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Distributed-order
(q,τ)-deformed Lévy processes
and their spectral properties

Ibtisam Aldawish1 and Rabha W. Ibrahim2*
1Department of Mathematics and Statistics, College of Science, Imam Mohammad Ibn Saud Islamic
University (IMSIU), Riyadh, Saudi Arabia, 2Information and Communication Technology Research
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Lévy processes play a central role in stochastic modeling, providing a
unifying framework for jump dynamics, anomalous diffusion, and heavy-
tailed phenomena across physics and applied sciences. We propose a novel
framework for (q,τ,α,β)-generalized Lévy processes, extending fractional and
tempered stable models with (q,τ)-Gamma and (q,τ)-Mittag--Leffler functions.
The construction uses Laplace transforms of (q,τ)-inverse subordinators
combined with the Lévy--Khintchine representation to obtain explicit
expressions for characteristic functions. Numerical results show how variations
in q and τ affect Γq,τ(x) and E(q,τ)β (z), leading to slower relaxation, heavier tails, and
enhanced memory effects relative to classical counterparts. These outcomes
demonstrate that (q,τ)-deformation provides a flexiblemechanism formodeling
anomalous diffusion, nonlocal dynamics, and heavy-tailed processes relevant
in physics, finance, and geophysics.

KEYWORDS

distributed-order Lévy processes, (q, τ)-gamma function, (q, τ)-mittag-leffler function,
nonlocal operators, fractional dynamics, spectral analysis, anomalous diffusion, multi-
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1 Introduction

For simulating a wide range of complicated events with heavy tails, memory effects,
and nonlocal interactions, L’evy processes and their fractional generalizations have become
essential tools. Applications include biological systems displaying LEvy flight behavior
[1–4], financial time series containing extreme events, and anomalous transport in physics
and turbulent flows. The Lévy–Khintchine expression, which links the process generator
to its characteristic exponent and the underlying Lévy measure, is the foundation of the
classical theory of Lévy processes [5–7, 9]. By adding operators of non-integer order,
fractional L’evy processes expand this framework and produce multi-scaling behavior and
rich nonlocal dynamics [8–10].

New tools for fractional modeling have recently been made available by generalized
families of special functions that arise in quantum calculus [11–13]. The quantum Gamma
function
[14, 15] is another name for the (q,τ)-Gamma function, which in particular makes it
possible to create (q,τ)-deformed analogues of classical fractional operators. Memory and
tempering effects that are absent from conventional fractional models are introduced by
these operators, which combine fractional scaling and deformation effects controlled by
the parameters q and τ. The temporal development of the associated distorted processes is

Frontiers in Physics 01 frontiersin.org

https://www.frontiersin.org/journals/physics
https://www.frontiersin.org/journals/physics#editorial-board
https://doi.org/10.3389/fphy.2025.1647182
https://crossmark.crossref.org/dialog/?doi=10.3389/fphy.2025.1647182&domain=pdf&date_stamp=2025-09-19
mailto:rabhaibrahim@yahoo.com
mailto:rabhaibrahim@yahoo.com
https://doi.org/10.3389/fphy.2025.1647182
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.frontiersin.org/articles/10.3389/fphy.2025.1647182/full
https://www.frontiersin.org/articles/10.3389/fphy.2025.1647182/full
https://www.frontiersin.org/articles/10.3389/fphy.2025.1647182/full
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org


Aldawish and Ibrahim 10.3389/fphy.2025.1647182

provided by (q,τ)-Mittag-Leffler functions, which naturally emerge
as solutions of (q,τ)-fractional differential equations in this context
[16–18]. By combining these tools, it is possible to formulate
(q,τ)-deformed Lévy processes with tunable spectral properties
and more flexible generators. The inclusion of distributed-order
models, in which the fractional order α is not set but rather
distributed according to a measure, is a significant extension of this
concept. It has been demonstrated that complicated systems with
heterogeneous scaling, including biological transport processes,
porous media, and viscoelastic materials, may be modeled using
distributed-order fractional dynamics.

This paper aims to create and analyze distributed-order (q,τ)-
deformed Lévy processes, to examine their spectral features, and
to formally identify their generators. Our attention is specifically
directed towards the scaling coefficient K(α,β)q,τ , which regulates the
interaction between memory, scaling, and deformation effects and
governs the spectral behavior of the generators in Fourier space.
Through numerical comparisonswith both the asymptotic and exact
behavior ofK(α,β)q,τ across different regimes, we validate the theoretical
results, prove important properties of the generators, and provide
a rigorous analysis of the corresponding (q,τ)-Gamma and (q,τ)-
Mittag-Leffler functions. For a variety of physics applications, the
suggested framework provides a versatile and physically validated
extension of Lévy-based models.

2 Objectives and applications of the
study

The fundamental objective of this work is to formulate and
analyze a new class of stochastic processes driven by distributed-
order (q,τ)-deformed fractional dynamics. These approaches
enhance typical time-fractional Lévy models by adding fractional
orders α,β > 0, τ > 0, and deformation parameters q ∈ (0,1). These
characteristics collectively represent jump heterogeneity, memory,
and scaling asymmetry. By proposing the (q,τ)-Lévy-Khintchine
exponent and showing that the Laplace transform of the process
is governed by a deformed Mittag-Leffler function, the research
extends the concept of temporal subordination in fractional
stochastic mathematical modeling.

This approach is primarily inspired by complex systems
that exhibit multiscale and nonlocal behavior. Applications
of the proposed paradigm can be found in many scientific
domains. In quantum physics, the (q,τ)-deformation captures
algebraic structures related to quantum model phenomena, such
as fractional tunneling and memory-driven decoherence. In
materials research, the technique can be used for anomalous
diffusion in porous or disordered media. In financial mathematics,
the memory kernels and flexible jump structure are helpful for
simulating large tails and volatility clustering. The model also
considers spatial memory, various tissue interactions, and delays
in biomedical transport and bio-imaging. Finally, in control and
signal processing, the deformed kernel is used as a foundation for
adaptive control methods, memory-tuned responses, and nonlocal
filtering. These wide-ranging uses validate the (q,τ)-fractional Lévy
framework’s adaptability and originality.The summary of the model
symbolic is in Table 1.

3 Generalized Time-Fractional Lévy
Process

Let L(t) be a Lévy process with Laplace exponent ψ(λ).The time-
fractional Lévy process X(α)(t) is defined by:

𝔼[e−λX
(α)(t)
] = Eα (−tαψ (λ)) ,

where Eα(⋅) is the one-parameter Mittag–Leffler function:

Eα (z) ≔
∞

∑
k=0

zk

Γ (αk+ 1)
.

Definition 3.1: The (q,τ)-Gamma function is defined as
(see Figure 1):

Γq,τ (z) ≔ (1− q)1−z
∞

∏
n=0

1− qτ(n+1)

1− qτ(n+z)
, 0 < q < 1, τ > 0.

The associated (q,τ)-Mittag–Leffler function is
given by (see Figure 2):

E(q,τ)β (z) ≔
∞

∑
k=0

zk

Γq,τ (βk+ 1)
.

Proposition 3.2: Let 0 < q < 1, τ > 0, and β > 0. The (q,τ)-Gamma
function is defined as:

Γq,τ (β) = (1− q)
1−β ⋅
(qτ;q)∞
(qτ+β;q)

∞

, (1)

where (a;q)∞ =∏
∞
k=0(1− aq

k) is the q-Pochhammer symbol. The
following properties hold:

1. Classical limit. As τ→ 1,q→ 1−, one has:

Γq,τ (β) → Γ (β) .

2. Scaling behavior in τ. For fixed q < 1, the dependence on τ
satisfies:

Γq,τ (β) = Γq,1 (β) ⋅
∞

∏
k=0

1− qτ+k

1− qτ+β+k
.

3.Monotonicity in β.The function Γq,τ(β) is strictly decreasing in
β.

4. Asymptotic behavior. For large τ, one has:

Γq,τ (β) ∼ (1− q)1−β ⋅ q−βτ ⋅Cq,

where Cq is a constant independent of τ.
Proof. (1) Classical limit. It is known (see standard results in q-

calculus) that:

lim
q→1−
(a;q)∞ = exp(−

∞

∑
n=1

an

n
) = (1− a)−1.
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TABLE 1 Summary of notations utilized in the study.

Symbol Describing

q ∈ (0,1) Discrete deformation parameter (quantum number) introducing time-scale dilation

τ > 0 Scaling deformation parameter controlling the growth rate in (q,τ)-calculus

α ∈ (0,1) Time-fractional order governing memory and anomalous diffusion effects.It corresponds to subdiffusion or anomalous relaxation

α ∈ (1,2) Heavy-tailed jumps with inertia-like memory

β > 0 Small-jump scaling parameter in the Lévy measure

Γq,τ(z) (q,τ)-Gamma function generalizing the classical Gamma function

E(q,τ)α (z) (q,τ)-Mittag–Leffler function used to express memory kernels

ψ(α,β)q,τ (λ) Generalized Lévy-Khintchine exponent under (q,τ) deformation

X(α,β)q,τ (t) (q,τ,α,β)-generalized Lévy process

S(α,β)q,τ (t) Inverse subordinator associated with the deformed Lévy process

e−xq q-exponential function modeling decay in deformed frameworks

𝔼[⋅] Expectation operator in probability and stochastic processes

Lα,β
q,τ Deformed fractional integral or differential operator

Applying this to (qτ;q)∞ and (qτ+β;q)∞, and using (1− q)
1−β→ 1

as q→ 1−, we obtain [12].

Γq,τ (β) → Γ (β) .

(2) Scaling behavior in τ. From the definition:

Γq,τ (β) = (1− q)
1−β ⋅
(qτ;q)∞
(qτ+β;q)

∞

.

Now, we observe that

(qτ;q)∞
(qτ+β;q)

∞

=
∞

∏
k=0

1− qτ+k

1− qτ+β+k
,

Which gives the scaling property.
(3) Monotonicity in β. Each factor in the product:

1− qτ+k

1− qτ+β+k

is a strictly decreasing function of β, since the denominator increases
with β. Therefore, the entire product decreases with β, so Γq,τ(β) is
decreasing.

(4) Asymptotic behavior. For large τ, we have:

1− qτ+β+k ≈ qτ+β+k,

and similarly for 1− qτ+k. Therefore:

∞

∏
k=0

1− qτ+k

1− qτ+β+k
∼ q−βτ ⋅Cq,

where Cq is a constant independent of τ. The prefactor (1− q)1−β

remains, giving the full asymptotic behavior.

Proposition 3.3: Let 0 < q < 1, τ > 0, β > 0, and z ∈ ℂ. The (q,τ)-
Mittag-Leffler function is defined as:

E(q,τ)β (z) ≔
∞

∑
k=0

zk

Γq,τ (βk+ 1)
. (2)

The following properties hold:

1. Classical limit. As q→ 1−, one has:

E(q,τ)β (z) → Eβ (z) =
∞

∑
k=0

zk

Γ (βk+ 1)
,

recovering the standard Mittag-Leffler function.

2. Entire function. E(q,τ)β (z) is an entire function of z, of order
1/β.

3. Asymptotic behavior. For large |z|, one has:

E(q,τ)β (z) ∼
1

Γq,τ (1− β)
z−1,

along suitable sectors in the complex plane.

4. Monotonicity on ℝ+. For z ≥ 0, E(q,τ)β (−z) is completely
monotonic for 0 < β ≤ 1.

Proof. (1) Classical limit. As q→ 1−, by Proposition 2 (see
previous result), we have:

Γq,τ (βk+ 1) → Γ (βk+ 1) .
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FIGURE 1
The graph of the (q,τ)-Gamma function Γq,τ(x) illustrates how the deformation parameters q and τ modify the growth pattern of the classical gamma
function. The curve corresponds with Γ(x) for q = 1, τ = 1, however for big x, q < 1 introduces a damping effect that delays divergence, improving
memory in fractional kernels. As a scaling factor, the parameter τ amplifies the damping while τ > 1 somewhat accelerates growth. These deformations
directly affect waiting-time distributions and tail behavior in fractional L’evy process models, offering a customizable equilibrium between decay rate
and memory durability.

FIGURE 2
In contrast to the classical example, the graph of the (q,τ)-Mittag–Leffler function E(q,τ)β (z) for β = 0.9 illustrates how (q,τ)-deformation modifies the
decay profile. Stronger memory effects in the underlying fractional dynamics are reflected in the function’s slower decline when q < 1. This behavior is
modulated by the parameter τ: τ > 1 somewhat speeds up the decay rate, but τ < 1 increases persistence. These effects give (q,τ)-fractional Lévy-type
processes a versatile way to adjust their relaxation behavior.
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Therefore, the series reduces to the classical Mittag-
Leffler function:

E(q,τ)β (z) → Eβ (z) .

(2) Entire function. The radius of convergence R is
infinite because:

lim
k→∞
| zk+1

Γq,τ (β (k+ 1) + 1)
⋅
Γq,τ (βk+ 1)

zk
| → 0.

Since Γq,τ(βk+ 1) grows faster than any polynomial in k, the
series converges for all z ∈ ℂ. Hence, E(q,τ)β (z) is an entire function.

(3) Asymptotic behavior. For large |z|, the leading order of the
Mittag-Leffler function behaves like:

Eβ (z) ∼
1

Γ (1− β)
z−1, z→∞.

Similarly, using the asymptotics of Γq,τ(βk+ 1):

Γq,τ (βk+ 1) ∼ √2π ⋅ (βk)
βk+ 1

2 ⋅ e−βk ⋅ qτ(βk+1), ask→∞. (3.3)

Therefore, the dominant term is z−1 as z→∞, and:

E(q,τ)β (z) ∼
1

Γq,τ (1− β)
z−1.

(4) Monotonicity on ℝ+. It is known that Eβ(−z) is completely
monotonic for z ≥ 0 and 0 < β ≤ 1. Since Γq,τ(βk+ 1) preserves
the positivity and monotonicity properties of the denominator,
E(q,τ)β (−z) inherits the completemonotonicity property onℝ+ for 0 <
β ≤ 1.

Definition 3.4: (Definition of (q,τ,α,β)-Time-Fractional Lévy
Process). A (q,τ,α,β)-time-fractional Lévy process X(α,β)q,τ (t) is
defined by its Laplace transform:

𝔼[e−λX
(α,β)
q,τ (t)] = E(q,τ)α (−tαψ

(α,β)
q,τ (λ)) ,

where ψ(α,β)q,τ (λ) is the advance Lévy-Khintchine exponent of a
reference Lévy process and β > 0 is an extra parameter controlling
small jumps

ψ(α,β)q,τ (λ) =
C

Γq,τ (β)
∫
ℝ\{0}
(eiλy − 1− iλy1|y|<1) |y|β−α−2e

−λ|y|
q dy.

Proposition 3.5: (Justification of Time-Fractionality). Let X(α,β)q,τ (t)
be a stochastic process defined via its Laplace transform:

𝔼[e−λX
(α,β)
q,τ (t)] = E(q,τ)α (−tαψ

(α,β)
q,τ (λ)) ,

where 0 < α < 1, β > 0, and ψ(α,β)q,τ (λ) is a Lévy-Khintchine-type
exponent with deformation parameters q ∈ (0,1) and τ > 0. Then
X(α,β)q,τ (t) is a time-fractional Lévy process, in the sense that it is a
classical Lévy process subordinated to an inverse (q,τ)-stable process.

Proof. We compare the Laplace formulation with that of
traditional time-fractional Lévy processes. In the traditional theory
(see [19, 20]), a time-fractional Lévy process Xα(t) admits

𝔼[e−λX
α(t)] = Eα (−tαψ (λ)) ,

where Eα is the Mittag-Leffler function and ψ(λ) is the Lévy-
Khintchine exponent of the base Lévy process. Since the (q,τ)-
Mittag-Leffler function E(q,τ)α (z) = ∑∞n=0

zn

Γq,τ(αn+1)
reduces to the

classical Eα(z) in the limit q→ 1−, τ→ 1, then

lim
q→1−

lim
τ→1

E(q,τ)α (−tαψ
(α,β)
q,τ (λ)) = Eα (−tαψ

(α,β)
q,τ (λ)) ,

recovering the classical time-fractional case. As a result, X(α,β)q,τ (t)
exhibits subdiffusive memory behavior, which is known to be
a process whose development is controlled by a fractional-time
convolution kernel expressed in Laplace space viaE(q,τ)α . Accordingly,
X(α,β)q,τ (t) can be regarded as a Lévy process that is subservient to a
generalized inverse (q,τ)-stable subordinator, that is,

X(α,β)q,τ (t) = L(S
(α,β)
q,τ (t)) ,

where L is a Lévy process and S(α,β)q,τ (t) is the inverse (q,τ)-fractional
subordinator. Hence, the process is justifiably termed a time-
fractional Lévy process.

Proposition 3.5 is justified to the (q,τ)-derivative and its
associated integral and differential operators as fractional-type
generalizations, particularly when used in conjunction with
memory kernels such as the deformed Mittag–Leffler functions.
This framework extends the reach of classical fractional calculus
to accommodate quantum effects, temporal deformation, and
multiscale memory.

Definition 3.6: ((q,τ,α,β)-Tempered Stable Processes). Let the
Lévy measure of a tempered stable process be generalized via:

ν(α,β)q,τ (dx) =
C
|x|1+α
⋅
|x|β−1

Γq,τ (β)
e−λ|x|q dx,

where e−λ|x|q is the q-exponential function.

Definition 3.7: ((q,τ,α,β)-Distributed Order Lévy Process). A
(q,τ,α,β)-distributed order Lévy process is given by:

𝔼[e−λX
(α,β)
q,τ (t)] = ∫

1

0
E(q,τ)α (−tαψ

(α,β)
q,τ (λ))μ (dα) ,

where μ is a distribution on (0,1).

Definition 3.8: (Generator of the (q,τ,α,β)-Lévy Process). The
infinitesimal generator Lq,τ of the (q,τ,α,β)-Lévy process acts on a
function f ∈ C2

b(ℝ) as:

Lα,β
q,τ f (x) = ∫

ℝ
( f (x+ y) − f (x) − y1|y|<1∇ f (x))ν

(α,β)
q,τ (dy)

= C
Γq,τ (β)
∫
ℝ\{0}
( f (x+ y) − f (x) − y f′ (x)1|y|<1) |y|−(α+2−β)e

−λ|y|
q dy,

where ν(α,β)q,τ (dy) is the (q,τ,α,β)-deformed Lévy measure
(Theorem 4.4).

The q ∈ (0,1) deformation parameter, introduces non-extensive.
τ > 0: scaling parameter, modifies the memory structure. α ∈ (0,1):
fractional order, governs the anomalous diffusion and β > 0: is an
extra parameter controlling small jumps.

Frontiers in Physics 05 frontiersin.org

https://doi.org/10.3389/fphy.2025.1647182
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org


Aldawish and Ibrahim 10.3389/fphy.2025.1647182

4 Existence results

Theorem 4.1: (Existence of (q,τ,α,β)-Generalized Lévy Processes).
Let α ∈ (0,1) be a fixed fractional order, β > 0 be a parameter
controlling the small-jump scaling, allowing for a flexible modeling of
the Lévy measure and let Γq,τ(⋅) be the (q,τ)-Gamma function. Define
the (q,τ)-Mittag–Leffler function:

E(q,τ)α (z) =
∞

∑
k=0

zk

Γq,τ (αk+ 1)
.

Then there exists a stochastic process X(α,β)q,τ (t), called the
(q,τ,α,β)-generalized Lévy process, such that

𝔼[e−λX
(α,β)
q,τ (t)] = E(q,τ)α (−tαψ

(α,β)
q,τ (λ)) , λ ≥ 0, t ≥ 0.

Moreover,

1. X(α,β)q,τ (t) has stationary and independent increments.
2. X(α,β)q,τ (t) admits a representation as a subordinated Lévy process:

X(α,β)q,τ (t)
d
=L(S(α,β)q,τ (t)) ,

where S(α,β)q,τ (t) is an inverse subordinator with Laplace transform:

𝔼[e−uS
(α,β)
q,τ (t)] = E(q,τ)α (−tαuβ) .

Proof. We begin with the definition of the inverse subordinator
S(α,β)q,τ (t) with Laplace transform:

𝔼[e−uS
(α,β)
q,τ (t)] = E(q,τ)α (−tαuβ) .

A valid distribution for a non-decreasing process S(α,β)q,τ (t) is
defined by established findings on the complete monotonicity of
the (q,τ)-Mittag–Leffler function (given moderate requirements on
q,τ,α,β). Next, we consider the subordinated process:

X(α,β)q,τ (t) = L(S
(α,β)
q,τ (t)) .

Now, compute its Laplace transform by conditioning:

𝔼[e−λX
(α,β)
q,τ (t)] = 𝔼[𝔼[e−λL(S

(α,β)
q,τ (t)) S(α,β)q,τ (t)]]

= 𝔼[e−S
(α,β)
q,τ (t)ψ

(α,β)
q,τ (λ)]

= E(q,τ)α (−tαψ
(α,β)
q,τ (λ)) .

Lastly, the subordinated process X(α,β)q,τ (t) also has stationary and
independent increments since L(t) has stationary and independent
increments and the time-change S(α,β)q,τ (t) is independent of L(t) and
non-decreasing.

Remark 4.2: The process X(α,β)q,τ (t) interpolates between standard
Lévy process when α = 1, q→ 1, τ→ 0 β→ 0, time-fractional Lévy
process when q→ 1, τ→ 0, α ∈ (0,1),β→ 0, and (q,τ)-fractional
Lévy process with memory effects and non-extensive scaling when
q ≠ 1 and τ > 0.

Example 4.3: (Analytic Solution of a (q,τ,α,β)-Generalized Lévy
Process). Let us consider the (q,τ,α,β)-generalized Lévy process

X(α,β)q,τ (t) described in Theorem 4.1 with the following parameters
α = 0.9,β = 0.7, q = 0.95,τ = 1.05. Let the Lévy-Khintchine-type
exponent be defined by

ψ(α,β)q,τ (λ) =
C

Γq,τ (β)
∫
ℝ\{0}
(eiλy − 1− iλy1|y|<1) |y|β−α−2e

−λ|y|
q dy,

where C = 1 is a scaling constant, and e−xq is the standard
q-exponential function. We define the Laplace transform of
the process as:

𝔼[e−λX
(α,β)
q,τ (t)] = E(q,τ)α (−tαψ

(α,β)
q,τ (λ)) ,

Which is an analytic expression in closed form involving the
(q,τ)-Mittag–Leffler function E(q,τ)α (z) = ∑∞k=0

zk

Γq,τ(αk+1)
. We terminate

the series at a large number of terms (e.g., 500) for convergence
in order to numerically assess this function. Assume that we use
a simplified expression to approximate the Lévy exponent at a
given λ = 1 (for the purposes of illustration, omitting the integral’s
primary value):

ψ(α,β)q,τ (1) ≈
1

Γ0.95,1.05 (0.7)
⋅ ∫

1

0
(eiy − 1− iy)y−1.3e−yq dy.

We numerically evaluate the right-hand side and use it
in the series:

𝔼[e−X
(α,β)
q,τ (t)] ≈

500

∑
k=0

(−t0.9ψ(α,β)q,τ (1))
k

Γ0.95,1.05 (0.9k+ 1)
.

The Laplace transform of the process’s marginal distribution is
this expectation. Because of memory and distortion, it develops
more slowly than exponential decline. The function decays sub-
exponentially for increasing values of t, supporting the long-tail
behavior linked to fractional and Lévy dynamics. In the traditional
case q = τ = 1, the outcome recovers the standard fractional
Lévy process with Mittag–Leffler Laplace transform 𝔼[e−λX

(α)(t)] =
Eα (−tαψ(λ)) . This validates the generalization introduced by the
(q,τ)-extension.

The comparison in Figure 3; Table 2 illustrates the action of
the classical Mittag–Leffler function Eα(−tαψ) versus the (q,τ)-
deformed version E(q,τ)α (−tαψ). These functions characterize the
Laplace transformof the generalized Lévy processX(α,β)q,τ (t) presented
inTheorem 4.1. The (q,τ)-deformed Mittag–Leffler function decays
more slowly than in the classical case, as can be seen. Additional
memory and scale effects brought about by the (q,τ)-fractional
structure are reflected in this deformation; these effects are
especially important for systems with anomalous diffusion or non-
Markovian properties. A discrete dilation is introduced by the
parameter q < 1, and the scale of the fractional moment increase
is altered by the value τ > 1. When heavy-tailed waiting durations
or tempered jump distributions are present in stochastic modeling,
this kind of behavior is essential. For instance, these deformations
result in fractional relaxation dynamics with suppressed jump
intensities and prolonged correlations in complexmedia or quantum
decoherence environments. Moreover, Table 2’s numerical data
verify that the (q,τ) deformation consistently reduces the transform
values with time, postponing the exponential-like decay and
strengthening long-memory effects. When the underlying structure
is inherently discontinuous or hierarchical, or when heavy-tailed
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FIGURE 3
Comparison of the classical Mittag–Leffler function Eα(−t

αψ) and its (q,τ)-deformed counterpart E(q,τ)α (−tαψ
(α,β)
q,τ ) with the set of parameters α = 0.9, ψ =

1.0, q = 0.95,β = 1, and τ = 1.05. In the analogous fractional Lévy process, the deformation causes slower decay, which reflects longer memory effects.

TABLE 2 Numerical values of the classical and (q,τ)-deformed
Mittag–Leffler functions for selected values of t, with α = 0.9, ψ = 1.0, q =
0.95,β = 1, and τ = 1.05.

t Classical Eα(−tαψ) (q,τ)-deformed E(q,τ)α (−tαψ)

0.5 0.582613 0.567719

1.0 0.376066 0.359505

2.0 0.181115 0.168701

3.0 0.101487 0.093366

5.0 0.045223 0.041599

7.0 0.024661 0.022476

10.0 0.013546 0.012234

time development is not captured by standard L’evy processes,
these quantitative properties are crucial for modeling real-world
phenomena.

Theorem 4.4: (Existence of (q,τ,α)-Deformed Lévy Processes). Let
α ∈ (0,1), β > 0, λ > 0, and q ∈ (0,1), τ > 0. Define the (q,τ,α,β)-
deformed Lévy measure:

ν(α,β)q,τ (dy) =
C
|y|1+α
⋅ 1
Γq,τ (β)
|y|β−1e−λ|y|q dy,

where Γq,τ(⋅) is the (q,τ)-Gamma function, and e−λ|y|q is the q-
exponential function:

e−λ|y|q = (1+ (1− q)λ|y|)
− 1

1−q .

Then the following hold:

(i) The measure ν(α,β)q,τ (dy) satisfies:

∫
ℝ\{0}

min(1,y2)ν(α,β)q,τ (dy) <∞.

(ii) There exists an infinitely divisible stochastic process
X(α,β)q,τ (t) with characteristic function:

𝔼[eiλX
(α,β)
q,τ (t)] = exp(tψ(α,β)q,τ (λ)) ,

where the characteristic exponent is:

ψ(α,β)q,τ (λ) = ∫
ℝ\{0}
(eiλy − 1− iλy1|y|<1)ν

(α,β)
q,τ (dy) .

(iii) X(α,β)q,τ (t) defines a (q,τ,α,β)-deformed Lévy process with
stationary and independent increments.

Proof.
Step 1: Verification of Lévy measure condition. We first verify

that ν(α,β)q,τ (dy) satisfies the Lévy measure integrability condition:

∫
ℝ\{0}

min(1,y2)ν(α,β)q,τ (dy) <∞.

Case 1: |y| < 1.

∫
|y|<1

y2ν(α,β)q,τ (dy) = C ⋅
1

Γq,τ (β)
∫
1

0
yβ−α+1(1+ (1− q)λy)−

1
1−q dy.
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The integral converges when β− α+ 1 > − 1, i.e., β > α− 2.
Case 2: |y| ≥ 1.

∫
|y|≥1

ν(α,β)q,τ (dy) = C ⋅
1

Γq,τ (β)
∫
∞

1
yβ−α−2(1+ (1− q)λy)−

1
1−q dy.

For large y, e−λyq ∼ y
− 1

1−q , so convergence holds if:

β− α− 2− 1
1− q
< −1 ⇔ β < α+ 1

1− q
+ 1.

Thus, ν(α,β)q,τ (dy) is a valid Lévy measure involving β > 0.
Step 2: Existence of the (q,τ,α)-deformed process.We nowprove

that a (q,τ,α)-deformed Lévy process X(α)q,τ(t) exists. By the general
Lévy–Khintchine theorem, for any Lévy measure ν(dy) such that:

∫
ℝ\{0}

min(1,y2)ν (dy) <∞,

there exists an infinitely divisible process X(t) whose characteristic
function is:

𝔼[eiλX(t)] = exp (tψ (λ)) .

In our case, the Lévy measure is the explicitly constructed
(q,τ,α,β)-deformed Lévy measure ν(α,β)q,τ (dy), defined using
parameters q,τ,α,β. Thus, the corresponding characteristic
exponent is:

ψ(α,β)q,τ (λ) = ∫
ℝ\{0}
(eiλy − 1− iλy1|y|<1)ν

(α,β)
q,τ (dy) .

This shows that the dependence on (q,τ,α,β) explicitly enters
through both ν(α,β)q,τ (dy) and ψ(α,β)q,τ (λ). Hence, by applying the
Lévy–Khintchine construction to this specific (q,τ,α)-dependent
measure, we obtain an infinitely divisible process X(α,β)q,τ (t) with
characteristic function:

𝔼[eiλX
(α,β)
q,τ (t)] = exp(tψ(α,β)q,τ (λ)) .

Step 3: Stationary and independent increments. Since the
Lévy–Khintchine formulation occurs for any valid Lévy measure,
and since ν(α,β)q,τ (dy) achieves the required integrability condition, the
processX(α,β,)q,τ (t) formulated byψ(α,β)q,τ (λ) is an infinitely divisible Lévy
process. Therefore, it has stationary and independent increments by
construction.

Remark 4.5: The (q,τ,α,β)-deformed Lévy process X(α,β)q,τ (t)
generalizes:

• Classical Lévy processes when q→ 1, τ→ 0,
• Tempered stable processes when q→ 1, τ→ 0, β = α,
• Fractional Lévy processes with memory and nonlocal scaling
effects when q < 1 and τ > 0.

Theorem 4.6: (Existence of Distributed-order (q,τ,α,β)-Deformed
Lévy Processes). Let β > 0, λ > 0, q ∈ (0,1), τ > 0. Let μ(dα) be a
probability measure supported on (0,1). Define the distributed-order
(q,τ,α,β)-deformed Lévy measure:

[ν(α,β)q,τ ]
distributed
(dy) ≔ ∫

2

0
ν(α,β)q,τ (dy)μ (dα) ,

where for each α ∈ (0,1), the Lévy measure ν(α,β)q,τ (dy) is given by:

ν(α,β)q,τ (dy) =
C
|y|1+α
⋅ 1
Γq,τ (β)
|y|β−1e−λ|y|q dy.

Then.

(i) The measure [ν(α,β)q,τ ]
distributed
(dy) satisfies:

∫
ℝ\{0}

min(1,y2)[ν(α,β)q,τ ]
distributed
(dy) <∞.

(ii) There exists an infinitely divisible stochastic process
[X(α,β)q,τ ]

distributed
(t) with characteristic function:

𝔼[eiλ[X
(α,β)
q,τ ]

distributed
(t)] = exp(t[ψ(α,β)q,τ ]

distributed
(λ)) ,

where the characteristic exponent is:

[ψ(α,β)q,τ ]
distributed
(λ) = ∫

2

0
ψ(α,β)q,τ (λ)μ (dα) ,

and:

ψ(α,β)q,τ (λ) = ∫
ℝ\{0}
(eiλy − 1− iλy1|y|<1)ν

(α,β)
q,τ (dy) .

(iii) The process [X(α,β)q,τ ]
distributed
(t) has stationary and

independent increments.

Proof. Step 1: Integrability of [ν(α,β)q,τ ]
distributed

(dy).
Since for each fixed α ∈ (0,2), ν(α,β)q,τ (dy) is a valid Lévy
measure (see Theorem 4.1), we have:

∫
ℝ\{0}

min(1,y2)ν(α,β)q,τ (dy) <∞.

Now integrate over α using μ(dα):

∫
ℝ\{0}
⁢min (1,y2)[ν(α,β)q,τ ]

distributed

⁢ (dy) = ∫
2

0
(∫
ℝ\{0}
⁢min (1,y2)ν(α,β)q,τ ⁢ (dy)))⁢μ (dα).

Since the inner integral is finite for each α, and μ is a probability
measure, the total integral is finite.Thus, [ν(α,β)q,τ ]

distributed
(dy) is a valid

Lévy measure.
Step 2: Existence of the process. By the Lévy–Khintchine

theorem, for any valid Lévy measure ν(dy), there exists an infinitely
divisible process with characteristic function:

𝔼[eiλX(t)] = exp (tψ (λ)) .

Here, the Lévy measure is [ν(α,β)q,τ ]
distributed

(dy), and the
corresponding exponent is:

[ψ(α,β)q,τ ]
distributed

(λ) = ∫
ℝ\{0}
(eiλy − 1− iλy1|y|<1)[ν

(α,β)
q,τ ]

distributed
(dy) ,
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such that

[ψ(α,β)q,τ ]
distributed

(λ) = ∫
2

0
ψ(α,β)q,τ (λ)μ (dα) .

Step 3: Stationary and independent increments. Since the
Lévy–Khintchine theorem guarantees that the process defined by
this characteristic exponent is a Lévy process, it follows that
[X(α,β)q,τ ]

distributed
(t) has stationary and independent increments.

Remark 4.7: The distributed-order (q,τ)-deformed Lévy process
[X(α,β)q,τ ]

distributed
(t) allows for modeling multi-scaling and multi-

fractal effects, by mixing different fractional orders α, under
the weight μ(dα). Special cases can be recognized when μ(dα) =
δ(α− α0)dα→ recovers X(α0,β)q,τ (t). Uniform μ(dα) → equal
contribution of all fractional orders. Such designs are applicable in
different locations, such as anomalous diffusion with multiple time
scales, turbulence models, finance with mixed memory behavior,
complex biological systems.

Theorem4.8: (Generator of the (q,τ,α,β)-Deformed Lévy Process).
Let X(α,β)q,τ (t) be the (q,τ,α,β)-deformed Lévy process constructed in
Theorem 4.1, with characteristic exponent:

ψ(α,β)q,τ (λ) = ∫
ℝ\{0}
(eiλy − 1− iλy1|y|<1)ν

(α,β)
q,τ (dy) ,

where

ν(α,β)q,τ (dy) =
C
|y|α+2−β

⋅ 1
Γq,τ (β)

e−λ|y|q dy.

Then the infinitesimal generator Lα,β
q,τ of the process X(α,β)q,τ (t)

is given by:

Lα,β
q,τ f (x) =

C
Γq,τ (β)
∫
ℝ\{0}
( f (x+ y) − f (x) − y f′ (x)1|y|<1) |y|

−(α+2−β)e−λ|y|q dy.

Moreover, for any f ∈ C2
b(ℝ) (bounded twice continuously

differentiable functions), we have:

lim
t→0

𝔼[ f (x+X(α,β)q,τ (t))] − f (x)

t
= Lα,β

q,τ f (x) .

Proof. Let f ∈ C2
b(ℝ). By definition of X(α,β)q,τ (t), the process has

stationary and independent increments with characteristic function:

𝔼[eiλX
(α,β)
q,τ (t)] = exp(tψ(α,β)q,τ (λ)) .

The semigroup Pt associated to X(α,β)q,τ (t) is given by:

Pt f (x) = 𝔼[ f (x+X
(α,β)
q,τ (t))] .

The infinitesimal generator Lα,β
q,τ is formulated as:

Lα,β
q,τ f (x) = limt→0

Pt f (x) − f (x)
t
.

Now, by the general Lévy–Khintchine theory for pure-jump
Lévy processes, it is known that (see e.g., [21]) the generator of a
Lévy process with Lévy measure ν(dy) can be viewed by

L f (x) = ∫
ℝ\{0}
( f (x+ y) − f (x) − y f′ (x)1|y|<1)ν (dy) .

In our case, the Lévy measure is ν(α,β)q,τ (dy), hence, we have

Lα,β
q,τ f (x) = ∫

ℝ\{0}
( f (x+ y) − f (x) − y f′ (x)1|y|<1)ν

(α,β)
q,τ (dy) .

Substituting the explicit form of ν(α,β)q,τ (dy), we obtain:

Lα,β
q,τ f (x) =

C
Γq,τ (β)
∫
ℝ\{0}
( f (x+ y) − f (x) − y f′ (x)1|y|<1) |y|

−(α+2−β)e−λ|y|q dy.

Lastly, as demonstrated in the proof ofTheorem 4.1, the formula
for Lα,β

q,τ is rigorously justified since f ∈ C2
b(ℝ), and the integral

converges under the constraints given on α, β, q, τ. Therefore, the
infinitesimal generator of X(α,β)q,τ (t) is precisely L

α,β
q,τ , as claimed.

Remark 4.9: The operator Lα,β
q,τ is a nonlocal pseudo-differential

operator. It generalizes α-stable Lévy processes when q→ 1, τ→ 0,
β = α. Moreover, it implies the generator of tempered Lévy processes
when q→ 1, τ→ 0. Lastly, it yields the fractional Laplacians with
memory effects and small-jump tuningwhen q < 1, τ > 0, β ≠ α.This
operator is appropriate for complicated biological, financial, and
physical systems since it mimics nonlocal diffusion with memory
and scale deformation.

Theorem 4.10: (Generator of the Distributed-order (q,τ)-
Deformed Lévy Process). Let [X(α,β)q,τ ]

distributed
(t) be the distributed-

order (q,τ)-deformed Lévy process constructed in Theorem 4.6, with
Lévy measure:

[ν(α,β)q,τ ]
distributed
(dy) = ∫

2

0
ν(α,β)q,τ (dy)μ (dα) ,

where

ν(α,β)q,τ (dy) =
C
|y|α+2−β

⋅ 1
Γq,τ (β)

e−λ|y|q dy,

and μ(dα) is a probability measure on (0,2). Then the infinitesimal
generator [L(α,β)q,τ ]

distributed
of the process [X(α,β)q,τ ]

distributed
(t) is given by

[L(α,β)q,τ ]
distributed

f (x) = ∫
2

0
Lα,β
q,τ f (x)μ (dα) ,

where

Lα,β
q,τ f (x) =

C
Γq,τ (β)
∫
ℝ\{0}
( f (x+ y) − f (x) − y f′ (x)1|y|<1) |y|

−(α+2−β)e−λ|y|q dy.

Moreover, for any f ∈ C2
b(ℝ), we have

lim
t→0

𝔼[ f(x+ [X(α,β)q,τ ]
distributed

(t))] − f (x)

t
= [L(α,β)q,τ ]

distributed
f (x) .

Proof.
Step 1: Definition of the process and semigroup. ByTheorem 4.6,

the process [X(α,β)q,τ ]
distributed

(t) is an infinitely divisible Lévy process
with Lévy measure:

[ν(α,β)q,τ ]
distributed

(dy) = ∫
2

0
ν(α,β)q,τ (dy)μ (dα) .
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Let Pt be its semigroup:

Pt f (x) = 𝔼[ f(x+ [X
(α,β)
q,τ ]

distributed
(t)] .

The infinitesimal generator is defined by:

[L(α,β)q,τ ]
distributed

f (x) = lim
t→0

Pt f (x) − f (x)
t
.

Step 2: Lévy–Khintchine representation. The characteristic
exponent of [X(α,β)q,τ ]

distributed
(t) is:

[ψ(α,β)q,τ ]
distributed

(λ) = ∫
2

0
ψ(α,β)q,τ (λ)μ (dα) ,

where

ψ(α,β)q,τ (λ) = ∫
ℝ\{0}
(eiλy − 1− iλy1|y|<1)ν

(α,β)
q,τ (dy) .

By general Lévy–Khintchine theory, the generator is:

[L(α,β)q,τ ]
distributed

⁢ f (x) = ∫
ℝ\{0}
⁢ ( f (x+ y) − f (x) − y f′ ⁢ (x) ⁢1|y|<1)

⁢[ν(α,β)q,τ ]
distributed

⁢ (dy) .

Step 3: Interchanging the integrals. By Fubini’s theorem (valid
since μis a probabilitymeasure and ν(α,β)q,τ (dy)satisfies the integrability
condition), we can write:

[L(α,β)q,τ ]
distributed

f (x)

= ∫
2

0
(∫
ℝ\{0}
( f (x+ y) − f (x) − y f′ (x)1|y|<1)ν

(α,β)
q,τ (dy))μ (dα)

= ∫
2

0
Lα,β
q,τ f (x)μ (dα) .

Therefore, the infinitesimal generator of the distributed-order
(q,τ)-deformed Lévy process [X(α,β)q,τ ]

distributed
(t) is given by:

[L(α,β)q,τ ]
distributed

f (x) = ∫
2

0
Lα,β
q,τ f (x)μ (dα) ,

as claimed.

Remark 4.11: A distributed-order nonlocal operator
[L(α,β)q,τ ]

distributed
models systems with multiple memory and scaling

effects. Large-jump scaling is controlled by the parameter α. Small-
jump behavior is controlled by the parameter β. Memory and
deformation effects are introduced via the parameters q, τ. Multiple
fractional orders can contribute to the modeling of heterogeneous
dynamics through the use of the measure μ(dα).

Corollary 4.12: Let u(x, t) be a sufficiently regular function u:ℝ×
[0,∞) → ℝ, such that u(x, t) ∈ C1

tC
2
x, and assume that:

lim
|x|→∞

u (x, t) = 0, ∀t ≥ 0.

Consider the Cauchy problem:

∂u (x, t)
∂t
= [L(α,β)q,τ ]

distributed
u (x, t) , u (x,0) = u0 (x) ,

where

[L(α,β)q,τ ]
distributed

u (x, t) = ∫
2

0
Lα,β
q,τu (x, t)μ (dα) ,

and

Lα,β
q,τ ⁢u (x, t) =

C
Γq,τ (β)

⁢∫
ℝ\{0}
⁢ (u (x+ y, t) − u (x, t)

−y∂u
∂x
⁢ (x, t) ⁢1|y|<1)|y|−(α+2−β) ⁢e

−λ|y|
q ⁢dy.

Then the solution u(x, t) is the transition probability
density of the distributed-order (q,τ)-deformed Lévy process
[X(α,β)q,τ ]

distributed
(t), i.e.:

u (x, t) = 𝔼[u0(x+ [X
(α,β)
q,τ ]

distributed
(t))] .

Proof. By Theorem 4.10, [X(α,β)q,τ ]
distributed

(t) is a Lévy process
with infinitesimal generator [L(α,β)q,τ ]

distributed
.Therefore, its transition

semigroup satisfies

∂
∂t
Ptu0 (x) = [L

(α,β)
q,τ ]

distributed
Ptu0 (x) .

Since

Ptu0 (x) = 𝔼[u0(x+ [X
(α,β)
q,τ ]

distributed
(t))] ,

The function u(x, t) = Ptu0(x) solves

∂u (x, t)
∂t
= [L(α,β)q,τ ]

distributed
u (x, t) , u (x,0) = u0 (x) .

This completes the proof.
The distributed-order fractional PDE becomes

∂u (x, t)
∂t
= [L(α,β)q,τ ]

distributed
u (x, t)

Models anomalous transport with heterogeneous scaling effects,
including: multi-scale memory, mixed fractional jump behavior,
tunable small-jump and large-jump contributions via α,β, and
deformation of jump kernel via q, τ.

5 Applications: uniform
distributed-order (q,τ,α,β)-deformed
Lévy generator

Example 5.1: (Distributed-order (q,τ)-Deformed Lévy Generator
with α ∈ (0,2)). In this part, we illustrate the distributed-order
(q,τ,α,β)-deformed Lévy generator [L(α,β)q,τ ]

distributed
by considering

a specific example where the distribution of fractional orders is
uniform over a given interval. We choose the order distribution
μ(dα) to be the uniform probability measure on the interval (a,b)
with 0 < a < b < 2, i.e.,

μ (dα) = 1
b− a

1α∈(a,b)dα.

For concreteness, we take the interval (a,b) = (0.5,1.5), so that
μ(dα) = 1

1
dα = dα on (0.5,1.5). Distributed-order generator can be

evaluated by utilizing Theorem 4.10, that the generator of the
distributed-order (q,τ,α,β)-deformed Lévy process is given by:

[L(α,β)q,τ ]
distributed

f (x) = ∫
2

0
Lα,β
q,τ f (x)μ (dα) ,
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where

Lα,β
q,τ f (x) =

C
Γq,τ (β)
∫
ℝ\{0}
( f (x+ y) − f (x) − y f′ (x)1|y|<1) |y|

−(α+2−β)e−λ|y|q dy.

For our selection of μ(dα), this becomes:

[L(α,β)q,τ ]
distributed

f (x) = ∫
1.5

0.5
( C
Γq,τ (β)
∫
ℝ\{0}
( f (x+ y) − f (x) − y f′ (x)1|y|<1)

|y|−(α+2−β)e−λ|y|q dy)dα.

Spectral behavior can be seen when the action of [L(α,β)q,τ ]
distributed

on plane waves f(x) = eiξx which gives:

[L(α,β)q,τ ]
distributed

eiξx = [ψ(α,β)q,τ ]
distributed

(ξ)eiξx,

where

[ψ(α,β)q,τ ]
distributed

(ξ) = ∫
1.5

0.5
ψ(α,β)q,τ (ξ)dα,

and

ψ(α,β)q,τ (ξ) =
C

Γq,τ (β)
∫
ℝ\{0}
(eiξy − 1− iξy1|y|<1) |y|−(α+2−β)e

−λ|y|
q dy.

For small |ξ| → 0, it is known that

ψ(α,β)q,τ (ξ) ∼ −K
(α,β)
q,τ |ξ|α.

Therefore, the distributed-order exponent acts as follows:

[ψ(α,β)q,τ ]
distributed

(ξ) ∼ −∫
1.5

0.5
K(α,β)q,τ |ξ|αdα,

where

K(α,β)q,τ =
C

Γq,τ (β)
⋅ ∫
∞

0
(1− cos (ξy))y−α−1+βe−λyq dy. (3)

In this illustration, the distributed-order generator
[L(α,β)q,τ ]

distributed
is a convex combination of generators with

fractional orders α ranging over (0.5,1.5). Multi-scaling behavior is
demonstrated by the outcome process [X(α,β)q,τ ]

distributed
(t): for small

scales (|y| ≪ 1), the jump kernel is dominated by small α, resulting in
heavy-tailed small jumps. Large jumps are controlled by e−λ|y|q , which
tempers the kernel at large scales (|y| ≫ 1). Additional freedom
in adjusting small-jump behavior is offered via the parameter β.
Nonlocal memory and deformation effects are introduced into the
jump kernel by the parameters q and τ.The operator [L(α,β)q,τ ]

distributed

can therefore be used to represent transport phenomena in complex
systems with a variety of scaling aspects, such as turbulent flows,
porous media, financial time series with mixed scaling, and
biological transport with memory. This example demonstrates how
the distributed-order (q,τ)-deformed Lévy generator provides a
very flexible framework for modeling multi-scale and memory-
dependent dynamics by combining fractional behavior of various
orders with nonlocal and tempered effects.

Scaling coefficient K(α,β)q,τ . The spectral behavior of the generator
Lα,β
q,τ is characterized, for small |ξ|, by:

ψ(α,β)q,τ (ξ) ∼ −K
(α,β)
q,τ |ξ|α.

The coefficient K(α,β)q,τ is given by:

K(α,β)q,τ =
C

Γq,τ (β)
⋅ ∫
∞

0
(1− cos (ξy))y−α−1+βe−λyq dy. (4)

For small |ξ| → 0, the leading-order approximation reads:

K(α,β)q,τ ≈
C

Γq,τ (β)
⋅ Γ (1− α)cos(πα

2
).

For distributed-order processes, the total spectral
exponent becomes

[ψ(α,β)q,τ ]
distributed

(ξ) ∼ −
α2

∫
α1

K(α,β)q,τ |ξ|αμ (dα) .

Effective spectral schemes can be implemented by estimating
K(α,β)q,τ in numerical simulations by computing the integral or using
the previously mentioned asymptotic expression.

Example 5.2: (Distributed-order (q,τ)-Deformed Lévy Generator
with α ∈ (0,1)). Here, we illustrate the distributed-order (q,τ)-
deformed Lévy generator for Lévy flights with infinite mean
increments and extremely nonlocal operators, where the fractional
orders α are restricted to the interval (0,1). We choose the order
distribution μ(dα) as the uniform probability measure on the
interval (a,b) since 0 < a < b < 1. Specifically, we put

(a,b) = (0.2,0.8) , μ (dα) = 1
b− a

1α∈(a,b)dα =
1
0.6

dα.

The distributed-order generator is:

[L(α,β)q,τ ]
distributed

f (x) = ∫
1

0
Lα,β
q,τ f (x)μ (dα) .

In this case, we obtain

[L(α,β)q,τ ]
distributed

f (x) = 1
0.6
∫
0.8

0.2
( C
Γq,τ (β)
∫
ℝ\{0}
( f (x+ y) − f (x) − y f′ (x)1|y|<1)

|y|−(α+2−β)e−λ|y|q dy)dα.

The action of [L(α,β)q,τ ]
distributed

on plane waves f(x) = eiξx yields

[L(α,β)q,τ ]
distributed

eiξx = [ψ(α,β)q,τ ]
distributed

(ξ)eiξx,

such that

[ψ(α,β)q,τ ]
distributed

(ξ) = 1
0.6
∫
0.8

0.2
ψ(α,β)q,τ (ξ)dα,

and

ψ(α,β)q,τ (ξ) =
C

Γq,τ (β)
∫
ℝ\{0}
(eiξy − 1− iξy1|y|<1) |y|−(α+2−β)e

−λ|y|
q dy.

For small |ξ|, it is known that

ψ(α,β)q,τ (ξ) ∼ −K
(α,β)
q,τ |ξ|α.

Thus, we have

[ψ(α,β)q,τ ]
distributed

(ξ) ∼ − 1
0.6
∫
0.8

0.2
K(α,β)q,τ |ξ|αdα.
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This distributed-order generator models Lévy flights with
fractional orders α ∈ (0.2,0.8). Since α < 1, then the process
exhibits infinite mean behavior. It has strong nonlocality with
the generator [L(α,β)q,τ ]

distributed
is a strongly nonlocal operator, with

jump contributions from all scales. In addition, it admits heavy-
tailed behavior with small values of α in (0.2,0.8), which leads
to extremely heavy tails in the jump distribution. Furthermore,
it balances infinite mean and controlled big deviations by
controlling large leaps with the component e−λ|y|q , which meets
tempering. The jump kernel is deformed by memory effects
with parameters q and τ, which add more memory and scaling
effects. This example demonstrates how the distributed-order (q,τ)-
deformed Lévy process offers a strong framework for modeling
strongly anomalous dynamics with Lévy flights and infinite mean
increments by limiting the order distribution μ(dα) to (0,1). The
(q,τ) deformation and the tuning parameter β supply additional
flexibility.

Example 5.3: (Distributed-order (q,τ)-Deformed Lévy Generator
with α ∈ (1,2)). In the current instance, we examine the distributed-
order (q,τ)-deformed Lévy generator, which corresponds to
processes with infinite variance but finite mean increments, when
the fractional orders α are limited to the interval (1,2). The uniform
probability measure on the interval (a,b) with 1 < a < b < 2 is the
order distribution μ(dα). Specifically, we put

(a,b) = (1.2,1.8) , μ (dα) = 1
b− a

1α∈(a,b)dα =
1
0.6

dα.

The distributed-order generator is:

[L(α,β)q,τ ]
distributed

f (x) = ∫
2

1
Lα,β
q,τ f (x)μ (dα) .

For this choice of μ(dα), we obtain:

[L(α,β)q,τ ]
distributed

f (x) = 1
0.6
∫
1.8

1.2
( C
Γq,τ (β)
∫
ℝ\{0}
( f (x+ y) − f (x) − y f′ (x)1|y|<1)

|y|−(α+2−β)e−λ|y|q dy)dα.

For plane waves f(x) = eiξx, the generator acts as:

[L(α,β)q,τ ]
distributed

eiξx = [ψ(α,β)q,τ ]
distributed

(ξ)eiξx,

satisfying the integrals

[ψ(α,β)q,τ ]
distributed

(ξ) = 1
0.6
∫
1.8

1.2
ψ(α,β)q,τ (ξ)dα,

as well as

ψ(α,β)q,τ (ξ) =
C

Γq,τ (β)
∫
ℝ\{0}
(eiξy − 1− iξy1|y|<1) |y|−(α+2−β)e

−λ|y|
q dy.

For small |ξ|, we get the asymptotic action

ψ(α,β)q,τ (ξ) ∼ −K
(α,β)
q,τ |ξ|α.

Thus, we have

[ψ(α,β)q,τ ]
distributed

(ξ) ∼ − 1
0.6
∫
1.8

1.2
K(α,β)q,τ |ξ|αdα.

When α > 1, the process has well-defined first moments, and
the selection α ∈ (1,2) corresponds to: finite mean increments.
The process displays large tails when the variance is infinite,

which occurs when α < 2. Extremely large excursions are avoided
by tempering huge jumps using the e−λ|y|q factor. Additional
scaling and memory effects are introduced by memory and
deformation using the parameters q and τ. This operator is
appropriate for systems with enormous but finite-size events
since it mimics semi-heavy-tailed transport. By using the order
distribution μ(dα) supported on (1,2), this example demonstrates
how the distributed-order (q,τ)-deformed Lévy generator captures
processes with finite mean, infinite variance, and controlled big
jumps. Because of this, it is a versatile tool for simulating
intricate dynamical systems with non-divergent but heavy-tailed
behavior.

Remark 5.4: The following observations are occured: When α ∈
(0,2), the whole range of Example 5.1 indicates maximumflexibility.
Example 5.2, where Lévy flights (infinite mean) are obtained when
α ∈ (0,1). For instance, α ∈ (1,2) admits semi-heavy tails with finite
mean and infinite variance, in Example 5.3. Using the exact integral
formula, the scaling coefficient K(α,β)q,τ is calculated as a function
of α for different values of the deformation parameters q and τ.
The scaling coefficient K(α,β)q,τ is displayed as a function of α for
several selections of the deformation parameters q and τ in Figure 4.
The accurate integral representation of K(α,β)q,τ , which accounts for
the combined effects of tempering, fractional scaling, and (q,τ)-
deformation, was used to calculate the values. Both q and τ offer
efficient tuning mechanisms to regulate the generator’s spectrum
decay, as can be seen in the figure. In particular, for large α, raising
q causes K(α,β)q,τ to decrease more slowly, suggesting better memory
effects. Increasing τ changes the relative strength of tiny vs. big leaps
through the effective deformation of the kernel. This deformation
process provides an extremely flexible framework for modeling
nonlocal dynamics and multi-scale anomalous diffusion in complex
media. In summary, the heavy-tailed nature of the corresponding
Lévy flights with infinite mean is shown by the behavior of K(α,β)q,τ
in this range α ∈ (0,1). In contrast, the dynamics of semi-heavy-
tailed processes with finite mean but infinite variance in this range
α ∈ (1,2) are described by K(α,β)q,τ , which is suitable for simulating
periodic events.

5.1 Validity of the (q,τ,α,β)-deformed Lévy
measure and parameter effects

Lemma 5.5: (Tail bounds for the q-exponential, q ∈ (0,1)). Fix q ∈
(0,1) and λ > 0. For r ≥ 0 define

e−λrq ≔ (1+ (1− q)λr)
− 1

1−q .

Then the following bounds hold:

(i) Global (1+ r)-bound. For all r ≥ 0,

e−λrq ≤ Cq,λ(1+ r)
− 1

1−q , Cq,λ ≔ (min {1, (1− q)λ})−
1

1−q .

(ii) Power tail for large r. For all r ≥ 1,

e−λrq ≤ ((1− q)λ)
− 1

1−q r−
1

1−q .
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FIGURE 4
The plot illustrates how the parameters q and τ modulate the spectral behavior of the distributed-order (q,τ)-deformed Lévy generator.

(iii) Small-r bound. For 0 ≤ r ≤ 1, one has e−λrq ≤ 1.

Proof. (i) Set a≔ (1− q)λ > 0. For r ≥ 0 we have the elementary
inequality

1+ ar ≥min {1,a} (1+ r) .

Indeed, if a ≤ 1, then 1+ ar ≥ a(1+ r) since 1− ar ≥ 0 for r ∈
[0,1] and 1+ ar ≥ a(1+ r) trivially for r ≥ 1; if a ≥ 1, then 1+ ar ≥
1 ⋅ (1+ r). Raising both sides to the negative power −1/(1− q) yields

(1+ ar)−
1

1−q ≤ (min {1,a})−
1

1−q (1+ r)−
1

1−q ,

Which is the desired boundwithCq,λ = (min {1, (1− q)λ})−1/(1−q).
(ii) For r ≥ 1 we have 1+ ar ≥ ar, hence

e−λrq = (1+ ar)
− 1

1−q ≤ (ar)−
1

1−q = ((1− q)λ)−
1

1−q r−
1

1−q .

(iii) Since 1+ ar ≥ 1 for r ≥ 0, we get e−λrq ≤ 1 on [0,1].

Corollary 5.6: (Tail integrability for the deformed Lévy density).
Let q ∈ (0,1), λ > 0, and consider the tail integral

∫
|y|≥1
|y|β−α−2e−λ|y|q dy = 2∫

∞

1
rβ−α−2e−λrq dr.

Using Lemma 5.5-(ii),

∫
∞

1
rβ−α−2e−λrq dr ≤ ((1− q)λ)−

1
1−q∫
∞

1
rβ−α−2−

1
1−q dr.

Since 1
1−q
> 1, the exponent β− α− 2− 1

1−q
< − 1 for every α ∈

(0,2) and β > 0, hence the integral converges. Thus, the tail of the
(q,τ)-deformed Lévy density is integrable for all α ∈ (0,2) and β > 0.

Proposition 5.7: (Validity and spectral scaling of the (q,τ,α,β)-
deformed Lévy model). Fix 0 < q ≤ 1, τ > 0, λ > 0, α ∈ (0,2), and β >

0. Define the (q,τ)-deformed Lévy density

ν(α,β)q,τ (dy) =
1

Γq,τ (β)
|y|β−α−2e−λ|y|q dy,

where for q < 1 we take e−λrq ≔ (1+ (1− q)λr)−1/(1−q) for r ≥ 0, and for
q = 1 we set e−λr1 ≔ e

−λr. Then:

1. (Lévy integrability) ν(α,β)q,τ is a valid Lévy measure (i.e.,
∫ℝ\{0}(1∧ y

2)ν(α,β)q,τ (dy) <∞). if and only if

β >max {0,α− 1} .

2. (Existence) Under (1), the characteristic exponent

ψ(α,β)q,τ (ξ) =
1

Γq,τ (β)
∫
ℝ\{0}
(eiξy − 1− iξy1|y|<1) |y|

β−α−2e−λ|y|q dy

is well-defined and continuous, hence determines a Lévy process
L(α,β)q,τ via the Lévy–Khintchine formula.

3. (Time-fractional deformation) If 0 < αt < 1 and we define the
time law by

𝔼[e−λX
(αt,α,β)
q,τ (t)] = E(q,τ)αt (−t

αtψ(α,β)q,τ (λ)) ,

Then X(αt,α,β)q,τ (t)
d
=L(α,β)q,τ (S

αt
q,τ(t)), where Sαtq,τ is the inverse

(q,τ)-stable subordinator. Thus, X(αt,α,β)q,τ is a valid time-
fractional Lévy model.
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4. (Small-frequency scaling) As |ξ| → 0,

ψ(α,β)q,τ ⁢ (ξ) = −K
(α,β)
q,τ |ξ|α ⁢ (1+ o (1)) ,

K(α,β)q,τ =
1

Γq,τ (β)
⁢∫
ℝ\{0}
⁢ (1− cos y) |y|β−α−2 ⁢e−λ|y|q ⁢dy.

Moreover, decreasing q (heavier q-tail) increases K(α,β)q,τ , while
increasing τ typically decreases K(α,β)q,τ through the normalizer Γq,τ(β)
(see Proposition 3.2).

Proof. We must check the Lévy integrability criterion
∫ℝ\{0}(1∧ y

2)ν(dy) <∞. Split the domain into |y| < 1 and |y| ≥ 1.

(A) Small jumps |y| < 1. Since e−λ|y|q → 1 as y→ 0, for |y| < 1 we
have the two-sided bound

c0|y|β−α−2 ≤ |y|β−α−2e
−λ|y|
q ≤ C0|y|β−α−2 (0 < |y| < 1)

for constants 0 < c0 ≤ C0 <∞ depending on (q,λ).
Therefore, we obtain

∫
|y|<1

y2ν (dy) ≍ ∫
|y|<1
|y|2|y|β−α−2dy = 2∫

1

0
rβ−αdr.

This integral converges if and only if β− α > − 1, i.e. β > α− 1.
(When α < 1, this is automatically implied by β > 0; when α ∈ [1,2),
it is the nontrivial lower bound.)

(B) Large jumps |y| ≥ 1. We need ∫|y|≥1ν(dy) <∞. For q = 1 the
exponential factor e−λ|y| ensures convergence regardless of the power
|y|β−α−2. For q < 1, recall e−λrq = (1+ (1− q)λr)−1/(1−q) for r ≥ 0. For r ≥
1,

e−λrq = (1+ (1− q)λr)−1/(1−q) ≤ c1(1+ r)−p, p≔ 1
1− q
> 1,

with c1 = max {1, ((1− q)λ)−p} (see Lemma 5.5). Hence, this
yields (see Corollary 5.6)

∫
|y|≥1

ν (dy) ≤
c1

Γq,τ (β)
⋅ 2∫
∞

1
rβ−α−2(1+ r)−pdr

≤
2c1

Γq,τ (β)
∫
∞

1
rβ−α−2−pdr.

This converges whenever β− α− 2− p < − 1, i.e. β− α− 1 < p =
1

1−q
. Since p > 1 for q < 1, this inequality is always satisfied for any

fixed α ∈ (0,2) and β > 0. Therefore, the tail integral is finite with no
additional restriction on β.

Combining (A) and (B) yields the Lévy integrability condition
in (1), namely. β > max {0,α− 1}.

(C) Existence and well-posedness of ψ. The integrand in ψ(α,β)q,τ is

gξ (y) ≔ (e
iξy − 1− iξy1|y|<1) |y|β−α−2e

−λ|y|
q .

Utilizing |eiz − 1− iz| ≤min {C|z|2,2}, we get

|gξ (y) | ≤
{
{
{

C|ξ|2|y|β−α, |y| < 1,

2|y|β−α−2e−λ|y|q , |y| ≥ 1,

Which is integrable by parts (A) and (B). Hence, ψ(α,β)q,τ (ξ) is
absolutely convergent and continuous in ξ, yielding a (tempered)
Lévy process via Lévy-Khintchine.

(D) Time-fractional subordination. Let Sαtq,τ be the inverse
(q,τ)-stable subordinator with Laplace transform 𝔼[e−uS

αt
q,τ(t)] =

E(q,τ)αt (−t
αtu). Define X(t) ≔ L(α,β)q,τ (S

αt
q,τ(t)). Then, conditioning on S,

𝔼[e−λX(t)] = 𝔼[e−S
αt
q,τ(t)ψ

(α,β)
q,τ (λ)] = E(q,τ)αt (−t

αtψ(α,β)q,τ (λ)) ,

Which is exactly the stated fractional Laplace law. Thus X is
well-defined and has stationary independent increments (in space)
modulated by the inverse clock.

(E) Small-frequency scaling. Use the rescaling y↦ y/|ξ| and the
Taylor bound 1− cos (ξy) ≤ c|ξy|2 for small |ξ| to write

ψ(α,β)q,τ (ξ) =
1

Γq,τ (β)
∫
ℝ\{0}
(cos (ξy) − 1) |y|β−α−2e−λ|y|q dy

= −|ξ|α 1
Γq,τ (β)
∫
ℝ\{0}

1− cos z
|z|2+α−β

e−λ|z|/|ξ|q dz.

For fixed z, e−λ|z|/|ξ|q → 1 as |ξ| → 0 (both for q = 1 and q <
1). Moreover, (1− cos z)|z|β−α−2 is integrable on ℝ under β > α− 1
(near 0 it behaves like |z|β−α, and at ∞ like |z|β−α−2). Dominated
convergence then yields

ψ(α,β)q,τ (ξ) = −K
(α,β)
q,τ |ξ|α (1+ o (1)) ,

with K(α,β)q,τ = Γq,τ(β)−1∫ℝ\{0}(1− cos z)|z|
β−α−2dz modulated by

the (q,τ)-deformed tempering (the eq-factor can be inserted
without changing the limit). The qualitative dependence: for q <
1, decreasing q reduces the tail exponent 1/(1− q) of eq, hence
slows decay and increases K; increasing τ typically increases
Γq,τ(β) (see Proposition 3.2), thereby reducing K

(α,β)
q,τ .

The influence of the deformation parameters q and τ on the
kernel K(α,β)q,τ , which controls the jump structure of the (q,τ,α,β)-
generalized Lévy process, is shown in Table 3. Standard tempered
Lévy behavior with exponentially suppressed large jumps is
recovered when the q-exponential e−λ|y|q decreases to the traditional
exponential for q→ 1−. The decline of e−λ|y|q slows down for
q < 1, resulting in heavier tails. e−λ|y|q ∼ C(q)|y|−1/(1−q) as |y| →∞,
increasing long-range correlations and raising the likelihood of big
jumps.Both the deformation scaling and the generalized gamma
factor Γq,τ(β) allow the parameter τ to enter: While lower τ amplifies
K(α,β)q,τ , resulting in increased jump intensity, bigger τ raises Γq,τ(β)
and decreases the amplitude of K(α,β)q,τ , producing less frequent but
more spatially distributed jumps. Interpolating between bursty,
turbulent-like behavior (q < 1, τ < 1) and sparse, catastrophic events
(q < 1, τ > 1) is possible with (q,τ), while q→ 1 with any τ restores
tempered steady dynamics. The procedure is still valid for all
values displayed since β < α+ 1 ensures small-jump integrability,
and Lemma 5.5 and Corollary 5.6, with α ∈ (0,2) and β > 0, imply
large-jump convergence. For instance, in physics, these parameter
effects can be used to adjust memory depth and jump sparsity; in
finance, they can be used to manage heavy-tailed returns; and in
geophysical applications, they can be used to capture rare versus
bursty events.

6 Conclusion and future work

This study presented and analyzed the framework of distributed-
order (q,τ)-deformed Lévy processes, which incorporate distributed
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TABLE 3 Qualitative effect of parameters on the kernel/scale K
(α,β)
q,τ and on the process.

Parameter Effect on kernel/K
(α,β)
q,τ Model/Process implication

q↓0 e−λ|y|q decays more slowly⇒ heavier tails; K(α,β)q,τ ↑ More large jumps; stronger memory; slower spectral decay

τ↑ Γq,τ(β) typically increases⇒ normalization bigger; K(α,β)q,τ ↓ Weaker overall jump intensity (for fixed α,β); stronger tempering effect

α↑ (toward 2) Spectral exponent |ξ|α increases; K usually decreases near α→ 2 Process closer to diffusive at low frequencies; variance effects reduce in
tempered case

β within (α− 1,α+ 1) Tunes small-jump singularity via |y|β−α−2 Controls finiteness of second moment and shape of small-jump activity

q→ 1, τ→ 1 e−⋅q → e−⋅, Γq,τ→ Γ Recovers classical tempered Lévy/stable behavior

fractional orders and (q,τ)-deformation to generalize classical and
fractional Lévy processes.We developed generalized generators with
multi-scale dynamics, configurable memory, and rich spectrum
activity by utilizing the (q,τ)-Gamma and (q,τ)-Mittag-Leffler
functions.

We gave formal features of the linked special functions,
characterized their infinitesimal generators, and proved the
existence of these processes. The spectral scaling coefficient K(α,β)q,τ ,
which controls the generator’s behavior in Fourier space (the
frequency domain representation of operators) and establishes the
magnitude of nonlocal interactions over scales, was the specific
focus of our investigation. The operation of the (q,τ)-deformed
distributed-order generator in Fourier space, whose scaling is
controlled by the coefficient K(α,β)q,τ , reduces to multiplication by
the characteristic exponent [ψ(α,β)q,τ ]

distributed
(ξ). Thus, K(α,β)q,τ dictates

the smoothing and dispersion features of the associated fractional
dynamics and governs the decay rate of Fourier modes.

With the precise numerical integral verifying the theoretical
predictions, our numerical experiments showed that the asymptotic
formula for K(α,β)q,τ offers a good approximation over a wide range
of α. The interaction of the distributed-order measure μ(dα) and
the deformation parameters (q,τ) provides a very versatile modeling
framework appropriate for use in complex media, anomalous
transport, and non-Gaussian dynamics.

6.1 Future work

Naturally, this work suggests a number of avenues for further
investigation: expanding the analysis to time-fractional (q,τ)-
deformed Lévy processes, in which the distributed operators
interact with fractional derivatives in time. Creating effective
numerical methods to simulate distributed-order (q,τ)-fractional
PDEs in space and time, with possible uses in quantitative
finance and computational physics. Examining inverse issues and
parameter estimation methods to determine the deformation
parameters (q,τ) and the distributed-order measure μ(dα) from
empirical data. Implementing the suggested paradigm to real-world
datasets that displaymulti-scaling behavior, like biological transport
phenomena, high-frequency financial time series, and turbulence
data. Investigating functional analytic characteristics and operator
semigroup theory for distributed-order (q,τ)-deformed generators
in different function spaces. The paper’s findings offer a strong

basis for future theoretical advancements and real-world uses of
(q,τ)-deformed fractional models in complex system research.
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