The lower subplot displays the absolute error, demonstrating the accuracy of analytical approximation.


Figure 5 shows the effect of damping on the maximum amplitude as a function of excitation parameter 


K


. Damped solutions show reduced amplitudes compared to the undamped case, particularly as 


K


 approaches the pull-in threshold, demonstrating the stabilizing effect of damping.


[image: Graph titled "Displacement vs Excitation Parameter" showing maximum displacement against normalized excitation. It includes three lines: undamped (solid black), damped with gamma 0.05 (dashed red), and damped with gamma 0.1 (dotted blue). Displacement increases non-linearly with the excitation parameter ranging from 0 to 1.]


FIGURE 5 | 
Effect of damping on maximum displacement as a function of the excitation parameter 


K


. Damped solutions show reduced amplitudes compared to undamped cases, particularly near pull-in threshold, demonstrating the stabilizing effect of damping.




4 DISCUSSION AND SIMULATION RESULTS

In this section, we present numerical simulations of the normalized deflection of the platform, 


y

(

t

)



, as a function of nondimensional time 


t


. We analyze the behavior of the periodic solution 


y

(

t

)



 under different sets of parameters 


K
>
0


 and 


ξ
≥
0


. The simulations were performed using Maple™ software [42], and the resulting deflection profiles are illustrated in Figures 6–8. The observed trends clearly reveal the dependency of the deflection amplitude, frequency, and pull-in time on the excitation parameter 


K


 while keeping the geometric parameter 


ξ


 fixed. In particular, an increase in the value of 


K


 leads to a larger amplitude and a longer period of deflection. In particular, for the given value of the geometric parameter 


ξ
≥
0


, the maximum deflection is attained when 


K


 approaches the threshold value 




K


ξ


*




. In Figures 6–8, the periodic solutions with the highest deflection correspond to the excitation value 


K
=
0.9


K


ξ


*




.


[image: Graph illustrating displacement over time with various line styles and colors representing different values of \( K \). The pink and blue lines show two scenarios at 0.9 and 0.5 times the critical \( K_0^* \), respectively, while black lines represent 0.7 \( K_0^* \). The legend distinguishes the curves, showing both \( x(t) \) and \( y(t) \). The x-axis is labeled \( t \), and the y-axis is labeled displacement.]


FIGURE 6 | 
Profiles of Galerkin solutions 





y

̃



(

t

)



 (dashed lines) for 


ξ
=
0


 and 


K
=
0.9


K


0


*


;
0.7


K


0


*


;
0.5


K


0


*




. Solid lines corresponds to numerical reference solutions 


x

(

t

)



 of Equation 5, which for 


ξ
=
0


 coincides with the approximate model given by Equation 16.


[image: Graph showing displacement over time for different parameter values. The x-axis represents time (t) and the y-axis represents displacement. Various curves represent different combinations of \( K \) values, with distinct styles: dashed magenta, solid magenta, dotted magenta for \( 0.9K_{0.1} \); dashed black, solid black, dotted black for \( 0.7K_{0.1} \); and dashed blue, solid blue, dotted blue for \( 0.5K_{0.1} \). A legend details the curve styles. Parameters include \(\xi = 0.1\) and \(K_{0.1}^* = 0.2156245093\).]

FIGURE 7 | Profiles of Galerkin solutions 





y

̃



(

t

)



 (dashed lines) for 


ξ
=
0.1


 and 


K
=
0.9


K


0.1


*


;
0.7


K


0.1


*


;
0.5


K


0.1


*




. Solid lines correspond to numerical reference solutions 


x

(

t

)



 of Equation 5, whereas dot lines correspond to numerical solution 


y

(

t

)



 of the approximate model given in Equation 16.


[image: Graph showing displacement over time for different values of \(K\) relative to \(K^*_{1.0}\). Three sets of curves are colored magenta, black, and blue, each having two styles: dashed, solid, and dotted. The legend indicates specific curves for values of \(K\) as 0.9, 0.7, and 0.5 times \(K^*_{1.0}\) for both \(x(t)\) and \(y(t)\).]


FIGURE 8 | 
Profiles of Galerkin solutions 





y

̃



(

t

)



 (dashed lines) for 


ξ
=
1.0


 and 


K
=
0.9


K


1.0


*


;
0.7


K


1.0


*


;
0.5


K


1.0


*




. Solid lines correspond to the numerical reference solutions 


x

(

t

)



 of Equation 5, whereas dot lines correspond to the numerical solution 


y

(

t

)



 of the approximate model given by Equation 16.

Note that the range of dimensionless parameters 


K


 and 


ξ


 is already broad enough in this study for practical applications. In the case of arbitrary 


K
>
0


 and 


ξ
≥
0


, the trajectories and their approximations can be studied using the Maple™ and Python scripts available at https://github.com/armanbolatov/magmems_damping.

Furthermore, as the value of 


ξ


 increases, the maximum deflection diminishes due to the weakened Lorentz force. In Figure 9, the approximate separatrix 






K

̃



ξ


*




, defined by Equation 29, is compared with the exact separatrix 




K


ξ


*




 as functions of the geometric parameter 


ξ


. The approximate separatrix slightly underestimates the dynamic pull-in threshold in the 


ξ


-parameter range [0,1.2]. The study clearly demonstrates that the pull-in threshold, 




K


ξ


*




, depends sensitively on the geometric parameter 


ξ


. As 


ξ


 increases, corresponding to shorter filament lengths, the pull-in threshold 




K


ξ


*




 increases, whereas the maximum deflection amplitude 




A


ξ


*




 decreases. Numerical simulations confirm this inverse relationship between 




K


ξ


*




 and 




A


ξ


*




. For the case of infinite filaments 


(

ξ
=
0

)


, the threshold is approximately 




K


0


*


≈
0.2036


, providing a quantitative reference for designers to mitigate pull-in instability.


[image: Graph showing two lines, K*ξ (blue solid) and K*̅ξ (black dashed), plotted against ξ on the x-axis with K on the y-axis ranging from 0.00 to 0.50. Blue text labels, R_pull-in and R_per, are displayed alongside the blue line.]


FIGURE 9 | 
Exact and approximate separatrix. Pairs 


(

ξ
,
K

)


 below exact separatrix 




K


ξ


*




 (region 




R


per




) lead to periodic solutions.

The exact (harmonic) frequency of oscillations is defined as shown in Equation 37:






ω


K
,
ξ


e
x


=


2
π




T


K
,
ξ




,

(37)

where 




T


K
,
ξ




 denotes the exact period of oscillations. Integrating Equation 10 yields Equation 38:








T


K
,
ξ




2


=


∫


0




A


K
,
ξ






d
s






f


K
,
ξ




s






,

(38)

where 




A


K
,
ξ




 is the maximum displacement for the given parameter pair 


K
>
0


 and 


ξ
≥
0


 such that 


K
<


K


ξ


*




. The value 




A


K
,
ξ




 is the first positive root of 




f


K
,
ξ



(

s

)


, defined in Equation 11 for 


ξ
>
0


 and in Equation 12 for 


ξ
=
0


. The integrals in Equation 38 are computed numerically. In Table 1, the high-precision values of frequencies computed using Equation 37 are compared with their Galerkin approximations given by Equation 22. We observe that for the geometric parameter 


ξ
=
0.1


, the Galerkin approximation results in an absolute error in frequencies of order 


1


0


−
3




, even for the value of excitation parameter 


K


, close to the pull-in threshold. The accuracy improves for the smaller values of 


K


 and 


ξ


. The decrease in the period approximation accuracy for larger values of the geometric parameter 


ξ


 and values of excitation parameter 


K


 close to the pull-in threshold can be well observed in Figure 8.


TABLE 1 | High-precision frequencies 




ω


K
,
ξ


e
x




 and their Galerkin approximations 




ω


K
,
ξ




 for 


K
=
0.9


K


ξ


*


;
0.7


K


ξ


*


;
0.5


K


ξ


*




 and 


ξ
=
0
;
0.1
;
1.0


.




	



K




	



ξ
=
0




	



ξ
=
0.1




	



ξ
=
1.0







	Reference






ω


K
,
ξ


e
x






	Galerkin






ω


K
,
ξ






	Reference 






ω


K
,
ξ


e
x






	Galerkin






ω


K
,
ξ






	Reference






ω


K
,
ξ


e
x






	Galerkin






ω


K
,
ξ











	



0.9


K


ξ


*






	0.793365
	0.795214
	0.786575
	0.787935
	0.756180
	0.723933



	



0.7


K


ξ


*






	0.884522
	0.885621
	0.879793
	0.880838
	0.860555
	0.875138



	



0.5


K


ξ


*






	0.931667
	0.931939
	0.928546
	0.928809
	0.916498
	0.930681








In Figure 10, the maximal displacement and its Galerkin approximation is presented versus varying excitation parameter K for ξ = 0; 0.1; 1.0. The Galerkin approximation of the maximum displacement is close to its exact value for small values of the geometric parameter ξ.


[image: Graph showing maximal displacement versus \( K \). Three sets of lines represent different values of \(\xi\): 0.0, 0.1, and 1.0. Each set has two lines: Galerkin (dashed) and exact (solid). \(\xi = 0.0\) is blue, \(\xi = 0.1\) is pink, and \(\xi = 1.0\) is black. The graph indicates displacement increases with \( K \).]


FIGURE 10 | 
Exact and Galerkin approximations of maximum displacements for 


ξ
=
0
;
0.1
;
1.0


and varying 


K


.



5 CONCLUSIONS AND OUTLOOKS

In this paper, the Galerkin approach is used to derive approximate expressions for the pull-in threshold, oscillation frequency, and periodic solutions of the magMEMS. It has been demonstrated that these approximations maintain a high degree of accuracy for excitation parameters below the critical pull-in value, denoted by 




K


ξ


*




.

Furthermore, we have extended the analysis to include damping effects for the small damping coefficient 


γ
≪
1


 through an improved Galerkin formulation that incorporates both transient decay and correct steady-state behavior. The enhanced ansatz ensures convergence to the physically appropriate equilibrium position while maintaining the zero initial condition for displacement and recovers the undamped solution in the limit as the damping coefficient tends to zero. The method has proven to be of particular value in the domains of MEMS design and performance estimation, offering a combination of analytical depth and practical implementability. By formulating the nonlinear governing equation in its weak form and using a periodic cosine ansatz, closed-form approximations for the dynamic pull-in threshold, oscillation frequency, and periodic solutions have been obtained. This approach represents a significant advancement as it mitigates the computational demands associated with conventional numerical techniques (e.g., shooting or continuation methods) while preserving high accuracy suitable for engineering applications. The Galerkin-based solutions effectively capture the influence of the excitation parameter on the system’s dynamic response. Moreover, unlike purely numerical ODE solutions, they provide deeper insights into the interplay between excitation and geometric parameters governing oscillator dynamics. Increasing the excitation parameter leads to larger maximal deflections and a concomitant elongation of the oscillation period. Conversely, increasing the geometric parameter diminishes deflections by attenuating the Lorentz forces. In particular, for the geometric parameter 


ξ
=
0.1


, frequency approximations exhibit errors as low as 


1


0


−
3




, thereby validating the robustness and precision of the method. The analysis also reveals effective strategies for controlling the system’s dynamic behavior, enabling the avoidance of pull-in instability. This comprehensive analysis contributes to a more profound understanding of the system and may serve as a catalyst for further research endeavors concerning related phenomena. The findings of the present study provide critical design guidelines to optimize magMEMS performance for wearable sensor applications. By adjusting geometric parameters and excitation currents based on the derived pull-in thresholds, engineers can ensure the reliable operation of magnetically actuated wearable devices, including biomedical sensors and motion-tracking modules. This approach allows for the preservation of high sensitivity to external stimuli while maintaining robust functionality. The low-complexity nature of the Galerkin model further facilitates its integration into real-time control algorithms for wearable systems, addressing the power and computational constraints inherent in portable electronics. This work paves the way for the development of next-generation, reliable magMEMS-based wearable technologies that demand precise dynamic response and miniaturization.
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Plant biomass production rate a 02 [30,31]
Insect infestation on plants. a, 0.6 [30,31]
Insect reproduction rate a 0.01 [30,31]
Insect death rate a, 0.02 [30,31)
Antixenosis by PAD4 ag 0.002 [32)
PAD4 production ag 1 Assumed
PAD4 degradation a; 0.1 [33,34]
BIK1 mediated PAD4 decrease ag 01 [35]
BIK1 production a, 1 [36-38]
BIK1 degradation ay, 0.1 Assumed
Inhibitor based BIK1 decrease ay, 01 Assumed
Carrying capacity of plant biomass K 10 Assumed
Noise intensity 12 0.01 Assumed
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/*************************************************************
 *
 *  MathJax.js
 *  
 *  The main code for the MathJax math-typesetting library.  See 
 *  http://www.mathjax.org/ for details.
 *  
 *  ---------------------------------------------------------------------
 *  
 *  Copyright (c) 2009-2012 Design Science, Inc.
 * 
 *  Licensed under the Apache License, Version 2.0 (the "License");
 *  you may not use this file except in compliance with the License.
 *  You may obtain a copy of the License at
 * 
 *      http://www.apache.org/licenses/LICENSE-2.0
 * 
 *  Unless required by applicable law or agreed to in writing, software
 *  distributed under the License is distributed on an "AS IS" BASIS,
 *  WITHOUT WARRANTIES OR CONDITIONS OF ANY KIND, either express or implied.
 *  See the License for the specific language governing permissions and
 *  limitations under the License.
 */

if (!window.MathJax) {window.MathJax = {}}

MathJax.isPacked = true;

if(document.getElementById&&document.childNodes&&document.createElement){if(!window.MathJax){window.MathJax={}}if(!MathJax.Hub){MathJax.version="2.1";MathJax.fileversion="2.1";(function(d){var b=window[d];if(!b){b=window[d]={}}var f=[];var c=function(g){var h=g.constructor;if(!h){h=new Function("")}for(var i in g){if(i!=="constructor"&&g.hasOwnProperty(i)){h[i]=g[i]}}return h};var a=function(){return new Function("return arguments.callee.Init.call(this,arguments)")};var e=a();e.prototype={bug_test:1};if(!e.prototype.bug_test){a=function(){return function(){return arguments.callee.Init.call(this,arguments)}}}b.Object=c({constructor:a(),Subclass:function(g,i){var h=a();h.SUPER=this;h.Init=this.Init;h.Subclass=this.Subclass;h.Augment=this.Augment;h.protoFunction=this.protoFunction;h.can=this.can;h.has=this.has;h.isa=this.isa;h.prototype=new this(f);h.prototype.constructor=h;h.Augment(g,i);return h},Init:function(g){var h=this;if(g.length===1&&g[0]===f){return h}if(!(h instanceof g.callee)){h=new g.callee(f)}return h.Init.apply(h,g)||h},Augment:function(g,h){var i;if(g!=null){for(i in g){if(g.hasOwnProperty(i)){this.protoFunction(i,g[i])}}if(g.toString!==this.prototype.toString&&g.toString!=={}.toString){this.protoFunction("toString",g.toString)}}if(h!=null){for(i in h){if(h.hasOwnProperty(i)){this[i]=h[i]}}}return this},protoFunction:function(h,g){this.prototype[h]=g;if(typeof g==="function"){g.SUPER=this.SUPER.prototype}},prototype:{Init:function(){},SUPER:function(g){return g.callee.SUPER},can:function(g){return typeof(this[g])==="function"},has:function(g){return typeof(this[g])!=="undefined"},isa:function(g){return(g instanceof Object)&&(this instanceof g)}},can:function(g){return this.prototype.can.call(this,g)},has:function(g){return this.prototype.has.call(this,g)},isa:function(h){var g=this;while(g){if(g===h){return true}else{g=g.SUPER}}return false},SimpleSUPER:c({constructor:function(g){return this.SimpleSUPER.define(g)},define:function(g){var i={};if(g!=null){for(var h in g){if(g.hasOwnProperty(h)){i[h]=this.wrap(h,g[h])}}if(g.toString!==this.prototype.toString&&g.toString!=={}.toString){i.toString=this.wrap("toString",g.toString)}}return i},wrap:function(i,h){if(typeof(h)==="function"&&h.toString().match(/\.\s*SUPER\s*\(/)){var g=new Function(this.wrapper);g.label=i;g.original=h;h=g;g.toString=this.stringify}return h},wrapper:function(){var h=arguments.callee;this.SUPER=h.SUPER[h.label];try{var g=h.original.apply(this,arguments)}catch(i){delete this.SUPER;throw i}delete this.SUPER;return g}.toString().replace(/^\s*function\s*\(\)\s*\{\s*/i,"").replace(/\s*\}\s*$/i,""),toString:function(){return this.original.toString.apply(this.original,arguments)}})})})("MathJax");(function(BASENAME){var BASE=window[BASENAME];if(!BASE){BASE=window[BASENAME]={}}var CALLBACK=function(data){var cb=new Function("return arguments.callee.execute.apply(arguments.callee,arguments)");for(var id in CALLBACK.prototype){if(CALLBACK.prototype.hasOwnProperty(id)){if(typeof(data[id])!=="undefined"){cb[id]=data[id]}else{cb[id]=CALLBACK.prototype[id]}}}cb.toString=CALLBACK.prototype.toString;return cb};CALLBACK.prototype={isCallback:true,hook:function(){},data:[],object:window,execute:function(){if(!this.called||this.autoReset){this.called=!this.autoReset;return this.hook.apply(this.object,this.data.concat([].slice.call(arguments,0)))}},reset:function(){delete this.called},toString:function(){return this.hook.toString.apply(this.hook,arguments)}};var ISCALLBACK=function(f){return(typeof(f)==="function"&&f.isCallback)};var EVAL=function(code){return eval.call(window,code)};EVAL("var __TeSt_VaR__ = 1");if(window.__TeSt_VaR__){try{delete window.__TeSt_VaR__}catch(error){window.__TeSt_VaR__=null}}else{if(window.execScript){EVAL=function(code){BASE.__code=code;code="try {"+BASENAME+".__result = eval("+BASENAME+".__code)} catch(err) {"+BASENAME+".__result = err}";window.execScript(code);var result=BASE.__result;delete BASE.__result;delete BASE.__code;if(result instanceof Error){throw result}return result}}else{EVAL=function(code){BASE.__code=code;code="try {"+BASENAME+".__result = eval("+BASENAME+".__code)} catch(err) {"+BASENAME+".__result = err}";var head=(document.getElementsByTagName("head"))[0];if(!head){head=document.body}var script=document.createElement("script");script.appendChild(document.createTextNode(code));head.appendChild(script);head.removeChild(script);var result=BASE.__result;delete BASE.__result;delete BASE.__code;if(result instanceof Error){throw result}return result}}}var USING=function(args,i){if(arguments.length>1){if(arguments.length===2&&!(typeof arguments[0]==="function")&&arguments[0] instanceof Object&&typeof arguments[1]==="number"){args=[].slice.call(args,i)}else{args=[].slice.call(arguments,0)}}if(args instanceof Array&&args.length===1){args=args[0]}if(typeof args==="function"){if(args.execute===CALLBACK.prototype.execute){return args}return CALLBACK({hook:args})}else{if(args instanceof Array){if(typeof(args[0])==="string"&&args[1] instanceof Object&&typeof args[1][args[0]]==="function"){return CALLBACK({hook:args[1][args[0]],object:args[1],data:args.slice(2)})}else{if(typeof args[0]==="function"){return CALLBACK({hook:args[0],data:args.slice(1)})}else{if(typeof args[1]==="function"){return CALLBACK({hook:args[1],object:args[0],data:args.slice(2)})}}}}else{if(typeof(args)==="string"){return CALLBACK({hook:EVAL,data:[args]})}else{if(args instanceof Object){return CALLBACK(args)}else{if(typeof(args)==="undefined"){return CALLBACK({})}}}}}throw Error("Can't make callback from given data")};var DELAY=function(time,callback){callback=USING(callback);callback.timeout=setTimeout(callback,time);return callback};var WAITFOR=function(callback,signal){callback=USING(callback);if(!callback.called){WAITSIGNAL(callback,signal);signal.pending++}};var WAITEXECUTE=function(){var signals=this.signal;delete this.signal;this.execute=this.oldExecute;delete this.oldExecute;var result=this.execute.apply(this,arguments);if(ISCALLBACK(result)&&!result.called){WAITSIGNAL(result,signals)}else{for(var i=0,m=signals.length;i<m;i++){signals[i].pending--;if(signals[i].pending<=0){signals[i].call()}}}};var WAITSIGNAL=function(callback,signals){if(!(signals instanceof Array)){signals=[signals]}if(!callback.signal){callback.oldExecute=callback.execute;callback.execute=WAITEXECUTE;callback.signal=signals}else{if(signals.length===1){callback.signal.push(signals[0])}else{callback.signal=callback.signal.concat(signals)}}};var AFTER=function(callback){callback=USING(callback);callback.pending=0;for(var i=1,m=arguments.length;i<m;i++){if(arguments[i]){WAITFOR(arguments[i],callback)}}if(callback.pending===0){var result=callback();if(ISCALLBACK(result)){callback=result}}return callback};var HOOKS=MathJax.Object.Subclass({Init:function(reset){this.hooks=[];this.reset=reset},Add:function(hook,priority){if(priority==null){priority=10}if(!ISCALLBACK(hook)){hook=USING(hook)}hook.priority=priority;var i=this.hooks.length;while(i>0&&priority<this.hooks[i-1].priority){i--}this.hooks.splice(i,0,hook);return hook},Remove:function(hook){for(var i=0,m=this.hooks.length;i<m;i++){if(this.hooks[i]===hook){this.hooks.splice(i,1);return}}},Execute:function(){var callbacks=[{}];for(var i=0,m=this.hooks.length;i<m;i++){if(this.reset){this.hooks[i].reset()}var result=this.hooks[i].apply(window,arguments);if(ISCALLBACK(result)&&!result.called){callbacks.push(result)}}if(callbacks.length===1){return null}if(callbacks.length===2){return callbacks[1]}return AFTER.apply({},callbacks)}});var EXECUTEHOOKS=function(hooks,data,reset){if(!hooks){return null}if(!(hooks instanceof Array)){hooks=[hooks]}if(!(data instanceof Array)){data=(data==null?[]:[data])}var handler=HOOKS(reset);for(var i=0,m=hooks.length;i<m;i++){handler.Add(hooks[i])}return handler.Execute.apply(handler,data)};var QUEUE=BASE.Object.Subclass({Init:function(){this.pending=0;this.running=0;this.queue=[];this.Push.apply(this,arguments)},Push:function(){var callback;for(var i=0,m=arguments.length;i<m;i++){callback=USING(arguments[i]);if(callback===arguments[i]&&!callback.called){callback=USING(["wait",this,callback])}this.queue.push(callback)}if(!this.running&&!this.pending){this.Process()}return callback},Process:function(queue){while(!this.running&&!this.pending&&this.queue.length){var callback=this.queue[0];queue=this.queue.slice(1);this.queue=[];this.Suspend();var result=callback();this.Resume();if(queue.length){this.queue=queue.concat(this.queue)}if(ISCALLBACK(result)&&!result.called){WAITFOR(result,this)}}},Suspend:function(){this.running++},Resume:function(){if(this.running){this.running--}},call:function(){this.Process.apply(this,arguments)},wait:function(callback){return callback}});var SIGNAL=QUEUE.Subclass({Init:function(name){QUEUE.prototype.Init.call(this);this.name=name;this.posted=[];this.listeners=HOOKS(true)},Post:function(message,callback,forget){callback=USING(callback);if(this.posting||this.pending){this.Push(["Post",this,message,callback,forget])}else{this.callback=callback;callback.reset();if(!forget){this.posted.push(message)}this.Suspend();this.posting=true;var result=this.listeners.Execute(message);if(ISCALLBACK(result)&&!result.called){WAITFOR(result,this)}this.Resume();delete this.posting;if(!this.pending){this.call()}}return callback},Clear:function(callback){callback=USING(callback);if(this.posting||this.pending){callback=this.Push(["Clear",this,callback])}else{this.posted=[];callback()}return callback},call:function(){this.callback(this);this.Process()},Interest:function(callback,ignorePast,priority){callback=USING(callback);this.listeners.Add(callback,priority);if(!ignorePast){for(var i=0,m=this.posted.length;i<m;i++){callback.reset();var result=callback(this.posted[i]);if(ISCALLBACK(result)&&i===this.posted.length-1){WAITFOR(result,this)}}}return callback},NoInterest:function(callback){this.listeners.Remove(callback)},MessageHook:function(msg,callback,priority){callback=USING(callback);if(!this.hooks){this.hooks={};this.Interest(["ExecuteHooks",this])}if(!this.hooks[msg]){this.hooks[msg]=HOOKS(true)}this.hooks[msg].Add(callback,priority);for(var i=0,m=this.posted.length;i<m;i++){if(this.posted[i]==msg){callback.reset();callback(this.posted[i])}}return callback},ExecuteHooks:function(msg,more){var type=((msg instanceof Array)?msg[0]:msg);if(!this.hooks[type]){return null}return this.hooks[type].Execute(msg)}},{signals:{},find:function(name){if(!SIGNAL.signals[name]){SIGNAL.signals[name]=new SIGNAL(name)}return SIGNAL.signals[name]}});BASE.Callback=BASE.CallBack=USING;BASE.Callback.Delay=DELAY;BASE.Callback.After=AFTER;BASE.Callback.Queue=QUEUE;BASE.Callback.Signal=SIGNAL.find;BASE.Callback.Hooks=HOOKS;BASE.Callback.ExecuteHooks=EXECUTEHOOKS})("MathJax");(function(d){var a=window[d];if(!a){a=window[d]={}}var c=(navigator.vendor==="Apple Computer, Inc."&&typeof navigator.vendorSub==="undefined");var f=0;var g=function(h){if(document.styleSheets&&document.styleSheets.length>f){f=document.styleSheets.length}if(!h){h=(document.getElementsByTagName("head"))[0];if(!h){h=document.body}}return h};var e=[];var b=function(){for(var j=0,h=e.length;j<h;j++){a.Ajax.head.removeChild(e[j])}e=[]};a.Ajax={loaded:{},loading:{},loadHooks:{},timeout:15*1000,styleDelay:1,config:{root:""},STATUS:{OK:1,ERROR:-1},rootPattern:new RegExp("^\\["+d+"\\]"),fileURL:function(h){return h.replace(this.rootPattern,this.config.root)},Require:function(j,m){m=a.Callback(m);var k;if(j instanceof Object){for(var h in j){}k=h.toUpperCase();j=j[h]}else{k=j.split(/\./).pop().toUpperCase()}j=this.fileURL(j);if(this.loaded[j]){m(this.loaded[j])}else{var l={};l[k]=j;this.Load(l,m)}return m},Load:function(j,l){l=a.Callback(l);var k;if(j instanceof Object){for(var h in j){}k=h.toUpperCase();j=j[h]}else{k=j.split(/\./).pop().toUpperCase()}j=this.fileURL(j);if(this.loading[j]){this.addHook(j,l)}else{this.head=g(this.head);if(this.loader[k]){this.loader[k].call(this,j,l)}else{throw Error("Can't load files of type "+k)}}return l},LoadHook:function(k,l,j){l=a.Callback(l);if(k instanceof Object){for(var h in k){k=k[h]}}k=this.fileURL(k);if(this.loaded[k]){l(this.loaded[k])}else{this.addHook(k,l,j)}return l},addHook:function(i,j,h){if(!this.loadHooks[i]){this.loadHooks[i]=MathJax.Callback.Hooks()}this.loadHooks[i].Add(j,h)},Preloading:function(){for(var k=0,h=arguments.length;k<h;k++){var j=this.fileURL(arguments[k]);if(!this.loading[j]){this.loading[j]={preloaded:true}}}},loader:{JS:function(i,k){var h=document.createElement("script");var j=a.Callback(["loadTimeout",this,i]);this.loading[i]={callback:k,message:a.Message.File(i),timeout:setTimeout(j,this.timeout),status:this.STATUS.OK,script:h};h.onerror=j;h.type="text/javascript";h.src=i;this.head.appendChild(h)},CSS:function(h,j){var i=document.createElement("link");i.rel="stylesheet";i.type="text/css";i.href=h;this.loading[h]={callback:j,message:a.Message.File(h),status:this.STATUS.OK};this.head.appendChild(i);this.timer.create.call(this,[this.timer.file,h],i)}},timer:{create:function(i,h){i=a.Callback(i);if(h.nodeName==="STYLE"&&h.styleSheet&&typeof(h.styleSheet.cssText)!=="undefined"){i(this.STATUS.OK)}else{if(window.chrome&&typeof(window.sessionStorage)!=="undefined"&&h.nodeName==="STYLE"){i(this.STATUS.OK)}else{if(c){this.timer.start(this,[this.timer.checkSafari2,f++,i],this.styleDelay)}else{this.timer.start(this,[this.timer.checkLength,h,i],this.styleDelay)}}}return i},start:function(i,h,j,k){h=a.Callback(h);h.execute=this.execute;h.time=this.time;h.STATUS=i.STATUS;h.timeout=k||i.timeout;h.delay=h.total=0;if(j){setTimeout(h,j)}else{h()}},time:function(h){this.total+=this.delay;this.delay=Math.floor(this.delay*1.05+5);if(this.total>=this.timeout){h(this.STATUS.ERROR);return 1}return 0},file:function(i,h){if(h<0){a.Ajax.loadTimeout(i)}else{a.Ajax.loadComplete(i)}},execute:function(){this.hook.call(this.object,this,this.data[0],this.data[1])},checkSafari2:function(h,i,j){if(h.time(j)){return}if(document.styleSheets.length>i&&document.styleSheets[i].cssRules&&document.styleSheets[i].cssRules.length){j(h.STATUS.OK)}else{setTimeout(h,h.delay)}},checkLength:function(h,k,m){if(h.time(m)){return}var l=0;var i=(k.sheet||k.styleSheet);try{if((i.cssRules||i.rules||[]).length>0){l=1}}catch(j){if(j.message.match(/protected variable|restricted URI/)){l=1}else{if(j.message.match(/Security error/)){l=1}}}if(l){setTimeout(a.Callback([m,h.STATUS.OK]),0)}else{setTimeout(h,h.delay)}}},loadComplete:function(h){h=this.fileURL(h);var i=this.loading[h];if(i&&!i.preloaded){a.Message.Clear(i.message);clearTimeout(i.timeout);if(i.script){if(e.length===0){setTimeout(b,0)}e.push(i.script)}this.loaded[h]=i.status;delete this.loading[h];this.addHook(h,i.callback)}else{if(i){delete this.loading[h]}this.loaded[h]=this.STATUS.OK;i={status:this.STATUS.OK}}if(!this.loadHooks[h]){return null}return this.loadHooks[h].Execute(i.status)},loadTimeout:function(h){if(this.loading[h].timeout){clearTimeout(this.loading[h].timeout)}this.loading[h].status=this.STATUS.ERROR;this.loadError(h);this.loadComplete(h)},loadError:function(h){a.Message.Set("File failed to load: "+h,null,2000);a.Hub.signal.Post(["file load error",h])},Styles:function(j,k){var h=this.StyleString(j);if(h===""){k=a.Callback(k);k()}else{var i=document.createElement("style");i.type="text/css";this.head=g(this.head);this.head.appendChild(i);if(i.styleSheet&&typeof(i.styleSheet.cssText)!=="undefined"){i.styleSheet.cssText=h}else{i.appendChild(document.createTextNode(h))}k=this.timer.create.call(this,k,i)}return k},StyleString:function(m){if(typeof(m)==="string"){return m}var j="",n,l;for(n in m){if(m.hasOwnProperty(n)){if(typeof m[n]==="string"){j+=n+" {"+m[n]+"}\n"}else{if(m[n] instanceof Array){for(var k=0;k<m[n].length;k++){l={};l[n]=m[n][k];j+=this.StyleString(l)}}else{if(n.substr(0,6)==="@media"){j+=n+" {"+this.StyleString(m[n])+"}\n"}else{if(m[n]!=null){l=[];for(var h in m[n]){if(m[n].hasOwnProperty(h)){if(m[n][h]!=null){l[l.length]=h+": "+m[n][h]}}}j+=n+" {"+l.join("; ")+"}\n"}}}}}}return j}}})("MathJax");MathJax.HTML={Element:function(c,e,d){var f=document.createElement(c);if(e){if(e.style){var b=e.style;e.style={};for(var g in b){if(b.hasOwnProperty(g)){e.style[g.replace(/-([a-z])/g,this.ucMatch)]=b[g]}}}MathJax.Hub.Insert(f,e)}if(d){if(!(d instanceof Array)){d=[d]}for(var a=0;a<d.length;a++){if(d[a] instanceof Array){f.appendChild(this.Element(d[a][0],d[a][1],d[a][2]))}else{f.appendChild(document.createTextNode(d[a]))}}}return f},ucMatch:function(a,b){return b.toUpperCase()},addElement:function(b,a,d,c){return b.appendChild(this.Element(a,d,c))},TextNode:function(a){return document.createTextNode(a)},addText:function(a,b){return a.appendChild(this.TextNode(b))},setScript:function(a,b){if(this.setScriptBug){a.text=b}else{while(a.firstChild){a.removeChild(a.firstChild)}this.addText(a,b)}},getScript:function(a){var b=(a.text===""?a.innerHTML:a.text);return b.replace(/^\s+/,"").replace(/\s+$/,"")},Cookie:{prefix:"mjx",expires:365,Set:function(a,d){var c=[];if(d){for(var f in d){if(d.hasOwnProperty(f)){c.push(f+":"+d[f].toString().replace(/&/g,"&&"))}}}var b=this.prefix+"."+a+"="+escape(c.join("&;"));if(this.expires){var e=new Date();e.setDate(e.getDate()+this.expires);b+="; expires="+e.toGMTString()}document.cookie=b+"; path=/"},Get:function(c,h){if(!h){h={}}var g=new RegExp("(?:^|;\\s*)"+this.prefix+"\\."+c+"=([^;]*)(?:;|$)");var b=g.exec(document.cookie);if(b&&b[1]!==""){var e=unescape(b[1]).split("&;");for(var d=0,a=e.length;d<a;d++){b=e[d].match(/([^:]+):(.*)/);var f=b[2].replace(/&&/g,"&");if(f==="true"){f=true}else{if(f==="false"){f=false}else{if(f.match(/^-?(\d+(\.\d+)?|\.\d+)$/)){f=parseFloat(f)}}}h[b[1]]=f}}return h}}};MathJax.Message={ready:false,log:[{}],current:null,textNodeBug:(navigator.vendor==="Apple Computer, Inc."&&typeof navigator.vendorSub==="undefined")||(window.hasOwnProperty&&window.hasOwnProperty("konqueror")),styles:{"#MathJax_Message":{position:"fixed",left:"1px",bottom:"2px","background-color":"#E6E6E6",border:"1px solid #959595",margin:"0px",padding:"2px 8px","z-index":"102",color:"black","font-size":"80%",width:"auto","white-space":"nowrap"},"#MathJax_MSIE_Frame":{position:"absolute",top:0,left:0,width:"0px","z-index":101,border:"0px",margin:"0px",padding:"0px"}},browsers:{MSIE:function(a){MathJax.Hub.config.styles["#MathJax_Message"].position="absolute";MathJax.Message.quirks=(document.compatMode==="BackCompat")},Chrome:function(a){MathJax.Hub.config.styles["#MathJax_Message"].bottom="1.5em";MathJax.Hub.config.styles["#MathJax_Message"].left="1em"}},Init:function(a){if(a){this.ready=true}if(!document.body||!this.ready){return false}if(this.div&&this.div.parentNode==null){this.div=document.getElementById("MathJax_Message");if(this.div){this.text=this.div.firstChild}}if(!this.div){var b=document.body;if(MathJax.Hub.Browser.isMSIE){b=this.frame=this.addDiv(document.body);b.removeAttribute("id");b.style.position="absolute";b.style.border=b.style.margin=b.style.padding="0px";b.style.zIndex="101";b.style.height="0px";b=this.addDiv(b);b.id="MathJax_MSIE_Frame";window.attachEvent("onscroll",this.MoveFrame);window.attachEvent("onresize",this.MoveFrame);this.MoveFrame()}this.div=this.addDiv(b);this.div.style.display="none";this.text=this.div.appendChild(document.createTextNode(""))}return true},addDiv:function(a){var b=document.createElement("div");b.id="MathJax_Message";if(a.firstChild){a.insertBefore(b,a.firstChild)}else{a.appendChild(b)}return b},MoveFrame:function(){var a=(MathJax.Message.quirks?document.body:document.documentElement);var b=MathJax.Message.frame;b.style.left=a.scrollLeft+"px";b.style.top=a.scrollTop+"px";b.style.width=a.clientWidth+"px";b=b.firstChild;b.style.height=a.clientHeight+"px"},filterText:function(a,b){if(MathJax.Hub.config.messageStyle==="simple"){if(a.match(/^Loading /)){if(!this.loading){this.loading="Loading "}a=this.loading;this.loading+="."}else{if(a.match(/^Processing /)){if(!this.processing){this.processing="Processing "}a=this.processing;this.processing+="."}else{if(a.match(/^Typesetting /)){if(!this.typesetting){this.typesetting="Typesetting "}a=this.typesetting;this.typesetting+="."}}}}return a},Set:function(b,c,a){if(this.timer){clearTimeout(this.timer);delete this.timeout}if(c==null){c=this.log.length;this.log[c]={}}this.log[c].text=b;this.log[c].filteredText=b=this.filterText(b,c);if(typeof(this.log[c].next)==="undefined"){this.log[c].next=this.current;if(this.current!=null){this.log[this.current].prev=c}this.current=c}if(this.current===c&&MathJax.Hub.config.messageStyle!=="none"){if(this.Init()){if(this.textNodeBug){this.div.innerHTML=b}else{this.text.nodeValue=b}this.div.style.display="";if(this.status){window.status="";delete this.status}}else{window.status=b;this.status=true}}if(a){setTimeout(MathJax.Callback(["Clear",this,c]),a)}else{if(a==0){this.Clear(c,0)}}return c},Clear:function(b,a){if(this.log[b].prev!=null){this.log[this.log[b].prev].next=this.log[b].next}if(this.log[b].next!=null){this.log[this.log[b].next].prev=this.log[b].prev}if(this.current===b){this.current=this.log[b].next;if(this.text){if(this.div.parentNode==null){this.Init()}if(this.current==null){if(this.timer){clearTimeout(this.timer);delete this.timer}if(a==null){a=600}if(a===0){this.Remove()}else{this.timer=setTimeout(MathJax.Callback(["Remove",this]),a)}}else{if(MathJax.Hub.config.messageStyle!=="none"){if(this.textNodeBug){this.div.innerHTML=this.log[this.current].filteredText}else{this.text.nodeValue=this.log[this.current].filteredText}}}if(this.status){window.status="";delete this.status}}else{if(this.status){window.status=(this.current==null?"":this.log[this.current].text)}}}delete this.log[b].next;delete this.log[b].prev;delete this.log[b].filteredText},Remove:function(){this.text.nodeValue="";this.div.style.display="none"},File:function(b){var a=MathJax.Ajax.config.root;if(b.substr(0,a.length)===a){b="[MathJax]"+b.substr(a.length)}return this.Set("Loading "+b)},Log:function(){var b=[];for(var c=1,a=this.log.length;c<a;c++){b[c]=this.log[c].text}return b.join("\n")}};MathJax.Hub={config:{root:"",config:[],styleSheets:[],styles:{".MathJax_Preview":{color:"#888"}},jax:[],extensions:[],preJax:null,postJax:null,displayAlign:"center",displayIndent:"0",preRemoveClass:"MathJax_Preview",showProcessingMessages:true,messageStyle:"normal",delayStartupUntil:"none",skipStartupTypeset:false,"v1.0-compatible":true,elements:[],positionToHash:true,showMathMenu:true,showMathMenuMSIE:true,menuSettings:{zoom:"None",CTRL:false,ALT:false,CMD:false,Shift:false,discoverable:false,zscale:"200%",renderer:"",font:"Auto",context:"MathJax",mpContext:false,mpMouse:false,texHints:true},errorSettings:{message:["[Math Processing Error]"],style:{color:"#CC0000","font-style":"italic"}}},preProcessors:MathJax.Callback.Hooks(true),inputJax:{},outputJax:{order:{}},processUpdateTime:250,processUpdateDelay:10,signal:MathJax.Callback.Signal("Hub"),Config:function(a){this.Insert(this.config,a);if(this.config.Augment){this.Augment(this.config.Augment)}},CombineConfig:function(c,f){var b=this.config,g,e;c=c.split(/\./);for(var d=0,a=c.length;d<a;d++){g=c[d];if(!b[g]){b[g]={}}e=b;b=b[g]}e[g]=b=this.Insert(f,b);return b},Register:{PreProcessor:function(){MathJax.Hub.preProcessors.Add.apply(MathJax.Hub.preProcessors,arguments)},MessageHook:function(){return MathJax.Hub.signal.MessageHook.apply(MathJax.Hub.signal,arguments)},StartupHook:function(){return MathJax.Hub.Startup.signal.MessageHook.apply(MathJax.Hub.Startup.signal,arguments)},LoadHook:function(){return MathJax.Ajax.LoadHook.apply(MathJax.Ajax,arguments)}},getAllJax:function(e){var c=[],b=this.elementScripts(e);for(var d=0,a=b.length;d<a;d++){if(b[d].MathJax&&b[d].MathJax.elementJax){c.push(b[d].MathJax.elementJax)}}return c},getJaxByType:function(f,e){var c=[],b=this.elementScripts(e);for(var d=0,a=b.length;d<a;d++){if(b[d].MathJax&&b[d].MathJax.elementJax&&b[d].MathJax.elementJax.mimeType===f){c.push(b[d].MathJax.elementJax)}}return c},getJaxByInputType:function(f,e){var c=[],b=this.elementScripts(e);for(var d=0,a=b.length;d<a;d++){if(b[d].MathJax&&b[d].MathJax.elementJax&&b[d].type&&b[d].type.replace(/ *;(.|\s)*/,"")===f){c.push(b[d].MathJax.elementJax)}}return c},getJaxFor:function(a){if(typeof(a)==="string"){a=document.getElementById(a)}if(a&&a.MathJax){return a.MathJax.elementJax}if(a&&a.isMathJax){while(a&&!a.jaxID){a=a.parentNode}if(a){return MathJax.OutputJax[a.jaxID].getJaxFromMath(a)}}return null},isJax:function(a){if(typeof(a)==="string"){a=document.getElementById(a)}if(a&&a.isMathJax){return 1}if(a&&a.tagName!=null&&a.tagName.toLowerCase()==="script"){if(a.MathJax){return(a.MathJax.state===MathJax.ElementJax.STATE.PROCESSED?1:-1)}if(a.type&&this.inputJax[a.type.replace(/ *;(.|\s)*/,"")]){return -1}}return 0},setRenderer:function(d,c){if(!d){return}if(!MathJax.OutputJax[d]){this.config.menuSettings.renderer="";var b="[MathJax]/jax/output/"+d+"/config.js";return MathJax.Ajax.Require(b,["setRenderer",this,d,c])}else{this.config.menuSettings.renderer=d;if(c==null){c="jax/mml"}var a=this.outputJax;if(a[c]&&a[c].length){if(d!==a[c][0].id){a[c].unshift(MathJax.OutputJax[d]);return this.signal.Post(["Renderer Selected",d])}}return null}},Queue:function(){return this.queue.Push.apply(this.queue,arguments)},Typeset:function(e,f){if(!MathJax.isReady){return null}var c=this.elementCallback(e,f);var b=MathJax.Callback.Queue();for(var d=0,a=c.elements.length;d<a;d++){if(c.elements[d]){b.Push(["PreProcess",this,c.elements[d]],["Process",this,c.elements[d]])}}return b.Push(c.callback)},PreProcess:function(e,f){var c=this.elementCallback(e,f);var b=MathJax.Callback.Queue();for(var d=0,a=c.elements.length;d<a;d++){if(c.elements[d]){b.Push(["Post",this.signal,["Begin PreProcess",c.elements[d]]],(arguments.callee.disabled?{}:["Execute",this.preProcessors,c.elements[d]]),["Post",this.signal,["End PreProcess",c.elements[d]]])}}return b.Push(c.callback)},Process:function(a,b){return this.takeAction("Process",a,b)},Update:function(a,b){return this.takeAction("Update",a,b)},Reprocess:function(a,b){return this.takeAction("Reprocess",a,b)},Rerender:function(a,b){return this.takeAction("Rerender",a,b)},takeAction:function(g,e,h){var c=this.elementCallback(e,h);var b=MathJax.Callback.Queue(["Clear",this.signal]);for(var d=0,a=c.elements.length;d<a;d++){if(c.elements[d]){var f={scripts:[],start:new Date().getTime(),i:0,j:0,jax:{},jaxIDs:[]};b.Push(["Post",this.signal,["Begin "+g,c.elements[d]]],["Post",this.signal,["Begin Math",c.elements[d],g]],["prepareScripts",this,g,c.elements[d],f],["Post",this.signal,["Begin Math Input",c.elements[d],g]],["processInput",this,f],["Post",this.signal,["End Math Input",c.elements[d],g]],["prepareOutput",this,f,"preProcess"],["Post",this.signal,["Begin Math Output",c.elements[d],g]],["processOutput",this,f],["Post",this.signal,["End Math Output",c.elements[d],g]],["prepareOutput",this,f,"postProcess"],["Post",this.signal,["End Math",c.elements[d],g]],["Post",this.signal,["End "+g,c.elements[d]]])}}return b.Push(c.callback)},scriptAction:{Process:function(a){},Update:function(b){var a=b.MathJax.elementJax;if(a&&a.needsUpdate()){a.Remove(true);b.MathJax.state=a.STATE.UPDATE}else{b.MathJax.state=a.STATE.PROCESSED}},Reprocess:function(b){var a=b.MathJax.elementJax;if(a){a.Remove(true);b.MathJax.state=a.STATE.UPDATE}},Rerender:function(b){var a=b.MathJax.elementJax;if(a){a.Remove(true);b.MathJax.state=a.STATE.OUTPUT}}},prepareScripts:function(h,e,g){if(arguments.callee.disabled){return}var b=this.elementScripts(e);var f=MathJax.ElementJax.STATE;for(var d=0,a=b.length;d<a;d++){var c=b[d];if(c.type&&this.inputJax[c.type.replace(/ *;(.|\n)*/,"")]){if(c.MathJax){if(c.MathJax.elementJax&&c.MathJax.elementJax.hover){MathJax.Extension.MathEvents.Hover.ClearHover(c.MathJax.elementJax)}if(c.MathJax.state!==f.PENDING){this.scriptAction[h](c)}}if(!c.MathJax){c.MathJax={state:f.PENDING}}if(c.MathJax.state!==f.PROCESSED){g.scripts.push(c)}}}},checkScriptSiblings:function(a){if(a.MathJax.checked){return}var b=this.config,f=a.previousSibling;if(f&&f.nodeName==="#text"){var d,e,c=a.nextSibling;if(c&&c.nodeName!=="#text"){c=null}if(b.preJax){if(typeof(b.preJax)==="string"){b.preJax=new RegExp(b.preJax+"$")}d=f.nodeValue.match(b.preJax)}if(b.postJax&&c){if(typeof(b.postJax)==="string"){b.postJax=new RegExp("^"+b.postJax)}e=c.nodeValue.match(b.postJax)}if(d&&(!b.postJax||e)){f.nodeValue=f.nodeValue.replace(b.preJax,(d.length>1?d[1]:""));f=null}if(e&&(!b.preJax||d)){c.nodeValue=c.nodeValue.replace(b.postJax,(e.length>1?e[1]:""))}if(f&&!f.nodeValue.match(/\S/)){f=f.previousSibling}}if(b.preRemoveClass&&f&&f.className===b.preRemoveClass){a.MathJax.preview=f}a.MathJax.checked=1},processInput:function(a){var b,i=MathJax.ElementJax.STATE;var h,e,d=a.scripts.length;try{while(a.i<d){h=a.scripts[a.i];if(!h){a.i++;continue}e=h.previousSibling;if(e&&e.className==="MathJax_Error"){e.parentNode.removeChild(e)}if(!h.MathJax||h.MathJax.state===i.PROCESSED){a.i++;continue}if(!h.MathJax.elementJax||h.MathJax.state===i.UPDATE){this.checkScriptSiblings(h);var g=h.type.replace(/ *;(.|\s)*/,"");b=this.inputJax[g].Process(h,a);if(typeof b==="function"){if(b.called){continue}this.RestartAfter(b)}b.Attach(h,this.inputJax[g].id);this.saveScript(b,a,h,i)}else{if(h.MathJax.state===i.OUTPUT){this.saveScript(h.MathJax.elementJax,a,h,i)}}a.i++;var c=new Date().getTime();if(c-a.start>this.processUpdateTime&&a.i<a.scripts.length){a.start=c;this.RestartAfter(MathJax.Callback.Delay(1))}}}catch(f){return this.processError(f,a,"Input")}if(a.scripts.length&&this.config.showProcessingMessages){MathJax.Message.Set("Processing math: 100%",0)}a.start=new Date().getTime();a.i=a.j=0;return null},saveScript:function(a,d,b,c){if(!this.outputJax[a.mimeType]){b.MathJax.state=c.UPDATE;throw Error("No output jax registered for "+a.mimeType)}a.outputJax=this.outputJax[a.mimeType][0].id;if(!d.jax[a.outputJax]){if(d.jaxIDs.length===0){d.jax[a.outputJax]=d.scripts}else{if(d.jaxIDs.length===1){d.jax[d.jaxIDs[0]]=d.scripts.slice(0,d.i)}d.jax[a.outputJax]=[]}d.jaxIDs.push(a.outputJax)}if(d.jaxIDs.length>1){d.jax[a.outputJax].push(b)}b.MathJax.state=c.OUTPUT},prepareOutput:function(c,f){while(c.j<c.jaxIDs.length){var e=c.jaxIDs[c.j],d=MathJax.OutputJax[e];if(d[f]){try{var a=d[f](c);if(typeof a==="function"){if(a.called){continue}this.RestartAfter(a)}}catch(b){if(!b.restart){MathJax.Message.Set("Error preparing "+e+" output ("+f+")",null,600);MathJax.Hub.lastPrepError=b;c.j++}return MathJax.Callback.After(["prepareOutput",this,c,f],b.restart)}}c.j++}return null},processOutput:function(h){var b,g=MathJax.ElementJax.STATE,d,a=h.scripts.length;try{while(h.i<a){d=h.scripts[h.i];if(!d||!d.MathJax){h.i++;continue}var c=d.MathJax.elementJax;if(!c){h.i++;continue}b=MathJax.OutputJax[c.outputJax].Process(d,h);d.MathJax.state=g.PROCESSED;h.i++;if(d.MathJax.preview){d.MathJax.preview.innerHTML=""}this.signal.Post(["New Math",c.inputID]);var e=new Date().getTime();if(e-h.start>this.processUpdateTime&&h.i<h.scripts.length){h.start=e;this.RestartAfter(MathJax.Callback.Delay(this.processUpdateDelay))}}}catch(f){return this.processError(f,h,"Output")}if(h.scripts.length&&this.config.showProcessingMessages){MathJax.Message.Set("Typesetting math: 100%",0);MathJax.Message.Clear(0)}h.i=h.j=0;return null},processMessage:function(d,b){var a=Math.floor(d.i/(d.scripts.length)*100);var c=(b==="Output"?"Typesetting":"Processing");if(this.config.showProcessingMessages){MathJax.Message.Set(c+" math: "+a+"%",0)}},processError:function(b,c,a){if(!b.restart){if(!this.config.errorSettings.message){throw b}this.formatError(c.scripts[c.i],b);c.i++}this.processMessage(c,a);return MathJax.Callback.After(["process"+a,this,c],b.restart)},formatError:function(a,c){var b=MathJax.HTML.Element("span",{className:"MathJax_Error"},this.config.errorSettings.message);b.jaxID="Error";if(MathJax.Extension.MathEvents){b.oncontextmenu=MathJax.Extension.MathEvents.Event.Menu;b.onmousedown=MathJax.Extension.MathEvents.Event.Mousedown}else{MathJax.Ajax.Require("[MathJax]/extensions/MathEvents.js",function(){b.oncontextmenu=MathJax.Extension.MathEvents.Event.Menu;b.onmousedown=MathJax.Extension.MathEvents.Event.Mousedown})}a.parentNode.insertBefore(b,a);if(a.MathJax.preview){a.MathJax.preview.innerHTML=""}this.lastError=c;this.signal.Post(["Math Processing Error",a,c])},RestartAfter:function(a){throw this.Insert(Error("restart"),{restart:MathJax.Callback(a)})},elementCallback:function(c,f){if(f==null&&(c instanceof Array||typeof c==="function")){try{MathJax.Callback(c);f=c;c=null}catch(d){}}if(c==null){c=this.config.elements||[]}if(!(c instanceof Array)){c=[c]}c=[].concat(c);for(var b=0,a=c.length;b<a;b++){if(typeof(c[b])==="string"){c[b]=document.getElementById(c[b])}}if(c.length==0){c.push(document.body)}if(!f){f={}}return{elements:c,callback:f}},elementScripts:function(a){if(typeof(a)==="string"){a=document.getElementById(a)}if(a==null){a=document.body}if(a.tagName!=null&&a.tagName.toLowerCase()==="script"){return[a]}return a.getElementsByTagName("script")},Insert:function(c,a){for(var b in a){if(a.hasOwnProperty(b)){if(typeof a[b]==="object"&&!(a[b] instanceof Array)&&(typeof c[b]==="object"||typeof c[b]==="function")){this.Insert(c[b],a[b])}else{c[b]=a[b]}}}return c}};MathJax.Hub.Insert(MathJax.Hub.config.styles,MathJax.Message.styles);MathJax.Hub.Insert(MathJax.Hub.config.styles,{".MathJax_Error":MathJax.Hub.config.errorSettings.style});MathJax.Extension={};MathJax.Hub.Configured=MathJax.Callback({});MathJax.Hub.Startup={script:"",queue:MathJax.Callback.Queue(),signal:MathJax.Callback.Signal("Startup"),params:{},Config:function(){this.queue.Push(["Post",this.signal,"Begin Config"]);var b=MathJax.HTML.Cookie.Get("user");if(b.URL||b.Config){if(confirm("MathJax has found a user-configuration cookie that includes code to be run.  Do you want to run it?\n\n(You should press Cancel unless you set up the cookie yourself.)")){if(b.URL){this.queue.Push(["Require",MathJax.Ajax,b.URL])}if(b.Config){this.queue.Push(new Function(b.Config))}}else{MathJax.HTML.Cookie.Set("user",{})}}if(this.params.config){var d=this.params.config.split(/,/);for(var c=0,a=d.length;c<a;c++){if(!d[c].match(/\.js$/)){d[c]+=".js"}this.queue.Push(["Require",MathJax.Ajax,this.URL("config",d[c])])}}if(this.script.match(/\S/)){this.queue.Push(this.script+";\n1;")}this.queue.Push(["ConfigDelay",this],["ConfigBlocks",this],["ConfigDefault",this],[function(e){return e.loadArray(MathJax.Hub.config.config,"config",null,true)},this],["Post",this.signal,"End Config"])},ConfigDelay:function(){var a=this.params.delayStartupUntil||MathJax.Hub.config.delayStartupUntil;if(a==="onload"){return this.onload}if(a==="configured"){return MathJax.Hub.Configured}return a},ConfigBlocks:function(){var c=document.getElementsByTagName("script");var f=null,b=MathJax.Callback.Queue();for(var d=0,a=c.length;d<a;d++){var e=String(c[d].type).replace(/ /g,"");if(e.match(/^text\/x-mathjax-config(;.*)?$/)&&!e.match(/;executed=true/)){c[d].type+=";executed=true";f=b.Push(c[d].innerHTML+";\n1;")}}return f},ConfigDefault:function(){var a=MathJax.Hub.config;if(a["v1.0-compatible"]&&(a.jax||[]).length===0&&!this.params.config&&(a.config||[]).length===0){return MathJax.Ajax.Require(this.URL("extensions","v1.0-warning.js"))}},Cookie:function(){return this.queue.Push(["Post",this.signal,"Begin Cookie"],["Get",MathJax.HTML.Cookie,"menu",MathJax.Hub.config.menuSettings],[function(d){var f=d.menuSettings.renderer,b=d.jax;if(f){var c="output/"+f;b.sort();for(var e=0,a=b.length;e<a;e++){if(b[e].substr(0,7)==="output/"){break}}if(e==a-1){b.pop()}else{while(e<a){if(b[e]===c){b.splice(e,1);break}e++}}b.unshift(c)}},MathJax.Hub.config],["Post",this.signal,"End Cookie"])},Styles:function(){return this.queue.Push(["Post",this.signal,"Begin Styles"],["loadArray",this,MathJax.Hub.config.styleSheets,"config"],["Styles",MathJax.Ajax,MathJax.Hub.config.styles],["Post",this.signal,"End Styles"])},Jax:function(){var f=MathJax.Hub.config,c=MathJax.Hub.outputJax;for(var g=0,b=f.jax.length,d=0;g<b;g++){var e=f.jax[g].substr(7);if(f.jax[g].substr(0,7)==="output/"&&c.order[e]==null){c.order[e]=d;d++}}var a=MathJax.Callback.Queue();return a.Push(["Post",this.signal,"Begin Jax"],["loadArray",this,f.jax,"jax","config.js"],["Post",this.signal,"End Jax"])},Extensions:function(){var a=MathJax.Callback.Queue();return a.Push(["Post",this.signal,"Begin Extensions"],["loadArray",this,MathJax.Hub.config.extensions,"extensions"],["Post",this.signal,"End Extensions"])},Message:function(){MathJax.Message.Init(true)},Menu:function(){var b=MathJax.Hub.config.menuSettings,a=MathJax.Hub.outputJax,d;for(var c in a){if(a.hasOwnProperty(c)){if(a[c].length){d=a[c];break}}}if(d&&d.length){if(b.renderer&&b.renderer!==d[0].id){d.unshift(MathJax.OutputJax[b.renderer])}b.renderer=d[0].id}},Hash:function(){if(MathJax.Hub.config.positionToHash&&document.location.hash&&document.body&&document.body.scrollIntoView){var d=document.location.hash.substr(1);var f=document.getElementById(d);if(!f){var c=document.getElementsByTagName("a");for(var e=0,b=c.length;e<b;e++){if(c[e].name===d){f=c[e];break}}}if(f){while(!f.scrollIntoView){f=f.parentNode}f=this.HashCheck(f);if(f&&f.scrollIntoView){setTimeout(function(){f.scrollIntoView(true)},1)}}}},HashCheck:function(b){if(b.isMathJax){var a=MathJax.Hub.getJaxFor(b);if(a&&MathJax.OutputJax[a.outputJax].hashCheck){b=MathJax.OutputJax[a.outputJax].hashCheck(b)}}return b},MenuZoom:function(){if(!MathJax.Extension.MathMenu){setTimeout(MathJax.Callback(["Require",MathJax.Ajax,"[MathJax]/extensions/MathMenu.js",{}]),1000)}if(!MathJax.Extension.MathZoom){setTimeout(MathJax.Callback(["Require",MathJax.Ajax,"[MathJax]/extensions/MathZoom.js",{}]),2000)}},onLoad:function(){var a=this.onload=MathJax.Callback(function(){MathJax.Hub.Startup.signal.Post("onLoad")});if(document.body&&document.readyState){if(MathJax.Hub.Browser.isMSIE){if(document.readyState==="complete"){return[a]}}else{if(document.readyState!=="loading"){return[a]}}}if(window.addEventListener){window.addEventListener("load",a,false);if(!this.params.noDOMContentEvent){window.addEventListener("DOMContentLoaded",a,false)}}else{if(window.attachEvent){window.attachEvent("onload",a)}else{window.onload=a}}return a},Typeset:function(a,b){if(MathJax.Hub.config.skipStartupTypeset){return function(){}}return this.queue.Push(["Post",this.signal,"Begin Typeset"],["Typeset",MathJax.Hub,a,b],["Post",this.signal,"End Typeset"])},URL:function(b,a){if(!a.match(/^([a-z]+:\/\/|\[|\/)/)){a="[MathJax]/"+b+"/"+a}return a},loadArray:function(b,f,c,a){if(b){if(!(b instanceof Array)){b=[b]}if(b.length){var h=MathJax.Callback.Queue(),j={},e;for(var g=0,d=b.length;g<d;g++){e=this.URL(f,b[g]);if(c){e+="/"+c}if(a){h.Push(["Require",MathJax.Ajax,e,j])}else{h.Push(MathJax.Ajax.Require(e,j))}}return h.Push({})}}return null}};(function(d){var b=window[d],e="["+d+"]";var c=b.Hub,a=b.Ajax,f=b.Callback;var g=MathJax.Object.Subclass({JAXFILE:"jax.js",require:null,config:{},Init:function(i,h){if(arguments.length===0){return this}return(this.constructor.Subclass(i,h))()},Augment:function(k,j){var i=this.constructor,h={};if(k!=null){for(var l in k){if(k.hasOwnProperty(l)){if(typeof k[l]==="function"){i.protoFunction(l,k[l])}else{h[l]=k[l]}}}if(k.toString!==i.prototype.toString&&k.toString!=={}.toString){i.protoFunction("toString",k.toString)}}c.Insert(i.prototype,h);i.Augment(null,j);return this},Translate:function(h,i){throw Error(this.directory+"/"+this.JAXFILE+" failed to define the Translate() method")},Register:function(h){},Config:function(){this.config=c.CombineConfig(this.id,this.config);if(this.config.Augment){this.Augment(this.config.Augment)}},Startup:function(){},loadComplete:function(i){if(i==="config.js"){return a.loadComplete(this.directory+"/"+i)}else{var h=f.Queue();h.Push(c.Register.StartupHook("End Config",{}),["Post",c.Startup.signal,this.id+" Jax Config"],["Config",this],["Post",c.Startup.signal,this.id+" Jax Require"],[function(j){return MathJax.Hub.Startup.loadArray(j.require,this.directory)},this],[function(j,k){return MathJax.Hub.Startup.loadArray(j.extensions,"extensions/"+k)},this.config||{},this.id],["Post",c.Startup.signal,this.id+" Jax Startup"],["Startup",this],["Post",c.Startup.signal,this.id+" Jax Ready"]);if(this.copyTranslate){h.Push([function(j){j.preProcess=j.preTranslate;j.Process=j.Translate;j.postProcess=j.postTranslate},this.constructor.prototype])}return h.Push(["loadComplete",a,this.directory+"/"+i])}}},{id:"Jax",version:"2.1",directory:e+"/jax",extensionDir:e+"/extensions"});b.InputJax=g.Subclass({elementJax:"mml",copyTranslate:true,Process:function(l,q){var j=f.Queue(),o;var k=this.elementJax;if(!(k instanceof Array)){k=[k]}for(var n=0,h=k.length;n<h;n++){o=b.ElementJax.directory+"/"+k[n]+"/"+this.JAXFILE;if(!this.require){this.require=[]}else{if(!(this.require instanceof Array)){this.require=[this.require]}}this.require.push(o);j.Push(a.Require(o))}o=this.directory+"/"+this.JAXFILE;var p=j.Push(a.Require(o));if(!p.called){this.constructor.prototype.Process=function(){if(!p.called){return p}throw Error(o+" failed to load properly")}}k=c.outputJax["jax/"+k[0]];if(k){j.Push(a.Require(k[0].directory+"/"+this.JAXFILE))}return j.Push({})},needsUpdate:function(h){var i=h.SourceElement();return(h.originalText!==b.HTML.getScript(i))},Register:function(h){if(!c.inputJax){c.inputJax={}}c.inputJax[h]=this}},{id:"InputJax",version:"2.1",directory:g.directory+"/input",extensionDir:g.extensionDir});b.OutputJax=g.Subclass({copyTranslate:true,preProcess:function(j){var i,h=this.directory+"/"+this.JAXFILE;this.constructor.prototype.preProcess=function(k){if(!i.called){return i}throw Error(h+" failed to load properly")};i=a.Require(h);return i},Register:function(i){var h=c.outputJax;if(!h[i]){h[i]=[]}if(h[i].length&&(this.id===c.config.menuSettings.renderer||(h.order[this.id]||0)<(h.order[h[i][0].id]||0))){h[i].unshift(this)}else{h[i].push(this)}if(!this.require){this.require=[]}else{if(!(this.require instanceof Array)){this.require=[this.require]}}this.require.push(b.ElementJax.directory+"/"+(i.split(/\//)[1])+"/"+this.JAXFILE)},Remove:function(h){}},{id:"OutputJax",version:"2.1",directory:g.directory+"/output",extensionDir:g.extensionDir,fontDir:e+(b.isPacked?"":"/..")+"/fonts",imageDir:e+(b.isPacked?"":"/..")+"/images"});b.ElementJax=g.Subclass({Init:function(i,h){return this.constructor.Subclass(i,h)},inputJax:null,outputJax:null,inputID:null,originalText:"",mimeType:"",Text:function(i,j){var h=this.SourceElement();b.HTML.setScript(h,i);h.MathJax.state=this.STATE.UPDATE;return c.Update(h,j)},Reprocess:function(i){var h=this.SourceElement();h.MathJax.state=this.STATE.UPDATE;return c.Reprocess(h,i)},Update:function(h){return this.Rerender(h)},Rerender:function(i){var h=this.SourceElement();h.MathJax.state=this.STATE.OUTPUT;return c.Process(h,i)},Remove:function(h){if(this.hover){this.hover.clear(this)}b.OutputJax[this.outputJax].Remove(this);if(!h){c.signal.Post(["Remove Math",this.inputID]);this.Detach()}},needsUpdate:function(){return b.InputJax[this.inputJax].needsUpdate(this)},SourceElement:function(){return document.getElementById(this.inputID)},Attach:function(i,j){var h=i.MathJax.elementJax;if(i.MathJax.state===this.STATE.UPDATE){h.Clone(this)}else{h=i.MathJax.elementJax=this;if(i.id){this.inputID=i.id}else{i.id=this.inputID=b.ElementJax.GetID();this.newID=1}}h.originalText=b.HTML.getScript(i);h.inputJax=j;if(h.root){h.root.inputID=h.inputID}return h},Detach:function(){var h=this.SourceElement();if(!h){return}try{delete h.MathJax}catch(i){h.MathJax=null}if(this.newID){h.id=""}},Clone:function(h){var i;for(i in this){if(!this.hasOwnProperty(i)){continue}if(typeof(h[i])==="undefined"&&i!=="newID"){delete this[i]}}for(i in h){if(!h.hasOwnProperty(i)){continue}if(typeof(this[i])==="undefined"||(this[i]!==h[i]&&i!=="inputID")){this[i]=h[i]}}}},{id:"ElementJax",version:"2.1",directory:g.directory+"/element",extensionDir:g.extensionDir,ID:0,STATE:{PENDING:1,PROCESSED:2,UPDATE:3,OUTPUT:4},GetID:function(){this.ID++;return"MathJax-Element-"+this.ID},Subclass:function(){var h=g.Subclass.apply(this,arguments);h.loadComplete=this.prototype.loadComplete;return h}});b.ElementJax.prototype.STATE=b.ElementJax.STATE;b.OutputJax.Error={id:"Error",version:"2.1",config:{},ContextMenu:function(){return b.Extension.MathEvents.Event.ContextMenu.apply(b.Extension.MathEvents.Event,arguments)},Mousedown:function(){return b.Extension.MathEvents.Event.AltContextMenu.apply(b.Extension.MathEvents.Event,arguments)},getJaxFromMath:function(){return{inputJax:"Error",outputJax:"Error",originalText:"Math Processing Error"}}};b.InputJax.Error={id:"Error",version:"2.1",config:{},sourceMenuTitle:"Error Message"}})("MathJax");(function(l){var f=window[l];if(!f){f=window[l]={}}var c=f.Hub;var q=c.Startup;var u=c.config;var e=document.getElementsByTagName("head")[0];if(!e){e=document.childNodes[0]}var b=(document.documentElement||document).getElementsByTagName("script");var d=new RegExp("(^|/)"+l+"\\.js(\\?.*)?$");for(var o=b.length-1;o>=0;o--){if((b[o].src||"").match(d)){q.script=b[o].innerHTML;if(RegExp.$2){var r=RegExp.$2.substr(1).split(/\&/);for(var n=0,h=r.length;n<h;n++){var k=r[n].match(/(.*)=(.*)/);if(k){q.params[unescape(k[1])]=unescape(k[2])}}}u.root=b[o].src.replace(/(^|\/)[^\/]*(\?.*)?$/,"");break}}f.Ajax.config=u;var a={isMac:(navigator.platform.substr(0,3)==="Mac"),isPC:(navigator.platform.substr(0,3)==="Win"),isMSIE:(window.ActiveXObject!=null&&window.clipboardData!=null),isFirefox:((window.netscape!=null||window.mozPaintCount!=null)&&document.ATTRIBUTE_NODE!=null&&!window.opera),isSafari:(navigator.userAgent.match(/ (Apple)?WebKit\//)!=null&&(!window.chrome||window.chrome.loadTimes==null)),isChrome:(window.chrome!=null&&window.chrome.loadTimes!=null),isOpera:(window.opera!=null&&window.opera.version!=null),isKonqueror:(window.hasOwnProperty&&window.hasOwnProperty("konqueror")&&navigator.vendor=="KDE"),versionAtLeast:function(x){var w=(this.version).split(".");x=(new String(x)).split(".");for(var y=0,j=x.length;y<j;y++){if(w[y]!=x[y]){return parseInt(w[y]||"0")>=parseInt(x[y])}}return true},Select:function(j){var i=j[c.Browser];if(i){return i(c.Browser)}return null}};var g=navigator.userAgent.replace(/^Mozilla\/(\d+\.)+\d+ /,"").replace(/[a-z][-a-z0-9._: ]+\/\d+[^ ]*-[^ ]*\.([a-z][a-z])?\d+ /i,"").replace(/Gentoo |Ubuntu\/(\d+\.)*\d+ (\([^)]*\) )?/,"");c.Browser=c.Insert(c.Insert(new String("Unknown"),{version:"0.0"}),a);for(var t in a){if(a.hasOwnProperty(t)){if(a[t]&&t.substr(0,2)==="is"){t=t.slice(2);if(t==="Mac"||t==="PC"){continue}c.Browser=c.Insert(new String(t),a);var p=new RegExp(".*(Version)/((?:\\d+\\.)+\\d+)|.*("+t+")"+(t=="MSIE"?" ":"/")+"((?:\\d+\\.)*\\d+)|(?:^|\\(| )([a-z][-a-z0-9._: ]+|(?:Apple)?WebKit)/((?:\\d+\\.)+\\d+)");var s=p.exec(g)||["","","","unknown","0.0"];c.Browser.name=(s[1]=="Version"?t:(s[3]||s[5]));c.Browser.version=s[2]||s[4]||s[6];break}}}c.Browser.Select({Safari:function(j){var i=parseInt((String(j.version).split("."))[0]);if(i>85){j.webkit=j.version}if(i>=534){j.version="5.1"}else{if(i>=533){j.version="5.0"}else{if(i>=526){j.version="4.0"}else{if(i>=525){j.version="3.1"}else{if(i>500){j.version="3.0"}else{if(i>400){j.version="2.0"}else{if(i>85){j.version="1.0"}}}}}}}j.isMobile=(navigator.appVersion.match(/Mobile/i)!=null);j.noContextMenu=j.isMobile},Firefox:function(j){if((j.version==="0.0"||navigator.userAgent.match(/Firefox/)==null)&&navigator.product==="Gecko"){var m=navigator.userAgent.match(/[\/ ]rv:(\d+\.\d.*?)[\) ]/);if(m){j.version=m[1]}else{var i=(navigator.buildID||navigator.productSub||"0").substr(0,8);if(i>="20111220"){j.version="9.0"}else{if(i>="20111120"){j.version="8.0"}else{if(i>="20110927"){j.version="7.0"}else{if(i>="20110816"){j.version="6.0"}else{if(i>="20110621"){j.version="5.0"}else{if(i>="20110320"){j.version="4.0"}else{if(i>="20100121"){j.version="3.6"}else{if(i>="20090630"){j.version="3.5"}else{if(i>="20080617"){j.version="3.0"}else{if(i>="20061024"){j.version="2.0"}}}}}}}}}}}}j.isMobile=(navigator.appVersion.match(/Android/i)!=null||navigator.userAgent.match(/ Fennec\//)!=null)},Opera:function(i){i.version=opera.version()},MSIE:function(j){j.isIE9=!!(document.documentMode&&(window.performance||window.msPerformance));MathJax.HTML.setScriptBug=!j.isIE9||document.documentMode<9;var v=false;try{new ActiveXObject("MathPlayer.Factory.1");j.hasMathPlayer=v=true}catch(m){}try{if(v&&!q.params.NoMathPlayer){var i=document.createElement("object");i.id="mathplayer";i.classid="clsid:32F66A20-7614-11D4-BD11-00104BD3F987";document.getElementsByTagName("head")[0].appendChild(i);document.namespaces.add("m","http://www.w3.org/1998/Math/MathML");j.mpNamespace=true;if(document.readyState&&(document.readyState==="loading"||document.readyState==="interactive")){document.write('<?import namespace="m" implementation="#MathPlayer">');j.mpImported=true}}else{document.namespaces.add("mjx_IE_fix","http://www.w3.org/1999/xlink")}}catch(m){}}});c.Browser.Select(MathJax.Message.browsers);c.queue=f.Callback.Queue();c.queue.Push(["Post",q.signal,"Begin"],["Config",q],["Cookie",q],["Styles",q],["Message",q],function(){var i=f.Callback.Queue(q.Jax(),q.Extensions());return i.Push({})},["Menu",q],q.onLoad(),function(){MathJax.isReady=true},["Typeset",q],["Hash",q],["MenuZoom",q],["Post",q.signal,"End"])})("MathJax")}};
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/*************************************************************
 *
 *  MathJax.js
 *  
 *  The main code for the MathJax math-typesetting library.  See 
 *  http://www.mathjax.org/ for details.
 *  
 *  ---------------------------------------------------------------------
 *  
 *  Copyright (c) 2009-2012 Design Science, Inc.
 * 
 *  Licensed under the Apache License, Version 2.0 (the "License");
 *  you may not use this file except in compliance with the License.
 *  You may obtain a copy of the License at
 * 
 *      http://www.apache.org/licenses/LICENSE-2.0
 * 
 *  Unless required by applicable law or agreed to in writing, software
 *  distributed under the License is distributed on an "AS IS" BASIS,
 *  WITHOUT WARRANTIES OR CONDITIONS OF ANY KIND, either express or implied.
 *  See the License for the specific language governing permissions and
 *  limitations under the License.
 */

if (!window.MathJax) {window.MathJax = {}}

MathJax.isPacked = true;
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/*************************************************************
 *
 *  MathJax.js
 *  
 *  The main code for the MathJax math-typesetting library.  See 
 *  http://www.mathjax.org/ for details.
 *  
 *  ---------------------------------------------------------------------
 *  
 *  Copyright (c) 2009-2012 Design Science, Inc.
 * 
 *  Licensed under the Apache License, Version 2.0 (the "License");
 *  you may not use this file except in compliance with the License.
 *  You may obtain a copy of the License at
 * 
 *      http://www.apache.org/licenses/LICENSE-2.0
 * 
 *  Unless required by applicable law or agreed to in writing, software
 *  distributed under the License is distributed on an "AS IS" BASIS,
 *  WITHOUT WARRANTIES OR CONDITIONS OF ANY KIND, either express or implied.
 *  See the License for the specific language governing permissions and
 *  limitations under the License.
 */

if (!window.MathJax) {window.MathJax = {}}

MathJax.isPacked = true;
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