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Volcanic ash transport and dispersion (VATD) models simulate atmospheric transport of ash from a volcanic source represented by parameterized concentration of ash with height. Most VATD models represent the volcanic plume source as a simple line with a parameterized ash emission rate as a function of height, constrained only by a total mass eruption rate (MER) for a given total rise height. However, the actual vertical ash distribution in volcanic plumes varies from case to case, having complex dependencies on eruption source parameters, such as grain size, speed at the vent, vent size, buoyancy flux, and atmospheric conditions. We present here for the first time the use of a three-dimensional (3D) plume model based on conservation laws to represent the ash cloud source without any prior assumption or simplification regarding plume geometry. By eliminating assumed behavior associated with a parameterized plume geometry, the predictive skill of VATD simulations is improved. We use our recently developed volcanic plume model based on a 3D smoothed-particle hydrodynamic Lagrangian method and couple the output to a standard Lagrangian VATD model. We apply the coupled model to the Pinatubo eruption in 1991 to illustrate the effectiveness of the approach. Our investigation reveals that initial particle distribution in the vertical direction, including within the umbrella cloud, has more impact on the long-range transport of ash clouds than does the horizontal distribution. Comparison with satellite data indicates that the 3D model-based distribution of ash particles through the depth of the volcanic umbrella cloud, which is much lower than the observed maximum plume height, produces improved long-range VATD simulations. We thus show that initial conditions have a significant impact on VATD, and it is possible to obtain a better estimate of initial conditions for VATD simulations with deterministic, 3D forward modeling of the volcanic plume. Such modeling may therefore provide a path to better forecasts lessening the need for user intervention, or attempts to observe details of an eruption that are beyond the resolution of any potential satellite or ground-based technique, or a posteriori creating a history of ash emission height via inversion.
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1 INTRODUCTION
Volcanic ash, the fine-grained fraction of tephra, can be widely dispersed to synoptic and global scales and can lead to a degradation of air quality and pose threats to aviation (Tupper et al., 2007). Identification, tracking, and modeling the future movement of volcanic ash help route and schedule flights to avoid ash clouds. Numerical estimation of ash distribution using known and forecast wind fields is necessary if we are to accurately predict ash cloud propagation and spread. Numerous volcanic ash transport and dispersion (VATD) forecast models have been developed by both civil and military aviation, and meteorological agencies, to provide forecasts of ash cloud motion (Witham et al., 2007), such as Puff (Tanaka, 1991; Searcy et al., 1998), NAME (Jones et al., 2007), HYSPLIT (Stein et al., 2015; Rolph et al., 2017), and Ash3d (Schwaiger et al., 2012). New techniques have been integrated into VATDs to satisfy increasing demands for different types of output, model accuracy, and forecast reliability. This contribution explores a forward modeling method for creating initial conditions for VATD simulations, which promises to reduce the need for inversion or user intervention and improve forecasting.
Fero et al. (2009) and Stohl et al. (2011) showed that initial source conditions have significant effects on the simulation of volcanic ash transport. Constantinescu et al. (2021) proved that an enhanced initial condition provides an overall better fit of the tephra deposit generated from an ash cloud than do models without a disk-like source, demonstrating the significant impact of initial condition on ash dispersion. Besides location of the eruption vent and timing of the release, traditional VATD simulation requires key global descriptors of the volcanic plume, especially plume height, grain size, eruption duration and mass loading, or alternatively, a mass eruption rate (MER). No matter how these global descriptors are obtained, they are used to furnish the initial conditions for VATDs in the form of a line-source term of a spatio-temporal distribution of particle mass. It is a common practice to pick values for these global descriptors using an empirical expression for the height-MER relation. The values for the descriptors can also be found by parameter calibration or inversion (e.g. Fero et al., 2008, 2009; Stohl et al., 2011; Zidikheri et al., 2017). One-dimensional (1D) plume models serve as an alternative option to provide these values. For example, Bursik et al. (2012) used the 1D model puffin (Bursik, 2001) to generate estimates of mass eruption rate and grain size. In some cases, an extra step is adopted to spread ash particles from the line source horizontally, resulting in an initial ash cloud in 3D space. The horizontal spreading depends on an empirical expression as well. For example, the VATD model Puff spreads particles from the line source uniformly in the horizontal direction within a given radius. Considering the complexities of volcanic eruptions, the actual ash distribution in the initial cloud should vary from case to case and with time, making it difficult to find one general expression that is suitable for all cases. It is useful therefore to investigate alternative ways for creating initial ash clouds without assumptions regarding plume geometry, or numerical inversion. This provides the major motivation for this study.
VATD models can be categorized into Lagrangian particle tracking and Eulerian advection/diffusion types. Among several available particle tracking models, such as, Hypact (Walko et al., 1995), Puff (Searcy et al., 1998), CANERM (D’amours, 1998), and HYSPLIT (Draxler and Hess, 1998) and advection/diffusion models, such as Fall3D (Folch et al., 2009), and Ash3D (Schwaiger et al., 2012), we adopt a particle tracking model, Puff, as the primary VATD model. Puff can accept a 3D point cloud description of the starting ash cloud as an initial condition, which makes it technically easier to couple with a 3D Lagrangian plume model. Puff initializes a discrete number of tracers that represent a sample of the eruption cloud and calculates transport, turbulent dispersion, and fallout for each representative tracer. A cylinder extending vertically from the volcano summit to a specified plume height is the standard approach to provide a simple model of the geometry of a typical ash column. Puff minimally requires horizontal wind field data. The “restart” feature of Puff makes it feasible to accommodate the hand-off between a plume simulation and the Puff simulation in terms of time and length scales. We use the hybrid single-particle Lagrangian integrated trajectory (HYSPLIT) model (Stein et al., 2015; Rolph et al., 2017) to better understand simulation results from Puff in this study.
Besides parameter calibration, 1D plume models have been used to obtain global descriptors of volcanic plumes. 1D plume models (e.g. Woods, 1988; Bursik, 2001; Mastin, 2007; de’Michieli Vitturi et al., 2015; Folch et al., 2016; Pouget et al., 2016b) solve the equations of motion in 1D using simplifying assumptions and hence depend on the estimation of certain parameters, especially those related to the entrainment of air, which is evaluated based on two coefficients: a coefficient due to turbulence in the rising buoyant jet and one due to the crosswind field. Different 1D models adopt different entrainment coefficients based on a specific formulation or calibration against well-documented case studies. The feedback from plume to atmosphere is usually ignored in 1D models. While these 1D models generate well-matched results with 3D models for plumes that are dominated by wind (often called weak plumes), much greater variability is observed for strong plume scenarios (Bursik et al., 2009; Costa et al., 2016). On the other hand, 3D numerical models for volcanic plumes based on first principles and having few parameterized coefficients (Oberhuber et al., 1998; Neri et al., 2003; Suzuki et al., 2005; Cerminara et al., 2016a; Cao et al., 2018) naturally create a 3D ash cloud, which could serve directly as an initial state of the volcanic material for VATDs. However, there is no VATD simulation using such 3D ash clouds as initial conditions. In this study, we will carry out VATD simulations using an initial state for the ash cloud based on 3D plume simulations, generated with Plume-SPH (Cao et al., 2018, 2017). The implementation techniques described in this study can be applied to any combination of VATD model and 3D plume model even though our investigation is based on a specific VATD model and plume model.
The 1991 eruption of Pinatubo volcano (Philippines) is used as a case study. Pinatubo erupted between June 12 and 16, 1991, after weeks of precursory activity. The climactic phase started on June 15 at 0441 UTC and ended around 1341 UTC (Holasek et al., 1996a). The climactic phase generated voluminous pyroclastic flows and sent Plinian and co-ignimbrite ash and gas columns to great altitudes (Scott et al., 1996). The evolution of the Pinatubo ash and SO2 clouds was tracked using visible (Holasek et al., 1996a), ultraviolet (Total Ozone Mapping Spectrometer; TOMS) (Guo et al., 2004a), and infrared sensors, including the advanced very high-resolution radiometer (AVHRR) (Guo et al., 2004b). There are sufficient observational data to estimate the eruption conditions for the climactic phase of the eruption (Suzuki and Koyaguchi, 2009). The availability of calibrated eruption conditions and extensive observational data regarding ash cloud transport make the Pinatubo eruption an ideal case study.
2 MATERIALS AND METHODS
2.1 Plume-SPH Model
Plume-SPH (Cao et al., 2018) is designed to describe an injection of well-mixed solid and volcanic gas from a circular vent above a flat surface into a stratified stationary atmosphere. The basic assumptions of the model are as follows:
1) Molecular viscosity and heat conduction are neglected since turbulent energy and momentum exchange are dominant;
2) Erupted material consisting of solid with different sizes and the mixture of gases is assumed to be well-mixed and behaves like a single-phase fluid (phase 2) which is valid for eruptions with fine particles and ash;
3) Air, which is assumed to be a well-mixed mixture of different gases, is assumed to be another phase (phase 1);
4) Assume thermodynamic equilibrium and dynamic equilibrium between the two phases. As a result, both phases share the common energy equation and momentum equations;
5) All other microphysical processes (such as the phase changes of H2O, aggregation, disaggregation, absorption of gas on the surface of solids, solution of gas into a liquid) and chemical processes are not considered in this model;
6) The effect of wind is also not currently considered in this model.
Based on above assumptions, the governing equations of our model are given as:
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where ρ is the density, v is the velocity, ξ is the mass fraction of ejected material, g is the gravitational acceleration, I is a unit tensor. E = e + K is the total energy which is a summation of kinetic energy K and internal energy e. An additional equation is required to close the system. In this model, the equation for closing the system is the following equation of state (EOS).
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where Cv is the specific heat with constant volume, R is the gas constant. ξ is the mass fraction of erupted material. The subscript m represents the mixture of ejected material and air, s represents solid portion in the ejected material, g represents gas portion in the ejected material, a represents air, 0 represents physical properties of erupted material. ξg0 is the mass fraction of vapor in the erupted material.
Three different boundary conditions are applied in this model. At the vent, temperature of erupted material T, eruption velocity v, the mass fraction of vapor in erupted material ξg0, and mass discharge rate [image: image] are given. The pressure of erupted material p is assumed to be the same as ambient pressure for pressure-balanced eruption. The radius of the vent is determined from ρ, [image: image] and v. Nonslip wall boundary condition is applied to the flat ground, where we enforce the velocity to be zero. With further assumption that the ground is adiabatic, internal energy flux, which consists of heat flux and energy flux carried by mass flux, vanishes on the wall boundary. Pressure outlet boundary condition is applied to the surrounding atmosphere where the pressure is given. Except for the pressure, boundary values for density, velocity, and energy are determined by numerical calculation from the conservation laws. The initial condition for Plume-SPH is created based on the atmosphere profile before the eruption.
The governing equations, EOS, boundary conditions, and initial conditions establish a complete mathematical model. The model posed over the computational domain is then discretized using smoothed particle hydrodynamics (SPH) method (Gingold and Monaghan, 1977) available in the tool Plume-SPH (Cao et al., 2017, 2018) using two types of SPH particles: 1) particles of phase 1 to represent ambient air and 2) particles of phase 2 to represent erupted material. So before the eruption, the computational domain is fully occupied by particles of phase 1. During the eruption, particles of phase 2 are injected into the computational domain. The discretized model is then converted into a large computation task in the Plume-SPH tool based on a parallel data management framework (Cao et al., 2017).
The input parameters for Plume-SPH include the eruption condition at vent, the material properties, and a profile of the atmosphere. The eruption parameters, material properties, and atmosphere for the “strong plume–no wind” case in the recent comparison study on eruptive column models (Costa et al., 2016) are adopted. Eruption conditions and material properties are listed in Table 1. Note that the density of erupted material at the vent and radius of the vent can be computed from the given parameters. The eruption pressure is assumed to be the same as the atmospheric pressure at the vent; hence, it is not given in the table. The vertical profiles of atmospheric properties were based on the reanalysis data from European Centre for Medium-Range Weather Forecasts (ECMWF) for the period corresponding to the climactic phase of the Pinatubo eruption.
TABLE 1 | List of eruption condition and material properties for plume simulation.
[image: Table 1]Running of Plume-SPH updates physical quantities, such as temperature, velocity, and the position of SPH particles in each time step. During Plume-SPH simulation, SPH particles of phase 2, which represent the erupted material, are injected from the eruption vent into the computation domain with an initial injection velocity. As they move upwards, these particles will get mixed with SPH particles of phase 1, which represent the air, during the whole simulation. Their physics quantities get updated as well. After the simulation, the computation domain will be filled with SPH particles of both phase 1 and phase 2. Removing all SPH particles of phase 1 from the computation domain, all of the remaining SPH particles represent the erupted material, which naturally forms a plume (see Figure 1).
[image: Figure 1]FIGURE 1 | Steps to create initial condition for Puff based on raw output of Plume-SPH (Cao et al., 2018). First row: raw output of Plume-SPH. Blue particles are phase 1 (ambient air), and red particles are phase 2 (erupted material). Second row: plume after removing SPH particles of phase 1. Picture at right is colored according to the mass fraction of erupted material. Third row: volcanic plume above the “corner” region after cutting off the lower portion. Fourth row: assign sizes to particles converting numerical discretization points into tracers. Fifth row: switch coordinates in local coordinate system into (longitude, latitude, height).
2.2 Puff and Initial Ash Cloud
Puff (Tanaka, 1991; Searcy et al., 1998) is a dynamic pollutant tracer model. The model is based on a 3D Lagrangian form of the fluid mechanics, in which the material transport is represented by the fluid motion, and diffusion is parameterized by a stochastic process of random walk. Here, the model is constructed by a sufficiently large number of Lagrangian tracer particles with a random variables Ri(t) = (x(t), y(t), z(t)), where i = 1 ∼ M, which represents position vectors of particles from the origin of the ash source at the time t. M is the total number of Lagrangian tracer particles, a sample of all the ash particles.
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Here, W accounts for local wind advection, Z is generated by Gaussian random numbers and accounts for turbulent dispersion, and S is the terminal gravitational fallout velocity or settling speed, which depends on a tracer’s size.
A collection of tracer particles can be used to start a Puff simulation. The tracer particles have three basic properties: age, size, and position. The age of each particle is the elapsed time from when it was released. Ash particles in the initial ash cloud have zero age. Initial ash size distribution is assumed to be log-normal. According to a mean and standard deviation provided by the user, Puff assigns size to each particle. Puff initializes the position of each particle according to semiempirical expressions. The height of each particle is determined according to the specified distribution from the surface (1000 mbar ≅ 0 m) to the top of the plume height, Hmax, which is given by the user. Puff also supports reading predefined initial ash clouds from a file, containing the coordinates of all tracer particles.
Vertical particle distribution in Puff is usually based on the Poisson distribution. For the Poisson distribution, the vertical height of ash particles is given by Eq. 13:
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where P is an integral value drawn from a Poisson distribution of unit mean, R is a uniformly distributed random number between 0 and 1, Hmax is the maximum plume height, Hwidth represents an approximate vertical range over which the ash will be distributed. So for Poisson distribution, the user can specify two parameters, Hmax and Hwidth. Another commonly used vertical ash distribution in VATD simulation is Suzuki. For the Suzuki plume shape (Suzuki, 1983), the ash mass vertical distribution is assumed to follow the Eq. 14:
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where Qm is the total mass of erupted material, k is the shape factor, which is an adjustable constant that controls ash distribution with height. A low value of k gives a roughly uniform distribution of mass with elevation, while high values of k concentrate mass near the plume top. So for Suzuki distribution, besides the plume height Hmax, there is another user-specified parameter, k.
Puff initializes the horizontal distribution of ash particles according to semiempirical expression as well. Puff uses a uniformly distributed random process to determine ash particle locations in a circle centered on the volcano site. The maximum radius (at plume top) at which a particle can be located is given as “horizontal spread”. The horizontal displacement from a vertical line above the volcano is a random value within a circle of which the radius equals the “horizontal spread” multiplied by the ratio of the particle height H to the maximum Hmax, see Eq. 15. So the resulting shape of the particle distribution within the plume is an inverted cone in which particles are located directly over the volcano at the lowest level and extend out further horizontally with increasing plume height.
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where r(H) is the radius of the horizontal circle, within which all particles at the height of H are located. rmax is the horizontal spread. H is the height, and R is an uniformly distributed random number between 0 and 1.
In summary, particle distributions in the initial ash cloud are controlled by several parameters, for example, Hmax, Hwidth, and rmax if the user chooses to use semiempirical expressions, Eqs 13, 15. Users can optimize or calibrate these parameters to adjust the initial condition for Puff so that the simulated results match better with observations. Besides the initial ash cloud, other input parameters for Puff are diffusivity in the vertical and horizontal directions, start and end time of the eruption, and eruption duration. When creating initial conditions from the output of Plume-SPH, the total number of Lagrangian tracers is the count of all SPH particles of phase 2 in the plume. The same total number of Lagrangian tracers is used when creating the initial ash cloud based on semiempirical expressions. All input parameters for Puff are listed in Table 2.
TABLE 2 | Parameters used in VATD simulation of the climactic phase of Pinatubo eruption on June 15, 1991. The first six parameters are used by semiempirical expression to create an initial ash cloud. When creating an initial condition based on the Plume-SPH model, these parameters are extracted from output of Plume-SPH model.
[image: Table 2]2.3 Creation of Initial Ash Cloud From Plume-SPH Output
In this study, we convert the output of Plume-SPH into an initial ash cloud which serves as the initial condition for Puff. The method proposed consists of generating the initial ash cloud directly from Plume-SPH, foregoing assumptions and estimates, or inverse modeling, regarding ash injection height and timing. The steps to create an initial ash cloud based on the raw output of Plume-SPH are shown in Figure 1. The initial ash cloud is created from SPH particles of phase 2, which represents the erupted material in the model. After reaching the maximum rise height and starting to spread horizontally, particles of phase 2 form an initial umbrella cloud (Figure 2). The 3D plume simulation is considered complete once the umbrella cloud begins to form. Parcels that will be transported by the ambient wind are those above the “corner” region, where mean plume motion is horizontal rather than vertical. With such consideration, we introduce an elevation threshold, which is the lower elevation limit of the ash that will be transported by the VATD. All SPH particles with elevation lower than the threshold are excluded when creating the initial ash cloud. The inflection point from vertical raising to horizontal spreading happens around 15 km according to the averaged vertical velocity [(d) in Figure 2] and horizontal velocity [(e) in Figure 2]. Below this inflection point, particle trajectories are primarily vertical in the stalk-like eruption column. Above this level, particle trajectories are primarily horizontal, as they flow into the umbrella cloud gravity current. So we choose 15 km to be the elevation threshold in this study.
[image: Figure 2]FIGURE 2 | Volcano plume from 3D plume model. All particles in the pictures are of phase 2 (particle of phase 1 has been removed) at 600s after eruption, at which time, the plume has already reached the plume height and started spreading radially. (A) is the front view of the whole plume. (B) is the top view of the plume. (C) is the front view of the initial ash cloud, which is essentially a portion of the whole plume whose elevation is higher than a given threshold (in this picture is 15 km). Particles are colored according to mass fraction of erupted material. Red represents high mass fraction while blue represents low mass fraction. (D) is the average vertical velocity of the plume. At elevations below 15 km, the average vertical velocity decreases. At elevations higher than 15 km, the averaged vertical velocity starts increasing. (E) is the average horizontal velocity of the plume. The averaged horizontal velocity becomes obviously larger when elevation is higher than15 km. So the reflection point is somewhere around 15 km.
Considering that SPH particles are only discretization points, each is assigned a grain size according to a given total grain size distribution (TGSD) (Paladio-Melosantos et al., 1996), and a concentration according to the mass and volumetric eruption rate. The Plume-SPH discretization points are thus switched to Puff Lagrangian tracer particles having grain sizes and concentrations. The coordinates of these tracer particles, which are initially in the local Cartesian coordinate system of Plume-SPH, are converted into Puff’s global coordinate system, which is given in terms of (longitude, latitude, height). Puff takes the initial ash cloud, consisting of the collection of Lagrangian tracer particles with grain size and concentration, and propagates from time t to time t + Δt via solution to an advection/diffusion equation (Eq. 12).
To summarize, there are four steps to create an initial ash cloud from the raw output of Plume-SPH:
1) filter by SPH particle type to select SPH particles that represent erupted material (phase 2);
2) filter by a mean velocity threshold to select the upper part (above the “corner” region) dominated by horizontal transport;
3) switch SPH discretization points to Lagrangian tracer particles, by assigning grain size to each particle;
4) convert coordinates of the SPH Lagrangian tracers into the VATDs geographic coordinate system.
The features of the volcanic plume and resulting initial ash cloud used in the case study are shown in Figure 2. It is important to point out that since both Plume-SPH and Puff are based on the Lagrangian method, there is no extra step of conversion between an Eulerian grid and Lagrangian particles.
2.4 Puff Restart
The plume and ash transport models are run at different time scales and length scales. The spatial and temporal resolutions of the plume simulations are much finer than those of the ash transport model. It takes tens of minutes (600 s in this case) for the Pinatubo plume to reach a steady height. However, the eruption persisted for a few hours (9 h for the climactic phase of Pinatubo eruption), and it may be necessary to track ash transport for days following an eruption. At present, it is too computationally expensive to run 3D plume simulations for several hours in real time. In order to handle the difference in time scale, we mimic a continuing eruption with intermittent pulses releasing ash particles. In particular, we restart Puff at an interval of 600 s, i.e., the physical time of the plume simulation to reach a steady height. At every Puff restart, we integrate the output of the last Puff simulation and Plume-SPH into a new ash cloud. This new ash cloud serves as a new initial condition with which to restart a Puff simulation. A sketch demonstrating the overall restart process is shown in Figure 3. The total number of Lagrangian tracer particles used in Puff thus equals the summed number of particles in all releases. The total number of tracer particles is therefore no longer a user-selected parameter. Fero et al. (2008) proposed using more realistic time-dependent plume heights. We do not adopt that strategy here for simplicity, although the idea would be straightforward in execution, given time-dependent eruption conditions.
[image: Figure 3]FIGURE 3 | Mimic successive eruption with intermittent pulsed releasing of ash particles. tI is the period of pulsing release. tI equals the physical time of 3D plume simulation.
3 RESULTS
The transport of volcanic ash resulting from the Pinatubo eruption on June 15, 1991, is simulated using two different initial conditions. The first type of initial condition is created in a traditional way according to user-specified parameters (Hmax, Hwidth, and rmax) and the semiempirical plume shape expressions (Eqs 13, 15). We use the observed plume height (40 km) as Hmax and take Hwidth = 6.662 km, rmax = 103.808 km, respectively, based on a previous study (Fero et al., 2008). The second type of initial condition is created by the new method proposed in this study. To create initial conditions using the new method described in this study, the plume rise is simulated first by Plume-SPH. Then, the initial ash cloud is obtained by processing the raw output of Plume-SPH following steps described in Creation of Initial Ash Cloud From Plume-SPH Output except for initial conditions, and the parameters that control the VATD simulation are the same for both simulations. Simulated ash transport results are compared against observations.
The simulation results using different initial conditions are compared with TOMS AI (Aerosol Index) and AVHRR BTD (brightness temperature difference) ash cloud map imagery (Figure 4). The Puff simulation results are post-processed by the following steps to calculate the relative concentration.
1) The 3D computational domain is discretized into a collection of cells (latitude, longitude, elevation), and each cell is of size 0.2 degree × 0.2 degree × 1 km;
2) Find the cell that has the maximum number of particles (tracer particles); say the maximum number of particles is Nmax;
3) Exclude all cells that have fewer than five particles, and
4) Calculate the relative concentration of each cell by dividing the number of particles in the cell by Nmax.
[image: Figure 4]FIGURE 4 | Comparison between “Semiempirical initial cloud + Puff” and “Plume-SPH + Puff”. Pictures to the left, (A), (C) and (E), are Puff simulation based on initial condition created according to semiempirical plume shape expression. Pictures to the right, (B), (D) and (F), are Puff simulation based on initial conditions generated by Plume-SPH. TOMS or AVHRR images of Pinatubo ash cloud are overlapped with the simulation results. Ash clouds at different hours after eruption are on different rows. From top to bottom, the images correspond to around 23 h after eruption (UT 199106160341), 31 h after eruption (UT 199106161141), 55 h after eruption (UT 199106171141). The observation data on the first row are TOMS AI (aerosol index) map. The observation data on the second and third row are AVHRR BTD (brightness temperature difference) ash cloud map with atmospheric correction method applied (Guo et al., 2004b). The contours of simulation results are maximum concentration at given (longitude, latitude). The colored dots are simulation results of relative concentrations whose values are between zero to one and have no unit, and the solid contours are observed in Dobson Units.
In contouring, we plot the relative concentration of the cell that has the maximum number of particles at a given (latitude, longitude). In addition to the relative concentration, we also plot the contours of the maximum height of the ash cloud (Figure 5), which is obtained by the following post-processing steps:
1) The 3D computational domain is discretized into a collection of cells (latitude, longitude, elevation), and each cell is of size 0.2 degree × 0.2 degree × 1 km;
2) Exclude all cells that have fewer than five particles, and
3) The maximum height is the cell center height of the top cell among all cells with the same (latitude, longitude).
[image: Figure 5]FIGURE 5 | Comparison between “Semiempirical initial cloud + Puff” and “Plume-SPH + Puff”. Pictures to the left, (A), (C) and (E), are Puff simulation based on initial condition created according to semiempirical plume shape expression. Pictures to the right, (B), (D) and (F),are Puff simulation based on initial conditions generated by Plume-SPH. TOMS AI (aerosol index) or AVHRR BTD (brightness temperature difference) images of Pinatubo ash cloud are overlapped with the simulation results. Ash clouds at different hours after eruption are on different rows. From top to bottom, the images correspond to around 23 h after eruption (UT 199106160341), 31 h after eruption (UT 199106161141), 55 h after eruption (UT 199106171141). The observation data on the first row are TOMS AI (aerosol index) map. The observation data on the second and third row are AVHRR BTD (brightness temperature difference) ash cloud map with atmospheric correction method applied (Guo et al., 2004b). The colored dots are simulation, and the solid contours are observed in Dobson Units. The contours of simulation results are maximum height of ash cloud, whose unit is m. The FMS value for each simulation is on each contour.
We also calculated the Figure of Merit in Space (FMS) according to the definition:
[image: image]
The differences between simulated ash transport by the “Semiempirical initial cloud + Puff” and “Plume-SPH + Puff” conditions are significant. We first check the maximum relative concentration in Figure 4. At 23 and 31 h after the beginning of the climactic phase, the simulated ash concentration based on the initial conditions created from Plume-SPH is visibly closer to observation than that based on the initial condition generated from semiempirical expressions, especially in terms of the location of the highest concentration region. This is confirmed by the FMS, which is 0.249 (23 h) and 0.269 (31 h) for Plume-SPH results, and 0.063 (23 h) and 0.065 (31 h) for semiempirical initial clouds. Around 55 h after the beginning of the climactic phase, the disparity between observation and simulation becomes more obvious. Ash in the “Semiempirical initial cloud + Puff” simulation is located far west of the observed, with a FMS value equal to 0.058. The high concentration area of the “Plume-SPH + Puff” simulation, even though closer to observation, has also propagated further downwind than in the observation. The FMS goes down to 0.085.
While most of our work is based on the Puff VATD, it is useful to compare the maximum cloud height in Figure 5 with the wind field indicated in the popular VATD, HYSPLIT’s forward trajectory tracking (Figure 6). The comparison reveals that the ash cloud is being transported in two separate, main layers (directions) independently. From Figure 6, we can see that the wind between elevations of 10 and 15 km blew from north-east to south-west, while winds of higher elevation blew from east to west. This vertical wind shear naturally separated the ash cloud into two layers. In the “Semiempirical initial cloud + Puff” results, the lower elevation layer is missing, which is the most important factor causing differences between these two simulation results (Figure 4). Even for the upper layer, the maximum cloud height of the “Semiempirical initial cloud + Puff” simulation results is higher than that of the “Plume-SPH + Puff” simulation. Such differences cannot be captured by metrics based on footprint, such as FMS. At 55 h after the eruption, the observed high concentration ash, which is at a relatively low elevation (inferred from the wind direction at different elevations in Figure 6 and the eruption location), is missing in the “Plume-SPH + Puff” simulation results. This leads to the large decrease of FMS values from 0.269 to 0.085. One possibility is that these ash clouds are from eruptions after the climactic phase. In our current simulation, we use the eruption condition for the climactic phase generating plume height for the climactic phase, but satellites see ash and SO2 from all eruption phases.
[image: Figure 6]FIGURE 6 | Trajectories of particles starting from different heights indicating the wind directions of different evaluations. The trajectories are chosen to start at points that were on the perimeter of the umbrella cloud in x, y, and z, and in its center, right before it became affected by the wind to give an idea of the maximum possible spread of the trajectories from that initial condition.
The only difference in initial conditions between these two simulations is the distribution of ash parcels. The main difference between simulation results from the “Plume-SPH + Puff” and the “Semiempirical initial cloud + Puff” runs can thus be directly attributed to the initial ash particle distribution, which we discuss further in the following section.
3.1 Effect of Plume Height (Hmax)
In this section, we discuss the vertical distribution of ash particles in the initial ash cloud. The majority of volcanic ash particles are usually injected at an elevation lower than the plume height. For instance, Holasek et al. (1996a,b) reported the maximum Pinatubo volcanic plume, i.e., source height, as ∼ 39 km while the distal volcanic cloud heights were estimated at ∼ 20–25 km. Self et al. (1996) reported that the maximum plume height could have been >35 km, but that cloud height was ∼23– 28 km after ∼ 15–16 h. The neutral buoyancy height of the Pinatubo aerosol cloud was estimated with different methods at ∼ 17–26 km (lidar) by DeFoor et al. (1992), ∼ 20–23 km (balloon) by Deshler et al. (1992), ∼ 17–28 km (lidar) by Jäger (1992), and ∼ 17–25 km (lidar) by Avdyushin et al. (1993). Based on a comparison between simulated clouds with early infrared satellite imagery, Fero et al. (2008) reported that the majority of ash was transported between 16 and 18 km. These observations make good physical sense, as particles are concentrated or centered around the intrusion height of the umbrella cloud, not near the plume top, because the plume top is due to momentum overshoot. However, the empirical expressions for the height-MER relation, which are commonly adopted to create initial conditions for VATD simulations, tend to place the majority of ash particles closer to the top if one uses observed plume height in the empirical expressions.
Here, we investigate two commonly used plume shapes, the Poisson (see Eq. 13) and Suzuki (see Eq. 14). Particle distributions (in terms of mass percentage or particle number percentage) in the vertical direction in the initial ash cloud are shown in Figure 7. In that figure, the vertical particle distribution based on Plume-SPH output is compared with the vertical particle distribution based on semiempirical shape expressions. Both Poisson and Suzuki distributions in Figure 7 take Hmax = 40 km, which is close to the reported observed plume height. When adopting the Poisson distribution [(c) in Figure 7], the majority of the particles are between 30 and ∼ 40 km. Obviously, the Poisson function distributes the majority of ash at a higher elevation than was observed (e.g. Fero et al., 2008). As for the Suzuki distribution, (D) in Figure 7, the majority of ash particles also occur in a range that is significantly higher than 25 km. Note that in the plot (d), the Suzuki constant k is set to 4, which is commonly used for Sub-Plinian and Plinian eruption columns (Pfeiffer et al., 2005). As for initial ash clouds in Plume-SPH simulations, most ash particles are distributed between ∼ 17–28 km, which matches well with observations. The plume height is also consistent with observation.
[image: Figure 7]FIGURE 7 | First row, comparison of particle distribution of initial ash cloud in vertical direction. (A) is corresponding to the initial ash cloud obtained from Plume-SPH output. (B) is (A) truncated by a elevation threshold of 15 km. (C) is for vertical ash distribution based on Poisson distribution (Eq. 13) with Hmax equals to 40 km. Another parameter, Hwidth is 6662 m. (D) is corresponding to Suzuki distribution (Eq. 14) with Hmax equals to 40 km and k equals to 4 (Pfeiffer et al., 2005). The second row, Suzuki distribution with Hmax equals to 40 km but different values for k. The x axis is the percentage of particle numbers for Plume-SPH and Poisson. For Suzuki, the x axis is the mass percentage of erupted material.
For the Poisson distributions, the ash particles cannot be lower without changing the plume height. To distribute the majority of ash particles at a lower elevation, the plume height must be reduced to a value smaller than the observed plume height. Adjusting parameters such as plume height in the empirical expression is actually the traditional source term of calibration method. A set of initial ash clouds using different plume heights based on the Poisson distribution is shown in Figure 8. The plume heights adopted in plume shape expressions are not obtained from any plume model or observation of plume height, but by a posteriori calibration to later-observed ash cloud transport heights. For Suzuki distribution, adjusting the Suzuki constant can adjust the distribution of ash particles in vertical direction. As shown in Figure 7, when k is equal to 1 [see (e)], the majority of ash particles are at a lower elevation than observation. With k = 3 and k = 6 [figure (g) and (h)], the majority of ash particles are at a higher elevation than observation. When k is set to 2 [see (f)], we can see that the majority of ash particles are roughly distributed in the range 17–28 km. But the shape does not look like a typical plume, as particles are more uniformly distributed in the vertical direction. In addition, the “best fit” Suzuki constant is different from the typical value, which is 4 (Pfeiffer et al., 2005), for Sub-Plinian and Plinian eruptions, meaning that we can not apply previous experiences into the semiempirical expression for this eruption.
[image: Figure 8]FIGURE 8 | Initial particle distribution in vertical direction based on Poisson plume shape (Eq. 13). The first row varies plume heights. (A) to (D) are corresponding to plume height of 10 km, 20 km, 30 km, 35 km. Another parameter, Hwidth is 6662 m for all four figures in the first row. The second row varies “vertical spread”, Hwidth. (E) to (G) are corresponding to vertical spread of 3 km, 5 km, and 10 km. The plume height, Hmax, is set to 40 km for all three figures. The x axis is the percentage of particle numbers. See Figure 7 for vertical ash distribution of Plume-SPH output.
The ash clouds created by the Poisson distribution with different plume heights are used as initial conditions in Puff simulations, whose results are shown in Figure 9. Except for the plume height, all other parameters for creating an initial ash cloud are the same as those in Table 2. Of course, the range over which the majority of ash particles are located is lower when using lower plume heights. Figure 9 thus shows that the plume height has a significant influence on the ash transport simulation. The maximum heights of the simulated ash cloud are completely different when using different Hmax values in the Poisson expression. When the plume height is 10 km, the ash lags behind that observed and its FMS is 0.055, which is very close to FMS when Hmax is 40 km. For the cases that Hmax is 20 and 30 km, the FMS values are 0.121 and 0.142, respectively. Taking 20 km as the plume height better represents the lower elevation portion of the ash cloud while taking 30 km as the plume height better represents the higher elevation portion of the ash cloud.
[image: Figure 9]FIGURE 9 | Ash transport simulated by Puff using different initial ash clouds created according to the empirical expressions using different input parameters. All images are corresponding to 55 h after eruption (UT 199106171141). More details are in the table.
Simulation results based on a calibrated plume height of 30 km show a footprint similar to those of “Plume-SPH + Puff” although smaller in terms of area. However, the initial ash cloud created by a Poisson distribution with a plume height around 35 km generates the best match with observation in terms of FMS metric, with the FMS value reaching 0.227. That is to say, a plume height lower than the real plume height is required by the Poisson plume shape to distribute ash particles at elevations comparable to the “true” ash distribution. Even for the best-matched results, the high concentration area does not match with an observation well.
It is clear that the initial condition of vertical ash distribution has a dominant effect on VATD simulation, so it is critical for the forecast capability of VATD simulations to explore more accurate and adaptive ways for establishing the initial ash distribution, especially methods that do not rely on a posteriori parameter calibration or inversion.
3.2 Effect of Vertical Spread (Hwidth)
In the previous section, we explored the effects of adjusting the plume height to change the vertical ash distribution at the source. In this section, we investigate the importance of another parameter in the semiempirical Poisson expression (Eq. 13). We vary the “vertical spread”, Hwidth, in the range ∼ 3–10 km. A set of initial ash clouds with different vertical spreads are shown in Figure 8. Except for vertical spread, all other parameters for creating an initial ash cloud are the same as those in Table 2. The vertical range within which the majority of ash particles are located becomes narrower when a smaller value for the vertical spread parameter is used. The ash clouds based on different vertical spread parameters are then used as initial conditions in Puff simulations.
The VATD results are shown in Figure 9. Adjusting the vertical spread changes particle distribution in the vertical direction, and thus, not surprisingly, affects the VATD simulation results. None of the VATD simulations based on initial ash clouds with vertical spreads equal to 3 km or 5 km yield better results than do VATD simulations based on initial conditions created by Plume-SPH (see Figure 9). But when we take 10 km as the vertical spread, we get a FMS that is very close to Plume-SPH, even though the shape of the ash cloud footprint and the maximum height of the ash cloud are completely different.
The calibration tests on vertical spread, carried out here, are certainly not exhaustive. One could do a more comprehensive calibration throughout the multidimensional parameter space (for Poisson distribution, the parameter space is two-dimensional) and find better results. In addition, with a more complicated semiempirical plume shape expression, one could have more control over plume shape and might be able to get an initial condition that yields a more accurate ash transport forecast. However, more complicated and adaptable plume shape expressions imply a higher-dimensional parameter space, which requires more effort in calibration, even though the degrees of freedom to adjust plume shape are still limited. Creating initial conditions based on 3D plume simulations avoids such parameter calibration.
3.3 Horizontal Ash Distribution
The differences between the semiempirical plume particle distribution and actual (or simulated by the 3D plume model) are not only in the vertical direction. The importance of the horizontal distance of each initial ash particle from a line extending upward from the volcano is investigated in this section. Puff uses a uniformly distributed random process to determine ash particle locations in a circle centered on the volcano site as described in Puff and Initial Ash Cloud for the output of Plume-SPH, and an effective (maximum) radius is determined according to a given threshold of ash concentration, following Cerminara et al. (2016b). A time-averaged, spatial integration of the dynamic 3D flow field is conducted to remove significant fluctuations in time and space. Figure 10 compares the radius of the initial ash clouds created by 3D plume simulations with that assumed in the semiempirical plume shape expression adopted in Puff. It is impossible for the simple, assumed plume shapes to capture the complex and more realistic shapes developed by Plume-SPH. Additional parameterization may generate more reasonable shapes, but these would continue to be ad hoc; none would likely have the potential fidelity of the 3D simulation to reality, and adding a temporally changing distribution would be difficult.
[image: Figure 10]FIGURE 10 | Comparison between radius of initial ash clouds created by 3D plume model (Plume-SPH) and assumed initial ash cloud shape (Eq. 15) in Puff. The plume shape expression used in Puff defines an inverted cone whose actual shape changes when “horizontal spread” takes different values. R = 25 km is corresponding to “horizontal spread” equals to 50 km. R = 50 km is corresponding to “horizontal spread” equals to 100 km.
Comparison between cross-sectional views of the initial ash clouds is shown in Figure 11. The cross-sectional view of horizontal particle distribution using the semiempirical method (last figure in Figure 11) is similar to a cross-sectional view of a simulated 3D plume, in a general sense. However, for simulated 3D plumes, the ash particle distribution in cross section varies with height, which factor would become increasingly important with increasing wind speed, where wind speed to be included in the estimate of initial plume shape. It is difficult for the semiempirical expressions to accommodate such a complex distribution.
[image: Figure 11]FIGURE 11 | Horizontal distribution of ash particles (tracers) on a cross section of initial ash cloud. Puff assumes a randomly uniform distribution of ash particles within a circle, as shown by blue dots in (F). All other figures show the ash particle distribution of initial ash clouds created by Plume-SPH at different elevations.
Despite the obvious difficulty of correctly estimating ash distribution near the vent, or for short propagation times, assigning different values for the horizontal spread has a negligible effect on VATD simulation results at large time. We investigated horizontal spread values between 50 and 1600 km to create initial ash clouds; all of them generated similar results at large propagation times (> 1 day). Figure 9 shows two different simulation results based on initial ash clouds with horizontal spread equal to 50 and 600 km, respectively. No visible differences are apparent between them. The FMS values, 0.073 and 0.074, respectively, are also very close. This implies that horizontal distribution has a less significant influence on VATD simulation results than does vertical distribution for long distance or large time. Perhaps, the most important ramification of this result is that it means the time at which the “handshake” is made between Plume-SPH and the VATD does not affect results significantly for relatively large distances and times.
4 DISCUSSION
4.1 Sentitivity of Other Input Parameters
Besides the initial ash cloud, other parameters for Puff simulations are horizontal diffusivity, vertical diffusivity, mean grain size, grain size standard deviation, and total number of tracers. We present in this subsection informal sensitivity studies on these parameters. We also investigate the influence of eruption duration. The sensitivity analyses will serve as the basis for identifying possible sources of disparities between simulation and observation.
Fero et al. (2008) simulated the volcanic ash transport in the Pinatubo eruption in 1991. He carried out systematic sensitivity analysis with respect to input parameters of Puff and found that all other parameters except for the plume height have negligible effect on long-term ash transportation of Pinatubo. Inspired by Fero et al. (2008), we carried out similar informal sensitivity analysis with much fewer sample points in the parameter space and got similar results. Among the parameters explored, the eruption duration and beginning time show the most obvious influence on simulated ash distribution although the effect is still small. To show the differences in an intuitive way, (a) - (c) in Figure 12 shows simulated ash distribution corresponding to 4.9 h duration, 9 h duration, and 11 h duration, respectively. After 72 h, relative to the simulation starting time, these three cases generate very similar results with tiny visible differences. Daniele et al. (2009) did sensitivity analysis with respect to the input parameters of Puff on different volcanoes and found that for eruptive eruptions, the most dominant factors are the wind field and plume height, while all other input parameters are relatively less important. The significance of the wind field has been confirmed by other researchers (e.g. Stefanescu et al., 2014).
[image: Figure 12]FIGURE 12 | Sensitivity of Puff simulation with respect to eruption durations and initial ash cloud cutoff heights (elevation threshold). For different eruption durations, the starting and ending time for each case are in Table 3. The contours correspond to ash concentration at 72 h after eruption. Details are in the table.
We conducted several simulations with eruption duration varying in the range of 5–11 h with slightly different starting time of climactic phase. Table 3 lists all these simulations. However, only slight visible differences are observed among the simulated ash transport outputs. We can see that the eruption duration has negligible effects on long-term ash transport.
TABLE 3 | The starting and ending time (UT) for simulating the climactic phase of Pinatubo eruption on June 15, 1991. Observed plume height (Holasek et al., 1996a) at different times is also listed in the table.
[image: Table 3]The new methodology for generating initial ash clouds introduces a new parameter: elevation threshold, which was specified based on averaged vertical velocity and horizontal velocity. We carry out a separate, informal sensitivity analysis on this parameter by varying the elevation threshold from 1.5 km (the height of the vent) to 25 km. The simulated ash distributions show obvious differences, especially when the elevation threshold is either very high or very low. However, varying the elevation threshold in the range of 12–18 km generates relatively small differences in ash transport simulation results. Figure 12 (d) and (f) compare the simulated ash distributions corresponding to elevation thresholds of 1.5 and 15 km. Compared with the ash distribution for a threshold of 15 km, an extra-long tail appears when using an elevation threshold of 1.5 km. The maximum height of the tail is around 10 km. Adopting lower elevation thresholds adds more tracer particles at lower elevation. As the winds at different elevations are different, the tracers at lower elevations propagate in different directions. The HYSPLIT forward trajectory tracking indicates that the wind between elevations of 10 and 15 km blew from north-east to south-west, while winds of higher elevation blew from east to west (see Figure 6).
4.2 Other Sources of Disparities
The full range of research issues raised by numerical forecasting of volcanic clouds is diverse. We focused on the effect of initial conditions in this study. During the plume modeling, secondary factors, such as microphysical processes, even though they play lesser roles, likely need to be included to improve accuracy for a particular eruption. Wind fields are not considered in the current version of Plume-SPH, but for weak plumes, wind plays an important enough role that it has to be considered in the plume model. In addition, eruption conditions are subject to change with time, even during the climactic phase of an eruption. For example, ash just west of Pinatubo observed in satellite images does not show up in “Plume-SPH + Puff” simulation results. This disparity is likely due to the fact that Pinatubo continued erupting (with smaller plume height) after the climactic phase, while we only simulate the climactic phase. In the future, time-dependent initial conditions for VATDs can be created from 3D plume simulations based on time-dependent eruption conditions. It is worth mentioning that the eruption conditions at the vent are usually inferred from observable information based on 1D plume models. Using a 3D plume model will not reduce uncertainties from the eruption conditions.
Additional assumptions made during computations in each VATD model or even measurements may also generate additional disparity. Analysis of the results (see large decrease in FMS shown in (f) in Figure 5) indicates that Puff underestimates the fallout of ash particles, which together with satellite pictures not capturing low-level ash clouds can explain the FMS decrease.
One implicit assumption in the current method is that ash transportation is dominated by wind advection (the passive dispersion approximation). However, during the growth of the volcanic umbrella, the dominant factors are various in different regimes (Pouget et al., 2016a) depending on the characteristics of a particular eruption. Webster et al. (2020) suggested that the lateral spread by the intrusive gravity current dominates the transport of the ash cloud in this stage. Studies by Mastin (Mastin et al., 2014; Mastin and Van Eaton, 2020) also showed that neglecting the umbrella cloud formation for larger eruptions led to significantly different footprints for the resulting VATD fallout maps. Their studies imply that including mapped velocities of the plume as a perturbation on the winds can better capture the radial spreading of an umbrella. In the current method, the 3D plume model generated initial ash cloud has a radius of around 25 km. For the Pinatubo 1991 eruption, the passive dispersion approximation can be reasonably applied when radius is greater than 450 km and can be fully valid only when the radius is greater than 1800 km (Costa et al., 2013). So the umbrella stage during the ash transportation is very likely oversimplified in the current simulation. It is computationally too expensive for the Plume-SPH model to continue simulation until the plume radius reaches, at least, for example, 450 km. An additional umbrella model, with a much coarser resolution and simplified physics, in between the plume model and the VATD model would presumably better model the whole ash transportation process.
Besides the errors from assumptions in the model, errors are also introduced from the reanalysis wind field data and the satellite observations, which are retrievals, with their associated errors, rather than the “truth”. In addition, metrics based on footprint cannot account for the disparities at different heights and ash concentrations. Comparing the simulation and observation purely based on footprint-based metric sometimes is biased.
4.3 SUMMARY
Traditional VATD simulations use initial conditions created according to a semiempirical plume shape expression. This study presents, for the first time, VATD simulations using initial source conditions created by a 3D plume model. A case study of the 1991 Pinatubo eruption demonstrates that a 3D plume model can create more realistic initial ash cloud and ash parcel positions and therefore improve the accuracy of ash transport forecasts. Informal sensitivity analyses suggest that initial conditions, as expressed in the disposition of initial ash parcel positions in the vertical, have a more significant effect on a volcanic ash transport forecast than most other parameters. Comparison of initial ash parcel distributions among the 3D plume model, semiempirical expressions, and observations suggests that a major subpopulation of ash parcels should be placed at a much lower elevation than plume height to obtain a better VATD forecast. Comparing the effects of the plume height, vertical spread and horizontal spread show that ash particle distribution in the vertical direction has the strongest effect on VATD simulation results.
To summarize, we have presented a novel method for creating a priori initial source conditions for VATD simulations. We have shown that it might be possible to obtain initial positions of ash parcels with deterministic forward modeling of the volcanic plume, potentially obviating or lessening the need to attempt to somehow observe initial positions, or a posteriori create a history of release heights via inversion (Stohl et al., 2011). Although the method now suffers from the high computational cost associated with 3D forward modeling, there is the possibility that in future it might not only help overcome shortcomings of existing methods used to generate a priori input parameters but also overcome the need to carry out thousands of runs associated with inverse modeling. In addition, computational cost will continue to diminish as computing speed increases. As they are forward numerical models based on first principles, 3D plume models need little if any parameterization, and user intervention should not be required to improve forecast power; no assumption about the initial position of ash parcels is needed. Generation of the initial cloud of ash parcels directly by 3D simulation is potentially adaptable to a variety of volcanic and atmospheric scenarios. In contrast, semiempirical expressions used to determine initial conditions require several parameters to control ash particle distribution along with a vertical line source or some simplified shape of the initial ash cloud, making it difficult in some cases to generate initial conditions that closely resemble a complex reality.
The plume-VATD coupling presented in this study is LagrangianLagrangian coupling. When coupling plume models and VATD models of different types, the interpolation will be different. For example, to couple a Lagarian plume model with an Eulerian VATD model, we must convert the particle distribution in the output of the plume model into ash concentration of cells (mesh grids). When coupling an Eulerian plume model to a Lagrangian VATD model, the mass fraction of the erupted material in the output of the 3D plume model should be converted into an ash cloud represented by a group of particles. The steps for coupling a 3D plume model with a VATD model also depend on features of the software, such as the inputs, the outputs, and file formats.
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Field observations and laboratory experiments have shown that ash sedimentation can be significantly affected by collective settling mechanisms that promote premature ash deposition, with important implications for dispersal and associated impacts. Among these mechanisms, settling-driven gravitational instabilities result from the formation of a gravitationally-unstable particle boundary layer (PBL) that grows between volcanic ash clouds and the underlying atmosphere. The PBL destabilises once it reaches a critical thickness characterised by a dimensionless Grashof number, triggering the formation of rapid, downward-moving ash fingers that remain poorly characterised. We simulate this process by coupling a Lattice Boltzmann model, which solves the Navier-Stokes equations for the fluid phase, with a Weighted Essentially Non Oscillatory (WENO) finite difference scheme which solves the advection-diffusion-settling equation describing particle transport. Since the physical problem is advection dominated, the use of the WENO scheme reduces numerical diffusivity and ensures accurate tracking of the temporal evolution of the interface between the layers. We have validated the new model by showing that the simulated early-time growth rate of the instability is in very good agreement with that predicted by linear stability analysis, whilst the modelled late-stage behaviour also successfully reproduces quantitative results from published laboratory experiments. The results show that the model is capable of reproducing both the growth of the unstable PBL and the non-linear dependence of the fingers’ vertical velocity on both the initial particle concentration and the particle diameter. Our validated model is used to expand the parameter space explored experimentally and provides key insights into field studies. Our simulations reveal that the critical Grashof number for the instability is about ten times larger than expected by analogy with thermal convection. Moreover, as in the experiments, we found that instabilities do not develop above a given particle threshold. Finally, we quantify the evolution of the mass of particles deposited at the base of the numerical domain and demonstrate that the accumulation rate increases with time, while it is expected to be constant if particles settle individually. This suggests that real-time measurements of sedimentation rate from volcanic clouds may be able to distinguish finger sedimentation from individual particle settling.
Keywords: volcanic ash, ash sedimentation, tephra, weighted essentially non-oscillatory, finite-difference, high performance computing
INTRODUCTION
Explosive volcanic eruptions can inject large quantities of ash into the atmosphere, generating multiple hazards at various spatial and temporal scales (Blong, 2000; Bonadonna et al., 2021). Subsequent volcanic ash dispersal and sedimentation can strongly disrupt air traffic (Guffanti et al., 2008; Prata and Rose, 2015), affect inhabited areas (Spence et al., 2005; Jenkins et al., 2015), and impact ecosystems and public health (Gudmundsson, 2011; Wilson et al., 2011). A good understanding of ash dispersal is critical for effective forecasting and management of the response to these hazards. Modern volcanic ash transport and dispersal models have now reached high levels of sophistication (Jones et al., 2007; Bonadonna et al., 2012; Folch, 2012; Folch et al., 2020; Prata et al., 2021) but do not include all of the physical processes affecting ash transport, such as particle aggregation and settling-driven gravitational instabilities (e.g., Durant, 2015). Various studies have highlighted the need to take these processes into account by revealing discrepancies between field measurements and numerical models (Scollo et al., 2008), premature sedimentation of fine ash leading to bimodal grainsize distributions not only related to particle aggregation (Bonadonna et al., 2011; Manzella et al., 2015; Watt et al., 2015) and significant depletion of airborne fine ash close to the source (Gouhier et al., 2019).
Alongside particle aggregation, settling-driven gravitational instabilities contribute to the early deposition of fine ash with similar outcomes (e.g., grainsize bimodality, premature sedimentation of fine ash). These instabilities generate downward-moving ash columns (fingers) which grow from the base of the ash cloud (Figure 1) (Carazzo and Jellinek, 2012; Manzella et al., 2015; Scollo et al., 2017). This phenomenon has the potential to enhance the sedimentation rate of fine ash beyond the terminal fall velocity of individual particles, reducing the residence time of fine ash in the atmosphere. Thus, a rigorous understanding of these processes is important in order to build a comprehensive parametrisation that can be included in dispersal models (Scollo et al., 2010; Bonadonna et al., 2012; Folch, 2012; Durant, 2015).
[image: Figure 1]FIGURE 1 | Gravitational instabilities observed at the base of a volcanic plume during (A) the 2011 Gamalama eruption (Indonesia) (Credit: AP) and (B) the 2010 eruption of Eyjafjallajökull (Iceland) (Manzella et al., 2015).
Settling-driven gravitational instabilities should be fully characterized as they also have the potential to impact other ash-related processes. First, the high particle concentration and the turbulence induced by fingers (i.e., the intrinsic turbulence within fingers as well as the shear generated during the downward motion) may enhance particle aggregation by increasing the collision rate of particles (Costa et al., 2010; Scollo et al., 2017). This process could happen regardless of plume height and atmospheric conditions contrary to ice-nucleation for example, which requires specific conditions (Maters et al., 2020). Second, as settling-driven gravitational instabilities trigger premature deposition of fine ash, this may affect the residence time of other elements in the plume. Indeed, fine ash is involved in some geochemical processes such as the adsorption of volatiles (e.g., sulphur or halogens) (Bagnato et al., 2013; Zhu et al., 2020). Considering that the sedimentation rate of volatiles depends on the sedimentation rate of fine ash, the possible premature deposition of volatiles can be explained by the presence of both settling-driven gravitational instabilities and particle aggregation. Finally, fine ash has been shown to play an important role in the volcanic cloud heating through radiative processes that may affect the dynamics (Niemeier et al., 2009; Stenchikov et al., 2021). Thus, in order to model the large-scale transport of volcanic clouds, there is a need to estimate accurately the amount of fine ash within the cloud, and, therefore, to constrain all size-selective sedimentation processes such as settling-driven gravitational instabilities.
Settling-driven gravitational instabilities occur at the interface between an upper, buoyant particle suspension, e.g., a volcanic ash cloud, and a lower, denser fluid, e.g., the underlying atmosphere (Hoyal et al., 1999; Burns and Meiburg, 2012; Manzella et al., 2015; Davarpanah Jazi and Wells, 2016). Whilst the initial density configuration is stable, particle settling across the density interface creates a narrow unstable region called the particle boundary layer (PBL) (Carazzo and Jellinek, 2012). Once this attains a critical thickness (Hoyal et al., 1999), a Rayleigh-Taylor-like instability (Chandrasekhar, 1961; Sharp, 1984) can form on the interface between the PBL and the lower layer, generating finger-like structures which propagate downwards. A further critical condition for instability is that the particle settling velocity [image: image] must be smaller than the finger propagation velocity [image: image] (Carazzo and Jellinek, 2012). Thus, the occurrence of the instability enhances the sedimentation rate (Manzella et al., 2015; Scollo et al., 2017). Alternatively, if [image: image] is greater than the propagation velocity of fingers [image: image], then particles settle individually before a PBL can form and no instability occurs.
Settling-driven gravitational instabilities have been widely studied in laboratory experiments that simulate various natural settings. Many experiments have considered an initial two-layer system, where the particle suspension is initially separated from the underlying denser layer by a removable horizontal barrier (Hoyal et al., 1999; Harada et al., 2013; Manzella et al., 2015; Davarpanah Jazi and Wells, 2016; Scollo et al., 2017; Fries et al., 2021) whilst other experiments have involved injection of the suspension into a density-stratified fluid at its neutral buoyancy level (Cardoso and Zarrebini, 2001; Carazzo and Jellinek, 2012). Similar instabilities can also be studied by allowing fine particles to sediment through the free surface between water and air (Carey, 1997; Manville and Wilson, 2004). Additionally, dimensional analysis has been used to predict that the downward propagation velocity of the generated fingers is given by (Hoyal et al., 1999; Carazzo and Jellinek, 2012)
[image: image]
where [image: image] is the PBL bulk density, [image: image] the underlying fluid density, [image: image] m.s−2 the gravitational acceleration and [image: image] the PBL thickness, which by analogy with thermal convection (Turner, 1973) is taken to be (Hoyal et al., 1999)
[image: image]
where [image: image], [image: image] the kinematic viscosity and [image: image] a critical Grashof number which estimates the ratio of the buoyancy to viscous forces on the fluid (see Supplementary Table S1 for all acronyms and symbols used in this paper). The reduced gravity [image: image] describes the change in the gravitational acceleration due to buoyancy forces. Continuing the analogy with thermal convection, it has been proposed that [image: image] (Hoyal et al., 1999), although recent experimental observations suggests [image: image] may be more accurate (Fries et al., 2021). Therefore, for known particle and fluid properties, it is possible to predict whether collective settling will occur and fingers subsequently form using the condition [image: image] (Hoyal et al., 1999). According to this relation, the limit between collective and individual settling occurs when [image: image]. However, the transition is likely to be smooth, with a transitionary regime where both fluid-like and particle-like settling occur at the same time, as suggested by Harada et al. (2013).
For the initial two-layer configuration, Hoyal et al. (1999) also developed a series of analytical mass-balance models predicting the average particle concentration in the lower layer depending on whether the upper and lower layers were convecting or not. In the case of a quiescent upper layer and a convective lower layer (convection initiated by finger propagation), the evolution of the mass of particles in the lower layer [image: image] depends on the balance between the mass flux of particles arriving from the upper layer [image: image] and the mass flux of particle leaving by sedimentation [image: image]
[image: image]
where [image: image] is time. Assuming that [image: image], where [image: image] is the average particle concentration in the lower layer, Hoyal et al. (1999) solved this equation using [image: image], [image: image] and the initial condition [image: image]. Thus
[image: image]
where [image: image] is the initial particle concentration in the upper layer, [image: image] the lower layer thickness and [image: image] the horizontal cross section of the tank.
Further studies of settling-driven gravitational instabilities have taken theoretical approaches, such as using linear stability analyses to predict the growth rate and characteristic wavelengths of the instability at very early stages (Burns and Meiburg, 2012; Yu et al., 2013; Alsinan et al., 2017). Moreover, various numerical models simulating settling-driven gravitational instability have also been developed (Jacobs et al., 2013; Burns and Meiburg, 2014; Yamamoto et al., 2015; Chou and Shao, 2016; Keck et al., 2021). Most numerical approaches to this problem have used continuum-phase models, where the coupling between particles and fluid is strong enough to describe them as a single-phase (Burns and Meiburg, 2014; Yu et al., 2014; Chou and Shao, 2016). This Eulerian description is valid under the assumptions of sufficiently small particles and a large enough number of particles such that the drag and gravitational forces are in equilibrium. The condition on the particle size can be quantified through the Stokes number (Burgisser et al., 2005; Roche and Carazzo, 2019), one possible definition of which is
[image: image]
where [image: image] is the particle density, [image: image] the particle diameter, [image: image] the dynamic viscosity and [image: image] and [image: image] characteristic velocity and length scales of the flow. For [image: image], the particles and fluid can be considered coupled and, providing there are enough particles, the continuum approach is valid.
The Eulerian description can be extended to multiple phases in order to simulate their interaction (e.g., gas-liquid interaction) using adaptive mesh refinements to resolve the phase interfaces (Jacobs et al., 2013). However, for large particle diameters and small particle volume fractions, collective behaviour no longer occurs and the continuum-phase method cannot be applied. In this case, there is a need to explicitly model particle motion, taking the drag force into consideration (Yamamoto et al., 2015; Chou and Shao, 2016).
This paper presents an innovative method to implement a continuum model by coupling the Lattice Boltzmann Method (LBM) with a low-diffusivity finite difference (FD) scheme. This model takes advantage of the LBM capabilities to simulate complex flows through uniform grids and thus, the ease of coupling with finite difference methods. This hybrid model has been validated by comparing the results with those from linear stability analysis and laboratory experiments (Fries et al., 2021). The validated model then allows us to gain new insights into the fundamental processes by exploring experimentally-inaccessible regions of the parameter space. We first describe the general framework and governing equations that describe settling-driven gravitational instabilities, then the configuration of the validatory experiments to which we apply the model. Next, we propose a numerical strategy involving a hybrid model in order to solve the system of equations. We then go on to present the linear stability analysis before finally describing and discussing the results of our simulations.
MATERIALS AND METHODS
Problem Formulation
The model consists of a three-way coupling between fluid momentum, fluid density, and particle volume fraction, based on the assumption that the particle suspension can be represented by a continuum concentration field. Moreover, the particle drag force is in equilibrium with the gravitational force such that the forcing term in the fluid momentum equation is equivalent to a buoyant force term (Boussinesq approximation), which depends on the particle volume fraction [image: image] (Burns and Meiburg, 2014; Yu et al., 2014; Chou and Shao, 2016). [image: image] satisfies the advection-diffusion-settling equation
[image: image]
where [image: image] is the fluid velocity, [image: image] the particle diffusion coefficient, [image: image] the vertical unit vector and [image: image] the position coordinate. The particle settling velocity [image: image] can be fixed or allowed to be a function of other parameters. Its formulation will be set later according to the assumptions of the flow configuration. The fluid is considered incompressible, meaning [image: image]. Thus, Eq. 6 becomes
[image: image]
The particle settling velocity depends on the ambient fluid density [image: image], which in turn depends on any transported density-altering properties, such as temperature or the concentration of a chemical species, e.g., the sugar in our validatory experiments (Fries et al., 2021). We incorporate the effect of a single density-altering property on the fluid density through a classical advection-diffusion equation
[image: image]
where [image: image] is a reference density of the carrier fluid, [image: image] the density-altering quantity (temperature or concentration), and [image: image] the associated diffusion coefficient. Additionally, under the Boussinesq approximation, we assume that the density depends linearly on [image: image]. The fluid momentum is modelled with the incompressible Navier-Stokes momentum equation
[image: image]
where [image: image] is the pressure and [image: image] the buoyant body force term. We complete the system of equations by taking this force term to be a function of [image: image] and [image: image]
[image: image]
The system of equations presented so far assumes that all particles are of uniform size. In order to generalise to systems with polydisperse particle size distributions, we consider [image: image] different particle concentration fields [image: image], where each one is associated with a different size class and individually satisfies Eq. 7. Furthermore, the body force term becomes
[image: image]
where
[image: image]
Flow Configuration and Experiment Description
Full details of the validatory laboratory experiments can be found in Fries et al. (2021) but we summarise the essential details here. The experiments are performed in a configuration identical to that of Manzella et al. (2015) and Scollo et al. (2017) (Figure 2) and consist of a water tank divided into two horizontal layers, initially separated by a removable barrier. The upper layer is an initially mixed particle suspension, which represents the ash cloud, and the lower layer is a dense sugar solution, analogue to the underlying atmosphere. The particles are spherical glass beads with a median diameter of [image: image] (measured using laser diffraction with a Bettersizer S3 Plus) and a density [image: image] of [image: image] (measured using helium pycnometry UltraPyc 1200e), and are sufficiently small to be well-coupled with the fluid, whilst the initial particle concentration [image: image] of the upper layer is varied from [image: image] to [image: image] g/l (see Table 1 for the conversion to particle volume fraction [image: image]). The lower layer density is kept constant at [image: image] = 1008.4 kg/m3 (corresponding to a sugar concentration of [image: image] g/l), always ensuring an initially stable density configuration.
[image: Figure 2]FIGURE 2 | Experimental setup used by (Fries et al., 2021) and the initial density profiles associated with the contributions from particles (blue dashed) and sugar (red dotted), as well as the bulk density (black solid). The density of fresh water is given by [image: image].
TABLE 1 | List of simulations performed. All the simulations have been performed using an initial lower layer fluid density of 1008.4 kg/m3. [image: image], [image: image] and [image: image] are parameters used in the linear stability analysis (LSA) in order to describe the different base states associated with the particle and sugar profiles in Eqs 39, 40. The LSA has been performed only for a constant particle size of 40 µm in order to study the effect of the particle volume fraction.
[image: Table 1]Before starting an experiment, the upper layer is manually and carefully stirred using a brush. Then the barrier separating the two layers is immediately removed, allowing particle settling through the interface. A PBL subsequently forms and finger formation is initiated. Experiments are illuminated from the side of the water tank with a planar laser and recorded with a high-contrast camera. We measure the vertical finger velocity by tracking the progression of the finger front with time. Additionally, Planar Laser Induced Fluorescence (PLIF) (Koochesfahani, 1984; Crimaldi, 2008) and particle imaging are used to quantify the spatial distribution of the fluid phase density and particle concentration.
Application to Flow Configuration
We apply the general system of equations presented in Problem Formulation section to the configuration of the validatory experiments. The particles are spherical and sufficiently small that their terminal settling velocity in water is given by the Stokes velocity (Stokes, 1851)
[image: image]
where [image: image] is the sugar concentration and [image: image], with [image: image] the sugar solution expansion coefficient.
The diluted system ensures the Boussinesq assumption is valid as the ratio [image: image] is much less than 1 (about [image: image] for the highest initial particle volume fraction).
We simulate the solid walls of the tank around our domain with a no-slip boundary condition for the fluid velocity. Neumann boundary conditions are employed for [image: image] and [image: image] to avoid any flux of particles or sugar across the walls. Thus we impose
[image: image]
and
[image: image]
on the wall nodes. Furthermore, we define the following initial states for [image: image] and [image: image]:
[image: image]
and
[image: image]
where [image: image] and [image: image] are the initial particle volume fraction in the upper layer and initial sugar concentration in the lower layer, respectively, and [image: image] m the initial height of the interface ([image: image] corresponds to the base of the tank). We also add a small perturbation to the particle volume fraction field in order to initiate the instability. Finally, the system is initially stationary so [image: image].
Numerical Methods
The 3D numerical model is implemented using a hybrid strategy where a LBM solves the fluid motion and is coupled with finite difference schemes that solve the advection-diffusion equations for [image: image] and [image: image].
Fluid Motion
The LBM is an efficient alternative to conventional Computational Fluid Dynamics (CFD) methods that explicitly solve the Navier-Stokes equations at each node of a discretised domain (He and Luo, 1997; Succi et al., 2010). It is a well-established approach for simulating complex flows, including multiphase fluids (Leclaire et al., 2017) and thermal and buoyancy effects (Parmigiani et al., 2009; Noriega et al., 2013). The LBM originates from the kinetic theory of gases and provides a description of gas dynamics at the mesoscopic scale. This scale exists between the microscopic, which describes molecular dynamics, and the macroscopic, which gives a continuum description of the system with variables such as density and velocity. Thereby, the mesoscopic scale considers a probability distribution function of molecules described by the Lattice Boltzmann equation. This model reduces the process to two main steps: streaming (i.e., displacement of populations between consecutive calculation nodes), and collision (i.e., interaction of populations on a node). The Bhatnagar-Gross-Krook (BGK) model (Bhatnagar et al., 1954) provides a simple collision process based on a fundamental property given by kinetic theory which describes gas motion as a perturbation around the equilibrium state. Then, the LBM-BGK model solves the equation
[image: image]
where the particle population [image: image] is a discrete representation of the probability distribution function, [image: image] is the time step, [image: image] the equilibrium distribution function, [image: image] the relaxation time associated with the flow viscosity and [image: image] the local particle velocity. The LBM is applied to specific types of lattices that describe how the populations move through the calculation nodes (Kruger et al., 2017). These types of lattice are commonly summarized in the form [image: image] where [image: image] denotes the dimension of the system and [image: image] the number of directions in which populations can propagate. Figure 3 shows the scheme [image: image] used for our 3D simulations and the associated set of local velocities.
[image: Figure 3]FIGURE 3 | Depiction of the D3Q19 lattice. The red arrows show the different possible directions of propagation. The associated local velocities are summarised in the velocity set [image: image].
The macroscopic fluid state is described through the usual macroscopic variables such as density, velocity and kinematic viscosity. These variables are related to the moments of the populations [image: image] through
[image: image]
and
[image: image]
whilst the kinematic viscosity controls the relaxation to equilibrium through the relaxation time
[image: image]
The variable [image: image] is commonly called the speed of sound and is equal to [image: image] where [image: image] is the spatial step. However, the classical LBM-BGK model described above does not take into account any forcing term. One way to include forcing is to rewrite Eq. 18 as
[image: image]
where [image: image] is the forcing term, which can be expressed by a power series in the local particle velocities, and the equilibrium distribution is now given by [image: image], where [image: image]. The determination of the coefficient [image: image], as well as the power series expansion of [image: image] are described by Guo et al. (2002). Finally, no-slip boundary conditions in the LBM, to simulate walls for example, can be implemented using the classical bounce-back boundary condition (Kruger et al., 2017) where the populations arriving on a wall node during the streaming step are simply reflected back to their previous nodes.
Transport of Particles and Other Density-Altering Quantities
The particles and other density-altering quantities are described by continuum fields that follow an advection-diffusion law coupled with the fluid motion as simulated with the LBM. The numerical solution of the advection equation is particularly challenging for methods which, like ours, are Eulerian (i.e., mesh-based). Indeed, such methods exhibit numerical diffusion which may strongly reduce model accuracy and, in some cases, even exceed the amplitude of the actual, physical diffusion term. The lack of physical diffusion in our problem and the presence of sharp interfaces restrict our ability to solve the advection equations with the LBM. In fact, the advection-diffusion equation can be solved by the LBM with a BGK approach in analogous fashion to the fluid motion by modifying the equilibrium distribution and the relaxation time to depend on the diffusion coefficient [image: image] rather than [image: image]
[image: image]
However, a stability condition for a LBM-BGK algorithm is [image: image]. Thus, since the problem is convection dominated, the low diffusion coefficient ([image: image]) drives the model towards the stability limit, introducing strong numerical errors near sharp concentration gradients (Hosseini et al., 2017). For this reason, we solve the advection term using two finite-difference schemes which are selected depending on the required accuracy: the classical first-order upwind finite difference and the third-order Weighted Essentially Non Oscillatory (WENO) finite difference scheme (Liu et al., 1994; Jiang and Shu, 1996).
Coupling the LBM with an upwind finite difference scheme allows us to avoid the stability problem. First-order FD schemes however, still suffer from the problem of numerical diffusion due to the truncation error associated with terminating the Taylor expansion after the first spatial derivative. The induced numerical error [image: image] for the convective term in the advection-diffusion equation is given by
[image: image]
where [image: image] is the transport velocity. [image: image] acts like an additional diffusion term because of the presence of the second-order derivative. (A quantitative estimate of the numerical diffusion for both 1st order and WENO procedure is available in section 1.3 of the Supplementary Figure S2). The numerical diffusion associated with the solution of [image: image] is negligible due to the low fluid velocity and consequently the use of the first order FD scheme does not significantly affect the accuracy. However, in the solution of [image: image], which includes an additional velocity contribution due to the settling, the truncation error associated with the first-order scheme becomes non-negligible. Whilst decreasing [image: image] would reduce numerical diffusion, we would require an unpractically small value in order to get a sufficiently accurate solution. Additionally, simply increasing the order of the scheme introduces dispersion (spurious oscillations) near regions of high gradient, according to the Godunov theorem (Godunov, 1954, 1959). Therefore, we choose here to implement the low diffusive WENO procedure for the solution of [image: image], thus achieving a stable and high-resolution scheme without dispersion.
Further information on how we discretise the convective term in the advection-diffusion equation using the first order upwind and the third order WENO finite difference schemes is detailed in Section 1 of the Supplementary Figure S1.
Numerical Implementation
Our model is implemented using Palabos (Parallel Lattice Boltzmann Solver), a Computational Fluid Dynamics (CFD) solver based on the Lattice Boltzmann Method and developed by the Scientific Parallel Computing group of the Computer Science Department, University of Geneva (Latt et al., 2020). Palabos is designed to perform calculations on massively parallel computers, thus allowing very small spatial resolutions for accurate simulation of the finger dynamics.
Linear Stability Analysis
In order to validate our model, we compare the early-time simulated behaviour against predictions from linear stability analysis (LSA). LSA is applied to the onset of the physical instability at the interface between layers of different particle concentration. It involves defining a field equation-satisfying base state for each of the unknown fields in a problem and then applying an infinitesimally small perturbation to each of these fields. The equations are then expanded to linear order in the perturbation, with higher order terms assumed to be negligible. By assigning the perturbation to have the form of a complex waveform, the system of equations reduces to an eigenvalue problem, which can be solved to determine which wavelengths will grow or decay (Chandrasekhar, 1961). In this section, we assume that the system is invariant under translation in the [image: image] plane, thus reducing the analysis to a 2D problem. We strongly follow the procedure described by (Burns and Meiburg, 2012) in order to solve our problem.
Nondimensionalisation
We nondimensionalise our system of equations by defining
[image: image]
[image: image]
and
[image: image]
where [image: image], [image: image] and [image: image] are characteristic quantities. We also define the dimensionless parameters
[image: image]
[image: image]
[image: image]
and
[image: image]
noting that [image: image] is a Froude number and [image: image] are Schmidt numbers. Furthermore, the stream function [image: image] is defined such that [image: image] and the vorticity as [image: image]. Then, applying the characteristic quantities to the vorticity formulation and Eqs 7–9, we obtain the dimensionless system (for the rest of the analysis, all the symbols used represent dimensionless quantities):
[image: image]
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and
[image: image]
Note that here we have neglected the term [image: image] in Eq. 7 assuming the fluid density variation across the interface is sufficiently small that it does not affect the particle settling velocity.
Variable Expansion and Eigenvalue Problem
We linearise the system of equations by expanding each variable in terms of a base state and a perturbation
[image: image]
where [image: image], [image: image] the associated base state and [image: image] the perturbation. We choose the following base states
[image: image]
[image: image]
[image: image]
and
[image: image]
where [image: image] and [image: image] are coefficients fitted in order to have similar base states to the profiles observed in the simulations prior to the onset of the instability which starts growing at the time [image: image]. We choose these base states to represent the initial conditions of the validatory experiments; Eqs 37, 38 ensure an initially-zero velocity field whilst the error functions in Eqs 39, 40 ensure sigmoidal distributions for [image: image] and [image: image].
Solutions for the perturbation are assumed to have the form of normal modes
[image: image]
where [image: image] is the perturbation amplitude, [image: image] the wavenumber and [image: image] the instability growth rate. The linearised system of equations is then formulated in matrix form so that the problem is reduced to the eigenvalue problem [image: image] where
[image: image]
and, in a reference frame moving downward at [image: image], the matrices [image: image] and [image: image] are given by
[image: image]
and
[image: image]
where [image: image], [image: image] and [image: image] is the identity operator.
The eigenvalues [image: image] determine the stability of the system:
• If all the eigenvalues have negative real parts, the system remains stable
• If at least one eigenvalue has a positive real part, the system is unstable.
In order to solve the eigenvalue problem, the spatial derivatives are discretised using the linear rational collocation method with a grid transformation allowing a fine resolution around narrow interfacial regions (Baltensperger and Berrut, 2001; Berrut and Mittelmann, 2004).
The key result of the LSA is the dispersion relation between [image: image] and [image: image]. Figure 4 presents the growth rate as a function of the wavenumber, for different initial particle volume fractions. The parameters for the different base states used to produce these curves are summarised in Table 1. We use this result in Comparison of Model Results With Predictions From Linear Stability Analysis Section in order to compare the predictions of the LSA with the results of our numerical model. Additionally, a comparison with the 2D Fourier analysis of the interface is given in Supplementary Figures S3–S5.
[image: Figure 4]FIGURE 4 | Dispersion relation obtained from LSA for several initial particle volume fractions.
RESULTS
We validate our numerical model by comparing the results with predictions from LSA and experimental observations. The LSA predicts the growth rates of different perturbation wavenumbers during the very early stage of the instability, which can be compared with the spectrum of wavenumbers present in the particle concentration interface in the numerical model. Additionally, the experiments of Fries et al. (2021) employ imaging techniques to measure quantities, such as the particle concentration field and finger velocity, at times beyond the linear regime. Finally, our results are compared with some results of previous analyses on settling-driven gravitational instabilities (Hoyal et al., 1999; Carazzo and Jellinek, 2012).
Comparison of Model Results With Predictions From Linear Stability Analysis
In order to compare our 3D simulations with the 2D linear stability analysis, we consider just the central plane of the simulation domain, i.e., a slice in the [image: image] plane located at [image: image] ([image: image] being the tank depth) (Figure 2). We define the front of the particle field to be the lowest position where [image: image] and also define [image: image] to be the separation between [image: image] and this front. Our study has shown that the front position is only weakly affected when using other possible thresholds, i.e., [image: image] or [image: image] (relative change ∼3%). Figure 5A shows an example of a space-time diagram showing the evolution of [image: image] through time. Furthermore, by calculating the Fourier transform [image: image] of [image: image] at different times, we can identify different dominant wavenumbers and their associated amplitudes as shown in the space diagram of the power spectral density (PSD) [image: image] (Figure 5B), where [image: image] is the sampling wavenumber and [image: image] the number of samples. We extract the dominant mode and its associated growth rate from [image: image] and compare the results with the predicted growth rates from LSA. We apply this analysis during a period when the amplitude [image: image] of any given mode does not exceed 40% of its wavelength, thus ensuring we are still in the linear regime (Lewis, 1950).
[image: Figure 5]FIGURE 5 | (A) Space-time diagram of the particle front height [image: image]. (B) Evolution of the power spectral density of the particle interface over time. Initial particle volume fraction: [image: image]
During the linear regime, we can assume that the growth of the spectral amplitude can be described as (Völtz et al., 2001)
[image: image]
with [image: image] the initial amplitude and [image: image] the instability growth rate as determined from the simulations. Thus, the PSD can be expressed as
[image: image]
where [image: image] is the initial spectral density. At each time step, we extract the PSD and the wavenumber [image: image] associated with the dominant mode as shown in Figure 6. However, we observe that the dominant mode remains at the same wavenumber during instability growth except for three cases ([image: image] [image: image], [image: image] and [image: image]) where we observed that the dominant mode changed its position in the spectral space. For these simulations only, we have a set of several wavenumbers [image: image] ([image: image]) associated with the dominant mode. With the computed PSD of the dominant mode as a function of time [image: image], we apply our exponential fitting (Eq. 46) to determine the growth rate [image: image] (Figure 6B). For the simulations which resulted in several values of [image: image] for the dominant mode, we measured the growth rates of each mode [image: image] and found identical values, up to a precision of 5%. Additionally, for each simulation, we find the time [image: image] when the instability starts growing easily identified as the time at which the modal wavenumber becomes non-zero (e.g., in Figure 6A this is at approximately 6 s). At this time, we extract the associated vertical profiles of particle and sugar concentration which are used to find the coefficients [image: image] and [image: image] (Eqs 39, 40) and thus determine the base states of [image: image] and [image: image] (Figure 7). We then perform the LSA for each [image: image], using the appropriate base states, and obtain a dispersion relation [image: image]. Using this relation, we predict the different growth rates [image: image] associated with [image: image] and we compare with [image: image] as measured in our simulations. Figure 8 shows the comparison between [image: image] (black dots) and [image: image] (red triangles), as predicted from the LSA, for the dominant wave mode. The error bars associated with the simulation data show the uncertainty on the fitted results of [image: image] (given by the 95% confidence interval). For the cases including a moving dominant mode, we plotted the growth rates associated with the different measured wavenumbers. We see that the dependence of the largest value of [image: image] on the initial particle concentration is in good agreement with the simulated growth rate.
[image: Figure 6]FIGURE 6 | (A) Example of dominant wavenumbers extracted from the maximum of the PSD. Initial particle volume fraction [image: image]. (B) Exponential fitting to the temporal evolution of the PSD for the first maximum in (A), ksim,1 = 0.517 mm−1.
[image: Figure 7]FIGURE 7 | Example of LSA base states extracted from the simulations for [image: image] [image: image]. Dots: profiles extracted from the simulations at T = 9.55s (start of the instability growth). Dotted lines: Fit with Eqs 39, 40. i.e., base states used for the LSA. Blue: particle volume fraction. Red: Sugar concentration.
[image: Figure 8]FIGURE 8 | Comparison of the instability growth rate measured in the simulations (black circles) and that predicted by the linear stability analysis (red triangles).
Comparison With Experimental Investigations
Figures 9A,B show a qualitative comparison between snapshots taken from experiments (Fries et al., 2021) and simulations (slice in the numerical domain). First, we note that our model is able to qualitatively reproduce the shape and size of fingers, especially their fronts where we observe the formation of lobes and eddies due to the Kelvin-Helmholtz instability (Chou and Shao, 2016). Second, we provide a quantitative validation of the non-linear regime by comparing our model with experiments, through measurements of the PBL thickness and the vertical finger velocity as functions of the particle volume fraction and size.
[image: Figure 9]FIGURE 9 | Settling-driven gravitational instabilities observed 19.5 s after the barrier removal (A) in the laboratory (Fries et al., 2021) and (B) in numerical simulations. Particle size: 40 µm and initial volume fraction: [image: image].
Characterisation of the PBL and Effect of the Initial Particle Volume Fraction on the Finger Velocity
The bulk density profile [image: image], derived from the contributions of the particle concentration and sugar profiles, is given everywhere by the relation
[image: image]
Figure 10 shows the profiles of [image: image], [image: image] and [image: image] in the numerical simulations as well as in the experiments 8 s after the barrier removal for the same initial conditions ([image: image] ). Despite some differences associated with limitations in achieving idealised initial conditions in the experiments, as well as the experimental data collection method, it can be seen that, in both the model and the experiments, there is an increase of the bulk density below the initial interface, owing to the particle front moving downwards. This zone of excess density corresponds to the unstable PBL from which instabilities occur, generating fingers. To calculate the finger velocity using the same method as in experiments, we extract slices from the 3D numerical domain and manually track the fronts of several fingers (6–15 fingers) from when they become fully developed until just before they become too diluted (the duration of this phase is [image: image]). For each simulation with different volume fraction, we then average the velocity of all tracked fingers and the uncertainty is the standard deviation associated with each set of fingers used for the measurements. Figure 11A shows the average finger velocity [image: image] as a function of [image: image], for both experiments (Fries et al., 2021) and simulations. Our simulation results are in good agreement with the experimental measurements and highlight that the increase of [image: image] with [image: image] is non-linear.
[image: Figure 10]FIGURE 10 | Density profile after 8 s for experiments (left) (Fries et al., 2021) and simulations (right) with [image: image] [image: image] and a particle size of 40 µm. For clarity, the uncertainty on the experimental fluid density are not displayed on the figure and correspond to 0.8 kg m−3.
[image: Figure 11]FIGURE 11 | (A) Average finger speed (Vf) as a function of the initial volume fraction ([image: image]) for a particle diameter of 40 μm. Red and black dotted lines show the best fits to the experiments (Fries et al., 2021) and simulations, respectively, using Eq. 1 with [image: image] as the fit parameter. For the simulations, we find [image: image] whilst for the experiments [image: image]. (B) Average finger speed (Vf) as a function of the initial particle diameter (Dp), for two different particle volume fractions. The green line is the Stokes velocity for individual particles. The black dotted lines show the best fits to the simulations using Eq. 1 with [image: image] as the fit parameter. For [image: image], the best fit gives [image: image] and no fingers are observed to form for particle sizes higher than 115 µm. For [image: image], the best fit gives [image: image] and no fingers are observed to form for particle sizes higher than 145 µm. In the two plots, the blue dashed line shows Eq. 1 using [image: image] from the analogy with thermal convection (Hoyal et al., 1999).
By analogy with thermal convection, it has previously been assumed that [image: image] (Hoyal et al., 1999), but this is only an order of magnitude estimate and its application to settling-driven gravitational instabilities remains uncertain (Fries et al., 2021). Figure 11A shows good agreement between the simulations and Eq. 1 for a fitted [image: image] of [image: image] ([image: image]), which is an order of magnitude higher than the value previously assumed (Hoyal et al., 1999; Carazzo and Jellinek, 2012). This agrees reasonably with the experiments, where the best fit is obtained for [image: image] ([image: image]), but the experimental results show more scatter. However, neither of these fits have completely satisfactory values of [image: image]. We therefore further investigate the applicability of Eq. 1 by examining the dependence of [image: image] on [image: image], assuming a more general power law of the form [image: image]. According to Eq. 1, [image: image]. However, from the experiments, we obtain [image: image] (with [image: image]) while for our simulations [image: image] (with [image: image]). Here [image: image], [image: image] and their associated uncertainties have been calculated accounting for the uncertainty on [image: image] with the SciPy (Python-based ecosystem) procedure scipy. optimize.curve_fit.
Effect of Particle Size on the Finger Vertical Velocity
Since gravitational instabilities cause particles to sediment faster than their settling velocity, it is of interest to explore the transition from collective to individual settling, since this has implications for which grain sizes may prematurely sediment from a volcanic cloud (Scollo et al., 2017). Figure 11B shows the effect of particle size on the finger velocity as measured from the model, for two different initial volume fractions, in the experiments configuration (i.e., in the tank filled with water). We clearly observe two regimes:
• For particle sizes less than or equal to 115 µm (for [image: image]) and 145 µm (for [image: image]), we observe fingers, with the finger velocity increasing with particle size.
• For greater particle sizes, no fingers are observed to form.
From our simulations, we constrain the transition between the two regimes to occur at a critical particle diameter around 115 and 145 µm respectively for [image: image] and [image: image]. We also note that this size range corresponds to the particle size at which the Stokes velocity exceeds the predicted finger velocity. This result agrees with the experimental observations of Scollo et al. (2017), who observed that no fingers form for particles with diameter larger than ∼125 µm with an initial particle volume fraction of [image: image]. We also compare the dependence of [image: image] on the particle diameter with that predicted by Eq. 1 and find a best fit for [image: image] (with [image: image]) and [image: image] (with [image: image]) respectively for the two initial volume fractions (Figure 11B). We observe again that the values for the fitted [image: image] are greater than the one proposed by Hoyal et al. (1999) by analogy with thermal convection, whilst they also substantially differ from one another. We therefore also fit the results to a power law [image: image] finding [image: image] ([image: image]) and [image: image] ([image: image]) respectively to the two volume fractions which is in very good agreement with the analytical formulation (Eq. 1) that suggests [image: image].
Particle Mass Flux, Particle Concentration in the Lower Layer and Accumulation Rate
Given the excellent agreement between the proposed model and both LSA analysis and analogue experiments described above, we take advantage of having 3D data from the numerical simulations in order to extract other parameters which are difficult to obtain otherwise (Fries et al., 2021). Three interesting parameters are the particle mass flux across a plane, the particle concentration in the lower layer and the amount of particles accumulated at the bottom of the tank, which can be related to the accumulation rate. The latter is especially interesting as, when the model is applied to volcanic clouds, it could eventually be compared with field data (Bonadonna et al., 2011).
We calculate the mass flux across a horizontal plane (actually a thin box of thickness [image: image]) as shown in Figure 12A with
[image: image]
where [image: image] is the mass crossing the yellow plane of area [image: image] in time [image: image], and is given by the mass difference in the volume below the plane between [image: image] and [image: image]. The mass below at each time is calculated by summing the mass of particles in each cell [image: image] of volume [image: image], which is individually given by [image: image]. Figure 12B shows the temporal evolution of the particle mass flux settling through the yellow plane (located at 0.15 m below the barrier), for several initial particle volume fractions. The vertical black dashed line indicates the theoretical time [image: image] when particles would be expected to reach the plane if they were settling individually at their Stokes velocity. For the different simulations, we clearly observe that the moments when the flux starts initially increasing (i.e., the arrival of the fastest finger) are much earlier than [image: image] and this shows the extent to which the collective settling enhances the premature sedimentation. After the initial increase, the fluxes exhibit strong oscillations around a high plateau. These oscillations are associated with the intermittent nature of PBL detachment and the strong convection generated by fingers in the lower layer. Indeed, we observe that as soon as fingers reach the bottom of the tank, convection cells appear re-entraining some particles upward. The results show the net downward flux of particles and when particles are entrained upward, this consequently decreases the flux value. Interestingly, the different peaks show that we have some oscillatory convection and not steady convection. Finally, the particle mass flux reaches a plateau after some time which shows the end of convection and a transition to individual settling. Throughout, the average mass flux, as well as the amplitude of the oscillations increases with the initial volume fraction.
[image: Figure 12]FIGURE 12 | (A) Horizontal planar surface (yellow slice) located 0.15 m below the barrier, across which the particle mass flux is computed in the simulation domain. (B) Temporal evolution for the particle mass flux crossing the plane. Black dashed line: theoretical time for the particles to reach the plane at their individual Stokes velocity.
Another way to highlight the enhancement of the sedimentation rate by collective settling is to study the spatial distribution of particles beneath the interface. Assuming a quiescent upper layer and a convective lower layer, akin to our simulations, Hoyal et al. (1999) derived Eq. 4 for the evolution of the particle concentration in the lower layer. The derivation of this formulation assumes that [image: image] since [image: image] but in fact, [image: image] for [image: image] where [image: image] is the time when the first particles reach the bottom of the tank. Also, Eq. 4 only remains valid for [image: image], where [image: image], [image: image] being the height of the upper layer. After this time, there are no longer any particles remaining in the upper layer and [image: image]. We therefore propose an extension for the solution of the problem (see section 2.1 in Supplementary Material) which becomes
[image: image]
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[image: image]
where [image: image] is the thickness of the lower layer. Equation 51 assumes that the convection stops at [image: image], which suggests a quiescent settling in the lower layer after that time with a constant flux [image: image].
An interesting result coming out of the previous analytical study is the mass of particles accumulating at the bottom of the tank and the associated accumulation rate. We can derive an analytical prediction for the mass of particles [image: image] accumulated at the bottom of the tank for the different regimes highlighted above. Thus, by integration of the flux (see Section 2.2 in Supplementary Material) we have
[image: image]
[image: image]
[image: image]
where [image: image] is the initial mass of particles injected in the upper layer. Finally, at the time [image: image], all the particles have settled through the lower layer, thus [image: image]. Figure 13A shows the simulated particle accumulation at the bottom of the tank through time, for different particle sizes as well as the analytical prediction (Eqs 52–54). We compare as well with the analytical formulation of the mass which assumes that the lower is still turbulently convective even after the time [image: image] (Eq. S43 in Supplementary Material, dashed lines in Figure 13A). In order to compare between this prediction and the model results, [image: image] is fitted in order to have the best agreement between the numerical data and Eqs 52–54. The results show clearly that the quiescent model of the lower layer for [image: image] agrees very well with the simulations and suggest that the entirely convective model underestimates the accumulation rate. Additionally, the fitted parameter [image: image] is coherent with the time for the first fingers to reach the bottom of the tank in the simulations. Figure 13B shows the instantaneous accumulation rate computed from the numerical data for several initial volume fractions, as estimated by
[image: image]
[image: Figure 13]FIGURE 13 | (A) Temporal evolution of the mass of particles accumulating at the bottom of the tank for several particle sizes. The dashed and dotted lines represent the extended analytical model of (Hoyal et al., 1999). Particle volume fraction [image: image]. (B) Accumulation rate calculated at the bottom of the tank for several particle volume fractions and a particle size of 40 µm. The coloured dashed lines are the rate derived from the analytical model. The black dashed line is the theoretical time at which all particles have settled across the interface.
We observe, for each initial particle volume fraction, an initial increase of the accumulation rate with time which reflects the enhancement of the sedimentation process due to convection. Interestingly, the accumulation rate then reaches a plateau at around [image: image], indicating that the system switches to a steady settling regime once all particles have left the upper layer. We compare also with the analytical relations which again have very good agreement with our simulations.
Finally, using the determined [image: image], we can also calculate the concentration [image: image], as calculated with the analytical expressions in Eqs 49–51. Figure 14 shows a comparison with the average [image: image] as measured in simulations for a particle size of [image: image] and three different initial upper layer concentrations, finding very good agreement.
[image: Figure 14]FIGURE 14 | Evolution of the average particle volume fraction in the lower layer for particle of size 40 µm. Black: [image: image] = 2 g/L ([image: image] [image: image]), Red: [image: image] = 4 g/L ([image: image]) and Blue: [image: image] = 6 g/L ([image: image]). Solid lines: numerical model. Dashed lines: modified (Hoyal et al., 1999) model (Eqs 49–51).
DISCUSSION
Model Caveats
Our numerical model has been validated by comparing various outputs with results from linear stability analysis, lab experiments (Fries et al., 2021) and theoretical predictions from previous studies (Hoyal et al., 1999; Carazzo and Jellinek, 2012). Even though these comparisons are good (Figures 9–14), the results provided by the model inherits the caveats of the experiments. Indeed, the static and confined configuration, as well as the fact that we performed the simulations in water, mean that we cannot fully extend the results to the volcanic case yet. Thus, further investigations are necessary to better simulate the volcanic environment (e.g., in air, with wind, etc.). Additionally, it is necessary to consider the limits of validity of the different assumptions. In our study, particles are small enough that they have no inertia and thus the fluid-particle interaction force is governed by the buoyant force term in the fluid momentum equation. However, as soon as the particle size increases, we need to consider some other dynamics. Indeed, a rigid particle moving in a fluid produces locally a disturbance flow which generates other contributions to the fluid-particle force terms. The assumption that particles settle at their Stokes velocity will then no longer be valid as the created local flow affects [image: image] (Maxey and Riley, 1983; Cartwright et al., 2010; Patočka et al., 2020).
Whilst the condition on the particle coupling is given by the Stokes number ([image: image]), there is also a condition on the particle volume fraction to take in account. Harada et al. (2013) and Yamamoto et al. (2015) derived a dimensionless number in order to characterise the transition between fluid-like and particle-like settling. Although this number is only valid for narrow channel configurations, which are considerably different from ours, it highlights the fact that the particle size, volume fraction and characteristic length scale of the flow are critical parameters to define the validity of the continuum assumption. Thus, the transition from fluid-like to particle-like behaviour is achieved by decreasing the volume fraction and characteristic length scale and increasing the particle size. Near this transition, the use of a single-phase model, such as that presented here, should be treated with caution and this reveals the need for a comparison with future models which explicitly account for the drag contribution of individual particles. In multiphase models this contribution has been commonly represented through a force term involving the ratio between the phases differential velocities and the relaxation time (drag timescale) (Laibe and Price, 2014; Chou and Shao, 2016).
Another related caveat concerns the numerical diffusion underlying the use of an Eulerian approach to describe the transport of particles. Compared to classical first order finite difference methods, the use of the third order WENO procedure has drastically reduced the numerical diffusion. It is also possible to further reduce the induced numerical diffusion by increasing the order of the WENO scheme (i.e. increase also the computational cost). However, for problems purely related to advection, where the presence of any diffusion is critical, another strategy, such as two-phase models (using a Lagrangian approach where individual particles are explicitly modelled), has to be considered.
Vertical Finger Velocity
We have compared the simulated vertical velocity of fingers with experimental observations (Fries et al., 2021) and a theoretical prediction (Eq. 1) from (Hoyal et al., 1999; Carazzo and Jellinek, 2012) (Figure 11). This expression depends on a critical Grashof number, which by analogy with thermal convection (Turner, 1973) has previously been assumed to be 103 (Hoyal et al., 1999). This value effectively corresponds to a dimensionless critical PBL thickness at which point the PBL can detach and form fingers. However, both the model results and experimental observations summarised in Figure 11 suggest that [image: image] for our configuration. Furthermore, as seen in Figure 11B, the curve for [image: image] using [image: image] (blue dotted line) crosses the Stokes velocity curve around [image: image] for instance with an initial particle volume fraction of [image: image], suggesting this value should be the upper particle size limit for finger formation. However, in agreement with experiments (Scollo et al., 2017; Fries et al., 2021), we observe a larger threshold for the finger formation to be in the size range [image: image], for [image: image], and in the range [image: image] for [image: image], in this particular configuration. We also showed that Eq. 1 poorly predicts the observed dependence of the finger velocity on the initial particle volume fraction. Indeed, our studies suggests an alternative power law that better describes the dependence of [image: image] on [image: image]. Equation 1 has been derived by a scaling theory that involves [image: image] as characteristic length of the problem (Hoyal et al., 1999; Carazzo and Jellinek, 2012) and the discrepancies highlighted in this paper (Figure 11) may suggest that [image: image] actually has a slightly different dependence on the initial particle volume fraction. Moreover, the use of the Grashof number as an appropriate scaling for the PBL thickness remains uncertain. On the one hand, our results suggest that if instability does occur once a critical Grashof number is reached, the critical value taken from the thermal convection analogy is not valid. On the other hand, the Grashof number may simply not be the correct dimensionless form of the PBL thickness, and different flow configurations will produce different critical values. The fact that both the experiments and simulations agree very well shows that the “true” value for [image: image], if it exists, is an order of magnitude higher than in the thermal case. However, Figure 11B shows that we find a ratio of [image: image] between the two fitted [image: image] which is interestingly close to the ratio of three between the two associated particle volume fractions. Whilst the variability of [image: image] might come from the measurement itself (fitting of the numerical and experimental data), this behaviour is coherent considering the definition of [image: image] (ratio between buoyancy and viscous forces) and the fact that the buoyancy force is a function of the particle volume fraction. Obviously, this is only the case so long as the particle concentration does not affect the bulk viscosity, which is the case in our study. Therefore, we highlight here that the order of magnitude found for [image: image] is valid for the flow configuration presented in this study and also that there is a dependence on the initial particle volume fraction. Further analyses with different flow configurations (i.e., different buoyancy and viscous conditions) are required to constrain the variability of [image: image] and confirm that it may not be a rigorous scaling for the PBL thickness. A study involving settling-driven gravitational instabilities in air and in the presence of shear is currently performed and will certainly provide some insights on the dependence of [image: image] on the flow configuration.
The predicted dependence of the finger velocity on the particle diameter by Eq. 1 shows a very good agreement with our simulated results, as confirmed by a power-law fitting between [image: image] and [image: image]. Thus, whilst we have demonstrated the need for a better scaling of [image: image], Eq. 1 can still provide a good estimate for the particle size threshold to form fingers. Consequently, if the size threshold to form fingers is given when Eq. 1 equals the Stokes velocity (Eq. 13) we can derive a formulation for the threshold
[image: image]
The main caveats for this formulation are that it strongly depends on having a correct scaling for [image: image] and obviously this estimation is valid under the assumption that particles settle at their Stokes velocity, which is reasonable for our study but might be uncertain in nature where the ambient fluid is air and for non-spherical particles.
Particle Concentration in the Lower Layer and Mass Accumulation Rate
We have proposed a modified analytical formulation for the particle concentration in the lower layer [image: image] and consequently for the mass of particles accumulated at the bottom of the tank [image: image]. Despite some numerical artefacts that can be seen on Figure 13B where the computed accumulation rate seems to be non-zero before [image: image], there is very good agreement between the simulations and the analytical model. The artefacts themselves are due to fluctuating numerical errors that do not affect the final results.
The analytical predictions for [image: image] and [image: image] are step-wise functions depending on [image: image], the time it takes for the first particles to reach the bottom. For [image: image], the analytical model predicts that [image: image] increases linearly with time since the formulation assumes that, during this period, particles are settling individually. In fact, our numerical results show that convective settling does occur for [image: image] but, since this time period is short, the linear law seems to be a satisfactory approximation for the early-time average lower layer particle concentration. However, in order to compare our simulated results with the analytical prediction, we fitted the parameter [image: image] in this study. Although we are able to obtain excellent agreement between model and theory, it would be better to develop a fully independent formulation. To achieve this, it is necessary to also provide an analytical estimation for [image: image]. One possible approach would be to assume the decomposition [image: image] where [image: image] is the time during which the PBL initially grows beneath the interface at the individual particle settling velocity, i.e., [image: image], and [image: image] is the time between the PBL detachment and the first arrival of particles at the base of the domain. If, during this stage, we assume that the particles are advected at the finger velocity then [image: image]). We therefore see that [image: image] strongly depends on [image: image], which highlights once again the need for a correct scaling of the PBL thickness, as discussed in the previous section.
Another interesting result concerns the accumulation rate of particles at the base of the domain in the presence of fingers. Figure 13B shows the accumulation rate increases with time for [image: image], in agreement with the analytical prediction (i.e., combination of Eqs 53, 55 which provides an exponential increase of [image: image]). Conversely, if the particles had settled individually, the accumulation rate would be temporally constant. However, there is no denying that the effect as a function of position is also interesting in order to characterise especially the consequences of the oscillatory convection on the sedimentation rate. We computed an animated map (Supplementary Material) showing the spatial distribution of the sedimentation rate at the tank floor through time, for an initial particle volume fraction of [image: image]. As expected, the convection in the lower layer initiated by fingers generates a spatially inhomogeneous sedimentation rate which strongly evolves in time. Furthermore, we also observe that the temporal evolution stops a time around the theoretical time when we expect all particle have left the upper layer (i.e., end of convection). Generally, all these aspects show that temporally resolved measurements of the accumulation rate of particles from volcanic clouds may record temporal signatures of sedimentation via settling-driven gravitational instabilities. Whilst there is already a spatial deposit signature of settling-driven gravitational instabilities (i.e. bimodal grainsize distribution) (Bonadonna et al., 2011; Manzella et al., 2015), this is not unique and can be generated by other mechanisms such as particle aggregation (Brown et al., 2012). Accumulation rate data from the field may therefore provide a powerful tool for distinguishing the efficiency of convective sedimentation beneath volcanic clouds.
CONCLUSION
We have presented an innovative hybrid Lattice Boltzmann-Finite Difference 3D model in order to simulate settling-driven gravitational instabilities at the base of volcanic ash clouds. Such instabilities occur when particles settle through a density interface at the base of a suspension, leading to the formation of an unstable particle boundary layer (Hoyal et al., 1999; Carazzo and Jellinek, 2012; Manzella et al., 2015), and also occur in other natural settings, such as river plumes (Davarpanah Jazi and Wells, 2016). Our numerical model makes use of a low-diffusive WENO procedure to solve the advection-diffusion-settling equation for the particle volume fraction. The use of such a routine allows us to minimise errors associated with numerical diffusion and has the advantage of being applied to simple uniform meshes, which makes the coupling with the LBM easier. This innovative use of the WENO scheme, therefore, represents an effective tool for the solving of advection-dominated problems. Our implementation of the third order WENO finite difference scheme will be integrated in a future release of the open-source Palabos code. Our model has been successfully validated by comparing the results with 1) predictions from linear stability analysis where we show that the model is able to simulate settling-driven gravitational instabilities from the initial disturbance through the linearly-unstable regime, 2) analogue experiments (Fries et al., 2021) and 3) theoretical models (Hoyal et al., 1999; Carazzo and Jellinek, 2012) in order to reproduce the non-linear regime which describes the downward propagation of fingers. We also confirmed the premature sedimentation process through collective settling compared to individual settling.
Our model provides new insights into:
• The value of the critical Grashof number. From measurements of the vertical finger speed, we have found [image: image] in our configuration. This value differs from the one suggested by analogy with thermal convection ([image: image]) (Hoyal et al., 1999). Our results suggest that either the critical Grashof number for settling-driven gravitational instabilities is greater than in the thermal convection case or that the Grashof number may not be the correct dimensionless form of the PBL thickness. In any case, this highlights the need for further investigation of the scaling of the PBL thickness [image: image].
• The presence of a particle size threshold for the finger formation. Using our results, we have proposed an analytical formulation for this threshold depending on the density of particles, the viscosity of the medium and also the bulk density difference between the two fluid layers.
• The signature of settling-driven gravitational instabilities (i.e., accumulation rate). We show that the accumulation rate of particles at the tank base initially increases with time before reaching a plateau. This contrasts with the constant accumulation rate associated with individual particle settling. This suggests that accumulation rate data could be used during tephra fallout to distinguish between sedimentation through settling-driven gravitational instabilities and individual-particle sedimentation.
We have also demonstrated how our numerical model can be used to expand the initial conditions and configuration settings that can be explored through experimental investigations. The results presented so far in an aqueous media permitted model validation but have also opened fundamental questions that will be addressed in future works involving configurations more similar to the natural system. Indeed, thanks to the strengths of the LBM, the model can easily be applied to more complex systems and provides a robust tool for the transition from the laboratory studies to volcanic systems, as well as other environmental flows.
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Operational forecasting of volcanic ash and SO2 clouds is challenging due to the large uncertainties that typically exist on the eruption source term and the mass removal mechanisms occurring downwind. Current operational forecast systems build on single-run deterministic scenarios that do not account for model input uncertainties and their propagation in time during transport. An ensemble-based forecast strategy has been implemented in the FALL3D-8.1 atmospheric dispersal model to configure, execute, and post-process an arbitrary number of ensemble members in a parallel workflow. In addition to intra-member model domain decomposition, a set of inter-member communicators defines a higher level of code parallelism to enable future incorporation of model data assimilation cycles. Two types of standard products are automatically generated by the ensemble post-process task. On one hand, deterministic forecast products result from some combination of the ensemble members (e.g., ensemble mean, ensemble median, etc.) with an associated quantification of forecast uncertainty given by the ensemble spread. On the other hand, probabilistic products can also be built based on the percentage of members that verify a certain threshold condition. The novel aspect of FALL3D-8.1 is the automatisation of the ensemble-based workflow, including an eventual model validation. To this purpose, novel categorical forecast diagnostic metrics, originally defined in deterministic forecast contexts, are generalised here to probabilistic forecasts in order to have a unique set of skill scores valid to both deterministic and probabilistic forecast contexts. Ensemble-based deterministic and probabilistic approaches are compared using different types of observation datasets (satellite cloud detection and retrieval and deposit thickness observations) for the July 2018 Ambae eruption in the Vanuatu archipelago and the April 2015 Calbuco eruption in Chile. Both ensemble-based approaches outperform single-run simulations in all categorical metrics but no clear conclusion can be extracted on which is the best option between these two.
Keywords: ensemble forecast, volcanic clouds, FALL3D model, categorical metrics, Ambae eruption, Calbuco eruption
1 INTRODUCTION
Numerical modelling of volcanic plumes, including the atmospheric dispersal of volcanic particles and aerosols and its ultimate fallout on the ground, is challenging due to a number of reasons that include, among others, the multiplicity of scales involved, the complex underlying physical phenomena, the characterisation of the emitted particles and aerosols, and the quantification of the strength, vertical distribution, and evolution in time of the source term (volcanic plume) and related uncertainties (Folch, 2012). The latter two aspects are particularly critical in operational forecast scenarios where, in addition to larger source term uncertainties, requirements exist also on the forecast time-to-solution that constrain the space-time resolutions of operational model setups depending on the computational resources available.
Ensemble-based modelling is well recognised as the proper strategy to characterise uncertainties in model inputs, in model physics and its parameterisations, and in the underlying model-driving meteorological data. In the fields of meteorology and atmospheric dispersal, the use of ensemble-based approaches to improve predictions and quantify model-related uncertainties has long been considered, first in the context of numerical weather forecast (e.g., Mureau et al., 1993; Bauer et al., 2015), and afterwards for toxic dispersal (e.g., Dabberdt and Miller, 2000; Maurer et al., 2021), air quality (e.g., Galmarini et al., 2004; Galmarini et al., 2010), or volcanic clouds (e.g., Bonadonna et al., 2012; Madankan et al., 2014; Stefanescu et al., 2014) among others. Ensemble-based approaches can give a deterministic product based on some combination of the single ensemble members (e.g., the ensemble mean) and, as opposed to single deterministic runs, attach to it an objective quantification of the forecast uncertainty. On the other hand, ensemble runs can also furnish probabilistic products based on the fraction of ensemble members that verify a certain (threshold) condition, e.g., the probability of cloud being detected by satellite-based instrumentation, the probability that the cloud mass concentration compromises the safety of air navigation, the probability of particle fallout or of aerosol concentration at surface to exceed regulatory values for impacts on infrastructures or on air quality, etc. Added to these, ensembles can also be used as multiple trial simulations, e.g., in optimal source term inversions by calculating correlations between the different members and observations (e.g., Zidikheri et al., 2017; Zidikheri et al., 2018; Harvey et al., 2020) or to make more robust in flight-planning decisions (Prata et al., 2019). Finally, ensembles are also the backbone of most modern data assimilation techniques, which require estimates of forecast uncertainty to merge a priori forecasts with observations during data assimilation cycles (e.g., Fu et al., 2015; Fu et al., 2017; Osores et al., 2020; Pardini et al., 2020).
At a research level, forecasting of volcanic clouds using ensemble-based approaches has been considered in several models including, for example, ASH3D (Denlinger et al., 2012a; Denlinger et al., 2012b), COSMO-ART (Vogel et al., 2014), HYSPLIT (Dare et al., 2016; Zidikheri et al., 2018; Pardini et al., 2020), NAME (Dacre and Harvey, 2018; Beckett et al., 2020), FALL3D (Osores et al., 2020) or, more recently, even tackling multi-model ensemble approaches (Plu et al., 2021). Despite promising results, implementations at operational level are still limited to a few cases, e.g. the Dispersion Ensemble Prediction System (DEPS) of the Australian Bureau of Meteorology (Dare et al., 2016). Such a slow progress can be explained by the inertia of operational frameworks to go beyond single-run scenarios, the limited pool of validation studies supporting this approach, the computational overhead of ensemble-based forecast methodologies, the reluctance of some end-users to incorporate probabilistic scenarios in their decision-making operations, or even the difficulties to interpret and communicate ensemble-based products. Here we present FALL3D-8.1, the last version release of this atmospheric transport model that includes the option of ensemble-based simulations. Developments are being done in the frame of the EU Center of Excellence for Exascale in Solid Earth (ChEESE) and, more precisely, within the Pilot Demonstrator (PD) number 12 (PD12) that considers an ensemble-based data assimilation workflow combining the FALL3D dispersal model with high-resolution latest-generation geostationary satellite retrievals. The ultimate goal of this pilot is to have a km-resolution short and long-range automated forecast system with edge-to-end latencies compatible with early-warning and crisis management requirements. We limit our discussion here to the ensemble modelling module, leaving the data assimilation component to another publication linked to the upcoming v8.2 model release (Mingari et al., 2021). In this scenario, the objectives of this manuscript are three-fold:
1. To introduce FALL3D-8.1, including the novel model tasks to generate ensemble members from an unperturbed reference member, merge and post-process the single-member simulations, and validate model forecasts against satellite-based and ground deposit observations (Section 2). The ensemble generation in FALL3D-8.1 can consider uncertainties in the emissions (i.e., the so-called Eruption Source Parameters for volcanic species), particle properties, and meteorological fields (wind velocity).
2. To define quantitative forecast-skill metrics applicable to both ensemble-based deterministic and ensemble-based probabilistic forecasts simultaneously. Note that, typically, only ensemble-based deterministic outputs are compared against observations, e.g., by means of categorical metrics. However, the question on whether a probabilistic approach is more (or less) skilled than a deterministic one is rarely tackled. Generalised categorical metrics are proposed in Section 3 of this paper in order to explicitly address this question.
3. To validate the ensemble-based deterministic and probabilistic approaches using different types of observation datasets for ash/SO2 clouds (satellite detection and satellite retrieval) and ground deposits (scattered points and isopach contours). This is done in two different contexts, the July 2018 Ambae eruption for SO2 clouds, and the April 2015 Calbuco eruption for ash clouds and tephra fallout (Section 4). In both cases, computational capacity requirements are considered in the context of urgent (super)-computing, including constraints in the forecast time-to-solution.
2 FALL3D-8.1
During its latest major version release (v8.0), the FALL3D model (Costa et al., 2006; Folch et al., 2009) was rewritten and refactored in order to incorporate dramatic improvements in model physics, spectrum of applications, numerics, code scalability, and overall code performance on large supercomputers (for details see Folch et al., 2020; Prata et al., 2021). This included also the parallelisation and embedding of former pre-process auxiliary programmes to run either as independent model tasks (specified by a call argument) or concatenated in a single execution workflow. In FALL3D-8.1, three new model tasks have been added to automatically generate an ensemble of members (task SetEns), post-process ensemble-based simulations (task PosEns) and, finally, validate the model against different types of observation datasets (task PosVal). Ensemble members in FALL3D-8.1 run concurrently in parallel, with a dedicated MPI communicator for the master ranks of each ensemble member. However, because this code version does not handle data assimilation cycles yet (something planned for the next version release v8.2), the individual ensemble members run actually as an embarrassingly parallel workload (e.g., Herlihy et al., 2020), i.e., with no dependency among parallel tasks.
2.1 Ensemble Generation Task
The task SetEns, which must be run first in the case of ensemble runs, generates and sets the ensemble members from a unique input file by perturbing a reference case (the so-called central or reference member). This task also creates a structure of sub-folders, one for each ensemble member, where successive model tasks will be pointed to locate the necessary input and dump the output files generated by the execution of each member. In case of ensemble-based simulations, a new block in the FALL3D-8.1 input file allows to set which model input parameters will be perturbed, its perturbation amplitude (given as a percentage of the reference value or in absolute terms), and the perturbation sampling strategy, which in FALL3D-8.1 can follow either a constant or a Gaussian Probability Density Function (PDF). Note that this block in the input file is simply ignored if the ensemble option is not activated, ensuring backwards compatibility with previous versions of the code. Table 1 shows which model input parameters can be perturbed and to which category and related sub-category of species each perturbation can be applied. Note that this manuscript pertains to volcanic particles and aerosols but, nonetheless, the ensemble-based approach is also possible for other types of species available in FALL3D-8. x (for details on the species category types see Table 3 in Folch et al., 2020).
TABLE 1 | List of model input parameters that can be perturbed in FALL3D-8.1 to generate ensemble runs. The related task and the species category affected are also indicated (see Folch et al. (2020), for details).
[image: Table 1]The ensemble generation starts with an unperturbed central member, which typically is set with the observed or “best-guess” input values and that, by construction, coincides with the “standard” single-run. For each parameter to be perturbed, the ensemble spread is then generated by sampling on the corresponding PDF around the unperturbed central value and within a range (amplitude) that spans the parameter uncertainty. For example, a perturbation of the source duration Sd by ± 1 h samples using either a linear or a Gaussian (centred at Sd) PDF within the interval [Sd − 1, Sd + 1]. For n ensemble members and m parameters (dimensions) perturbations result on a combination of n × m possible values that are then sub-sampled to define the n ensemble members using a classical Latin hypercube sampling algorithm (e.g., Husslage et al., 2006). This strategy guarantees that the spread across each of the m dimensions is maintained in the final member’s sub-sample. It is clear that the a priori generation of an ensemble requires expert judgement and involves some degree of subjectivity. The question on how an ensemble can be optimally generated is complex and falls beyond the scope of this manuscript. Nonetheless, a good practice if forecast observations exist is to check (a posteriori) that the ensemble-based forecast is statistically indistinguishable from observations by looking at the shape of the ensemble rank histogram.
2.2 Ensemble Postprocess Task
Once the model has run, the task PosEns merges all outputs from individual ensemble members in a single netCDF file containing ensemble-based deterministic and/or probabilistic outputs for all variables of interest (e.g., concentration at native model levels or at flight levels, cloud column mass, ground deposit load, etc). Options for ensemble-based deterministic outputs include the ensemble mean, the ensemble median, and values of user-defined percentiles. The standard deviation can be attached to any variable as a measure of the uncertainty of the deterministic outputs. On the other hand, ensemble-based probabilistic outputs can also be built by counting, at each grid point and time step, the fraction of ensemble members that verify a given condition, typically the exeedance of some threshold. For example, a probabilistic output for airborne volcanic ash can be defined based on the 2 mg/m3 concentration threshold in case of aviation-targeted products and counting, at each grid cell and time step, the fraction of members that overcome this value.
2.3 Model Validation Task
FALL3D-8.1 includes a third new task PosVal to validate both single-run (compatible with previous code versions) and ensemble-based deterministic and/or probabilistic outputs against various types of gridded and scattered observation datasets (see Table 2). Observation datasets include satellite-based observations and quantitative retrievals (to validate against cloud column mass), deposit isopach/isopleth maps, and point-wise deposit observations (to validate against deposit thickness or mass load). In all cases, this model task reads the required files, interpolates model and observations into the same grid and computes a series of categorical and quantitative validation metrics that are detailed in the following section. This model validation task inherits the model domain decomposition structure and, consequently, all metrics are first computed (in parallel) over each spatial sub-domain and then gathered and added to get global results over the whole computational domain.
TABLE 2 | Four types of observation datasets that can be used for model validation by task PosVal. The satellite detection and the satellite retrieval observation types stand, respectively, for detection (i.e. “yes/no” categorical observation) and quantitative column mass retrievals. The deposit contours observation type refers to isopach/isopleth deposit contours (e.g. from shape files or gridded maps). Finally, the deposit points stands for deposit thickness/load observations at scattered points. For each type of forecast, deterministic (D) or probabilistic (P), the Table indicates which validation metrics apply to each combination of observation-forecast types. The different generalised categorical and quantitative scores are defined in Section 3.
[image: Table 2]3 ENSEMBLE FORECAST DIAGNOSTIC METRICS
This section defines the different types of metrics computed by task PosVal, summarised in Table 3. These include: i) generalised categorical metrics, ii) quantitative metrics for deterministic forecasts and, iii) the ensemble rank histogram for ensemble-based probabilistic scenarios.
TABLE 3 | Summary of metrics. GMFS: Generalised Figure Merit of Space, GFAR: Generalised False Alarm Rate, GPPV: Generalised Positive Predictive Value, GPOD: Generalised Probability of Detection, GCCM: Generalised Composite Categorical Metric, BS: Brier Score, NRMSE: Normalised Root Mean Square Error.
[image: Table 3]3.1 Generalised Categorical Metrics
Categorical metrics (e.g., Jolliffe and Stephenson, 2012) apply to variables that take a limited number of values or “categories”. For example, in a deterministic forecast context it is common to define dichotomic categories (yes/no) for model and observations based on the occurrence (or not) of a given condition. At each observation point, this results on a 2 × 2 model-observations “contingency table” (true positives, true negatives, false positives, false negatives), from which a series of “geometric-based” or “contour-based” categorical metrics can be constructed, e.g., the probability of detection, the false alarm rate, etc. (Marti and Folch, 2018; Pardini et al., 2020). In this section, several classical categorical metrics widely used in deterministic forecast contexts are generalised to probabilistic forecasts with the objective of having a same set of forecast skill scores usable in both contexts.
Consider an ensemble-based model realisation with n ensemble members in a computational domain Ω. At each point and time instant, the forecasts of the n ensemble members can be ranked and the discrete probability of occurrence of a certain condition or threshold can be computed by simply counting how many ensemble members verify the condition (note that this results on n + 1 categories or probability bins). Let’s denote by Pm (x, t) the resulting discrete probability function defined in the domain Ω, where the subscript m stands for model and 0 ≤ Pm (x, t) ≤ 1. Clearly, Pm (x, t) = 0 implies that no ensemble member satisfies the condition at (x, t), whereas Pm(x, t) = 1 implies that all members do. In general, Pm (x, t) will be a function with finite support, that is, it will take non-zero values only over a sub-domain Ωm(t) = {x ∈ Ω | Pm(x, t) > 0} where at least one ensemble member satisfies the condition. Let’s denote by δm(x, t) the step function defined from the support of Pm(x, t), that is:
[image: image]
Note that the definitions of Pm(x, t) and δm(x, t) are also valid in a deterministic context. In fact, the deterministic forecast scenario represents the limit in which Pm(x, t) can take only two discrete values (0 or 1) and one simply has that Ωm(t) = {x ∈ Ω | Pm(x, t) = 1} and Pm(x, t) = δm(x, t). From a geometrical point of view, δm(x, t) can be interpreted as the union of the n probability contours that define the discrete probability function Pm (x, t). In the deterministic limit, only one contour exists and, consequently, one has Pm(x, t) = δm(x, t).
Similar arguments can be followed regarding observations. In general, one could consider m different sources of observations and apply the same condition (threshold) to obtain a discrete probability function of observations Po(x, t), define the subdomain Ωo(t) = {x ∈ Ω | Po(x, t) > 0} as the subset of Ω where at least one observation verifies the condition and, finally, define the resulting observations step function δox, t) analogous to Eq. 1 but using Ωo(t). Following with the analogy, this would result on a (n + 1) × (m + 1) model-observations “contingency table” for the most general case. In what follows, generalised categorical metrics will be defined for an arbitrary number of members/observations and grid projection. However, and for the sake of simplicity, only cases in which observations come from a single source (m = 1) will be considered here. As a result, it will be implicitly assumed that Ωo(t) = {x ∈ Ω | Po(x, t) = 1} and Po(x, t) = δo (x, t). The following generalised categorical metrics are introduced:
3.1.1 Generalised Figure Merit of Space
The Generalised Figure Merit of Space (GFMS) is defined as:
[image: image]
which, for the single-observation case considered here (Po = δo) and using that [image: image], simplifies to:
[image: image]
Note that in the deterministic forecast limit (i.e., Pm = δm), the GFMS reduces to:
[image: image]
which is the classical definition of the Figure Merit of Space (FMS), also known as the Jaccard coefficient (e.g., Levandowsky and Winter 1971; Galmarini et al., 2010). From a geometric point of view, the FMS is interpreted as the ratio between the intersection of model-observations contours and its union. The GFMS introduced here has the same interpretation but using a weight-average with model/observations probability contours. The GFMS ranges from 0 (worst) to 1 (optimal). The continuous integrals over Ω in the expressions above are in practice computed by projecting observations into the model grid and summing the discrete probability bins over all grid cells. For example, in the case of Eq. 3, the discrete computation would be as:
[image: image]
where Hj = m1jm2jm3jVj is the grid mapping factor of the j grid cell, Vj is the cell volume, and mxj are the mapping factors depending on the coordinate system (see Tables 8 and 9 in Folch et al., 2020). Note that in the deterministic limit and for the particular case of a regular Cartesian grid (i.e., all cells equal, unit map factors) this further simplifies to:
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and coincides with the number of True Positives (TP) divided by the number of False Positives (PF) + False Negatives (FN) + True Positives (TP), which is also the classical non-geometric interpretation of the FMS (e.g., Pardini et al., 2020). However, in general, the computation of the GFMS in non-regular coordinate systems (5) takes into account a cell-dependent weight proportional to the cell volume (area) through the grid mapping factors Hj.
3.1.2 Generalised False Alarm Rate
The Generalised False Alarm Rate (GFAR) is defined as:
[image: image]
which, for the case of single set of observations (Po = δo), reduces to:
[image: image]
In the deterministic forecast limit (Pm = δm), the definition of the GFAR further simplifies to:
[image: image]
which is the classical definition of the False Alarm Rate (FAR) (e.g., Kioutsioukis et al., 2016). In the geometric interpretation, the GFAR can be viewed as the fraction of Ωm with false positives but generalised to probabilistic contours, and it ranges from 0 (optimal) to 1 (worst). Again, the continuous integrals in Eq. 8 are computed in practice over the model grid as:
[image: image]
which, in the deterministic limit and for a regular grid (Hj = 1), further simplifies to:
[image: image]
and therefore coincides, in a non-geometric interpretation, with the number of False Positives (FP) divided by the number of False Positives (FP) + True Positives (TP).
3.1.3 Generalised Positive Predictive Value
The Generalised Positive Predictive Value (GPPV) is defined as the complement of the GFAR:
[image: image]
Analogously, for the single-observation case (Po = δo):
[image: image]
or
[image: image]
In the deterministic limit Eq. 13 yields to the classical Positive Predictive Value (PPV), also known as the model precision (Pardini et al., 2020):
[image: image]
The GPPV ranges from 0 (worst) to 1 (optimal) and geometrically can be interpreted as the fraction of Ωm with true positives (model hits) but for probabilistic contours. Again, in a regular Cartesian grid the discrete version of Eq. 15 coincides with the number of True Positives (TP) divided by the number of False Positives (FP) + True Positives (TP):
[image: image]
3.1.4 Generalised Probability of Detection
The Generalised Probability of Detection (GPOD) is defined as:
[image: image]
which, for the single-observation case (Po = δo), reduces to:
[image: image]
As with the other metrics, in the deterministic limit (Pm = δm) the GPOD simplifies to:
[image: image]
and coincides with the Probability of Detection (POD), also known as the model sensitivity (Pardini et al., 2020). The GPOD ranges from 0 (worst) to 1 (optimal) and, geometrically, is interpreted as the fraction of Ωo with true positives. Again, in the discrete space (18) yields to:
[image: image]
that in a regular grid and deterministic limit coincides with the number of True Positives (TP) divided by the number of False Negatives (FN) + True Positives (TP):
[image: image]
3.1.5 Generalised Composite Categorical Metric
It can be anticipated that some generalised categorical metrics can vary oppositely when comparing single-run and ensemble-based simulations. For example, one may expect that a large ensemble spread yields to a larger GPOD but, simultaneously, also to larger GFAR. In order to see how different metrics counterbalance we introduce the Generalised Composite Categorical Metric (GCCM) as:
[image: image]
where the factor 3 is introduced to normalise GCCM in the range 0 (worst) to 1 (optimal). This multi-composite definition is analogous to what is done for the SAL, defined as the sum of Structure, Amplitude and Location (e.g., Marti and Folch, 2018).
3.1.6 Brier Score
The Brier Score (BS) is defined as:
[image: image]
which, for the single-observation case, reduces to:
[image: image]
Note that the above integrals are constrained to the subdomain Ωo where observations exist. The Brier score is the averaged squared error of a probabilistic forecast and ranges from 0 (optimal) to 1 (worst). In the discrete space, Eq. 24 is computed as:
[image: image]
which, in a regular Cartesian grid, reduces to the more standard definition of the Brier score (Brier, 1950):
[image: image]
where no is the total number of observation points.
3.2 Quantitative Scores
As a quantitative metric for deterministic forecasts we consider the Normalised Root Mean Square Error (NRMSE), defined as:
[image: image]
where Oi are the no observation values, Mi is the model value at the ith observation point, and Omax and Omin are, respectively, the maximum and minimum of the observations (at the considered time step). Note that, as opposed to the previous categorical metrics, this quantitative score is valid only for deterministic forecasts (single-run or ensemble-based).
3.3 Ensemble Rank Metrics
The observations rank histogram or Talagrand diagram (Talagrand et al., 1997) is commonly used a posteriori to measure the consistency of an ensemble forecast and to assess whether observations are statistically indistinguishable from the ensemble members. The histogram can be used to recalibrate ensemble forecasts and it is constructed as follows. For each observation (grid point and time), the n ensemble members are ranked from lowest to highest using the variable of interest (column mass, deposit thickness, etc.) and the rank of the observation with respect to the forecast is identified and added to the corresponding bin (points with zero observation values are not counted). Flat histograms indicate a consistent forecast, with an observed probability distribution well represented by the ensemble. Asymmetric histograms indicate positive/negative forecast bias, as most observations often rank below/above the extremes respectively. Finally, dome-shaped/U-shaped histograms indicate over/under forecast dispersion and reflect too large/small ensemble spread respectively. Other common metrics to evaluate ensembles, e.g., the spread-skill relationship (e.g., Scherrer et al., 2004), are not considered at this stage but will be incorporated in future code versions.
4 APPLICATION CASES
4.1 The July 2018 Ambae SO2 Cloud
In April and July 2018 the Ambae volcano (Vanuatu archipelago) produced two paroxysm eruptions that injected large amounts of SO2 reaching the tropopause (Moussallam et al., 2019). According to Himawari-8 satellite observations, the July 26, 2018 phase started before 12 UTC (23:00 LT) and lasted for about 4 h. Kloss et al. (2020) estimated an atmospheric SO2 injection height of either 18 or 14 km a.s.l. by co-locating ERA5 temperature profiles and Brightness Temperature observations. To generate our SO2 validation dataset we apply the 3-band interpolation procedure proposed by Prata et al. (2004) to measurements made by the Advanced Himawari Imager (AHI) aboard Himawari-8. Details of the method can be found in Appendix B of Prata et al. (2021). To estimate the total mass we only considered pixels containing more than 20 DU within a spatial domain from 160–200°E to 5–25°S. We also applied a Gaussian filter to generate smoothed contours around the SO2 clouds to filter out pixels greater than 20 DU that were far from source (i.e., false detections). Our results show that, during our satellite analysis period (from 26 July at 09:00 UTC to 31 July at 09:00 UTC), maximum total mass of 323005E;86_90 kt was injected into the upper atmosphere, where 86 and 90 kt are asymmetric errors around the best estimate (323 kt). The first significant injection of SO2 occurred at around 10:00 UTC on 26 July and reached its maximum (253 kt) at 23:00 UTC. A second eruption occurred at around on 27 July at 01:00 UTC, and added a further 70 kt of SO2. These SO2 mass estimates are in broad agreement with independent TROPOMI SO2 standard product mass retrievals (360 ± 40 kt), that assume a 15 km high SO2 layer with 1 km thickness (Malinina et al., 2020).
Based on the observations available during or shortly after the eruption, a single-run FALL3D-8.1 simulation was configured considering one SO2 (aerosol) bin and an emission starting on 26 July at 10:00 UTC (21:00 LT) lasting for 4 h, assuming a top-hat plume vertical profile with the top at 16 km a.s.l. and a total emitted mass of 290 kt (emission rate 2 × 104 kg/s). This reference run represents a typical operational procedure during or shortly after an eruption, when model inputs are set with the uncertain available information. From this “best-guess” central member, an ensemble with 64 members was defined by perturbing the eruption start time (perturbation range of ±1 h), the eruption duration (±1 h), the cloud injection height H (±2 km), the thickness T of the top-hat emission profile (±2 km), the eruption rate (±30%), and the driving ERA-5 wind field as shown in Table 4. For both single-run and ensemble-based forecasts, the model grid resolution is 0.05o in the horizontal and 250 m in the vertical, with the top of the computational domain placed at 22 km a.s.l.
TABLE 4 | Model setup for the July 26, 2018 single-run and ensemble-based (64 members) Ambae SO2 simulations.
[image: Table 4]Model runs generate hourly outputs concurrent with the AHI cloud mass retrievals over the forecast period. Figure 1 compares AHI SO2 column mass retrievals with different deterministic forecast outputs, namely the single-run, the ensemble mean, and the ensemble median at one particular instant (July 28, 2018 at 00:00 UTC). The ensemble mean and median produce a more diffused cloud, partly due to wind shear effects. Time series of quantitative scores, e.g., using the NRMSE (Eq. 27), are automatically generated by the FALL3D-8.1 model task PosVal. Figure 2 shows time series of NRMSE for different deterministic forecast options (single run, ensemble mean, and ensemble median). As observed, this metric follows a similar trend in all cases but the gain from the ensemble-based approaches is very clear: the deterministic ensemble-based options reduce the forecast NRMSE by a factor between two and three in most time instants. For comparative purposes, Figure 2 also shows what happens if the data insertion mechanism is used to initialise the model runs instead of the source option. Data insertion consists of initialising a model run with an effective virtual source inserted away from the source, and FALL3D admits this initialisation option from column load satellite retrievals (Prata et al., 2021). This represents a case with better constrained input data (initial conditions) and, as expected, the data insertion option yields lower values of the NRMSE and shows little differences among the single-run and ensemble-based approaches.
[image: Figure 1]FIGURE 1 | Comparison between: (A) Ambae AHI SO2 column mass retrievals, (B) single-run (unperturbed central member), (C) ensemble mean deterministic forecast, (D) ensemble median deterministic forecast. All snapshots correspond to July 28, 2018 at 00:00 UTC. Contours in Dobson Units (DU). Red circle shows the location of Ambae volcano.
[image: Figure 2]FIGURE 2 | (A) Time series of Normalised Root Mean Square Error (NRMSE) for the Ambae single-run (black line), ensemble mean (red line), and ensemble median (blue line). The vertical dashed line marks the instant of the snapshot shown in Figure 1. Symbols indicate the hourly AHI retrievals. (B) Same but with the source term given by a data insertion mechanism. In this case, the ensemble is defined by perturbing only the height and thickness of the injected cloud as indicated in Table 4. Plots on the same vertical scale.
As discussed in Section 2.2, probabilistic outputs can be generated from a given condition by counting the fraction of ensemble members that exceed a threshold value. For example, Figure 3 shows 20 Dobson Units (DU) contours of SO2 column mass for deterministic and probabilistic forecasts, where the value of 20 is assumed as representative of the SO2 detection threshold in the AHI retrievals. These contours can be used for forecast validation using generalized categorical metrics that allow, on one side, to quantify the gain in the ensemble-based cases with respect to the reference single-run and, on the other side, to compare objectively the different ensemble-based approaches. To these purposes, Figure 4 plots the time series of different generalised categorical metrics, GFMS (Eq. 5), GPOD (Eq. 20), and GCCM (Eq. 22) together with the BS (Eq. 25), the latter for the probabilistic case only. As expected, the ensemble mean outperforms the reference run in all the metrics, with substantial gain in GFMS and GPOD, yielding to better generalised composite metric GCCM. This is not true for the ensemble median, which presents similar forecast skills than those of the single run. On the other hand, the probabilistic approach behaves similarly to the ensemble mean in terms of GCCM because the larger false alarm rate is counterbalanced by a higher probability of detection. No conclusion can be extracted from this example on whether the probabilistic forecast option outperforms the deterministic ensemble mean or not. Finally, the observations rank histogram over the considered period (see Figure 5A) shows an acceptably flat histogram (reflecting good ensemble spread) although with a slight bias towards members having larger SO2 mass. This skewing can be due to errors in cloud location, errors in amplitude, or to a combination of both. However, an inspection to the time series of AHI total retrieved mass (Figure 5B) suggests that the ensemble spread in cloud mass is adequate, indicating co-location as the reason for skewing. In fact, we performed successive ensemble redefinition runs (increasing mass in the reference run) and observed that the ensemble histogram flattened but, at the same time, this did not imply better values of the generalized metrics.
[image: Figure 3]FIGURE 3 | Contours of 20 DU SO2 column mass for deterministic (left) and probabilistic (right) Ambae forecasts at three different instants; 26 July at 18:00UTC (top), 27 July at 12:00 UTC (middle) and 28 July at 00:00UTC (bottom). In the probabilistic approach, contours give the probability (in %) to exceed 20 DU. The outer red contour indicates the 1.56% (1/64) probability. The grey shaded area shows the corresponding 20 DU from AHI retrievals. Red circle shows the location of Ambae volcano.
[image: Figure 4]FIGURE 4 | Time series of generalised categorical metrics for deterministic (single run and ensemble-based) and probabilistic Ambae forecasts using the 20 DU SO2 column mass contours. Plots show GFMS (top left), GPOD (top right), GCCM (bottom left) and BS (bottom right). Symbols indicate the instants of the AHI retrievals. The three vertical dashed lines mark the instants of the snapshots shown in Figure 3. Note that for the BS only the probabilistic option applies.
[image: Figure 5]FIGURE 5 | (A) Observations rank histogram (Talagrand diagram) for the 64-member Ambae ensemble run. The horizontal dashed line at 1/64 = 1.56% indicates a perfectly consistent forecast, with all its members being equally represented against observations. (B) time series of SO2 AHI retrieved cloud mass. The solid horizontal line at 290 kt shows the reference run and the dashed lines indicate the ±30% ensemble spread in emission rate.
4.2 The April 2015 Calbuco Ash Cloud and Deposit
The Calbuco volcano (Chile) reawakened in 2015 with two major eruptive pulses on 22 April at 21:08 UTC and 23 April at about 04:00 UTC respectively, followed by a third minor event on the following day (e.g., Reckziegel et al., 2016). According to C-band dual-polarisation radar observations, the maximum ash plume heights exceeded 20 km above sea level in the surrounding area of the Calbuco volcano (Vidal et al., 2017). Subsequent plume modelling and field studies on the tephra fallout deposits indicated that the sub-Plinian phases, with similar column heights exceeding 15 km a.s.l. blanked the region with a total erupted volume ranging between 0.28 and 0.58 km3 and a deposit mass in the range 2–7 × 1011 kg depending on different estimations (Romero et al., 2016; Van Eaton et al., 2016). On the other hand, ash cloud mass estimations from Moderate Resolution Imaging Spectroradiometer (MODIS) and Visible Infrared Imaging Radiometer Suite (VIIRS) indicated 1–3 × 109 kg of distal airborne material (e.g., Marzano et al., 2018), suggesting [image: image] of remaining fine ash in the distal cloud. The comparison with field-based reconstructed particle grain size distributions, entailing a much larger fraction of mass in the fine tail (Reckziegel et al., 2016), point at the occurrence of substantial fine ash aggregation, as corroborated also by in-situ deposit observations. The Calbuco eruptions also entailed substantial co-located emissions of SO2 at 15 km a. v.l. in the range of 300 kt for the two phases according to GOME-2 satellite images (Pardini et al., 2017).
To show how ensemble ash simulations can be validated at high temporal resolution with qualitative ash cloud observations, we use satellite data collected from the SEVIRI instrument aboard Meteosat-10. Following the ash detection method presented in Appendix A of Prata et al. (2021), we generated binary (ash/no ash) fields at 1 h time-steps from 22 April at 23:00 UTC to 26 April at 23:00 UTC within a domain from 0–75°W to 15–55°S. We did not consider quantitative retrievals for this eruption as Calbuco is located outside of the SEVIRI field of view, which meant that many of the pixels detected as ash at the beginning of the eruption were associated with high satellite zenith angles ([image: image]) where retrievals can be unreliable. On the other hand, thickness measurements of fallout deposits from the 22–23 April 2015 eruption of Calbuco volcano were reported at 163 sites by Van Eaton et al. (2016) within a radius of 500 km. Romero et al. (2016) used thickness measurements to reconstruct the fallout deposit distribution by hand-drawing the corresponding isopach maps. A remarkable feature of the distal deposit is the presence of a secondary thickness maximum in the region around Junín de los Andes and Piedra del Aguila (Argentina, around 300 km downwind), indicating the occurrence of a complex plume dynamics involved during the eruption. Here, two independent deposit datasets are used to validate the Calbuco simulations: i) the deposit contours (isopachs) generated by Romero et al. (2016) for 0.1, 0.5, 1 and 2 mm (Van Eaton, personal communication) and, ii) the deposit point thickness at 159 sites reported by Van Eaton et al. (2016). Note that ambiguous data from 4 sites were removed from the original dataset.
For the Calbuco case, the ensemble reference run was configured with 20 tephra bins ranging in size from Φ = − 2 (4 mm) to Φ = 7 (8 μm) and including one bin of aggregates. The plume source term consists of 2 phases lasting 1.5 and 6 h respectively, with a Suzuki vertical profile (A = 5, λ = 3) reaching 16 km a.s.l. and a total emitted mass of 6 × 1011 kg. The 64-member ensemble was built by perturbing the most relevant source, granulometry and wind parameters as shown in Table 5. As for the previous Ambae case, the model grid resolution is 0.05o in the horizontal and 250 m in the vertical, with the top of the computational domain placed at 20 km a.s.l. An ensemble with 64 members was defined by perturbing the starting time of the phases (±1 h), its duration (±1 h), the plume height H (±2 km), the dimensionless Suzuki parameters A (±3) and λ (±2), the mean of the particle size distribution Φm (±1), and the size (±100 μm) and density (±100 kg/m3) of the aggregates.
TABLE 5 | Model setup for the April 22, 2015 single-run and ensemble-based (64 members) Calbuco tephra simulations.
[image: Table 5]Figure 6 compares single-run and ensemble-based deterministic runs at 159 deposit observation points that span almost 4 orders of magnitude in tephra thickness. On a point-by-point basis, the ensemble mean run reduces the differences with observations in 107 out of 159 points (67%), whereas the single-run reference still gives a closer fit in 52 points (33%). In contrast, the ensemble median can only improve on 64 points (40%), outperforming the reference run values only in the proximal (Figure 6B). In terms of overall NRMSE, the ensemble mean gives 0.11 as opposed to a 0.13 for the other two deterministic options, i.e. a 16% of overall improvement (Table 6).
[image: Figure 6]FIGURE 6 | Validation of Calbuco runs in 159 deposit points. Deposit thicknesses are converted to deposit loads (kg/m2) assuming an averaged density of 1,000 kg/m3. Left: single-run (black points) versus ensemble mean (red points). Right: single-run (black points) versus ensemble median (blue points). For reference, the three dashed lines show the perfect fit and the 10 model over and under-estimation bounds. The resulting global values of the NRMSE are reported in Table 6.
TABLE 6 | Validation of the April 22, 2015 Calbuco simulations with deposit thickness at scattered deposit points. Percentage means the fraction of points that reduce differences with observations with respect to the reference single-run. Best values highlighted in green.
[image: Table 6]In addition to the deposit points, the deposit isopach contours provide a second dataset for deposit validation based on generalised categorical metrics (see Table 2). Figure 7 shows the different deterministic forecast contours compared with the 0.1, 0.5, 1, and 2 mm isopachs reported by Romero et al. (2016), characteristic of intermediate (few hundreds of km) to more proximal (up to around 100 km) distances to source. On the other hand, Figure 8 shows the probabilistic counterpart, with the ensemble probability contours giving the probability to exceed each corresponding isopach value. The resulting values for generalised metrics and Brier score are reported in Table 7, which includes also an additional more proximal contour of 4 mm (not shown in the previous Figures). For deterministic approaches, the ensemble mean clearly outperforms the reference run and the ensemble median (with the only exception of GFAR) across all distances. However, best overall results are obtained by probabilistic forecasts, particularly for GFMS and GPOD. In terms of the composite metric (GCCM), the ensemble mean is slightly better in the distal and the probabilistic in the proximal but, again, it is not clear which of these two options performs better.
[image: Figure 7]FIGURE 7 | Validation of Calbuco deterministic forecasts using deposit isopach contours of 0.1, 0.5, 1, and 2 mm. Model results for single-run (black line), ensemble mean (red line) and ensemble median (blue line). Grey-filled areas show the corresponding isopachs estimated by Romero et al. (2016) from extrapolation of deposit point measurements. Red circle shows the location of Calbuco volcano. The resulting values of generalised categorical metrics are reported in Table 7.
[image: Figure 8]FIGURE 8 | Validation of Calbuco probabilistic forecasts with deposit isopach contours. Color contours give the model probability (in %) for deposit thickness to exceed 0.1, 0.5, 1, and 2 mm. Grey-filled areas show the corresponding isopachs estimated by Romero et al. (2016) from extrapolation of deposit point measurements. The outer red contour indicates the 1.56% (1/64) probability. Red circle shows the location of Calbuco volcano. The resulting values of generalised categorical metrics and Brier Score (BS) are reported in Table 7.
TABLE 7 | Validation of the April 22, 2015 Calbuco simulations with deposit isopach contours from Romero et al (2016). Five deposit isopach values of 0.1, 0.5, 1, 2, and 4 mm are considered. Best values for each metric and contour are highlighted in green. The Brier Score (BS) applies only to the probabilistic approach.
[image: Table 7]Finally, the Calbuco ash cloud can also be validated with satellite imagery. Given the limitations of the dataset (as explained above) we do not consider ash retrievals as reliable and use the SEVIRI ash detection option instead. Figures 9, 10 show, respectively, snapshots of deterministic and probabilistic cloud mass contours (0.1 g/m2 is assumed as a detection threshold) and time series of generalised categorical metrics. Model to observations miss-matches are more evident than for the Ambae case, partly due to the aforementioned reasons. However, similar conclusions can be extracted about the improvements in the ensemble mean and probabilistic cases. Again, the ensemble median (blue curves) worsens the single-run forecast skills.
[image: Figure 9]FIGURE 9 | Validation of Calbuco ash cloud with the satellite detection (SEVIRI ash flag) observation dataset. Model column mass contours of 0.1 g/m2 for deterministic (left) and probabilistic (right) forecasts at three different instants; 23 April at 18:00UTC (top), 24 April at 06:00 UTC (middle) and 24 April at 18:00UTC (bottom). In the probabilistic plots, the outer red contour indicates the 1.56% (1/64) probability. The shaded areas show the contours encompassing SEVIRI ash flagged pixels. Red circle shows the location of Calbuco volcano.
[image: Figure 10]FIGURE 10 | Time series of generalised categorical metrics for deterministic (single run and ensemble-based) and probabilistic forecasts using the 0.1 g/m2 ash column mass contours. Plots show GFMS (top left), GPOD (top right), GCCM (bottom left) and BS (bottom right). Symbols indicate the instants of SEVIRI retrievals. The vertical dashed lines mark the three instants plot in Figure 9. Note that for the BS only the probabilistic option applies.
5 SUMMARY AND DISCUSSION
The last version release (v8.1) of FALL3D allows configuring, running, post-processing and eventually validating ensemble-based forecasts in a single embarrassingly parallel workflow. The ensemble runs, built from perturbing the most uncertain input parameters of a reference ensemble member, can furnish an array of deterministic forecasts with an associated uncertainty and/or probabilistic products based on the occurrence (or not) of certain exeedance or threshold conditions. Different types of metrics can be considered in FALL3D-8.1 for model validation (see Table 2), including novel categorical metrics resulting from the generalisation to probabilistic scenarios of classic geometric-based indicators (FMS, POD, FAR, etc). The skills of the ensemble-based modelling approaches have been compared against single-runs (and among them) using different types of observations. On one hand, satellite retrievals of cloud mass have been considered for validation of the July 2018 Ambae SO2 clouds (Table 4). On the other, tephra deposit thickness observations at 159 locations and resulting deposit isopach contours have been used, together with satellite ash cloud detection, i.e. yes/no ash flagged pixels, for the April 2015 Calbuco eruption (Table 5). An ensemble of 64 members with a model spatial resolution of 0.05o was considered in both cases. Main findings from these two applications can be summarised as follows:
• For ensemble-based deterministic forecasts, the ensemble mean gives the overall best scores for all typologies of datasets considered. However, the probabilistic approach also gives very similar results in terms of generalised categorical metrics. No conclusion can be extracted about which is “the best” option among these two but, clearly, both outperform the single-run reference run. Note that, in general, a gain in the ensemble-based approaches can be expected when some single-run inputs are uncertain. However, a consistent outperform cannot be guaranteed a priori as a well-chosen single-value run set with accurate “true” values is expected to outperform the ensemble mean.
• For the Ambae case, ensemble-based deterministic approaches improved the single-run time series of the quantitative NRMSE metric by a factor of 2-3 in most time instants (Figure 2). In terms of categorical metrics based on the 20 DU column mass contours, the ensemble-mean and the probabilistic approach also outperform substantially the single-run forecasts (Figure 4). This is not true for the ensemble median, which worsens all metrics, and most notably the probability of detection (GPOD).
• For the Calbuco case, the ensemble mean improves the averaged NRMSE of the deposit points by a 16%, with better skills in 67% of the single points (Figure 6 and Table 6). Considering the validation with deposit isopach contours from Romero et al. (2016) (Table 7), the ensemble mean also outperforms the reference run and the ensemble median (with the only exception of GFAR) across all range of distances. However, best overall results are obtained by probabilistic forecasts, particularly for the GFMS. Finally, validation of the Calbuco ash cloud with satellite detection data (Figure 7) compared against 0.1 g/m2 column mass model contours yields similar conclusions to the Ambae case.
A relevant aspect in operational forecast contexts is to consider the computational overhead of ensemble-based runs and, linked to this, its feasibility in the context of urgent (super)-computing. The simulations shown here were run at the Skylake-Irene partition of the Joliot-Curie supercomputer using only 24 processors per ensemble member (i.e., 1536 processors for the whole ensemble run in this particular machine). The total computing times were of 460 s (7.6 min) and 2,650 s (44 min) for the Ambae (1 bin, 48 h forecast window) and the Calbuco (20 bins, 72 h forecast window) cases respectively. In terms of time-to-solution and due to the embarrassingly parallel workflow, the ensemble runs only add a little penalty if computational capacity is provided. In fact, this is actually a good example of capacity computing, in which High Performance Computing (HPC) is needed to solve problems with uncertain inputs (entailing multiple model realisations) and constrains in computing time. On the other hand, FALL3D has been proved to have strong scalability (above 90% of parallel efficiency) up to several thousands of processors. Given that each ensemble member was run on only half computing node, times-to-solution could easily be lowered by at least one order of magnitude if enough computational capability is provided. Finally, it is worth mentioning that further study is needed on some aspects of the ensemble-based forecasts not explicitly addressed in this paper. Future work needs to consider:
• Optimal a priori configuration of the ensemble, including the number of members.
• Ensemble-based deterministic forecasts have been considered only for ensemble mean, ensemble median, and other percentiles. Future works will show how, in practice, it is possible to determine the best linear estimator compatible with the observational data. This optimal state should outperform the deterministic forecast presented here, which pertains to specific cases of linear combinations (single member or ensemble mean) or showed a poor performance when compared to linear estimators (ensemble median).
• Efforts to implement ensemble capabilities on FALL3D not only allow the improvement of forecast quality and to quantify model uncertainties, but also set the foundations for the incorporation of data assimilation techniques in the next release of FALL3D (v8.2). The use of ensemble Kalman filter methods, such as the Local Ensemble Transform Kalman filter (LETKF), will provide a further improvements in the quality of volcanic aerosol forecasts.
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Parameter

Vent radius (m)
Vent velocity (mvs)

Grain mean (p = ~logz mm)

Grain standard deviation (g = ~log mm)
Eruption temperature (K)

Erupted water mass fraction (%)
Eruption duration (hours)

Value range

65.0-150.0
45.0-124.0
3570
0.5-3.0
1,200
0.017
1.0
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PHM scenario Min bed friction Max bed friction Min vol m* Max vol m®
1 12 35 10° 10°
2 8 4 10° 10°

3 7 10 10° 10"
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Titan2D parameter

Pile UTM Zone
Pile X Coordinate UTM E
Pile Y Coordinate UTM N
Pile Height (m)

Pile Major Radius (m)
Pile Minor Radius (m)
Pile Rotation Angle

Pile Flow Speed

Pile Flow Direction

Bed Friction Angle
internal Friction Angle

Value

18 North
196,672.7
120,213.0
1,389.5
1,389.5
1,389.5
0.0
0.0
0.0
15
20
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Step 1
Step 2
Step 3
Step 4
Step 5
Step 6

Create the PCQ/CUT sample points.

Modify the pufin input file for each sample. Run puffin in parallel for each sample.

Run Hysplit in parallel for each sample. Requires all output from the previous step for each sample.
Convert SRM file output by Hysplit to NetCDF in parallel. Requires all output from the previous step.
Run UQ analysis for each time in parallel. Requires all output from the previous step.

Create the conditional probabilistic hazard map. Reqires all output from the previous step.
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Step 1
Step 2
Step 3

Step 4
Step 5

Step 6

Create required parameters for evaluating sample uncertainty using Latin Hypercube Sampiing.
Modify the Titan2D Input File for each sample. Run Titan2D in parallel for each sample.

Down sample the flow depth (pile height) records output by Titan2D in paralel. Requires all output from the previous step for
each sample.

Construct the macro-emulator and mini-emulators in paraliel. Requires all output from the previous step.

Setup for re-sampiing the macro-emulator and create the initial probabilstic hazard map. Requires all output from the
previous step.

‘Aggregate mini-emulators into a macro-emulator in parallel and re-sample the macro-emulator to create the conditional
probabilistic hazard map. Requires al output from the previous step.
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Parameters

Vent Velocity
Vent Gas Mass Fraction

Vent Temperature

Vent Height

Mass Discharge Rate

Specific Heat of Gas at Constant Volume
Specific Heat of Air at Constant Volume
Specific Heat of Solid

Specific Heat of Gas at Constant Pressure
Specific Heat of Air at Constant Pressure
Density of Air at Vent Height

Pressure at Vent Height

& cenises

Plume

275
005
1053
1500

156 x 10°
77
1340
1100
1000
1810
1.104

84,363.4
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Parameters

Plume Height (Hia)
Horizontal Spread (rax)
Vertical Spread (o)
Plume Shape

Total Ash Particles
Elevation Threshold
Horizontal Diffusivity
Vertical Diffusivity

Grain Size Distribution
Mean of Grain Size (Radius)
Standard Deviation of Grain Size
Start Time

End Time

Simulation Duration

Unit

km
km
km

m?/s

m/s

mm

hour

Semiempirical

40
103.808
6.662
Poisson
1,768,500
10,000
10
Gaussian
35x102
10
0441
1341
72

Plume-SPH

1,768,500
15,000
10,000

10
Gaussian
35x102
10
0441
1341
72
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Number of Cluster CPUs per Nodes per Average elapsed
runs run run time per
run
BET_EF 1 CENERI Serial - < 1min
BET_POST_EF 1 CENERI Serial - < 1min
BET_WEATHER 20 ADA Serial - 90 min
BET_PRE_VH 1 IRENE
BET_TEPHRA 4,500 IRENE 768 16 3h
BET_POST_TEPHRA
Exceedance probability 6 (3 sizes x 2 TPs) IRENE 48 1 20 min
Arrival time 3 (3 sizes) IRENE 48 1 15 min
BET_VH (1 x GROUND, 1 x FL x PERS) x TP IRENE 576 12 15 min
BET_POST_VH
Exceedance probability 1 x GROUND x TP ADA Serial - 8 min
Exceedance probability 1 x FL x PERS x TP ADA Serial - 5 min
Arrival time 1 x EL x size x TP ADA Serial - 2 min
ST Number of runs Cluster CPUs per run Nodes per run Average elapsed time per run
BET_FETCH 1 CENERI Serial - < 1min
BET_EF 1 CENERI Serial - < 1min
BET_POST_EF 1 CENERI Serial < 1min
BET_WEATHER 1x day ADA Serial - 30 min
BET_PRE_VH 1 IRENE
BET_TEPHRA 1,620 IRENE 768 16 3h
BET_POST_TEPHRA
Exceedance probability 6 (3 sizes x 2 TPs) IRENE 48 1 10 min
Arrival time 3 (3 sizes) IRENE 48 1 15 min
BET_VH (1 x GROUND, 1 x FLXPERS) x TP IRENE 576 12 15 min
BET_POST_VH
Exceedance probability 1 x GROUND x TP ADA Serial - 8 min
Exceedance probability 1 x FL x PERS x TP ADA Serial - 5 min
Arrival time 1 x FL x size x TP ADA Serial - 2 min
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Parameter

EV (k')

Duration of fallout (hours)

MER (kg/s)

TGSD juveniles (® units)

TGSD probabilities of juveniles (%)

TGSD lithics (® units)
TGSD crystals (® units)
Initial density of juveniles py

Maximum juvenile density (kg/m’)

Density of juveniles (%)

Density of tephra particles (kg/m’)
Particle proportion (kg/m’)

Tephra mass fraction (%)

Density of particle aggregates (kg/m’)

Diameter of particle aggregates (& units)

Particle proportion aggregates (%)

Particle proportion lapilli (%)

Eruption size

Low
Medium
High
Low
Medium
High
Low
Medium
High
All types

Low
Medium

High
Al types

Al types

All types
Al types
Low

Medium
High

Al types
All types
All types
Al types

All types

Low
Medium
High

All types

PDF type and ranges

Uniform on [10'%10""]
Uniform on [10"10"]
Uniform on [10'%410%]
Uniform on [3.48; 27.36]
Uniform on [1.95; 3.48]
Uniform on [1.92; 195]
Uniform on [1.5*10%1.2*10°]
Uniform on [1.210%2.1*10°]
Uniform on [2.1%10%2.210"]
Beta on [2.7; 4] for 1

Beta on [4.9; 5.4] for u2
Beta on [0.9; 1.5] for o,

Beta on [3.5; 5.5 for 0,

Beta on [0.3; 0.5

Beta on [0.2; 0.4]

Beta on [0; 0.3]

Beta on [-2; -0.5] for p

Beta on [1.4; 1.7] for ¢

Beta on (0.1; 0.6] for

Beta on (0.7; 12] for o

Beta on [500; 1,000]

2,500

Beta on (1 15] for a

Beta on [0.3; 0.6] for r

Beta on [1.5; 2] for &

Beta on [0.4; 0.7] for r

5] for a

Beta on [0.5; 1] for r
Lithics: 2,500

Crystals: 2,800

Dirichlet on [2.01; 0.66; 0.33]
25

Accretionary lapilli: [1,000; 2,000]
Other aggregates: [100; 600]

Beta on [2;

Accretionary lapilli: 2,000
Other aggregates: 200
Uniform on [10; 30]
Uniform on [30; 60]
Uniform on [60; 90]
Uniform on [0; 20]
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Node Parameter Value Source

1—unrest Prior probability 05 Selva et al. (2012a)
Lambda 1
Past data suc./tot 7.4/306

2—magmatic Prior probability 05 Selva et al. (2012a)
Lambda 1
Past data suc./tot 0/0

3—eruption Prior probability 033 Selva et al. (2012a)
Lambda 1
Past data suc./tot 0/37

4—vents Number of vents 40 Selva et al. (2012b)
Lambda 2

Prior probabilities
Past data suc./tot

See Supplementary Material
See Supplementary Material
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