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The dynamics of finite-sized particles in fluids, and their influence on the 
overall flow, are of great interest across several industrial, environmental, and 
medical fields. In the context of inkjet printing, the presence of solid inclusions 
can be either intentional, as in additive manufacturing, or unintentional, as in 
standard printing processes. These inclusions can strongly impact the jetting 
process, causing effects such as jet asymmetry, bubble entrapment, and the 
formation of satellite droplets. Understanding and controlling particle behavior 
is therefore essential, particularly to predict how and when particles are ejected 
over multiple jetting cycles. It is therefore critical to develop reliable models that 
allow for a deeper understanding of the complex interplay between particle and 
fluid during the whole printing process. To address this, we present a tailored 
implementation of the Color-Gradient multicomponent Lattice Boltzmann 
Method for fully resolved three-dimensional (3D) simulations of multicycle liquid 
jetting with particles. Our method supports realistic parameter settings aligned 
with industrial inkjet systems, and we provide both qualitative and quantitative 
validation against experimental data. Additionally, we introduce a simplified 
model based on the Stokes drag law, in which solid particles are represented 
as point particles and do not influence the fluid flow. Despite this limitation, the 
model offers a computationally efficient means to explore the vast parameter 
space typically encountered in industrial applications, allowing, e.g., identifying 
critical ejection regions and estimating the number of cycles required for particle 
release. These qualitative insights are valuable for guiding and complement fully 
two-way coupled simulations.
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 1 Introduction

Today, the application of liquid jetting is widespread in various industrial sectors, 
ranging from traditional printing technology [1] to additive manufacturing [2], with new 
applications constantly emerging. Beyond conventional uses, droplet-based deposition is 
now being applied or explored in three-dimensional (3D) printing of large-scale structures 
such as houses and bridges [3], fabrication of complex resin and polymer geometries 
[4], production of electronic circuit boards [5], solar cells [6], and microlenses [7]. This 
technology also finds application in additive manufacturing with molten metals [8], in
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FIGURE 1
Cross-section schematic of a drop-on-demand (DoD) printhead. A voltage pulse drives the piezoelectric membrane to vibrate, perturbing the ink in 
the ink-chamber/reservoir. The resulting pressure forces ink through the feed-through and out of the nozzle, forming a droplet attached to the 
meniscus by a long ligament. Subsequently the droplet pinches off, and the ligament contracts into a spherical shape. The rectangular box bounded by 
dashed orange lines marks the domain of interest for our numerical simulations.

the printing of living organic tissue and organs such as the 
cornea and ears [9] and the production of aerospace components, 
including parts for satellites and rocket engines [10]. In all of these 
applications, fluids are deposited layer-by-layer onto a substrate, 
using various jetting techniques and fluid compositions.

These fluids often contain dispersed solid inclusions, either by 
design, when particles are the functional components being printed, 
or as unintended contaminants. In both scenarios, understanding 
the dynamics of particles during jetting and their effect on 
flow behavior is critical, requiring a combined experimental and 
computational approach.

Experimental investigations can be costly and time-consuming, 
especially due to the difficulty of visualizing flow and particle motion 
within confined geometries at micrometer scales, making reliable 3D 
numerical models essential for understanding particle dynamics and 
droplet formation.

We focus on drop-on-demand (DoD) liquid inkjet printing, 
which is often favored in industry due to its fine control over 
droplet generation and the potential for cost reduction relative 
to continuous inkjet (CIJ) printing [1, 12]. Although our study 
emphasizes DoD systems, our approach is general and can be 
extended to the modeling of 3D additive manufacturing of different 
composite materials.

Figure 1 shows a cross-sectional sketch of a typical DoD jetting 
system (printhead) along with an indication of the domain studied 
and an example of a solid inclusion. For inkjet printing, typical 
droplet diameters are about 20 μm, with ejection velocities ranging 
from 5 to 10 m/s [1, 12]. Solid inclusions encountered in industrial 
settings generally range from 5 to 12 µm in size, with a particle-to-
fluid density ratio of approximately ρp/ρ f = 2.3.

In Figure 2a we show a typical experimental droplet formation 
process during an inkjet cycle in the ideal scenario, i.e., in the 

absence of solid inclusions in the nozzle. In contrast, Figure 2b 
illustrates how the presence of a solid particle perturbs this process. 
As droplet sizes become more irregular, satellite droplets become 
more frequent, and the jetting direction deviates from the nozzle’s 
symmetry axis. As a consequence the ejection process becomes fully 
non-axisymmetric, thus requiring fully 3D simulations to accurately 
capture and analyze the dynamics involved.

While various numerical methods, such as the Arbitrary 
Lagrangian Eulerian Finite Element Method (ALE-FEM) [13, 14] 
and the Volume of Fluid (VOF) method [15, 16], have been 
proposed to simulate liquid jetting, many prior models assume 
axisymmetric geometries for computational efficiency. Although 
valid for ideal cases, this assumption fails in the presence of 
particles and cannot capture the associated flow asymmetries. To 
overcome this limitation, we have developed a fully parallel 3D 
Lattice Boltzmann Method (LBM), based on a multi-component 
Color-Gradient (CG) formulation [17–19], for the simulation of ink-
jetting. The model is coupled with the moving boundary bounce-
back (MBB) scheme [20–22] to allow the description of fluid-
particle interactions. One of the objectives of this work is to 
test whether this numerical setup is suitable for studying ink-jet 
printing under realistic industrial scenarios, by comparing both 
qualitatively and quantitatively with experimental data. To give an 
example, in Figure 3 we present cross-sectional views of jetting with 
and without a solid particle from numerical simulations, showing 
how the particle deflects the jetting angle and affects the droplet 
trajectory, with the induced disturbances qualitatively matching the 
experimental observations in Figure 2.

Fully two-way coupled simulations, while technically feasible, 
come with relatively high computational cost, which can limit 
their use in large-scale investigations of the vast parameter range 
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FIGURE 2
(a) Droplet formation during jetting without solid particles (ideal case). (b) Jetting with solid particles inside the nozzle, creating asymmetry and 
generating satellite droplets. Images provided by Tim Seegers [11].

FIGURE 3
Side-by-side comparison of liquid jetting with and without a solid particle (black sphere) inside the nozzle. Red contours show the ink-air interface with 
a particle; blue represents the ideal case. The particle induces asymmetry in droplet formation and causes angled ejection. Particle diameter: Dp = 8.3
µm (25 Lattice Units).

encountered in industrial applications. The cost of modeling fluid-
particle interactions across various particle sizes, shapes, and initial 
positions makes this approach challenging, particularly when access 
to high-performance computing resources is limited. On the other 
hand, one-way coupled models are often sufficient to address 
simpler yet relevant questions within industrial applications such 
as, for example, predicting the dynamics and ejection times of solid 
inclusions released in the feed-through or nozzle.

To address this, we take a first step towards the definition of 
a one-way coupled heavy-particle model designed to accurately 
evolve the dynamics of particles in the feed-through and the nozzle. 
The heavy-particle model implies particles with a particle-to-fluid 

density ratio ρp/ρ f > 1. This modeling approach is well-established 
in the Eulerian-Lagrangian framework for particle-laden flows and 
is frequently employed in one-way, two-way, and even four-way 
coupling regimes, depending on the particle loading, i.e., the ratio 
of particle-to-fluid mass in the system [23–25]. At low loading, 
particles are advected by the flow with negligible feedback (one-way 
coupling), whereas at higher loading, their momentum exchange 
and collisions can significantly alter the flow field (two- and four-
way coupling). We consider a simplified model based on the Maxey-
Riley equation [26], retaining only the Stokes drag force, suitable for 
small, heavy particles, and incorporate Jeffery’s equation to account 
for the angular dynamics of spheroidal particles under shear flow.
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Neglecting the feedback of particle motion on the fluid makes 
the model a reasonable simplification when only one or a few 
inclusions are present, makes the model computationally efficient 
(on par with single-phase fluid simulations), offering a powerful 
exploratory tool for investigating the qualitative behavior of particles 
in jetting flows. It enables rapid exploration of the parameter space 
by adding millions of particles without affecting the flow, helping to 
identify key features such as the regions within the nozzle and feed-
through where particle ejection is most likely, as well as estimating 
the number of jetting cycles needed for particle expulsion.

We envision applying this model within a V-cycle framework: 
The process begins with fully resolved two-way coupled simulations, 
which are used for the calibration of the heavy-particle model. Once 
this is established, the one-way coupled model can be employed to 
explore a broader parameter space efficiently. Finally, the insights 
gained from this qualitative exploration will guide more targeted 
high-fidelity two-way coupled simulations.

This article is organized as follows. In Section 2, we provide a 
brief overview of the numerical methodology, covering the LBM, 
the CG formulation for multicomponent flow, and the numerical 
integration of fully resolved particles. In Section 3, we present our 
simulation results for particle dynamics using both fully resolved 
particles and the heavy-point-particle model. Finally, Section 4 
summarizes our findings and discusses future directions. 

2 Methodology

In this section, we discuss the mathematical formulation of 
the equations of motion and the forces governing the combined 
dynamics of the fluid and suspended particles during liquid jetting. 

2.1 Particle dynamics in fluid flows

The fundamental equations that describe the hydrodynamics 
of viscous fluid flows are the Navier-Stokes (NS) equations [27], 
which, for an incompressible Newtonian fluid (with ∆⋅ u = 0), can 
be written as

∂u
∂t
+ ∆⋅ (uu) = 1

ρ f

∆⋅ τs +
1
ρ f
F, τs = −pI+ μ(∇u+∇uT) . (1)

Here, u(x, t) is the velocity of the fluid, ρ f  is the density of the 
fluid, τs is the hydrodynamic stress tensor, p denotes the pressure, 
μ the dynamic viscosity, and F the total external force acting on the 
fluid. To describe the motion of an inertial particle embedded in 
the fluid, Equation 1 must be coupled with Newton’s laws, which 
govern the translational and rotational dynamics of the particle’s 
center of mass (CoM):

mp
dup

dt
= ∮

S
τs ⋅ndS+ (ρp − ρ f)Vpg, (2)

Ip
dωp

dt
= ∮

S
r× (τs ⋅n)dS, (3)

where mp, ρp and Vp are the mass, density, and volume of the particle, 
respectively, Ip its moment of inertia, n represents the unit vector 
normal to the elemental particle surface area dS, up and ωp its 

translational and angular velocities, g acceleration due to gravity, 
while r is a vector pointing from the CoM of the particle to dS on 
the surface of the particle.

The flow field around a particle can be characterized by the 
particle Reynolds number, which quantifies the ratio of inertial 
to viscous forces acting on the particle due to the surrounding 
fluid motion,

Rep =
|up − u| lp

ν
, (4)

where |up − u| is the relative velocity between the particle and the 
fluid, and lp is the particle size (typically its diameter, dp). Here, u
denotes the undisturbed velocity of the fluid at the location of the 
particle. In our study, with different particle sizes and densities, the 
magnitude of |up − u| ranges between 1.3 and 1.9 m/s, thus Rep ≲ 2.

The equation of motion for fluid and particles, Equations 1, 2, 
respectively, cannot be solved analytically, in general. We employ 
numerical methods based on LBM [28–30] coupled with the CG 
method [18, 31, 32] to simulate the fluid flow with the ink-air 
interaction. The dynamics of the particle is solved through the 
implementation of a two-way coupled fluid-particle interaction 
model called the MBB scheme [20–22]. 

2.2 Color-gradient LBM with central 
moments

We provide a brief overview of the main features of the Central 
Moments (CM) Color Gradient (CG) LBM used for our numerical 
simulations.

The CG method is one of the earliest approaches for modeling 
multicomponent fluids with LBM. It was introduced by Gunstensen 
et al. [33], after which several important modifications and 
improvements were proposed. Leclaire et al. [19, 32], who extended 
the local equilibrium with additional terms, introduced a major 
improvement in accuracy. Moreover, the adoption of the CM 
formulation by De Rosis et al. [17, 18] significantly increases the 
stability range of simulations (allowing significantly larger density 
ratios of the fluid components).

We consider a multicomponent fluid and describe the time 
evolution of its k-th component in terms of discrete particle 
distribution functions, lattice populations hereafter, which evolve 
according to

fk
i (x+ ciΔt, t+Δt) − fk

i (x, t)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
streaming

=Ωk
i ( f

k
i (x, t))Δt⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

collision

, (5)

where fk
i (x, t) is the distribution function of component k at time 

t, position x and lattice direction ci. The discrete velocities ci, with 
i = 0,…,Q− 1, define a regular stencil such that, during streaming, 
populations hop to neighboring nodes along these links. For our 
present work, we consider a binary system: a denser fluid (ink), 
denoted as red (R), and a lighter fluid (air), denoted blue (B). The 
used lattice stencil is D3Q27, defined in Table 1.

Macroscopic quantities are defined as the velocity moments of 
lattice populations. The total density ρ can be obtained from the 
density ρk of each component (color field),

ρ (x, t) = ∑
k

ρk (x, t) , with ρk (x, t) = ∑
i

fk
i (x, t) . (6)
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TABLE 1  List of discrete velocities ci = (cix,ciy,ciz) and weights wi for the D3Q27 model.

i ci wi i ci wi i ci wi

0 (−0,−0,−0) 8/27 9 (−1,−1,−0) 1/54 18 (−0,−1,−1) 1/54

1 (−1,−0,−0) 2/27 10 (−1,−1,−0) 1/54 19 (−1,−1,−1) 1/216

2 (−1,−0,−0) 2/27 11 (−1,−0,−1) 1/54 20 (−1,−1,−1) 1/216

3 (−0,−1,−0) 2/27 12 (−1,−0,−1) 1/54 21 (−1,−1,−1) 1/216

4 (−0,−1,−0) 2/27 13 (−1,−0,−1) 1/54 22 (−1,−1,−1) 1/216

5 (−0,−0,−1) 2/27 14 (−1,−0,−1) 1/54 23 (−1,−1,−1) 1/216

6 (−0,−0,−1) 2/27 15 (−0,−1,−1) 1/54 24 (−1,−1,−1) 1/216

7 (−1,−1,−0) 1/54 16 (−0,−1,−1) 1/54 25 (−1,−1,−1) 1/216

8 (−1,−1,−0) 1/54 17 (−0,−1,−1) 1/54 26 (−1,−1,−1) 1/216

The total momentum is given by

ρ (x, t)u (x, t) = ∑
i

fi (x, t)ci, with fi (x, t) = ∑
k

fk
i (x, t) . (7)

The CG method evaluates the collision operator Ωk
i  as a 

combination of three suboperators [18, 32],

Ωk
i =Ωk

3,i (Ω
k
1,i +Ωk

2,i) , (8)

Each suboperator in Equation 8 represents a distinct physical 
mechanism. The single-phase collision is modeled using the 
BGK operator [34],

Ω1,i fi (x, t) = −
1
τ
( fi (x, t) − feq

i (ρ,u)) , (9)

where τ is the relaxation time that determines the kinematic viscosity 
ν,

ν = (τ− 1
2
)c2

s . (10)

The equilibrium distribution feq
i  is given by a third-order 

Hermite expansion of the Maxwell-Boltzmann distribution [32]:

feq
i (x, t) = ρ{φi +wi[

3
c2 (ci ⋅ u) +

9
2c4 (ci ⋅ u)

2 − 3
2c2 u

2

+ 9
2c6 (ci ⋅ u)

3 − 9
2c4 (ci ⋅ u)u2]}+Φi.

(11)

The weights wi for the D3Q27 lattice are listed in Table 1, and 
explicit expressions for φi and Φi can be found in Refs. [18, 35].

The perturbation operator Ωk
2,i adds a color-gradient-aligned 

term to induce surface tension at fluid interfaces. The recoloring 
operator Ωk

3,i redistributes populations to maximize immiscibility 
while conserving mass and momentum. For full details on these two 
steps and their implementation, we refer to Leclaire et al. [19, 32] 
and Saito et al. [35].

After the collision step, streaming is applied,

fk
i (x+ ciΔt, t+Δt) = fk

i (x, t) . (12)

Previous studies have compared different multiphase LBM 
models, such as the Color Gradient and pseudopotential models 
(e.g., Shan-Chen), in terms of accuracy and stability [19, 36], finding 
that the CG model outperforms the Shan-Chen approach, both in 
terms of accuracy and stability.

In particular, the CG model demonstrated significantly better 
numerical stability at high fluid-fluid density ratios, of the order 
of O(1000), which is a crucial factor for simulating systems with 
large density contrasts, such as ink and air. However, the standard 
CG model has a limited stability range at low viscosities and 
often requires further enhancements. One possible remedy is to 
rely on regularization procedures, which filter out high-order non-
hydrodynamic modes that arise after the streaming step [37, 38]. In 
this work, we adopt instead the Central Moments (CM) formulation 
(see Refs. [31, 39, 40] for full details on our implementation), as a 
robust alternative that significantly enhances numerical stability [17, 
18, 41], making it well-suited for accurately simulating two-phase 
systems with high density ratios and low viscosities, conditions 
essential for realistic liquid jetting simulations. 

2.3 Boundary conditions

The boundary conditions used in the numerical setup depicted 
in Figure 1 include both conventional and advanced schemes to 
ensure stable and accurate simulations. A standard no-slip bounce-
back condition is imposed on the solid walls of the nozzle. Inflow 
and outflow boundaries are treated with appropriate schemes 
to enforce prescribed macroscopic field profiles and suppress 
nonphysical pressure reflections from the domain boundaries. 
To model interfacial phenomena at the ink-air interface in 
contact with solid surfaces, wetting boundary conditions are 
implemented. Furthermore, the interaction between the fluid and 
fully resolved moving particles is captured through a two-way 
coupled approach, employing the MBB method to account for 
the dynamics of curved time-evolving boundaries. The reader 
is referred to the Supplementary Material for full details on the 
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implementation of the different boundary conditions for the current 
flow configuration. 

2.4 Time evolution of particle dynamics

The time evolution of particle dynamics in terms of position, 
orientation, as well as translational and angular velocity, is governed 
by Newton’s laws of motion (Equations 2, 3). The translational force 
balance acting on the particle is given by

mp
dup

dt
=m f

dup

dt
−∑

b
FbΔVp + (mp −m f)g, (13)

where m f = ρ fVp is the mass of the fluid displaced by the particle. 
The three terms on the right-hand side of Equation 13 represent the 
added mass force, the hydrodynamic force and the buoyancy force 
acting on the particle, respectively.

Rotational motion is governed by the torque balance,

Ip
dωp

dt
= I f

dωp

dt
−∑

b
(xb − xc) × FbΔVp, (14)

where I f  denotes the moment of inertia of the fluid displaced by the 
particle and xc is the center of the particle and xb a point on the 
surface of the particle.

We perform the time integration of the above equations 
employing the well-known leap-frog algorithm [42].

The target velocity on the particle surface can be calculated by 
combining the translational and angular velocities,

ub (xb) = up +ωp × (xb − xc) . (15)

Finally, to update the orientation of the particle, we employ a 
quaternion-based representation [42, 43]. 

2.5 Modeling of heavy-point-particle 
dynamics

Numerically investigating liquid jetting with solid inclusions is 
often computationally unfeasible, due to the high costs associated 
with fully resolved 3D two-way coupled simulations and the vast 
parameter space typically encountered in industrial applications. 
Therefore, we also introduce one-way coupled simulations of solid 
particles in liquid jetting.

Our starting point is the Maxey-Riley (MR) equation [26], 
which is commonly used [44–46] for approximating the motion of 
a spherical particle in a fluid flow. Generally, this equation can be 
used when the particle size is much smaller than the length scale 
of the flow, and Rep ≲ 1. The MR equation accounts for various 
forces that act on a particle in a fluid, including drag, added mass, 
buoyancy, and history forces. In general, taking into account possible 
gradients in the flow field at the particle size, it also includes the 
Faxén corrections [47, 48].

For particles with density ratios ρp/ρ f ≲O(100), the full MR 
equation is needed to properly evaluate particle trajectories [44, 
49, 50]. Given the density ratio ρp/ρ f ≈ 2.3 in our application, 
we assume that most of the terms in the MR equation have an 
effect on the dynamics of the particles, but they are an order of 

magnitude smaller compared to the Stokes drag force. Moreover, 
for the time scales involved in liquid jetting, gravity can be ignored. 
Under these assumptions, which are validated a posteriori in the 
Supplementary Material, the dominant force acting on the particle 
is Stokes drag [51], and the MR equation is reduced to its most 
simplified form,

dup

dt
= − 1

τSt
(up − u) , (16)

where τSt = (ρp/ρ f)d
2
p/(18ν) is the particle relaxation time required 

for the particle to adapt to the velocity of the surrounding flow.
Similar phenomenological equations are needed for the angular 

dynamics of a point particle in our liquid jetting application. We 
assume that the local shear rate of the (unsteady) laminar flow in 
the feed-through and nozzle is, to good approximation, uniform on 
the particle scale. As a simplified model, we employ the solution of 
angular orientation and angular velocity of a spheroidal particle in 
uniform and steady shear flow as given by Jeffery in 1922 [52]. The 
original solution assuming a constant shear rate, G, allows to express 
the angular velocity ψ̇ as:

ψ̇ = − G
e2 + 1
(e2 sin2 ψ+ cos2 ψ) , (17)

with

cot ψ = −e cot( eGt
e2 + 1
), (18)

where e = a/b (with a and b the major and minor semi-axis of the 
spheroid, respectively) is the aspect ratio of the spheroid. Assuming 
a locally linear velocity gradient at the particle’s location, the shear 
rate is computed as the curl of the velocity field, ∆× u(x, t). The 
algorithm used to update the angular velocity of the particle, using 
Equation 17, and the orientation of the particle is taken from 
Ghosh et al. [43]. 

3 Numerical results

This section presents the results of our numerical analysis 
based on the methods outlined in Section 2. A validation of 
our implementation of the CM-CG LBM and the boundary 
condition schemes, which enable accurate capture of fluid-particle 
interactions, is provided in the Supplementary Material.

In Section 3.1 we examine the dynamics of a particle during the 
jetting process under realistic conditions, comparing the simulation 
results with the experimental data extracted from video recordings. 
In Section 3.2, we investigate the effects of particle size and shape on 
their dynamics during a single jetting cycle. Finally, in Section 3.3, 
we discuss scenarios in which a one-way coupled approach can be 
used as a computationally cheap, yet reliable, alternative. 

3.1 Liquid jetting with a solid particle: 
qualitative comparison with experimental 
data

We simulate the dynamics of a fully resolved particle during a 
jetting cycle, testing our numerical setup with realistic parameters 
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FIGURE 4
(a) Schematic of the numerical domain for simulating liquid jetting with a particle near or inside the nozzle. The 3D rendering shows the domain with 
the red surface representing the ink-air interface at a given time. The origin (0, 0, 0) is set at the nozzle exit center. (b) Inlet velocity profile used in 
simulations: initial negative velocity causes meniscus retraction, followed by positive velocity causing jetting and continued oscillations. A fitted 
function for the inlet velocity is provided by our collaborators at Canon Industrial Printing: ux(t) = x3/5(a1 exp (−k1x) + a2 exp (−k2x)sin (ϕ+ fx)) with a1 =
0.077, k1 = 0.079, a2 = 0.75, k2 = 0.13, ϕ = 3.03, f = 0.79.

[53]. We qualitatively compared our numerical results with 
data extracted from high-speed video recordings of actual 
experiments (cf. Figure 2).

In Figure 4a we provide a sketch of the numerical setup, showing 
a particle with initial position in the feed-through in proximity 
of the nozzle. To guide our analysis, we place the origin of the 
axes, O = (0,0,0), in the center of the nozzle exit. At time t =
0, the system is initialized with ink in the feed-through and 
inside the nozzle, and air everywhere below the nozzle, with both 
fluids initially at rest. All input parameters are listed in Table 2. 
The physical domain, measuring 142.5μm × 66μm × 66μm, is 
discretized on a grid of size Lx × Ly × Lz = 380× 176× 176. We use 
90 grid points to resolve the feed-through length Lft (see Section 2 
of the Supplementary Material for details on the conversion from 
physical units to Lattice Units (LU)). Boundary conditions are as 
follows: periodic on the lateral sides, no-slip on the nozzle surface, 
a convective outlet at the bottom, and a velocity inlet at the top. The 
cylindrical nozzle wall has a wetting contact angle of 10°, while the 
surface of the nozzle plate has a neutral contact angle of 90°. Both 
these wetting data and the inlet velocity profile (cf. Figure 4b) were 
provided by our collaborators at Canon Industrial Printing.

The position and size of the ellipsoid have been manually 
extracted from the first 12μs of the experimental video footage (see 
the examples in Figure 5, top panel). Since the footage captures 
only one side of the physical domain, the experimental data are 
limited to the xy plane, leaving the motion of the particles along 
the z direction undetermined. For this reason, we associate to our 
measurements a large systematic uncertainty of approximately 50%
of the particle diameter, represented by the error bars in Figure 6. 
Given this limitation, we compare simulation and experiment in the 
xy-plane, exploring different initial guesses for the position and size 
of the particles along the z-axis at t = 0.

We start by presenting the case shown in Figure 5, where the 
particle is initialized at xp(t = 0) = (98.3,30,0.0) with semi-axes 
R = (Rx,Ry,Rz) = (21.6,5,6.5). The initial angular orientation of the 
particle around the z-axis is θ0 = 150°. Since particles typically 
consist of silica [53], we take a particle-to-ink density ratio of 
ρp/ρ f = 2.3, where ρ f = 1080kg/m3. From a qualitative point of 
view, the simulation shows good agreement with the experimental 
observations of particle dynamics. More quantitatively, Figure 6a 
presents the time evolution of the particle’s xy-position and angular 
orientation, demonstrating excellent agreement despite the system’s 
complexity and parameter uncertainty.

To further assess the robustness of our results, we performed a 
sensitivity analysis on the following uncertain parameters: (a) the 
initial position z of the particle center, zp(t = 0), (b) the semi-axis 
of the particle along the z-direction, Rz, and (c) the particle-fluid 
density ratio, ρp/ρ f . We vary each of these parameters individually 
from their baseline values and compute the average deviation 
between simulation and experiment over time. Specifically, zp(t = 0)
is varied within [0, 30] LU, Rz within [4, 10] LU, and ρp/ρ f  within 
[1, 10]. The deviation is quantified using the following relative error 
metric for the xy-position of the particle,

Qerr (x) = √
1
T
∫

T

0

(xsim − xexp)
2

(Dnozzle)
2 dt, (19)

and similarly, for the angular orientation θ around the z-axis,

Qerr (θ) =
√ 1

T
∫

T

0

(θsim − θexp)
2

π2 dt. (20)

Here, T = 12μs is the total simulation time. The average error 
in both the trajectory and the angular orientation of the particles, 
due to variations in the above parameters, is found to range 

Frontiers in Physics 07 frontiersin.org

https://doi.org/10.3389/fphy.2025.1702044
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org


Ghosh et al. 10.3389/fphy.2025.1702044

TABLE 2  Input parameters for liquid jetting simulations in the presence of solid particles (of different size and shape) as used in Sections 3.1, 3.2. 
Suffixes R and B represent the Red (ink) and Blue (air), with the densities being ρR and ρB, and kinematic viscosity being νR and νB, respectively. The 
surface tension is denoted by σ, and the nozzle diameter and length are Dnozz and Lnozz, τR and τB are the relaxation times for the two components.

Physical quantity SI units Lattice units Lattice units

Section 3.1 Section 3.2

ρR 1080 [kg/m3] 1080 1080

ρB 1.08 [kg/m3] 1.08 1.08

νR 8.33 ⋅ 10−6 [m2/s] 3.55 ⋅ 10−3 4.0 ⋅ 10−3

νB 16.67 ⋅ 10−6 [m2/s] 7.1 ⋅ 10−3 8.0 ⋅ 10−3

σ 40 [mN/m] 1.91 ⋅ 10−3 3.07 ⋅ 10−3

τR — 0.51067 0.512000

τB — 0.52133 0.524000

Dnozz 30 [µm] 80 90

Lnozz 30 [µm] 80 90

Tjet 33.33 [µsec] 555555 625000

FIGURE 5
Cross-sectional view of liquid jetting with realistic ink-air parameters (see Table 2) and inflow pulse shown in Figure 4B, qualitatively compared with 
experiments. The spheroidal particle is initialized to match the first experimental frame, with position and orientation closely matching throughout. This 
confirms that the simulated flow and particle dynamics qualitatively reproduce experimental observations. Ink is shown in light green; the ink-air 
interface is marked by the blue curve.
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FIGURE 6
Comparison of particle dynamics from simulations and experiments. Vertical (xp) and horizontal (yp) positions are measured from the origin at the 
nozzle exit (0,0,0) as in Figure 4. Particle orientation is also compared. Initial positions are based on experimental data, assuming the particle lies in the 
central symmetry plane due to limited experimental resolution. Despite alignment uncertainties in the initial condition, good agreement can be seen 
throughout the time evolution. (a) axial (x) direction, (b) lateral (y) direction, (c) angular orientation.

between 2.5% and 3.5% (see Supplementary Material for details). 
This relatively low sensitivity indicates that uncertainties in the 
unknown initial conditions do not significantly affect the simulation 
outcome. Therefore, our initial assumptions for these parameters 
are deemed reasonable. In conclusion, the results confirm that our 
numerical model reliably captures the particle dynamics during a 
liquid jetting process, even under experimental uncertainties. 

3.2 Liquid jetting with a solid particle: 
shape and size dependency

In a follow-up step, we investigate the influence of particle 
shape and size on the dynamics of solid inclusions inside a nozzle 
during liquid jetting. Specifically, our objective is to quantify both 
translational and angular motion in a pulse-driven jetting cycle, 
using the experimental velocity profile shown in Figure 4b.

The jetting parameters used in this study are summarized in 
Table 2, and the numerical domain used is the same as shown 
in Figure 4. The size of the domain is 896× 144× 144 LU, with a 
diameter of the nozzle of Dnozz = 30 µm (90 LU); the resolution 
of the grid was selected based on a grid independence analysis to 
ensure numerical accuracy (see Supplementary Material). Particles 
in industrial applications typically have a diameter in the range from 
5 to 12 µm, which corresponds to radii between 7.5 and 18 LU in 
our numerical domain [53, 54]. The particle density is approximately 
2500kg/m3.

We present here results for three representative cases. Two sets 
of simulations were performed with spherical particles, varying 
the radius of the sphere between 5 and 15 LU and initializing the 
particle inside the nozzle or in the feed-through, were performed. 
The results are shown in Figures 7A,B, respectively. Additionally, 
a set of simulations was conducted with spheroidal particles, with 
varying aspect ratios e = a/b ranging from 1 (spherical case) to 4. All 
spheroids are initialized inside the nozzle, with major axes chosen 
to match the volume of a spherical particle of radius Rp = 10 LU. 
For all cases, the particle-ink density ratio is set to ρp/ρ f = 2.3 and 

the wetting contact angle on the particles is set to 10°. Spheroidal 
particles are initialized with their major axis a orthogonal to the jet 
axis (ϕ = 90°).

Figure 7 shows the trajectory of the CoM of the particles as a 
function of time, starting from two different initial positions. Within 
the explored parameter range, we observe that both spherical and 
spheroidal particles exhibit similar trajectories, also converging to 
comparable final positions. These results suggest that, at least for 
trajectory prediction purposes, spheroidal particles with modest 
aspect ratios can effectively be approximated by spheres.

Figure 8a shows the angular velocity profiles for spherical 
particles of different radii. Despite some variations, all follow a 
similar temporal trend. For spheroidal particles (cf. Figure 8b), we 
observe larger angular velocities compared to volume-equivalent 
spheres. However, angular velocity differences between spheroids of 
varying aspect ratios remain minimal, with noticeable discrepancies 
only near t ≈ 10μs, when the particle interacts with the ink-air 
interface.

In conclusion, this analysis of translational and rotational 
dynamics suggests that within the industrially relevant parameter 
ranges explored, spherical particles represent a reasonable 
approximation for spheroidal particles. 

3.3 Dynamics of solid inclusions with the 
heavy-point-particle model

In this section, we evaluate the dynamics of solid particles within 
the nozzle and feed-through during liquid jetting using the heavy-
point-particle model introduced in Section 2.5. We compare this 
simplified model, fully resolved particle simulations, and tracer-
based approaches, focusing on both translational and rotational 
dynamics. The numerical setup follows the configuration described 
in Section 3.2, with simulation parameters listed in Table 2. Figure 9 
illustrates the spatial distribution of tracers and heavy point particles 
over time during the first two jetting cycles. Both types of particles, 
ejected during the first ejection cycle, are color-coded (blue for 
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FIGURE 7
(a) Particle trajectories over time for different radii (Rp = 5,10,12.5,15 LU), all starting from the same off-axis position inside the nozzle. (b) Trajectories of 
particles initialized near the nozzle inside the feed-through. (c) Trajectories of spheroidal particles with varying aspect ratios (e = 1,2,3,4), all with the 
same volume as a sphere of radius Rp = 10 LU.
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FIGURE 8
Particle angular velocity over time during a jetting cycle. (a) Spherical particles with radii Rp = 5,10,12.5,15 LU., starting from the same off-axis position 
inside the nozzle, (x,y,z) = (105,90,2.5). The dashed blue line shows the angular velocity of a heavy point particle (e = 1) from the Jeffery model. (b)
Spheroidal particles with aspect ratios e = 1,2,3,4, with the major axis chosen such that the volume is the same as that of a spherical particle with radius 
Rp = 10 LU. Initially, the major axis is aligned orthogonal to the jetting axis, meaning ϕ(t = 0) = 90°. The dashed blue line shows the angular velocity for a 
point particle with e = 4.

heavy particles and orange for tracers). Point particles are initialized 
inside the nozzle and part of the feed-through, areas prone to host 
impurities at the early stages of the jetting process. The reliability of 
the heavy-point-particle model depends on the fidelity of the fluid 
solver, particularly its spatial and temporal resolution. To ensure 
meaningful comparison with fully resolved particles while keeping 
computational costs manageable, we initialize about 2× 105 point 
randomly within the nozzle, i.e. 10 point particles per lattice unit 
volume. Empirically, we have observed this sampling density to be 
sufficient to ensure that at least a point particle is initialized in close 
proximity of the centre of a fully resolved particle. Moreover, in order 
to establish a reliable comparison, we use the 3 point particles closest 
to the centre of the resolved particle and interpolate their dynamics.

For the case shown in Figure 9 we have initialized a total of 
approximately 2× 105 point particles in the ink component. The 
tracers follow the flow streamlines according to utracer = u(x(t), t). 
By contrast, the heavy point particles follow the Stokes drag model 
described in Equation 16. with a particle relaxation time of τSt =
0.682μs. The parameters are chosen such that the heavy point 
particles mimic fully resolved spherical particles of radius Rp = 10
LU and a particle-to-ink density ratio of ρp/ρ f = 2.3. It is important 
to note that the heavy-point-particle model does not account for 
surface tension effects and, as such, does not model interactions 
with the ink-air interface. Consequently, heavy point particles that 
exit the ink phase and enter the air phase during the simulation are 
removed from our data set during post-processing. On the other 
hand, tracers, which are updated at every time step, remain confined 
within the ink phase and are carried along with the fluid, even after 
ejection of an ink droplet.

We first compare the dynamics of a heavy point particle with 
that of the fully resolved particle and also tracers starting from 
the same location inside the nozzle as shown in Figure 10. We 
observe that, across the particle sizes considered, the heavy-point-
particle trajectories qualitatively match those of their fully resolved 

counterparts, whereas tracers, lacking inertia, simply follow the fluid 
streamlines and are ejected with the ink droplets.

We also compare the angular dynamics of the heavy point 
particles using the Jeffery equation. Figure 8 presents a comparison 
of angular velocity for two cases: (i) spherical particles of varying 
size, see Figure 8a, and (ii) spheroidal particles with different aspect 
ratios, see Figure 8b, all initialized from the same position within 
the nozzle. Despite the fact that the Jeffery model neglects inertial 
effects on angular motion, it reproduces the angular velocity profiles 
observed in fully resolved simulations with reasonable accuracy 
(blue dashed curves in Figure 8).

These findings suggest that the one-way coupled heavy-
point-particle model can provide a computationally efficient yet 
sufficiently reliable approximation of particle dynamics, both 
translational and rotational, within the scope of industrially relevant 
conditions, making it an excellent choice when the primary focus 
is on the particle trajectories. Clearly, if the objective is instead 
to investigate the impact of the particles on the jetting process, 
including the resulting asymmetries, a fully two-way coupled model 
is required. 

4 Conclusion

Solid inclusions are commonly present in jetting processes, 
either as part of the intended printed material or as debris that 
can compromise the quality of the jetting. The complex dynamics 
of such coupled fluid-particle systems poses significant challenges, 
both experimentally and numerically.

We used a multicomponent solver capable of describing the 
combined dynamics of air-ink interfaces as well as the fluid-
structure interaction between ink and a solid inclusion. The 
numerical model implements a fully 3D two-way coupling and 
allows one to simulate, at realistic values of the physical parameters, 
the complex dynamics of a jetting process in the presence of 
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FIGURE 9
Time evolution of heavy particles (left) and tracers (right) during a jetting cycle. Particles ejected in the first cycle are highlighted in blue (heavy 
particles) and orange (tracers). Simulations use approximately 200,000 particles, with only those in the central symmetry plane shown. The heavy point 
particles follow Equation 16 with relaxation time τSt = 0.682 µsec and Stokes number St = 0.1068, equivalent to a spherical particle of radius Rp = 10 LU 
and particle-ink density ratio as ρp/ρ f = 2.3. The heavy point particles have no surface tension and hence some of them (14%) penetrate the ink-air 
interface; these have been removed during post-processing.

solid inclusions inside the nozzle. We employed the LBM to solve 
the flow velocity field, and we coupled it to the CG method to 
simulate the evolution of the ink-air interface. The stability and 
physical fidelity of the method were enhanced by incorporating the 
CM scheme, thereby extending the accessible density parameter 
space. To simulate the fully resolved two-way coupled fluid-particle 
interaction, we adopted the MBB scheme, allowing the simulation of 
solid inclusions inside the nozzle. The focus in the present numerical 
investigation is primarily on the dynamics of the solid inclusions and 
not on asymmetric jetting due to the presence of these inclusions.

We conducted simulations involving both spherical and 
ellipsoidal particles of varying sizes and aspect ratios, within a range 
relevant to industrial applications. Our findings indicate that within 
this range, particles released from the same initial position exhibit 
similar trajectories and angular dynamics. Although particle size 
and shape can influence droplet formation during jetting, the fact 
that the trajectories of these particles remain similar suggests that the 
effects of size and shape on jetting are sufficiently minor. For future 
jetting studies, the dynamics of solid inclusions can reasonably be 
approximated by those of spheres.

The two-way coupled model has the ability to simulate particle 
dynamics and predict particle ejection over single and multiple 
jetting cycles, but its computational cost may be impractically high 
for industrial applications. To address this limitation, we have 
implemented a heavy-point-particle model that uses the Stokes 
equation to compute particle trajectories while also accounting for 
inertial effects. The angular velocity is determined using a modified 

Jeffery equation for a rotating ellipsoid in a uniform shear flow. 
We observed that the trajectory matches quite well with the results 
obtained from fully resolved simulations. Although the angular 
dynamics does not incorporate inertia, the angular velocity observed 
in our heavy-point-particle model also reasonably matches the 
angular velocities observed in fully resolved simulations. Since the 
heavy point particle model is one-way coupled, the dynamics of a 
huge number of particles (up to ∼106) can be studied in a single 
simulation, significantly reducing computational costs and allowing 
an instantaneous parameter scan using a range of initial positions, 
particle shapes and sizes, etc. The present study also shows that 
heavy point particles can mimic the dynamics of solid inclusions, 
but passive tracer particles cannot.

In future work, we plan to extend the heavy-point-particle 
model to address some of its current limitations. For example, 
limiting the hydrodynamic forces on the solid inclusions to the 
Stokes drag force might be a too drastic simplification in some 
situations. Other forces in the MR equation, such as added mass or 
pressure gradient force, could contribute significantly. Additionally, 
the model assumes that particle sizes are much smaller than the 
velocity gradient length scale, a condition that may not hold in 
realistic scenarios. To overcome this, we could incorporate Faxén 
correction terms, which account for finite-size effects in non-
uniform flows and would improve the reliability of the model in 
more complex shear environments near boundaries.

Moreover, surface tension effects are not accounted for in the 
current model, which means that interactions between particles
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FIGURE 10
Particle trajectories during a jetting cycle for a fully-resolved spherical particle (black), a heavy point particle (blue), and a tracer (orange). All cases use 
matched Stokes numbers (St = 0.107, 0.1668, 0.240) corresponding to radii Rp = 10, 12.5, 15 LU (panel a-c, respectively). The tracer, lacking inertia, 
follows the flow and is ejected with the droplet, while the heavy point particle more closely tracks the fully-resolved trajectory.
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and the ink-air interface are not captured. This limitation becomes 
particularly relevant when investigating the impact of particles on 
the jet and the resulting asymmetries. If the focus is on particle 
dynamics alone, the current simplified model offers a computational 
advantage. However, for studies involving the interaction of 
particles with the jet, including the resulting distortions and 
asymmetries, a fully two-way coupled model is necessary. Finally, 
we plan to investigate the asymmetries that arise in the resulting 
ink droplets due to the presence of both stationary and mobile 
solid inclusions within the nozzle and feedthrough during
jetting.
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