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Low-energy dynamics of
vibrating kinks

J. Mateos Guilarte*

Instituto Universitario de Fisica Fundamental y Matematicas, Universidad de Salamanca, Salamanca,
Spain

The low-energy dynamics of kinks and kink—antikink configurations in the
Jackiw—Rebbi model are fully described. The strategy is based on the collective
coordinates adiabatic approach. The necessary solution of quantum mechanical
spectral problems, for both scalar and spinorial wave functions, is revealed as an
intermediate step.
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transfer between kinetic and potential forms, bosonic versus fermionic effective
potential wells in KAK configurations

1 Introduction

Throughout the last 50 years, a vast research activity studying the dynamics of
topological defects has experienced a strong impetus. Given the relevance of topological
defects in fundamental/mathematical physics, condensed matter physics, cosmology,
biophysics, and other branches of science, this task revealed itself as necessary. Except in
integrable field theories like sine-Gordon, Korteweg-de Vries, and Kadomtsev-Petviashvili
equations, no analytical methods are applicable. Recently, however, numerical methods
have been successfully applied to analyze scattering of kinks in several distinguished non-
integrable modes that live in (1 + 1)-dimensions. We mention specifically [1-3], where
numerical methods of integration have been applied to understand processes of scattering
between kinks and antikinks. Focusing on analyzing collisions between kink-shaped defects,
either simply traveling and/or wobbling while traveling, success in understanding their
interactions emerged. Of course, a vast literature on this subject can be found in the
references just quoted. A parallel attack to the understanding of interaction between
topological defects has been alternatively produced from the adiabatic, low-energy side.
Time dependence is restricted to the so-called collective coordinates, and the investigation
deals with dynamical systems with a finite number of degrees of freedom. Specifically, when
the objects of research are kinks, the central topic in this article, the solution of the simplified
system in [4] shows astonishing qualitative agreement with the numerical results.

In one a priori completely different framework, much research has been devoted to
studying how fermions affect the dynamics of systems in field theory and condensed matter
physics; see [5-7]. A new phenomenon with far-reaching consequences was discovered
in these articles: the fractionization of the Fermi number in the presence of topological
defects; see also [8], where the connection with index theorems, specifically the eta invariant,
was explored. These findings aroused interest in studying physical settings where fermions
live in the presence of topological defects, such as kinks; see, for example, [9, 10, 14].
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In this work, we shall concentrate on developing the collective coordinates adiabatic approximation when fermions are present in the
system. A previous work in this line is [13], but our focus will be the paradigmatic Jackiw-Rebbi model, a simple setting rich enough to obtain
a great amount of information. More precisely, we shall continue the analysis developed in [11, 12] to fully unveil the adiabatic dynamics of
vibrating kinks and kink-antikink configurations.

2 The Jackiw—Rebbi model in R} Minkowski space-time

Let us consider a quantum field theory (QFT) of fermions and bosons restricted to move on a line. The dynamics is governed by the
action:
Spio¥l = [ x| Lo pog— (g2 - 1+ ipa, v glpw
]R¢’_R1,1x2”¢¢2¢ i¥y'o,¥ - g¥¢
=why [9l=1, (Y=L A1=L7=(g], M
encompassing a quartic self-interaction of the bosons plus a Yukawa coupling between fermions and bosons. In the natural system of units

where the Planck constant and the speed of light in vacuum are set to one, # = ¢ = 1, the dimensions of the fields and couplings are shown
below the action above. The Jackiw-Rebbi Hamiltonian H = Hgp + Hy is, in turn, obtained via a Legendre transformation:

Hyp = J A (1,%) {—ia%}‘l’(t,x) " J A (4,5%) (g (1) BY W (4, %)

2
HBzéjdx {Hz(x)+<g—ﬁ> +)L2(¢2(t,x)—1)2]». 2)

The Dirac matrices a = 0, and f = g, are chosen like in [5]. Here, 0, and o0, are Pauli matrices, and this choice corresponds to the
Clifford algebra

YV=onyi=io, Y=y =0
[y 1=2¢", g"=diag(l,-1), y,v=0,1

The Klein-Gordon and Dirac fields are maps from the Minkowski space, respectively, to the field of the reals and the fundamental
irreducible representation of the Spin(1, 1;R) group:

v, ()

tx) =R - R, ¥(tx)=
¢ (t,x) (t,x) <1//2(t’x)

):]Rl’1 — irrpSpin (1, ;R),

that is, the transformations generated by [y°,y'], and characterized by the Lorentz boost parameter y, acts on one spinor in the form

X ignnd
8,1 = £ = ( ot ’Smh§>,

—isinh X cosh X
2 2

cosh y = LY (6x) =S, [x] P (5x).
1-v
The Euler-Lagrange (classical) field equations read
¢+ 21%¢ (t,x) (¢* (t,x) — 1) + g¥ (LX) ¥ (£,x) = 0, (3)
¥
P — — ,x) W (t,x) =0. 4
iy P go(t,x)¥ (t,x) =0 (4)

This system of coupled non-linear partial differential equations (PDEs) is very difficult to solve. The situation is better and pertinent to
the posterior canonical quantization of the system if some static solution of the system of the form (¢4(x),¥s = 0) is discovered:

d2
_Eﬁs + 212 ¢ (x) (5 (x) = 1) = 0.

In that case, one may search for solutions close to these static solutions that linearize the (3-4) PDE system:

¢ (6,X) = ¢ () + 1 (t,x) = 5+217 (3¢2(x) - 1) (t,x) = O (1), ©
iy”g_ju —8$s (DY (£2) = O (¥). ©
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Because the terms in Equations 5 and 6 with no derivatives of the fields are time independent, it is convenient to solve the linear system
via a Fourier transform in time:

dwg ., o dwp
— (s wg), Y(hx)= — MY (xywp) .
- €' (x; wg) (t,x) J o e (x; wp)

—00

n(tx) = ro

—00
The linear PDE system (Equations 5 and 6) becomes equivalent to the spectral problem:

2
hoantt (6 wp) = [—;—xz +20% (3¢3 (x) - 1)] 1 (% wp) = Wy (x wp), (7)

hpV¥ (6 wp) = [—i(xd%c + 8B (x)] Y (xwp) = wp¥ (s wp), (8)

where hg,, and hp, are, respectively, the quantum mechanical Schrédinger and Dirac operators in the background created by the ¢,
classical solution.

2.1 Bose—Fermi quanta in homogeneous field backgrounds

The standard canonical quantization procedure to build the space of stationary states of H and evaluate the quantum transitions within
the Fock space states is based on finding the eigenwave functions of the Schrédinger operator and the eigenspinors of the Dirac operator to
be taken as the one-particle states. The simplest solutions of the classical field equations are the two homogeneous, independent of t and x,
minima of the scalar potential energy, whereas Hpp is minimized by ¥y, = 0:

ds(t,x)" = ¢y =1, Ys(x) =¥, =0.

Choosing one of these two configurations, for example, (¢4(t,x)" = + 1, ¥(t,x) = 0), as the ground state, spontaneously breaks the ¢ —
—¢ symmetry, and the linear Klein-Gordon and Dirac equations become:

o’

a_tf - % — 402 (%), ®
‘ 0
z% 0 .<14/1 (t,x)) _ 0 “ax T8 .<V/1 (t,x)) (10)
0 l% v, (t,x) % +g 0 v, (t,x) .

Because there are no time- and space-dependent terms in the PDE operators in the linear Equations 9 and 10, it is convenient to search
for the general solutions as Fourier transform integrals®

dk

¢(t,x) _ [a (k) giwpR)tike | o (k) eiwg(k)f*ka] , (11)
JH+ V4w (k)
_ dk —iwp(k)t+ikx | (k) t—ikx
W (t,%) \/gjw —W [b(kyu(k)e +c* (kv (k)e ], (12)
\I"T (t,x) _ \/éj dk [b* (k) uT (k) eia)F(k)tfikx + C(k) V’r (k) efiwp(k)Hikij , (13)

0 \dnwg (k)
where the integration is performed over the upper branches H}, and H;, of the hyperbolas: @} = k* + 41*, wy = + Vk? + 4%, and w} = kK +

Fowp= +\@+K.

1 We denote back 5(t,x)as ¢(t,x)to follow the conventional notation.
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In order to be the spinor expansion (Equation 12), the general solution of Equation 10, u(k) and v(k) must be, respectively, the eigenspinors

of the 2 x 2-matrices with eigenvalues wz>:
0 g-ik k k
gk u, (k) - ,k2+g2 u, (k) )
g+ik 0 u, (k) u, (k)
0 -g-ik k k
' gk vy (k) - ,k2+g2 vy (k) ’
-g+ik 0 v, (k) v, (k)
1/2 1
VK + g .
wy =+ X8} | gtk

2 —_—
¢ VK + g
N —
+
v(k) = z—gg | K+
1

which satisfy the standard orthonormality conditions:
u' (k)yu (k) = % =vI(R)v(k), akyuk)=1=-v(k)v(k),
together with u'(k)v(-k) = 0.

In the canonical quantization procedure, the Fourier coefficients of the scalar field are promoted to creation and annihilation bosonic
operators satisfying the commutation rules:

[a(k)),a" (k)] = 8(k, —k,), [a(k,),a(ky)]=0=[a"(k),a" (k,)].
The ground state with no meson particles at all is annihilated by all the destruction bosonic operators
a(k)|0y5=0, Vk.

Meson multiparticle states have the form

N

N
[a" (k)] 710> = Inyny-ny), meN, Y n=N, (14)
j=1 j=1

and form the basis of the bosonic Fock space, obtained via the symmetric tensor product.
Simile modo, the canonical quantization of the Dirac field courses via anticommutation relationships

{67 (k). Bky)} = 0k, —ky),  {&" (k)2 (ky)} = 8(ky — ky), (15)

{80k, by} = 0= {2 (k)),e(ky)}. (16)
Likewise, the ground state with neither electrons nor positrons is annihilated by all the fermionic destruction operators.
b(k)|0)p=0=2(k)[0)s Vk. (17)

Electron/positron® multiparticle states form the basis of the fermionic Fock space built from the one-particle states via antisymmetric

tensor product:

N B N
11:1[ [bT (kj)]n’ [0)p = |nyny - ny), n]T =0orl, ;n]’ =N, (18)
N N

11:1[ [?:T (kj)]n;|0>p =|ning--np), n;' =0orl, ];n]* =N. (19)

Quantization by anticommutators forces the antisymmetry of the multiparticle states, and thus one state can only be either unoccupied,
nf =0, or occupied only by one Fermion, n? = 1. Note that n]+ =1 and n; =1 are simultaneously possible describing one state with one
electron and one positron, both with momentum kj.

2 Note, however, that the spectral equation for uis the same as the spectral equation for vif (wg,k)is replaced by (-wg,—k). Notice also that it is possible to
come back to (wg;k), provided that gwill be transmuted to —g, the essential property of antimatter.
3 We shall refer to the Fermi quanta in the Jackiw—Rebbi model as electrons/positrons by analogy with quantum electrodynamics (QED).In the JR system,

there is no electric charge. The Nother's invariant associated to the U(1)symmetry is the Fermi number.
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3 Bosonic and fermionic kink fluctuations

In addition to the homogeneous static solutions, this system also admits static space-dependent solutions that are traveling waves with
kink shape via Lorentz transformations:

d* A =
2L (- 1) =0 < ‘pl?(\j/cl_—vvtz_“):itanh[A(Vxl—v;_a]

—ia%( +B(gpy +ima)¥y=0 & Y =0.
Defining non-dimensional space-time coordinates 7 = At, y = Ax and considering small fluctuations,

Py =¢x M +n(ny), Y@y =0+y(ny).
In the kink's classical background, the expansion above is still a solution of the field equations if the linear system of coupled PDEs holds:

? 0, 6 —O(¢
(&-Z -2 Jsen-0@),

(ia% - i%% N valgbK(y))‘I’(T,y) =0 ($Y).

Note that (1) we choose Wy =0 as the fermionic ground state, and thus, we neglected the fermionic backreaction on the kink at the
classical level. (2) We introduce the important non-dimensional parameter v = ‘% that measures the strength of the Yukawa versus the scalar
self-interaction couplings. (3) Again, we abuse notation in the linearized equations by writing ¢(,y) instead of #(7,y). Because there are no
7-dependent terms in both operators, it is natural that the search for solutions via 7-Fourier transform integrals:

$(ry) = [% drd™ fy (), Qp=2E,
Y(ny) = [ dre®Ty, (), Op=E,

such that the general solution of the linearized equations requires the solution of two quantum mechanical spectral problems, one for a
Posch-Teller/Schrodinger operator, and the other one for a Dirac operator in a kink potential background.

3.1 Higgs bosons propagating over kink topological defects

Starting with the scalar/Bose case, the quantum mechanical spectral problem governing the scalar kink fluctuations reads

2
hprB<y>=<—”’—+4—L

dy’ cosh?y ) Jo,0) = Yfo, ). 20

Fortunately, the eigenvalues and eigenfunctions of this one-particle Hamiltonian are well known. The discrete spectrum possesses two
bound state eigenfunctions whose corresponding eigenvalues s are, respectively, Q3 = 0 and Q7 = 3, namely:

3.1.1 Zero mode

1
Q,=0, =—
0 /®) cosh? y

This eigenfunction is due to the spontaneous breaking of the translational symmetry by the kink.

3.1.2 Bound state: the shape fluctuation mode

sinh y

0’ =3, )= :
V3 faby coshzy

The next eigenfunction in the discrete spectrum responds to vibrations of the kink, rather than translations, with a frequency of V3, and
it is referred to as shape mode because it is accompanied by variations in the kink shape.*
Above these two bound fluctuation modes, the eigenstates with energies over the threshold of the continuous spectrum Q3(0) = 4 arise.

4 This fluctuation mode is closely approximated by a Derrick mode obeying a Lorentz dilatation; see [4].
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3.1.3 Scattering states: the continuous spectrum

Q@) =q"+4, f(y:q) =P (3tanh’y - 3ig tanh y — (1 + %)) = €'V'P, (tanh y;).

Remarkably, the scattering involved is transparent; that is, the reflection amplitude 7(g) is zero, and the modulus of the transmission
amplitude is one

_1-ig 2-iq
S 1+iq 2+iq

t(q)

From it, the total phase shift and the spectral density are easily computed. The general solution is obtained as a linear superposition in
terms of the eigenfunctions of the one-particle operator

¢(T,y) — P_I)%(Aoe—is‘r_}_Ageisr)fo (y)+ (A\Be—i\/gT+A>:Eei\/§r) f\/g()’)

d ]2 12
* J S (A (@) eV f(y5g) + A* (@) W)- 1)

Canonical quantization courses, as usual, replace the complex coeflicients of the spectral expansion by quantum operators satisfying
commutative quantization relationships:

[Apal] =1, [Asdl ]=1 [A(q).A"(a,)] =6(q - n)-

The differences with respect to the bosonic Fock space in the vacuum sector are three: (1) there is one state where a boson is bounded
to the kink center, traveling with it at no cost of energy. (2) The shape mode is one state in the Fock space where one boson is trapped by
the kink, giving rise to one kink excited state characterized by its vibration frequency. (3) There are many states where the Higgs quanta are
scattered off the kink, but the outgoing particle waves escape from the kink center as plane waves times Jacobi polynomials of order 2.

3.2 Electrons/positrons propagating over kink topological defects

Spinorial kink fluctuations are determined from the spectral problem of the one-particle kink-Dirac Hamiltonian:

1 l/’1(}’§QF)>
hpry (1 Qp) = Qpy (y; Q) (;Qp) = — ,
NG AVEEIS rY (58 LAV \/E(%(}’;QF)

0 —%} +vtanh y ¢ (22)
hpy = d , V= T (v, 0p)] = [y, (5Qp)] = 1.
E +vtanh y 0

Instead of directly solving the spectral problem (Equation 22), we notice that the square of the Dirac-kink operator is a diagonal matrix
of contiguous Posch-Teller-Schrodinger operators. Moreover, defining the first-order differential operator d, = diy + v tanh y, the Darboux
factorization method may be successfully applied to find the spectrum.

& L2 Y1)

- AN AEY 0
dy? VT osh? y

2
ok £ o -1

- d_yz cosh?y

_(did, 0\ [dd, 0
N\ o dd) \o dd_ +2v-1)

0

3.2.1 Fermionic zero modes
One immediately recognizes fermionic zero modes and the non-existent normalizable anti-fermionic zero modes as living, respectively,
in the kernels of d, or d},. One finds

(0)
) 1 0
hDK<I//1 ) >:O = 1//(10)(}’):— hDK( (0)

0 cosh”y’ 12 (y)> =0 = ) () = cosh”y.
2

Needless to say, changing from kink to antikink, the normalizable zero mode corresponds to antifermions.
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3.2.2 Fermionic kink shape modes

Focusing on the case when g is a multiple of A, and v =N € IN* is a positive natural number, there are N— 1 proper bound states that
correspond to vibrating kink spinorial shape modes. The eigenvalues are well known and show that these states carry imaginary momentum
on the positive imaginary half-axis in the complex g-plane: q = ix;,”.

Eigenvalues:

QP (k5N) = J@N-DI=\N2 =&, 1=12...N-1, x=N-L

For the truncated-to-polynomial hypergeometric Gauss series, the eigenspinors are also explicitly known.

(0)
Eigenspinors v (y) = ( ‘4’(11) » )
v, (),

W) = —-2F1(2N+1—l,—l,N—l+1;1(1+tanhy)),
cosh™ 'y 2
(1)( )_—-ZFI(ZN—Z,—Z+1,N—l+1;%(1+tanhy)>.
y

This identification has been possible because the bound state labeled by [ in the upper diagonal component and the bound state labeled
by j =1-1in the lower diagonal component of the square of the Dirac operator share identical eigenvalues.

3.2.3 Fermions scattered off kinks
It remains to describe the spinorial fluctuations scattered off kinks, that is, not bounded to the kink center. Of course, these fluctuations
belong to the continuous spectrum of hp:

oV 050 = @Y, s = (‘“ v "1’) . (23)
v, (1:9)

The eigenvalues are

Eigenvalues: Q%(q) = ¢ + N> = Qp(q) = +/q* + N2
Whereas the eigenspinors are proper Gauss hypergeometric series:
Eigenspinors

. Y
v, (1:9) = A(q) (sechy)™ -, F; [1 —ig+N,—iqg— N, 1 —ig; e},iﬁ],
. y
v, (1:9) = A(q) (sechy)™ -, F, [—iq+N,—iq—N+ 1,1-ig; e)’iﬁ] .

Scattering scalar or spinor waves are characterized by their phase shifts and/or spectral densities. Considering the system defined on a
finite interval of very large length L with periodic boundary conditions (PBC), the spectral densities of the scattering through the kink wells
suffered, respectively, by the upper and lower components are
Pe(@) = p(” (@) + p(Z) (@),

W Ni N @ L Nzl
]2+q N2+q2’ Pr = E

2

Note that, in addition to the precise characterization of the continuous spectrum in terms of the wave number g, the bound states resurface
as poles in the spectral density.

3.3 Fermionic quanta

To finish this section, we first expand the classical spinor field in terms of the one-particle states:

N, ) ’ () I
o) E (s )
\/g 0 =1 WZ ( ) (y)

dq B(q) v (59 —1QF(q)gt+C*( ) ¢ (5q) %@t |
i v, (9 ¢ (q)

41Qp ()
5 In this case, there is one half-bound state just at the threshold of the continuous spectrum with [ = N. These “half-states” do not exist if v ¢ IN*.
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We stress that the eigenspinors y of the Dirac-kink operator and of its g to —g transformed ¢ have been taken as a complete system in
the space of spinor fields.

The next step is the promotion of the coefficients to Fermi operators, demanding anticommutation rules between them to establish the
canonical quantization procedure:

{BO’BS} =L {Blﬂg};} = 61112’ {611’6;2} = 81112’
{B(%)’ET (‘12)} =38(9,-q,) = {6(41)’CT (‘b)}> {@Jr ()’1)’1.\?JrT ()’2)} = ié(yl _J’z)'

The Fermi ground state and, in general, the fermionic Fock space describing electron/positron multiparticle states with Fermi statistics
built in it follow.

As a practical computation, we show the normal ordered Fermi number operator, all the annihilation operators placed at the right of the
creation operators denoted by the :F: symbol.

- . . ;9 &, (9
F= [ ded [0, 9 (0], <% >:<1 )
Jax3 [P0 T 0) o v, \é 059
N-1
F: = £ [B,By] + ¥ (BIB,-C/C) + [ dap;(9) (B" () B(9)-C' (@) T(9))

=

—

N, . . . .
- No—%+I§I(NZ’—N7)+qupF<q>(M<q>—N*<q)).

Due to the unpaired zero mode, we see that the expectation value of this operator in any state of the fermionic Fock space is fractional.
Note that because the o, matrix maps the eigenspinors of hpy(g) into those of hpi(—g), not only are the states in the discrete spectra paired
(except the zero mode), but also the spectral densities in the continuous spectra are identical.

4 Low-energy dynamics of vibrating kinks and the impact of bosonic and
fermionic shape modes

The study of the dynamics of topological defects in non-linear non-integrable field theories is an endeavor beyond the reach of analytical
methods. Numerical analysis on increasingly powerful computers has been successfully used to obtain insights into this important subject
because many types of topological defects exist in Nature. During the last 20 years of the twentieth century, an alternative route has
been investigated by physicists and mathematicians. The idea is that at low energies, the dynamics is essentially described by geodesic
motion over the moduli space of these extended objects. More recently, internal/shape vibrational modes of fluctuation are included in
these effective finite-dimensional dynamical systems. The degrees of freedom correspond to the collective coordinates of the defect and its
vibrational modes. The adiabatic principle dictates that both the kink moduli space coordinates and the shape mode amplitudes of kink
fluctuations support all the time dependence and describe the adiabatic evolution of the topological defect. The miracle is that sticking to
this approximation by numerical methods has been confirmed in this simplified scenario.

In this section, our goal is to construct the effective adiabatic dynamics of the kink collective coordinates encompassing both bosonic
and fermionic shape fluctuation modes. We thus start with the kink solution and also incorporate the lower bosonic and fermionic shape
fluctuation modes.

4.1 Low-energy dynamics of a single vibrating kink

The bosons shape mode in the simplest ¢ = 2\ for both kink and antikink, centered either at a = 1.5 or a = —1.5 are plotted in Figure 1
(left) when A = 3. Besides, there is in the simplest ¢ = 2 case, v = 2, there is only a shape mode of each type, and we focus on the configuration
sinh [y —a(7)]
¢(1.y) = () +A(Dnz3() =tanh[y-a(D]+A (1) —5—,
cosh” [y —a(7)]
A7) (tanh [y—a(r)])

=V (EpaA) = AP (a(D) = coshy—a@I\  1/v3

V8

where the kink configuration is supplemented by the bosonic and fermionic shape modes, both of frequency Q = V/3. The space parametrized
by the collective coordinates is thus a four-dimensional supermanifold. There are two bosonic collective coordinates, the kink center a and the
amplitude of the bosonic shape mode A, spanning the “body” The “soul” of the submanifold is spanned in turn by one fermionic collective
coordinate, the amplitude of the fermionic shape model: A. Now, a very subtle point: in classical field theory, bosonic fields present no
problems. Classical Fermi fields are incompatible with the exclusion principle and thus, strictly speaking, do not exist. A loophole to deal
with this problem is to focus on the anticommutation rules and look at their classical limit, which is only satisfied by Grassmann variables.
It is then natural to consider classical Fermi fields as Grassmann fields, but then, there is no possibility of having the Dirac sea as the ground
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FIGURE 1
(Left) Graphics of the kink shape mode and the antikink shape mode. (Right) Graphics of the upper and lower components of the Fermionic
shape mode.

state. One must cope with the existence of spinor waves propagating with negative energy. Within this spirit, we shall consider that the shape
mode amplitude, A = A, +iA,, is a complex Grassmann variable:
A*=0=A" AA"+A*A=0,
A} =0=A% AA+AA =0, A"A=2iAN,.
Under the adiabatic hypothesis, where the temporal dependence of the system is encoded in the collective coordinates a(7), A(7), A(7),

the dynamics is reduced to a finite-dimensional Lagrangian system. The kinetic energy and the potential energy receive contributions from
both the bosonic and fermionic collective coordinates. Remembering the vibrating kink configuration

A
dx(ra,A) = tanh (y —a) (1 + m),

and the two components of the Fermionic bound state of energy /3, the Fermionic shape mode of fluctuations over the vibrating kink is

&) - A L -
1//1\/5(%“,/\) = W.ZFI (4’_1’2) §(1+tanh()’_u))) _Af(y)a)

() _ A 1 _
wzﬁ(y,a,A) = m-zﬂ (3,0,2, 7(1 +tanh (y - a))) = Ag(y,a)

The contributions due to the bosonic and fermionic shape modes to the effective kinetic and potential energies are®

o 0 b, . \? .
TBff:lj d)’(ﬁcH&A) :l[<é+EA+EAZ>ém+2AA],
2 oa 0A 21\3 2 15 3

. [ e [ d ogl. 8 .
Tfff:—A*AJ dy (fly,al* +gly.a?) +iA AJ dy[f[y,a]a—i:+g[y,a]a—‘§]a:—§A A.

The effective potential energies due to the bosonic and fermionic collective variables are slightly more difficult to compute:

V= 3 () 1097 (3040 300 55,
VE = iNTA[™_dy [f(y,a) (—dily +2¢K(y,a,A))g(y,a) +g(y.a) (% +2¢K(y,a,A))f(y,a)]

—iA"A(4+ gA) =iA*A-Wla,A]

We notice now the main conceptual facts: (1) fluctuations in the kink's center of mass a and the amplitude of vibrating shape modes,
both scalar (bosonic) and spinorial (fermionic), are entangled. Thus, if the kink kinetic energy decreases, the frequency of kink oscillations
increases. (2) The amplitude of the fermionic fluctuations is coupled to the amplitude of the bosonic ones via a Yukawa interaction between
one real and one complex degrees of freedom, remarkably independent of the kink position a. To make these statements more precise, we
look at the motion equations derived from the effective Lagrangian

4 ..
_ B F B FB F _ * . ¥
L= Teff+ Teff_ Vig= Ve Lo = —gA A—iWla,A]l- A" A,

6 Note that the expressions for the fermionic kinetic and potential energies are hermitian due to the anti-hermiticityof %and the anti-commutativity of the

Grassmann fields ¥'and V.
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L= 1 [(4—1 +7—TA+§A2)6.1(:1+ gAA] +(A—1 +A%+ EA3+£A4),
¢ 2 2 15 3 3 8 35

3
which are
i[(‘-‘+5A+1—4A2)a] =W A, (24)
drl\3 2 15 da
2i- (E+§A>a2—(2A+ 3—”A2+3A3)—ialvA*A, (25)
3 2 15 8 25 oA
iN* = Wla,A]- A" (26)

Consider first the situation where the fermionic fluctuations are null: A(7) = 0,V7. Then, the first of the Euler-Lagrange (EL) equations
gives rise to a constant of motion because a is a cyclic variable:

C

(‘-‘+5A+5A2)a=cza=—.
2 15 é+EA+EA2
3 2 15

3

Still in the absence of fermionic fluctuations, and focusing on the regime of small shape mode amplitude, the second motion equation
becomes linear

A=D(O)-w*(QA+O(4?),  D(C)=2C,
2o 2 (21277
W (C)=3 (E Inc )

Having chosen the A =0 = A" solution of the motion equations for the Grassmann degree of freedom, the main impact of the shape
mode in the kink dynamics is clearly shown. The frequency of the kink oscillations is modified as a function of C o< a. That is, the faster the
vibrating kink moves, the lower its oscillation frequency becomes and vice versa. This transference from kinetic to potential energy in kink
dynamics is a semi-classical effect because the shape mode appears at order 7 in the 72 expansion of the Jackiw—Rebbi action. The dependence
of the shape mode amplitude on time is easily recognized if fermionic fluctuations do not enter the game:

D(C)

A7) =
e

+ A(cos(w(C) 1)+ D).

We stress that there is a critical value of C. If |C| > Z\E w(C) becomes imaginary, and the kink stops oscillating, the evolution

is purely kinetic. When |C]| < 2\/§ , the translational and vibrational movements coexist. Any perturbation producing a variation of C
produces a variation of the shape mode frequency and vice versa, just qualitatively agreeing with the numerical predictions in the full field
theoretical model.

The mutual influence between bosonic and fermionic fluctuations is understood if we consider the dynamics determined by the third
equation. Equation 26 reads

iA* (1) = —<4+ —A)A*. (27)
The formal solution is easy to find:

A*(1) = 8" exp [i%ﬂdr’ (4+ ZA )] : (28)

where §* = §, —i6,, 8% = 8% =0, is a Grassmann integration constant. Thus, iA*(7)A(7) = i§" §, and therefore,
A=D(C)-2-i6"8-(w?(C)-i56°0) A+ O (4%) =,

DAOY 21070 | 4 (cos (w(C) - Z6°5) ) + D).

A1) =
D= Go-Tes

The spinorial kink fluctuations interact with the scalar kink fluctuations, modifying the midpoint of the scalar fluctuation amplitudes
and the vibration frequencies.

In order to calibrate how the kink dynamics depends on the oscillatory shape modes also for £

1 =3, let us consider the two vibrating

modes. The spinor fields describing these oscillations are

A »F) (6,—1,3,%(1+tanh(y—a(f))

(1) _ (1) _
¥ (t,y,a) = A(D)OYV (y,a) = ——"——
Vs cosh? (y—a(D) ,F, (5,0, 3,%(1 +tanh (y—a (7))

A 2Fl(5,—2,2,%(1+tanh(y—a(T))

(2) (2)
Vo (ry.a) = A0 (ya)= —57———
V8 \ cosh (y -a(7)) ,F, (4,—1,2,1(1+tanh(y—a(1))
2
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Only the Fermionic kinetic and potential energies are modified because, even though g/A = 3, we stick to the standard ¢* kink:

Ty = AR, dy (07 ()@ () = ~SA°A,

Tyt = ~A"A[% dy (070 ()9 () = ~A"A,

))@m () = —iA*A (g + %”A),

))q><2) ) = —iA*A(% + %A).

(1) _ sr%4 [0 T(1 . d A
V‘:ff =iA Af_oodyC[) ( )(y)(—lazd—y +30, tanhy(l + coshy

(2) S Ak T . d
V‘:ff =iA AI?OOO dydT? (y) (—de—y +30, tanhy(l + oshy
Therefore, the effective models are Lagrangian dynamical systems where the configuration spaces are supermanifolds. The dynamical
variables are both c-numbers, a and A, and Grassmann magnitudes, A* and A. The fact that the effective super dynamical systems are not
super symmetric is due to the property that shape modes are not Bogomol'nyi-Prasad—-Sommerfield (BPS) bound. Although we started with
no backreaction of the fermions on the kink at the classical level, this effect arises at the one-loop level by taking into account the effect of fermionic
shape modes.

4.2 Effective dynamics of vibrating kink—antikink configurations

4.2.1 Effective kinetic energy

The kink-antikink configurations depend on two parameters when the two basic topological defects are vibrating:

s a(1),A(1))  =tanh(a(r)+y)—tanh(y-a(7)) -1

A(7) (29)
+ fanh(a (7)) (tanh(a(7) +y)-sech(a(r) +y) —tanh(y—a(7)) - sech(a(r) - y)),

where a labels the relative position of the kink with respect to the antikink, and A labels the syncronized amplitudes of vibrating kink and
antikink. It is assumed that the center of mass is placed at the origin of the reference system.

In Equation 29, the adiabatic approximation is implemented: only the collective coordinates a and A depend on the 7 time. The evolution
is so smooth that the spatial coordinate y remains constant in time. Under this hypothesis, a non-Euclidean metric arises in the (a,A) plane:

o (09 O o g (Wxa  Wxa
8aa (@A) =I-JK%'%)’gaA<a»A>=I_oody< gﬁA' gf)’

0 0 . , A
st = [0 (e ), a- 2 4=

or’

such that the kinetic energy of the kink-antikink adiabatic evolution becomes
1 . . ;
Tit = (820 (@A) & + 28,4 (a,4) 84 +g, 4 (a,4) A%).
Computations with Mathematica offer the following results:

480ae'™ (A% cosh (8a) + 4 (46A% +7) cosh (2a) + 4 (23A% — 4) cosh (4a) + 4 (2A% + 1) cosh (6a) + 163A% - 16)
15(e - 1) (e +1)°
16€'% sinh (2a) (40 (93A2 — 13) cosh (2a) + (668A* + 80) cosh (4a) + 40 (3A2 + 1) cosh (6a))
B 15(e** - 1)7(e** + 1)
16¢'% sinh (2a) ((7A% + 10) cosh (8a) + 2219A% + 410) + 157(e* - 1)'° A
B 15( — 1) (1 1)?

8o (@A) =

>

g4 (a,A) =—Atanh(a) - 5aAcsch® (a) — 7aAcsch? (a) — 3aAcsch? (a) + (1 — aA) sech? (a)
+coth (a) (5Acsch4 (a) + 13—1Acsch2 (a) + A) ,

guala) = icsch5 (a)sech (a) (36a — 3 sinh (2a) — 12 sinh (4a) + sinh (6a) + 12a cosh (4a)).
Starting with the aa component of the metric tensor, we observe that the limits when a tends to +co are
lim g, [a,A]= g +7A + §A2.

a—+00 15
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FIGURE 2
Snapshots of (left) g,,[a,-5] and (center) g,,[a,5]. (right) Graphics of gy,lal.

These limits correspond to infinite separation between the kink and antikink centers, the antikink at the right with respect to the kink,
the + sign, or vice versa, the — sign. Clearly, this component of the metric tensor is twice the metric of one excited single kink. Near the
origin, the aa component metric tensor behaves as follows:

248A% 64) 16
— - — |+

3 2
S la,Al=, ma’A+a ( 6 TIAEY

3
The limits of the other components of the metric tensor at +co are

) . ; 4
A G (04120 I g0 A= 5,

confirming that when kink-antikink are very far apart, they behave as two isolated single kinks, and their interactions are negligible. Close
to the origin, when the kink and antikink are superposed, these components of the metric tensor become

152 80 56 152
a,Al=__, —ﬂa(—A+a>+—Aa3, A=, 22222
Zas 1 A1 =40 105 63 Zaa @A~ 915 105

In Figure 2 plots of the metric tensor induced by the bosons shape modes on kink-anti kink configurations, g{aa}[a,-5], g{aA}[a,5] and
g{AA}[a], are shown as functions of a.

4.2.2 Effective potential energy
The last step is the computation of the effective potential energy between vibrating kink and antikink topological defects in the adiabatic
regime of collective coordinates:

) )
S tan= L[ iy (s
2 ay ay

The calculation requires a huge computational effort, and here is the result achieved in a Mathematica environment:

+(1-¢%, (y,a,A))2>. (30)

—00

1 105 11
VKA g, Al = x{—n 1) A((~1416% + 45¢% + ¢ — 1) A% + 96 (e** — 1
eff 210(e* - 1) (e +1)° 2 ( ) Al ) ( 2

+16(e* —1)3e'*A* (10696 cosh (2a) — 15105 cosh (4a) + 2716 cosh (6a) — 986 cosh (8a) + 28 cosh (10a) + cosh (12a) — 17510)
—840¢'2°A% sinh* (a) (-288 sinh (2a) + 40 sinh (4a) — 96 sinh (6a) + 4 sinh (84)

+656 cosh (2a) — 124 cosh (4a) + 112 cosh (6a) — 5 cosh (8a) — 159) + (35 (-8e** + b —17) (- 1)°

+1680a (8¢ (3¢’ A* (130 cosh (2a) — 32 cosh (4a) + 29 cosh (6a) — 4 (cosh (8a) + 7) + cosh (10a))

+12¢% A% sinh* () (8 sinh (2a) — 80 sinh (44) + 8 sinh (6a) — 8 sinh (84)

—80 cosh (2a) + 124 cosh (4a) — 16 cosh (6a) + 9 cosh (8a) + 123)

+ 11 (42 sinh (a) — 5 (6 sinh (3a) — 3 sinh (5a) + sinh (7a)) + sinh (9a))

+14 cosh (a) — 22 cosh (3a) + 5 cosh (5a) + 7 cosh (7a) — 5 cosh (9a)) + 8) } .

Close to the origin, the effective kink—antikink potential behaves as

VA 14 A] :aﬁoﬁf (-32557A% + 11520A% + 16807A — 7168)

eff
. a? (—94912A* + 450457A° + 322036A% — 1801807A + 192192)
15015

2
+3za(1057A% — 60847 + 1057A) +

5152A% — 34657A% + 15444 A2
1155 :
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FIGURE 3

Tomographic snapshots of the effective potential when the kink and the antikink are close to each other for the following amplitudes of the shape
mode: A =0 (left), A=1 (center), and A = 3 (right).

FIGURE 4

Three-dimensional graphics of the effective potential in the (a,A)-plane as a function of the (a,A)-collective coordinates. Interval: a € (-2,2), A € (0,1)
(left) and a € (-2,2), A € (1,2) (right).

Special values of the effective potential at distinguished points are

736A*
165

4
35

LKA 5 468A° LKA 8 1,3 4 . KA
lim V. [a,A] = =37A°+ ——, lim Vi [a,Al=-+—-A"+ —A" lim Vi [a,A]=oo0.
a—0 © 35 a—oco © 3 4 a—-oco ©

The qualitative properties of this mechanical potential are encoded in Figures 3, 4.

If both kink and antikink are non-excited, that is, when A = 0, the low-energy dynamics is captured by a Lagrangian mechanical system
with a single degree of freedom, the relative position a:

1 .
L= Eg[a,O] aa— fo? [a,0].
Therefore, the system is Liouville integrable and, because the energy
1 ..
E= Eg[a,O] aa+ fo? [a,0]

is a constant of motion, it is possible to reduce the integration of the system to a quadrature:

gla,0]

¢t = | da|—22
= J ¢ 2(E- V¥4(a,01)

(31)

It is not possible, either by writing the integral in terms of analytical functions or, even if it not were the case, to invert the outcome and
to know the explicit dependence of a on time. Nevertheless, Figure 3 (left), as well as the explicit knowledge of Vf{?[a,o], makes possible a
qualitative analysis of the motion. E = g is the threshold for unbounded motion, and bounded motion occurs if 0 < E < % Thus, for energies
greater than %, starting with initial conditions (a(f—t, < 0) > 0,a(t -ty < 0) < 0) a decreases when times runs forward until it becomes
slightly negative, meaning that kink and antikink centers cross each other while exchanging their relative position. For sufficiently high
energy, the relative position a becomes sufficiently negative to reach the infinite potential barrier sooner or later. Then, a bounce is produced,
and a second exchange between kink and antikink takes place, moving the KAK pair apart, again up to very long distances. For energies less
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than £ but greater than 0, the kink-antikink motion is bounded. These oscillatory motions were christened as “bions” by their discoverers in
[15, 16]. In Figure 5 we plot both the induced metric and the effective potential due to the sermonic shape mode with the highest frequency
of the kink-anti kink configuration when g = 3\\. The plots of the effective potentials for A01 and A = 3, Figure 3 (center) and (right) show
a similar pattern, but less room for bions is left with increasing shape mode amplitudes.

A brief digression on the quantum description of the previously described classical dynamics is convenient. Because the momentum
conjugate to ais p, = gla,0]a, the quantum momentum operator becomes f) = - id%, while the quantum Hamiltonian, Weyl ordered, reads:

H= da(\, 1[a,0] d) VKA [a,0]. (32)

The unbounded motion orbits become scattering backward waves while bound states arise from the bounded orbits, only complying with
some Bohr-Sommerfeld quantization conditions.

If both kink and antikink are excited, and we let the amplitude A vary, things are different. The effective dynamics is captured by a
Lagrangian system with two degrees of freedom: a and A. Denoting now a = a' and A = a?, the effective Lagrangian reads

1 da' od .
58dia [a',a’] = 57 E_fo? [a',a’], i j=12,

and, accordingly, the motion equations become

o0“a' i 8af Bak il 1% i < aga lal agaluk aga“uf )
oa r« g¢coa _ A 1 _ )
or +J§ “at ot or ;gﬂ od o Zga da'

aal

The energy is still a constant of motion, but there is no second invariant that would guarantee the Liouville integrability of the
system. Needless to say, obtaining analytical solutions of this system of ordinary differential equations (ODEs) is hopeless. Nevertheless,
numerical analysis of this system for initial conditions corresponding to kink-antikink scattering has been successfully performed in
the seminal [4]. These authors reached a similar conclusion to those previously obtained in the numerical treatment of the full field theory:
in the kink-antikink scattering, quasi-bound states where several bounces occur arise for some windows of initial velocities. Moreover, the
pattern shows a very interesting fractal structure.

4.3 Fermionic fluctuations of kink—antikink configurations

Consider the bounded spinorial fluctuation over the kink-antikink configuration when the ratio % is 2.

2F1 (4 -1,2, —(1+tanh(y+a))

x | sech(y+a)

1 A
—VY3(rna )= tanh[a]

V8

2F1 (3,0,2, 3 (I +tanh(y+a))

2F1(4,-1,2, 2 (1 +tanh(y- )

—sech(y—a) (33)

2F1 (3,0,2, 3 (I +tanh(y—a))

In Figure 1 (right) the upper (blue) and the lower (yellow) components of the sermonic shape mode on kink-anti kink configurations
are drawn as functions of a when the distance between centers is a = 2. Contribution to the kinetic energy of the fermionic fluctuations

Tfff = —J_OO dy‘I’T\E\/5 »a, A Y. 550,a,A) = —A*AG(a),

co tanh(y+a) tanh(y-—a)\? ,
J d [(cosh(y+a)_cosh(y—a)> +(sech(y+a)—sech(y—a))]

G(a) =
(®) tanh?aJ -

= %1 (12a - 3 sinh (2a) — 3 sinh (44) + sinh (64)) coth? (a) csch® (2a). (34)
Next, we compute the effective potential contributed by the fermionic shape mode fluctuating over the kink-antikink configuration:

Vi@ A" A) =% dyqfff( ,a, A){—zaZd—y+2¢KA (y,a,A)}‘I’\/g\/g(y,a,A):zA A-Ula),

1 oo oFy[4-1,2,2 (1 +tanh(y+a))|  ,F,[4,-1,2,5 (1 +tanh(y- a))]
U(a) = Gl e ® [( o (77 @) - o (-a)
d ,Fi[3,0,2,5 1+ tanh(y+a))]  ,F,[3,0,2,% (1 +tanh (y-a))]
X(_@+2¢KA0}’Q’A))< cgsh(y+a) - cgsh(y—a)

,F[3,0,2, % (1+tanh(y+a)] ,F [3,0,2, % (1+tanh(y-a))|
* cosh (y +a) - cosh (y—a)

d B [4-12. L+ tanh(y+a)]  ,F [4-1,2,2 (1 +tanh(y - a))]
X(@+2¢KA()/>Q A))( cozh(y+a) - cozh(y—a) >
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FIGURE 5
(Left) Induced metric G3(a) and (Right) induced effective potential U3(a).

FIGURE 6
(Left) Contribution to the matrix of fermionic fluctuations G(a) as a function of the distance between kink and antikink. (Right) Effective potential U(a)
due to fermionic fluctuations of the kink—antikink configuration, also as a function of a.

where ¢, (y,a,A) is the excited kink-antikink configuration defined in Equation 29. The result is
U(a) = —% coth? (a) csch® (2a) (log (€***) - 3 sinh (2a) — 12 sinh (4a) + sinh (6a) + 6 log (¢**) cosh (4a)) . (35)

Because the fermionic kink-antikink fluctuations do not depend on the shape mode vibration amplitude of kink and antikink, we expect
that G(a) only will be a function of g, and indeed, this is the case. The effective potential U(a) induced by the fermionic fluctuations on
vibrating kink-antikink configurations, however, does not depend on the amplitude of the bosonic shape mode. This unexpected effect is due
to the fact (see Figure 6 (left)) that kink and antikink oscillate in counter-phase, and there is destructive interference. Thus, one should expect
that interactions between the amplitudes A and A, respectively, of fermionic and bosonic fluctuations of kink-antikink configurations only
would arise if the amplitudes of vibrations of the kink differ from the antikink amplitudes. To test this statement, generalization to consider
the amplitude of the kink different from the antikink amplitude in the shape modes is implemented by replacing in the kink-antikink
configuration the contribution of excitations by

tanh (y + a) tanh (y —a)
cosh(y+a) ~ cosh(y—a)

A quick Mathematica run confirms the conceptual argument given above:

coth? (a) (%ﬂ(eza ~1)°(A - B) + 16¢* (36a — 3 sinh (2a) — 12 sinh (4a) + sinh (6a) + 12a cosh (4a)))

U(a,A-B)=— R

Understanding how the induced metric and effective potential by fermionic kink fluctuations depend on f starts by looking at N = 3. In
this case, there are two fermionic shape modes. The lower frequency is V5, which, implemented on the excited kink-antikink configuration,
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gives rise to the spinor wave function:

2F1 [6,-1,3,5 (1 + tanh (y + a)) R [6,-1,3,5 (1 + tanh (y - a)
cosh? (y +a) cosh? (y - a)

1
—VY ,A) = 36
N s OnA) = T 2Fy[5,0,3,2 (1 +tanh (y+a)  ,F, [5,0,3,2 (1 +tanh (y-a)) (36)
cosh? (y+a) - cosh? (y—a)
The effective kinetic energy induced by this fermionic shape mode is
TF = LO dy ¥ (M)W 5y (0 A) = ~A"A-G3(a)
G3(a) = é coth? (a) csch® (2a) (=80 sinh (2a) — 15 sinh (6a) + sinh (10a) + 120 log (¢**) cosh (2a)). (37)

Likewise, the effective potential is derived via similar procedures:

[ . d ek
Vi = Zj_m dy‘I’i/g\/g(y,A) {—mzd—y +3¢x4 (y,a,A)} ¥ 5z (05 A) =iA*A- U3 (a),
U3(a) = —% coth? (a) csch® (2a) (~350 sinh (2a) — 125 sinh (6a) + sinh (10a) + 60 log (¢**) (11 cosh (2a) + cosh (6a))).

In sum, an identical pattern is observed in the effective adiabatic dynamics induced by fermionic kink shape modes in kink-antikink
configurations when N = 2 or N = 3. We thus omit writing the results obtained for the fermionic shape mode of frequency V8, which are
qualitatively equivalent but even more cumbersome.

5 Outlook

The theoretical developments in this work have been focused on a field theory (1 + 1)-dimensional model of bosons and fermions,
specifically the Jackiw-Rebbi model introduced in [5]. One interesting way to extend these ideas is to increase the number of fields, both
bosonic and fermionic. An early proposal in this line can be found in an article published circa 2000 by one MIT group; see [14]. In that
work, the authors consider a field theory model with two Bose and two Fermi fields. The interaction between bosonic and fermionic fields
is through two Yukawa couplings, and sophisticated phenomena arise. We intend, however, to extend scalar/Bose two-field models treated
by our group in Salamanca by incorporating two spinor/Fermi fields into these systems. The first model that we have in mind was discussed,
among other articles, in [17]. This field theoretical model exhibits a wide variety of kinks and possesses interesting properties of integrability
in the related mechanical analogous system. We expect that when adding spinor/Fermi fields, similar phenomena to those found in the
Jackiw-Rebbi model will be kept, but subtle novelties will probably appear. The second system where we envisage that the analysis developed
in the JR model will be fruitful is the massive non-linear $*-sigma 1 + 1-dimensional model [18]. Again, a manifold of topological and non-
topological kinks exists in this “deformed” non-linear sigma model. Spinor/Fermi fields will be included as sections of one spinor bundle
over the two-sphere rather than spinor functions. In any case, we expect that new phenomena will appear with respect to those described in
the JR model. The interplay between scalar and spinor fields in this non-linear system promises the appearance of new subtleties.

Another playground where the analysis of effective low-energy dynamics seems to be promising is the moduli space of BPS vortices
in the Abelian Higgs model; see, for example, [?] for a parallel study devoted to kinks. The Abelian Higgs model in (2 + 1) space-time, at
the critical ratio between the self-interacting scalar A and the electromagnetic ¢® couplings, the transition point between Type I and Type
II Ginzburg-Landau superconductivity, possesses manifolds of topological non-interacting stable BPS vortices characterized by an integer
number of magnetic quanta. These topological defects also admit vibrational modes; see [19, 20]. The collective coordinate low-energy
analysis has been developed in [21-23] in the absence of fermions. The addition of fermions to the Abelian Higgs model is compelling,
including Yukawa and electromagnetic couplings. The system will be much more complex, but the temptation is strong toward identifying
the collective coordinates of these planar topological defects and seeing how fermions affect the adiabatic dynamics of BPS vortices.
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