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In this paper we rst review the development of high order ADR nite volume and ADER
discontinuous Galerkin schemes on xed and moving meshes, isice their introduction
in 1999 by Toro et al. We show the modern variant of ADER basedroa space-time
predictor-corrector formulation in the context of ADER disontinuous Galerkin schemes
with a posteriori subcell nite volume limiter on xed and mwing grids, as well as
on space-time adaptive Cartesian AMR meshes. We then presénand discuss the
uni ed symmetric hyperbolic and thermodynamically compable (SHTC) formulation of
continuum mechanics developed by Godunov, Peshkov, and Romnski (GPR model),
which allows to describe uid and solid mechanics in one sintg and uni ed rst order
hyperbolic system. In order to deal with free surface and mamg boundary problems,
a simple diffuse interface approach is employed, which is aopatible with Eulerian
schemes on xed grids as well as direct Arbitrary-Lagrangia-Eulerian methods on
moving meshes. We show some examples of moving boundary prdems in uid and
solid mechanics.

Keywords: Godunov-Peshkov-Romenski model, high order, nit
interface

e volume, discontinuous Galerkin, diffuse

1. INTRODUCTION AND REVIEW OF THE ADER APPROACH

The development of high order numerical schemes for hyperbmicservation laws has been
one of the major challenges of numerical analysis for thedasades. Goduno\i] proved that
for the linear advection equation no monotone linear schenoé second or higher order of
accuracy can be constructed. Therefore, even if physiaalsity is considered, a linear high order
scheme will present spurious oscillations near discontinsijtés it can be seen, for instance for
the Lax-Wendro scheme, Lax and WendroZ2]. A rstidea to circumvent this theorem has been
proposed in Kolgan ], where limited slopes are employed to produce a non-lineaeswh of
second order of accuracy in space. Since then, many high ongd®erical methods have been
developed like the Total Variation Disminishing methods (D)and Flux limiter methods (see,
for instance, {-9]). Despite these methodologies being already well-eskedaliat the end of the
last century, their major drawback was that they just prodidéobal second order of accuracy and
reduced locally to rst order in the vicinity of smooth exire.

More advanced non-linear methods for advection dominated pgots involve the family of
ENO and WENO schemes, see Harten and Oshéy; Harten et al. [L1], and Shu [LZ). In particular,
the method of Harten et al.1[1] is a fully discrete high order scheme that can be re-intergulet
in terms of the solution of a generalized Riemann problem (GRR),Gastro and Toro 13.
Moreover, it can be seen as a generalization of the MUSCL-Hanoetkod of van Leer, see van
Leer B], Toro [9], and Berthon [L4].
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Following the idea of solving a generalized Riemann problerwhere a new class of ADER-FV methods has been introduced.
(GRP), see also Ben-Artzi and FalcovitZz|[ LeFloch and Tatsien The main contribution of this paper consists in the introduction
[16], Ben-Artzi et al. L7, and Han et al. 18§, the ADER of a new element-local space-time DG predictor, which allows
approach (Arbitrary high order DErivative Riemann problem) at the same time the treatment of sti source terms, as well
has been rst put forward for the linear advection equationas the replacement of the cumbersome Cauchy-Kovalevskaya
with constant coe cients by Millington et al. 19 and Toro procedure. First, a high order WENO method is employed
et al. (. The rst step of the methodology involves piece-to compute a polynomial reconstruction of the data inside
wise polynomial data reconstruction, where a non-linear ENCeach spatial element; then, an element-local weak fornmnati
reconstruction is applied in order to avoid spurious oscillago of the conservation law is considered in space-time and the
of the numerical solution. Then, a GRP is de ned at eactpredictor is applied to construct the time evolution of the
cell interface. Classically, the initial condition for tHteRP WENO polynomials within each cell. Note that, in this step,
was given as piece-wise linear polynomials and second ord#re integration by parts is performed only in time, which di ers
schemes could be obtained by constructing a space-timeradteg from global space-time DG scheme®[4(], which are globally
of the solution in an appropriate control volume], 27, or  implicit. Finally, the cell averages are updated with an eitplic
following a MUSCL approach, van Leetd and Colella p4.  fully discrete one-step scheme, considering the integrah fof
An alternative methodology proposed in Ben-Artzi and Faltovi the equations. As a result, the proposed methodology maintains
[25] consists in expressing the solution of the GRP as a Taylarbitrary high order of accuracy, while avoiding the issieated
series expansion in time. The ADER approach obtains the higto the use of a Taylor series expansion in time. As already
order time derivatives of the GRP solution at the cell inteefla mentioned above, it naturally provides an approach for the
via the Cauchy-Kovalevskaya procedure, which replaces tinteeatment of sti source terms [for further details on thispic,
derivatives by spatial derivatives using repeated di er¢ioiieof  see {11] and references therein].
the di erential form of the PDE. The spatial derivatives, whic The above methodology can also be applied in the
may also jump at the interface, are de ned via the solutiondiscontiuous Galerkin framework as presented in Dumbser
of linearized Riemann problems for the derivatives, whereet al. 2, where, a unied PyPy framework for arbitrary
linearization is carried out about the Godunov state ob&min high order one-step nite volume and DG schemes has been
from the classical Riemann problem between the boundarintroduced. For other reconstruction-based DG schemes, see
extrapolated values at the interface. figure 1, the classical e.g., Luo et al.43 44]. Afterwards, the methodology has been
piece-wise constant polynomials are plotted against a higkrord extended to solve a wide variety of dierent PDE systems,
reconstruction and the similarity solutions for both case® such as the resistive relativistic MHD equations, Dumbser
sketched. Finally, these similarity solutions are usedtstruct and Zanotti 5]; non-conservative hyperbolic systems found
the numerical ux. Theresulting schemes are arbitrary higler  in geophysical ows, Dumbser et al4§] in which a well-
accurate in both space and time, in the sense that they have malanced and path-conservative version of the scheme has bee
theoretical accuracy barrier. developed; compressible multi-phase ows Dumbser eta, [

Since their introduction in Toro et al.40] and Millington  the compressible Navier-Stokes equations, Dumbégé}; fthe
et al. [L9, many extensions of the ADER methodology havecompressible Euler equations and divergence-free schemes fo
been proposed. Regarding 2D linear PDEs, one may refdHD, Balsara et al. 49, and Balsara and Dumbsers(),
to Schwartzkop et al. 26 and their simpli cation for the where ADER schemes were used in combination with genuinely
particular case of structured grids in Schwartzkop et &7]]  multidimensional Riemann solvers. The last extensions eonc
Moreover, non-linear systems have been initially addressed the special and general relativistic MHD equations, see Zanotti
Toro and Titarev 8§ and Titarev and Toro 29. Further et al. B1], and Fambri et al. 36, as well as the Einstein eld
applications of ADER on non-Cartesian meshes have beegquations of general relativit, 53.
presented in Kaser3[)], Kaser and Iske J1], Dumbser et al. Later, ADER schemes have been extended to adaptive mesh
[32, and Castro and Toro I3. One should also mention re nementon Cartesian grids (AMR), in combination with time
the development of ADER schemes in the framework ofccurate local time stepping (LTS). This technique has ihjtia
discontinuous Galerkin (DG) nite element methods, see Qiubeen introduced in Dumbser et ab{, 55 for conservative and
et al. 33, Dumbser and Munz $4] and Gassner et al3f]. One  non-conservative hyperbolic systems, respectively. Morgtheer
of the main advantages of using DG is that the reconstructioschemes of the ADER family were the rst high order methods to
step of classical ADER nite volume (ADER-FV) schemes cae applied for the numerical solution of the uni ed rst order
be skipped, since the discrete solution is already given by highyperbolic formulation of continuum mechanics by Godunov,
order piecewise polynomials that can be directly evolvedrduri Peshkov and Romenskb§-58], see Dumbser et al5p-61]. In
each time step. Furthermore, ADER-DG schemes avoid the usiee rest of this paper, we will refer to the Godunov-Peshkov-
of classical Runge-Kutta time stepping and thus provide e cientRomenski model of continuum mechanics as GPR model.
communication-avoiding schemes for parallel computing, see The ADER approach has also been extended to the direct
Fambri et al. B6] and allow for simple and natural time-accurate Arbitrary-Lagrangian-Eulerian framework (ALE), where eth
local time stepping (LTS), see Dumbser etal].[ mesh moves with an arbitrary velocity, taken as close as pessib

An important step forward in the development of more to the local uid velocity. Initially developed for one space
general ADER schemes was achieved in Dumbser eB8gl. [ dimension, it has been soon extended to the case of the two
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FIGURE 1 | Classical piece-wise reconstruction polynomials used irhe ADER approach,p;(x) and pic1 (), and the structure of the Riemann problem solution at the
intercell boundaryxic%. (Left) classical piece-wise constant data.(Right) piece-wise smooth reconstruction.

and three dimensional Euler equations on unstructured nessh Hidalgo [90], Taube et al. $1], Toro [9], Montecinos et al. $7],
Boscheri and Dumbser6p, 63, including the discretization of Montecinos and Toro93], Toro and Montecinos $4, 95, Toro
non-conservative products. Further works in this area ineol et al. P€], Busto P7], Montecinos et al. 8], Busto et al. §9,
the use of local timestepping technique$4,[65]; coupling Contarino et al. L0, Busto et al. {01], and Dematté et al.1[0]
with multidimensional HLL Riemann solvers, Boscheri et aland references therein.
[66]; solution of magnetohydrodynamics problems (MHD§ 4 In this paper, as a promising application of the family of
68]; development of a quadrature-free approach to increase thARDER schemes, we solve a diuse interface formulation of
computational e ciency of the overall method, Boscheri andthe GPR model of continuum mechanics. In comparison with
Dumbser B9); use of curvilinear unstructured meshes, Boscherexisting continuum mechanics models, the novel feature ef th
and Dumbser(J]; or extension to solve the GPR model, BoscherGPR model is in that it incorporates the two main branches of
et al. [71] and Peshkov et al7p]. Furthermore, in Gaburro et al. continuum mechanics, uid and solid mechanics, in one sengl
[73 a novel algorithm to deal with moving non-conforming unied PDE system. Recall that traditionally uid and solid
polygonal grids has been presented. The methodology reduceschanics are described by PDE systems of di erent types, i.e.
the typical mesh distortion arising in shear ows and providesparabolic (viscous uids) and hyperbolic (linear elasticitydan
high quality elements even for long-time simulations. Aaety  hyperelasticity), which imposes many theoretical and tedcnic
well-balanced path-conservative version of this approaclhfer di culties if one wishes to model natural and industrial presses
Euler equations with gravity can be found in Gaburro et alinvolving co-existence of the uid and solid states such as
[74]. still in the ALE framework, within this article, we will in  uid-structure interaction (FSI) problems, modeling of
present new results for the family of ADER-FV and ADER-general solid- uid transition such as in melting and solichtion
DG schemes on moving unstructured Voronoi meshés|,[as processes, e.g., additive manufacturing, see for exampledtsan
recently introduced in Gaburro/6] and Gaburro et al. T7]. et al. [L03, ows of granular media 104, viscoplastic ows,

It is well-known that when dealing with high order schemese.g., debris ows, avalanches, mantle convection, ows ahyn
special care must be paid to the limiting methodology employedndustrial Bingham-type uids, see Balmforth et al(j. Due to
In most of the previous referenced papers classicgriori  the uni ed treatment of uids and solids, the GPR model thus
limiters have been used, such as WENO reconstructiorhas a great potential for simplifying the modeling process and
Nevertheless, some alternative contributions to this topgmn  code development for solving the aforementioned problems. Ye
be found in the series of paper51 7785, where a noveh  before to be applied to practical problems, the GPR model may
posteriorsub-cell FV limiter of high order DG schemes, based orrequire a coupling with an interface tracking/capturing teaue
the MOOD paradigm of Clain et al8f] and Diot et al. B7,88,  for the modeling of moving material boundaries such as in free
has been employed. surface ows or solid body motion. In particular, in this papes

Besides the references given above, which focus on tleeuple the GPR model with a simple di use interface approach,
development of the ADER methodology with a local space-timsee Tavelli et al8F], Dumbser [LO], Gaburro et al. 107, Kemm
Galerkin predictor, many recent papers have been devoted &t al. [L0]. For example, very interesting computational results
the development of other families of ADER schemes, like thevith similar di use interface approaches and level set techag
classical ADER nite volume methods. Without pretending to for compressible multi-material ows have been obtained for
be exhaustive, we may refer to Castro et 8F],[ Toro and example in Gavrilyuk et al.1p9, Favrie et al. 110, Favrie and
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Gavrilyuk [117, Ndanou et al. 119, de Brauer et al. 13, similar formulation was used only in the solid dynamics cextt
Michael and Nikiforakis 114, Jackson and Nikiforakis1[l§, [112 126 127); (ii) non-conservative products are taken into
and Barton [L14. Finally, we demonstrate that the ADER family account in the high order direct ALE scheme of Gaburro et al.
of schemes is capable to resolve the GPR model in both solid afid7], where they have to be integrated also on degenerate space—
uid regimes. time control volumes (see section 2.5.2).

The paper is organized as follows. In section 2 we present
the family of ADER nite volume and ADER discontinuous 2.1. Governing PDE System
Galerkin nite element schemes on xed Cartesian and movingin this paper we consider high order fully-discrete schemes fo
polygonal meshes in two space dimensions. Next, in section@n-linear systems of hyperbolic PDE with non-conservative
we introduce the di use interface formulation of the GPR mdde products and algebraic source terms of the form
In section 4 we show some computational results obtained with
di erent kinds of ADER schemes (ADER-FV and ADER-DG) @
on di erent mesh topologies, including moving unstructured @ Cr F.Q/CB(Q rQDSQ), @
Voronoi meshes, as well as xed and adaptive Cartesian grids.

The paper is rounded o by some concluding remarks and aNyhereQ D Q(x,t) 2 o RMisthe state vectot,2 ROC is the

outlook to future work in section 5. time,x 2 « RY is the spatial coordinate] is the number of
space dimensions, g is the so-called state space or phase space,

2 ADER FINITE VOLUME AND F(Q) isthe non-linear uxtensorB(Q) r Qis anon-conservative

product andS(Q) is a purely algebraic source term. Introducing

DISCONTINUOUS GALERKIN SCHEMES the system matriA(Q) D @=@ C B(Q) the above system can

. . . . . Iso be written in quasi-linear form as
The numerical method adopted in this paper is the variant ofa q

the arbitrary high-order accurate ADER approach based on the @

space-time predictor-corrector formalism, which we havelyri — CA(Q) r QD 9Q). (2
reviewed in the previous section 1. It easily applies to theexdnt @

of nite volume (FV) and discontinous Galerkin (DG) methods
using either space-time adaptive Cartesian grids (AMR), s
Bungartz et al. I17,Weinzierl and Mehl .19, Dumbser et al.
[54], Zanotti et al. B(, Fambri et al. B6, 84] and references
therein, or unstructured meshes, and both on xed Eulerian
domains or in a moving Arbitrary-Lagrangian-Eulerian (ALE
framework, see Boscheri et ab5 68, Boscheri and Dumbser
[62 63 119, Boscheri 87, Gaburro [L2(, Gaburro et al. {7,
and references therein.

Here, we brie y describe the key features of our numerica
scheme, keeping the notation as general as possible, a . . . .
referring to the literature for further details. We start by In the general A_LE case, we conS|der_am_OV|ng two-dimensional
introducing the general form of our governing PDE system and (d D 2) domain- (t) and we cover It using an unstructured
moving unstructured discretization of two-dimensionalrdains mesh made oNp non-overlapping polygon®,i D 1,:::Np.

(sections 2.1 and 2.2); next, in section 2.3 we describe dtee d Tthe mﬁfh N trst l?u:It at t|[net 5 Odand then it |sdrfe:.';|1|rrapge:ih
representation of the discrete solution. Then, we explain hoygt €ach ime s eff": elements and nodes are moved following the

to obtain high order of accuracy ispacethis is available by 0cal uid velocity and when necessary, in order to preventime
construction in the DG case, and obtained via some variantg'séorg'o.n' also th? mesh.topr?logy((;.e., the shape of the efem
of the well-known WENO procedure3p, 121-125 for the FV anGt' elrconntlecnwt;s) 1S cdange .b P I
approach. Finally, we focus on the predictor-corrector versio iven a polygonF! we denote by(R’) D v, ::, ij’

eThe system is said to be hyperbolic if for all6D0 and for all
6 2 + o the matrixA(Q) n hasm real eigenvalues and a full
set ofm linearly independent right eigenvectors. The system (1)
needs to be provided with an initial conditio@(x, 0) D Qo(X)
and appropriate boundary conditions @@ -.

In this paper we focus on a particular, but very general,
example of a rst-order system (1) describing elastic and s
plastic heat-conducting media; it will be discussed in s&c8.

hdz. Domain Discretization

117
of the ADER scheme that allows to achieve arbitrary high orde" ’VinNV_ gthe set of itsNy, Voronoi neighbors (the neighbors
of accuracy in space artime. Since it is out of the scope of that share with P' at least a vertex), and bg(P") D
this paper to recall all the details, a general overview isngive fel,:::, e @ gthe set of itsN, edges, and bp(P") D

. . . 17" j""’Nn_ Vi ' |
sections 2.5 and 2.7, and an inedited proof of the convergehce N . v - _
the predictor for a non-linear conservation law is presented i fdij, i 2,0 ’diN\r}_ g the set of itsNy, vertexes, consistently

section2.6. . . _ ordered counterclockwise. Finally, the barycentePbfs noted
We would like to emphasize that, besides this nove{isxg D (x2,y). When necessary, by connectiry with each
. o Y,)- :

convergence proof, other progress has been introduced withifg tax ofd (R,) we can subdivide a polygd® in NI subtriangles
this work. Indeed, up to our knowledge, it is the rst time yonoted ag (P DT, TN, o0, TP gl :
i Pt Ting

that: (i) the ADER approach is used to solve a di use interface _ o ' Vi
formulation of the GPR model that addresses the free surface The coordinates of each node at tinte are denoted by,
problem in both solid and uid mechanics context (previously, aandVE represents the velocity at which it is supposed to move,
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so that its new coordinates at tim&@C! are given from the
following relation

x1C1 D xJ C 1tV (3)
More details on how to obtairV can be found in Boscheri
et al. g, Boscheri and Dumbser6p, 119 for what concerns
classical direct ALE schemes on conforming unstructuredsgr
in Gaburro et al. T3, 74] for non-conforming unstructured grids,
in Boscheri and Dumbser7[] for curvilinear meshes, and we
refer in particular to section 2.4 and 2.5 of Gaburro et @lf[
for what concerns moving unstructured polygonal grids allogv
for topology changes, which indeed is the ALE case consider
in this paper (see case B below). Moreover, working in the AL
framework, we are allowed to takeD 0, i.e., we can also work in
a xed Euleriansystem where the initial mesh is never modi ed.

In particular, in this paper we will consider the following two
situations for our domain discretization:

I (U

A. A xed Cartesian mesh made ®fp quadrilaterals elements,
which is not moved during the simulation, but which can
be successively re ned, with a general space-tree-type da
structure that allows element-by-element re nement with a
general re nement factor 2, in order to increase the
resolution in the areas of interest, as can be sedrigure 2
(for the details on the re nement procedure we refer to
Dumbser et al. $4 and Fambri et al. $6)). To ease the
description of the numerical method, we will associate to
each quadrilateral elemef®, a set of indices that refer to
its Cartesian coordinates,j,k , such thatPj'?(: D PP D
[X 1, ]Cl] [y %,ykc%], 1x; D %ci X %,lyk D
ykcl Vie 1

B. A moving polygonal grid as the one described in Gaburro
et al. [77] that (i) moves with the uid ow in order to reduce
the numerical dissipation associated with transport termd an
(ii) also allows for topology changes at any time step in otder
maintain always a high quality of the moving mesh; in thisscasNote that in the xed Cartesian cas€' reduces to a right
we remark that our method is also able to deal with degeneratearallelepiped with four lateral space—time surfa@S parallel
space time control volumes at arbitrary high order of accyrac tg the time-direction, so many simpli cations are p033|ble

We close this part by emphasizing that the family of direct

2.2.1. Space-Time Connectivity ALE schemes proposed in this work, based on the ADER

To better understand the context of moving meshes we refgpredictor-corrector approach, is based on the integration of

the reader toFigure 3 note that the tessellation at timé& has the governing Equation (1)n space and in timelirectly over

been evolved resulting in a slightly di erent tessellatiortiate ~ thesespace—timeontrol volumes, see section 2.7. Note that this
t"CL: for each elemenP the new vertex coordlnatezs:nCl procedure, which is more evident whél is an oblique prism, is

k D 1,:::,NJ), are connected to the old coordmat&%‘:1 via also hidden wheit' is just a right parallelepiped.

straight line segments, yielding the multidimensiosphce-time
control volume €, that involvesN\'};StCZ space-time sub-surfaces.
Speci cally, the space-time volun@ is bounded on the bottom

a

FIGURE 2 | Sketch of the mesh re nement structure of three AMR levels wit
re nement factor r D 3. Solid lines indicate active cells, whereas the dashed
ones are the virtual cells allowing interpolation betweerhée coarse and the

re ned mesh, needed in the case of high order WENO reconstruébn.

set of of bilinear basis functions (see Boscheri and Dumjigsay.

To resume, the space-time volur@® is bounded by its surface
@ which is given by
0

@o@ @p[ Al Ao

i

1.

1
(4)

2.3. Data Representation
The conserved variablé€gin (1) are discretized in each polygon

and on the top by the element con guratlon at the current time
IevelP,n and at the new time Ievsﬂ’,1 , respectively, while it is

closed with a total number df\l{};St lateral space—time surfaces
,rj‘,j D 1,:::, ”St that are given by the evolution of each
edged] of eIementPi” within the time steplt D t"C1 " A

P! at the current timet" via piecewise polynomials of arbitrary
h|gh orderN, denoted byup(x,t") and de ned as

oL
up(x,t") D (@D (x,t" @,
DO

x 2 P"

i (B

priori, @; are not parallel to the time direction: thus to be treatedwhere in the last equality we have employed the classical tensor
numerically they can be mapped to a reference square by usingradex notation based on the Einstein summation convention,
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FIGURE 3 | Space time connectivity.(Left) The tessellation at timet” and time t"1. (Middle) P! is connected with P,”Cl to construct the space—time control volume
C. (Right) The sub—triangIeTiJ" is connected with Ti:“:l to construct the sub—space-time control vqumesCi'l‘.

which implies summation over two equal indices. The function

*(x,t") can be either:

employ this kind of basis functions in the moving unstructured
polygonal Case B.

i. Nodal spatial basis functions given by a set of Lagrang&he discontinuous nite element data representation (5)dea

interpolation polynomials of maximum degre& with
the property

1if " Dml

. d
0 otherwisé ,mD1:::,(NC1), (6)

" (xg) D

naturally to discontinuous Galerkin (DG) schemeshf > 0,

but also to nite volume (FV) schemes in the cadeD 0. This
indeed means that foN D O we haveé ~(x) D 1, with® D O
and (5) reduces to the classical piecewise constant datarhat a
typical of nite volume methods. In the cad¢ > 0 (DG) the
form given by (5) already provides a spatially high order aceura

wherefxg, gare the set of the Gauss-Legendre (GL) quadraturgia representation with accuradyC 1, where instead for the

points onP (see Stroud]2g for the multidimensional case).

caseN D 0 (FV), if we are interested in increasing the spatial

In particular, when employing these basis functions on & qer of accuracy, up t C 1 for examle, we need to perform a
Cartesian grid, each quadrilaterBf is easily mapped to & gpatiareconstructionwith this notation, our method falls within

reference square, we only need the tensor product of the Gl

quadrature points in the unit interval [0, 1], and tHe are

e more general class BfjPy schemes introduced in Dumbser
etal. 42 for xed unstructured meshes.

simply generated by multiplying one-dimensional nodal basis

functions, i.e.,
2.4. Data Reconstruction
v n v v
*x)D" ) " () Y In this section we focus on the reconstruction procedure ndede
with * -, satisfying (6) withd D 1, andx D X 3 C 1x, in the nite volume context N D 0,M > 0) in order to obtain

y Dy, 3 C 1 yk being the set of reference coordinates relatecg

rder of accuracyM C 1 in space starting from the piecewise
onstant values af (x,t") in P and its neighbors, i.e., in order

to Pf'. In this case, the total number of GL quadrature pointsto obtain a high order polynomial of degréé representing our
per polygon, as well as the total number of basis functiongg|ytion in eact?”

f' ~gand expansion coe cientsﬂyi, the so-called degrees of
freedom (DOF), iN D (N C 1)%. These basis functions are

used on Cartesian grids, i.e., for Case A.

of degreeN in the variables< D (x,y) directly de ned on the
physical element'Pexpanded about its current barycent(gir
and normalized by its current characteristic lenggh

x QP (v ¥

. Modal spatial basis functions written through a Taylor series Wh(x,t") D

M 1
S tH@ D (x, t) @', x 2 P, 9)

‘DO

where the - functions simply coincide with thée - basis
functions of (5). Our reconstruction procedures are basedhmn t

" (x, tM)jp D 5 < WENO algorithm in itspolynomialformulation as presented in
' pth a!h Dumbser et al. 3§, Dumbser and Kaser3p, 123, Titarev et al.
"DO,:::;,N 1, O pCqg N, (8) [129, Tsoutsanis et al.130, Levy et al. {31, Dumbser et al.
[133, and Semplice et al1Bd, and not based on the original
hi being the radius of the circumcircle &'. In this case the version of WENO proposed in Jiang and SHi2[], Balsara and
. C) Shu [L29, Hu and Shu 134, and Zhang and ShulP4 which
total numberN of DOF @ isN D le(N C m). We provides onlypoint valuesFor eactP”, the basic idea consists in
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(i) selecting a central stencil of elemeﬁ&with atotal number of

1 ¥
neD f o (MCm) (20)
d! mD1

elements, containing the céP[‘ itself, its rst layer of Voronoi

neighborsV(P") and lled by recursively adding neighbors of % X x

those elements that have been already included in the $tenci X x X X X % R
and in (ii) using the cell-average values of the eIemenSodb xx
reconstruct a polynomial of degréd by imposing the integral T . .
conservation criterion, i.e., by requiring that its avezamn each c

cell match the known cell average.flf> 1 (which occurs in | -— r

the unstructured case, where we takeD 1.5), this of course xxx | |L
leads to an overdetermined linear system, which is solvetyus y

a constrained least-squares technique (CLSQYJ[ i.e., the

reconstructed polynomial has exactly the cell averﬁ&leon FIGURE 4 | Reconstruction stencils_ for a xed Cartesi_an me_sh withM D 2,

the pongonP{‘ and matches all the other cell averages of thewhere L C, and R denote the Igﬁ—S|ded,-cenFral anq right-sided stenlcns,

remaining stencil elements in the Ieast-square sense. ;ejir::gilzsy.(Left) Reconstruction onx direction. (Right) Reconstruction on
However, as well-known thanks to the Godunov theorem

[1], the use of only one central stencil (which is indeed a

linear procedure) would introduce oscillations in the presemf

shock waves or other discontinuities. So, in order to make thThen, we integrate on the stencil elements obtaining antaige

reconstruction procedure non-linear, we will compute the nal system on the polynomial coe cients:

reconstruction polynomial as mon-linear combinatioror more 7
than only one reconstruction polynomial, each one de ned on a 1 ¥me § s X
. ) : ’ — 0 @2 dxDf,, 8P 2SS
di erent reconstruction stencig. Ixm x , ° () VG, dx D Of mk < =i (13)
m3z

We refer to the cited literature for further details, and bave
just highlight the main characteristics of the two recounstion

procedures adopted in this work with ot the average value obtained by integrating the solution

at the previous time step on the cé&l,. Once the coe cients,
2.4.1. Case A: Cartesian Mesh and thus the polynomials, related to all the stencils are okt

In Case A, of a xed Cartesian mesh, we employ the polynomia{'® compute a reconstruction polynomial in thelirection as the
WENO procedure given in Dumbser et al54, which is data-dependent non-linear combination of these,
implemented in a dimension by dimension fashion. For each

cell, we de ne its related sets of one-dimensional recarwion n . Xe PR
stencils as wh xt" Doy /W?L,‘l' Wﬂa‘l D le. S\q‘«‘l’ (14)
[CR CR
S D Pl s¥D P (11)  wherengis the number of stencilsis D 3ifM D Pandns D 4
mDj L mDk L otherwise; and s denote the non-linear weights (see Dumbser

et al. p4] for further details).

To complete the reconstruction polynomial, we now repeat
the above procedure in thedirection for each degree of freedom
’1@?(\1. First, we write the reconstruction polynomial in terms of

thé basis functions,

whereL D fM,ggandR D fM, sgdenote the order and stencil
dependent spatial extension of the stencil to the left and ® th
right. For odd order schemes we consider three stencils, o
central, one fully left-sided, and one fully right—sidedrstil in
each space dimension (deigure 4for a graphical interpretation
for M D 2), while for even order schemes we have four stencils,
two of which are central, while the remaining two are again
given by the fully left-sided and fully right—sided in eagiase )
dimension. In both cases the total amount of elements in eachNen, we solve the algebraic system

WXyt D L, INGS . (15)

stencil is alwayse D M C 1, the order of the scheme. 7

. : S 1 7 Yl

Focusing on the reconstruction procedure on thdirection, 2y @% . dyD \q]m\ , 8Pl 2sY
given a elemenP, we start by expressing the rst coordinate 1ym Yon 3 12 o ) '
of the reconstruction polynomial at each stencil in terms oo (16)
dimensional basis functions, and calculate
X n X S S X s
Wy (x,t") D - /v&Zﬂ(;lD - /‘ﬂﬂ«‘l' (12) W@ ,D ! S@‘\l\z_ (17)
"1D0 D1
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Finally, we get the WENO reconstruction polynomial over §, and of theN{}i linear polynomials, computed oves,
maintains the order of convergence of the method and avoids
wp xt" DL, /\Qﬂ(;l«z. (18) unwanted spurious oscillations. In particular, in the case of

moving meshes with topology changes, where the set of neighbo
In order to enforce bounds on the WENO reconstruction may change at any time step, the use of smaller so-called &éctor

polynomial, such as the condition O 1 on the stencils signi cantly speeds up computations.
volume fraction function of for example (56a), wescale For the sake of uniform notation, in the DG case, i.e., when
the reconstruction coe cientsxﬂfl‘a\l\2 around the cell average N > 0 andM D N, we trivially impose that the reconstruction
as follows: polynomial is given by the DG polynomial, i.enj(x,t") D
uﬂ(x,t”), which automatically implies that in the cabe D M
‘@k,‘l‘z D u{k C' ik \ﬂﬂ( i~ Nij , (19) the reconstruction operator is simply the identity.

where the scaling factorj is computed via the Barth and 2 5 Space-Time Predictor Step

Jespersen limiter (see Barth and Jesperséf)[applied to the |, this section we focus on the key feature, the elementHoca
volume fraction function in all Gauss-Legendre and Gauss‘space-time predictastep, of our ADER FV-DG schemes: this
Lobatto quadrature nodes, i.€. D min(* jp) is the global  yart of the algorithm (thepredicto) produces a high order
minimum in each element, with the nodal limiter values giusn approximation in both space and time @fin all P. This allows

8 to obtain a fully discrete one-step scheme that is unifornmighh
3 min 1,1371,'\' , if o N> 0, order accurate in both space and time.
"kpD _ min 1. minNN it p N> 0, (20) '_I'he predictor step consists in a completdébgal procedure
2 P . which solves the governing PDE (i) the small see Harten
1, if p NDO. et al. [L1], inside each space-time eleme@f, and it only
., _ considers the geometry of volun@', the initial dataw;, on P
Here max D 1 1 is the upper bound of the volume ong the governing Equations (1), without taking into accoun
fraction function and min D " 0 is its lower bound;N

any interaction betwee@ and its neighbors. Because of this
denotes the cell average ofand  denotes the node value of jpqence of communications, we refer to itesal The procedure
in the quadrature pointx, under consideration. As already nally provides, for eachC, a space-time polynomial data

mentioned above, this strategy is inspired from the Barth an‘iiepresentationqﬂ,which serves as a predictor solution, only valid
Jespersen limiterl3d, but also from the new bound-preserving jngige cn, 1o be used for evaluating the numerical uxes, the
polynomial approximation introduced in Desprésdq and 5 conservative products and the algebraic source termewh

Campos-Pinto etalJ37. Since the physical solgtion_ ofmust integrating the PDE in the natorrectorstep (see section 2.7) of
satisfy O 1, the above bound preserving limiter doesy o ADER scheme.

not reduce the formal order of accuracy of the reconstruction,

i ; The predictorgy is a polynomial of degrel, which takes the
as proven in Despréd Bq.

following form

2.4.2. Case B: Moving Polygonal Mesh

In Case B of our moving and topology changing polygonal mesh & 1
we adopt a CWENO reconstruction algorithm, rst introduced an(x,t) D “(x,1)GY, x,t 2, (21)
in Levy et al. 38-14(Q and Semplice et al1BJ, and which can DO

be castin the general framework described in Cravero et ] [
We closely follow the work outlined in Dumbser et @3] and
Boscheri et al.][4] for unstructured triangular and tetrahedral
meshes, and extended it to moving polygonal grids in Gaburré For xed and adaptive Cartesian grids (Case Ajpdal
etal.[77]. space-time basis functions of degréé given by the
We emphasize that the main advantages of such a procedureproduct of one-dimensional nodal basis functions
is that only one stencil (the central one) is required to @int verifying (6) (withd D 1),
the total amount of elements stated in (10) and only this one
is used to construct a polynomial of degriske the other ones
are used to compute polynomials of lower degree. In particular,
we considerNy, stencilsS, each of them containing exactly
@ D (d C 1) cells, i.e., the central c&f' and two consecutive two of them mapped to the unit interval [0, 1] as in (7) and
neighbors belonging & (P"). Refer toFigure 5 for a graphical with the time coordinate mapped to the reference time2
description of the stencils. For each sten§ilwe compute a [0,1] viat D t" C 1 t. In this case, the total number of GL
linear polynomial by solving a simple reconstruction system quadrature points per cell, as well as the total number of DOF
which is not overdetermined. According to the above menédn isQ D (M C 1)4¢1 see als&igure 6.
literature, the reconstructed polynomial obtained via a nonii. For our moving polygonal meshes (Casempdalspace time
linear combination of the polynomial of degréd, computed basis functions of degre® in d C 1 dimensions ¢ space

where - (x,t) can be either

‘(X-y1t)Dl‘1 (x) " W) " ® , (22)
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FIGURE 6 | Quadrature points on a space-time elementC!, of a xed
Cartesian mesh withM D 2.

dimensions plus time) are used, which read

RS Vi VA
A pth®  g!ht g!hl
"D0:::,Q, 0 pCgCr M,
(23)
@

with the total number of DOFQ D

(M C m), see
@n o,

alsoFigure 7.

(see section 2.2.1), we obtain the following weak form of the
governing PDE, where both the test and the basis functioas ar
time dependent

z n z

k(x,t)—@'h dxdtC k(1) 1 F(D)
n @ ZC|n
CB(qp) r gp dxdtD k(x, )S(a) dx dt .
Cn

(24)

Since we are only interested in an element local predictor
solution, i.e., we do not need to consider the interactionthwi
the neighbors, we do not yet take into account the jumpspbf
across the space—time lateral surfaces, because this wlitinge
in the nal corrector step (section 2.7).
Instead, we insert the known discrete solutigf(x, t") at time
t" in order to introduce a weak initial condition for solving ou
PDE; note thaivj(x,t") uses information coming from the past
only (following anupwinding approachin such a way that the
causality principle is correctly respected. To this purpose, the
term is integrated by parts in time. This leads to
Z VA
k(% "R (x, 1) dx k(% EMW (%, t) dx
prct P
z @ z"
— k(x t)ap(x,t) dxdt C KX, t)r
@ chay
D - k(x,t) Sap)  B(ap) rgp dxdt.

F(gp) dx dt
(25)

Equation (25) results in an element-local non-linear syste
for the unknown degrees of freedo@y of the space-time
polynomialsqy. The solution of (25) can be found via a simple
and fast converging xed point iteration (a discrete Picard
iteration) as detailed e.g., in Dumbser et alZ][and Hidalgo
and Dumbser {1]. For linear homogeneous systems, the discrete
Picard iteration converges in a nite number of at mdstC 1

Now, multiplying our PDE system (1) with a test function steps, since the involved iteration matrix is nilpotent, seskdon

k and integrating over the space-time control volun@

[143. Moreover a proof of the convergence of this procedure in
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FIGURE 7 | Space-time quadrature points for third order methods, i.e.M D 2, on a moving polygonal mesh with topology changes(Left) Quadrature points for the
volume integrals and the space-time predictor(Middle) quadrature points for the surface integrals, i.e., for ux cenputation. (Right) Quadrature points for the
volume integrals and the space-time predictor of a sliver @ment.

the case of a non-linear homogeneous conservation law irs1D parts in time, we obtain

given in next section 2.6.

2.5.1. Simpli cation in the Case of a Fixed Cartesian

Mesh

The space-time predictor step formerly presented can be
simplied in the case of a Cartesian mesh with nodal basis

functions resulting in a more e cient algorithm. Under these
assumptions the governing PDE (1), can be rewritten as

@@ @ @, o
—=C—C=CB'—=CB=DY 26
@ @ @ ‘'@ ‘@ (26)
with
1t 1t 1t 1t
D —f, ¢’D—g, B’D-—B;, BJD_—B
1XJ' ’ g lykg! 1 lXJ 1, 2 1yk 25
BD[By,By], S’ DI1tS
(27)

Next, we multiply each term by a test functiopand we integrate
over the reference space-time control voluheD [0, 13

21212,

@ @.Q . @’.Q/
0o 0 0" @C @ ¢ @ ddd
Z.2.Z, @
D K §.Q/ B].Q/—  (28)
0 0 0 @
0 ., @
B5;.Q0/ — ddd.
2-Q @

Now, by substituting the discrete space-time predictor sohut

lelzl
LY ., U@ddd
0 0,0

lelzl@k /

C #‘.,,/qﬂddd
2.2,2,

D ke, 0w, t"ddd
0 _0 _0 |
z,2,2, F Q@@ (29)

C ddd
0 o0 @ @

lel Zl @n

C Kk S quﬂ@h
0 O 0

@n

B g8 — ddd.

2 Oh @

To recover the value of the unknown degrees of freedpinit

is su cient to solve the above equation locally for each edetn
One important advantage of using the nodal Gauss-Legendre
basis is that the terms in (29) can be evaluated giraension-
by-dimensioriashion.

2.5.2. Space-Time Predictor for Sliver Space—Time

Elements

When a topology change occurs, some space—time sliver
elements, as those shown on the right sideFidure 8 are
originated (see Gaburro et alZ']]), and the predictor procedure
over them needs particular care. The problem connected with
sliver elements is the fact that their bottom face, whichsists
only in a line segment, is degenerate, hence the spatialraiteg
over P!' vanishes, i.e., there is no possibility to introduce an
initial condition for the local Cauchy problem at timg' into
their predictor. Thus, in order to couple however (24) with
some known data from the past, we will end up with a formula
di erent from (25). We underline that werst carry out the
space—time predictor for all standard elements using, which ca
be computed independently of each other, and only subsequentl
gn with its expansion on the nodal basis and after integrating byve process the remaining space-time sliver elements. Them wh
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FIGURE 8 | Space time connectivitywith topology changes and sliver element. Left: at timé¢" the polygons P} and P} are neighbors and share the highlighted edge,
instead at timet"“! they do not touch each other; the opposite situation occurs ér polygons PP and P}. This change of topology causes the appearance of
degenerate elements of different types (refer to Gaburro etl. [77] for all the details). In particular, so-calledpace—time sliver elementgright) need to be taken into
account when considering the space—time framework, so the pedictor and the corrector step have to be a adapted to their pecial features. Sliver elements (right) are
indeed completely new control volumes which do neither extsat time t", nor at time t"°?, since they coincide with an edge of the tessellation and, asuch, have zero
areas in space. However, they have aon-negligible volumein space—time. The dif culties associated to this kind of elment are due to the fact thatwy, is not clearly
de ned for it at time t" (thus the predictor has to be modi ed) and that contributionsacross it should not be lost at timet"®! in order to guarantee conservation (thus
the corrector has to be modi ed).

considering a sliver, we use the upwinding in time approach orsince the interaction between neighbors is only computedhfro
the entire space-time surfac@ that closes a sliver control the side of the sliver element, the entire jump contributestte
volume, and again respecting the causality principle, we takgredictor in the sliver element.
the information to feed the predictor only from the past, i.e.,
only from those space—time neighbcﬁjgwhose common surface
i exhibit anegativeime component of the outward pointing . .
spajlce—time normal vectogy < 0). In this way, we can introduce Step for a Non-linear Conservation Law .
information from the past into the space—time sliver elements In this section, the convergence proof of the predictor for a

As a consequence, the predictor solutigiis again obtained n_on-lll_ngtar _cotnhservatlonflaw |sdg|ven.hT_he proof is prc()j\_/lded, _fo
by means of (24), but by treating thentire @ with the simplicity, in the case of a xed mesh in one space dimension,

upwind in time approach, i.e., by considering also the J.umpfollowmg the nomenclature already employed in section 2.5.1

terms between the still unknown predictor of the slivers l(cal EUt I Et"ll' holdst n h|?her dlmert1_S|or|1$. Letfl:f] c]:)n3|der a gemher
it qﬂ' ) and the already known predictors of its neighbors (call yperbolic system of conservation laws of the form

2.6. Convergence Proof of the Predictor

themqﬂ’c), @
z @ @ C—=Do. (31)
| KO0 gaR(x b dxet @ @
() qn,c qr Then, the corresponding space-time DG predictor used in the
. ' h h ADER-DG framework reads
£B Q(a° gy ) dSdt (30)
2171 @ 1t 171 @,
C x,)r  F(gh) dxdt My 4 c— —dd DO. (32
st K Or  F(ap) ‘@ ‘@ (32)
00 00

D o Y Sop)  B(ap) rogp dxdt,

For convenience, all derivatives and integrals in (32) have
where@, D @"withi @ < O is the part of the space-time been transformed to the reference space-time element 0, 1]
boundary that has a negative time component of the space-tinfdoreover, the discrete solution is given iy D ( , )@, and
normal vector. Note that here we have taken into accounttiiso the ux is expanded in the same basisfgsD ~( , )P. When
jump of the non-conservative terms, and that these contiitns ~ using a nodal basis, we can compute the degrees of freedom for
have been added entirely [i.e., not only half of them, as 8)](4 the ux interpolant f, simply as? D f @ . We also recall that
Indeed, in (49) half of the jump contribution goes to one elm  the initial condition given by the DG scheme at tint® reads
while the other half goes to the neighboring element; hesedad, wn D ' - ( ). Then, integration of the rsttermin (32) by parts
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in time yields We now need to show that the operatoris a contraction:
71 7171 , 1 1 1t 4
D K, Fo@® K, Fo@® —K, K f
1
0 00 C —tKllK f o
1t 7171 @ 71 1x
il =n 1t
ClX k@dd D k( ,Ownd , (33) D — KllK fo f@
00 0 1x
=L f
and insertion of the de nitions of the discrete solution tsato 1x ¢ © ®
021 7171 @ 1 L% K K © Q@ (42)
@ (,1)( 1 @ 1dre
0 0o The operator is therefore @ontractionunder the CFL-type
. 7171 o 71 condition on the time sted t
t |
— —dd ¥D ,0) d \@. 34 1
1X00 ) % i k(,0) 1()d @ (34) 0< Lf)t( KK <1, 43)

The iterative scheme employed to nd the solution for the spacewhich connects the Lipschitz constaIleth the mesh spacing
time degrees of freedo at any Picard iteration, can therefore 1 X and the matrix norm of K;'K . Since the operator
be rewritten in compact matrix-vector notation as is contractive under the above aSSUmptionS, the Banach xed
point theorem, Banach1§4, guarantees convergence of the
iterative method.

In the previous reasoning, we have assumed that the inegualit
in the right hand side of (43) be strict. Thus, to conclude the
proof, let us assume that the equality holds, this is true il an
only if K; K D 0. By taking into account the de nition of
@ d d (36) the induced matrix norm (40), it implies K; 'K x D 0 for
@ ’ anyx in the metric space. Thu&; 'K D 0. Direct substitution

in (38) gives

ELPE: @' D Fo@

Ki@°tC Tx

(35)

with

i 2z

K1§°! D Fod,

so that no iterative procedure is done.

Note: The matrixK; 1K has been proven to be nilpotent
and thus all its eigenvalues are zero, see Jacksé, fwhich
guarantees convergence to the exact solution in a nite nemb
of steps for linear homogeneous PDE.

7171 71 (44)
Fo D

00 0

k(,0)i()d . (37)

where we have dropped the indices to ease the notation. After
inverting K1 (this matrix is built using the linearly independent
basis functions so that it is invertible), we obtain the esipli

iteration formula 2.7. Corrector Step

The corrector step is the last step of quath-conservativRDER
FV-DG scheme, where the update of the solution from tifhap

to time t"C1 can take place in a single step procedure thanks to
To prove that the former iterative formula will converge, wethe use of the predictorqﬂ.

introduce the operator The update formula is recovered starting from the space—time
divergence form of the PDE

1t
KK PG

C1l 1
D K, “Fo@
@ 1 O 1x

(38)

1t
DK Fo® ——K, K f @, 39
POK RO KK T O (39) QR RQCAQ) QD SQ). KD (FO)
T
and the induced matrix norm @D (B,0), and® .@ @', (45)
KAXK which is multiplied by a set of space—time test functid@sand
kAk D ig[g ok (40)  integrated over each space—time control volu@fe
z
Furthermore, we assume the ux to be Lipschitz continuougwit Q(xt) r RQ CKQ) r Q dxdt
Lipschitz constant > 0 so that a 7 (46)

fRP f® LPQq. D qn‘Q(x,t)S(Q)dxdt.

(41)
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Note that the employed test function§ coincide with the where snhax is the maximum eigenvalue of the ALE Jacobian
k Of (22) for the Cartesian Case A. Instead, for the movingnatricesA\ﬁ,(qﬂ'C) andA\ﬁ(qE' ) being
polygonal Case B, they need to be tied to the motion of the

barycenteixy, (t) and must be moved together with(t) in such v a @ §|®<, Q)"
away that at time D t" they refer to the current barycentef AQD gCq @ " (V- mi .nD '

C
and at timet D t"C! they refer to the new barycentegfl, thus < q(iO)
they are de ned as follows andthe patt® D 9 (g, ,qﬁ ,9 is a straight-line segment path
. L M) (v ye®) D (a,.95.9Da, Csdy a, .s2[0.1], (51)
QY. i D ——" 5 PNTS O
F:]' ! ' 'n connectingqﬂ' and qﬂ‘c which allow to treat the jump of the
with X, (t) D ixn_ c 1 tt XE-Cl! (47) non-conservative products following the theory introducid
' 1t 1t ! Dal Maso et al. [49, Parés ]4§, and Castro et al.]47, and
"DO,:;::,N, O pCqg N. extended to ADER FV-DG schemes of arbitrary high order in

Dumbser et al.46] and Dumbser and Toro]4§. Despite in this

paper we only consider the Rusanov ux, the above methodology
These moving modal basis functions are essential to themgovi can pe extended to di erent ux functions, adapting to the new
approach presented in Gaburro et ai7] and used in this paper.  yx splitting techniques like the ones presented in Toro and

They naturally allow for topology changes, without the need/szquez-Cendoni49. Finally, the time step sizkt is given by
of any remapping steps, which we want to avoid in a direct

ALE formulation.

Now, (46) by applying the Gauss theorem to the ux- NCVj mai,
divergence term and by splitting the non-conservative praduc o
into their volume and surface contribution, becomes 1t< CFL@ 51 5 A (CaseB), (52)

(2NC1)j mad @il

himi 1
1t< CFL— "

(Case A),

A Z
'QUAX "D dx D 'Qup(x,t") dx
PﬂCl P:'}

wherehnyin is the minimum characteristic mesh-sizeg, is the
length of the edgg of P! and | may is the spectral radius of

9'&}5‘2 the Jacobian of the w#. Stability on unstructured meshes is
'QD(qE’ ,qﬂ’c) dsS guaranteed by the satisfaction of the inequality CEL 3, see
ip1 aj (48) Dumbser etal.47.
We close this section by remarking that the integration a th
c e Q. Rap) dxdt governing PDE ovetlosedpace-time volumeS! automatically
z' satis es the geometric conservation law (GCL) for all test
C 'Qx,t) () B(aD) rgn dxdt, functions'Q. This simply follows from the Gauss theorem and
chn@l we refer to Boscheri and Dumbséid for a complete proof.

2.8. A Posteriori Subcell Finite Volume

where Q on P'“! is represented by the unknown“', on | imiter

P! _is taken t.o be the c.urrent repres_entation of the gonserveglJp to now, we have presented a family of FV and DG type
variablesug, in the interior of C7' is given by the predictory  gchemes which achieves arbitrary high order of accuracydnes
and on the space-time lateral surfa@ is given byg” and  and time; the main di erence between the FV and the DG
qﬂ’c which are the so-called boundary-extrapolated data, he., t approach lies in the fact that FV schemes, thanks to the WENO-
values assumed respectively by the predictors of the two beigh type non-linear reconstruction procedure, are robust in the
element<C and CJ.“ on the shared space—-time lateral surf@#, presence of shocks and discontinuities, while the DG forniorat
Furthermore, we have employed a two-point path-conservativ@s presented so far, being linear in the sense of Godunov, is
numerical ux function of Rusanov-type subject to the appearance of spurious oscillations. Thus,deror

to employ a DG scheme in the context of solving hyperbolic

partial di erential equations, where usually discontinuitiesea

n, nC 1 nC n, developed, a technique that is able to limit spurious ostlfest
Ol ™) @D 2 Qqh )¢ Qqh ) ® (calledlloimiter) shoul?j be introduced. Severeﬂ attempts in that
}Smax qn,c qn, direction can be found in the literature. For example, we could
2 0 h h 1 (49) recall thearti cial viscosity technique used in Hartmann and

1 z1 Houston [15(,Persson and Perairel$1], and Cesenek et al.
c3 @ B9 .qi%9 ndxA q¢ q [153 which consists in adding a small parabolic term in the

0 equation in order to smooth out the discontinuities.
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Here, instead, we follow a dierent approach based orn3. A UNIFIED FIRST ORDER HYPERBOLIC
exploiting the respective strengths of FV and DG schemes, i.¢|ODEL OF CONTINUUM MECHANICS
the resolution of DG in smooth regions and the robustness .
of FV across discontinuities. Thus, we rst evolve the solt 3-1. Governing PDE System
everywhere by using our DG scheme; then, we clagoéisterior; A simplied diuse interface formulation of the unied
at the end of each time step, if the obtained DG solution incontinuum uid and solid mechanics modeb[/, 59, 60, 164,
each cell respects or not some criteria [as density and pressuhich can be used for modeling moving boundary problems of
positivity, a relaxed discrete maximum principle, speci ¢ plogsi  Uids and solids of arbitrary geometry, is given by the foliag
bounds, or more elaborate choices as those of Guermond et &DE system (throughout this paper we make use of the Einstein
[153], and we mark agroubledthose cells where the obtained SUmmation convention over repeated indices)
DG solution is marked as not acceptable. Only for these tredbl

cells we repeat the time step using, instead of the DG scheme,@ @
a second order TVD FV method, which always assures a @ c Vk@k Do, (56a)
robust solution. @) @ w

This idea is founded on works as those of Cockburn and Shu =& c & DO, (56b)
[154, Qiu and Shu [55 154, Balsara et al.157, Luo et al. K
[158, Krivodonova [159, Zhu et al. [160, Zhu and Qiu [16], ~ @ V) o @ WWC Pk k o (560)
Clain et al. Bg], Diot et al. [87, 8§, Loubére et al. 19, Boscheri @ @ ’
et al. [L64,and Boscheri and Loubére3y; but in particular, @ik . @A) @ik @\ 1
here, we adopt a so-calledibcelpproach aimed at not losing @ c @ Cy @ @ D 1( 1) Eay:  (560)

the resolution of the DG scheme when switching to the FV

@ J)C@ JVkCTik/D 1

method, as forwarded in Sonntag and Murif[], Dumbser et al. Ej, (56€)
[7€), Zanotti et al. B(], Dumbser and Loubére[l], Boscheriand @ @ 2( 2)
Dumbser [L19, Fambri et al. 4], Rannabauer et al1p4, de la @ 9. @ Sk CEy
Rosa and Munz 169, and Boscheri et al.1¢]. Indeed, at the @ @
beginning of the time step wprojectthe DG solutionup of a 1 1
troubled cellP! on a subdivision of itin sub-cel obtaininga D3 —EaBanC-RE 0, (56f)
value for the cell averages gh at timet"
' @ B . @w EC vi(pik i) _
1 Z @ C @ D gvi. (569)
v (x,t") D e up(x, t") dx
1 z R Here, (56a) is the evolution equation for the color function
D+~ '~ (x) dx@'DP (uy) 8 . (53) that is needed in the diuse interface approach as introduced
ﬁj I 9q in Tavelli et al. B9 for the description of linear elastic solids

ooq ) of arbitrary geometry and as used in DumbsetOf and
We evolve the cell averages up to tithe! using a classical TVD Gaburro et al. {07 for a simple di use interface method for

(o nClry snCLy [ ) , ,
FV scheme, obtalnlngi.‘ (%, t"9). Flr.lally, V\_/e recover aCE)G the simulation of non-hydrostatic free surface ows. We ansu
polynomial representation of the solution at tirtf&* over P/ that the color function equals to 1 in the regions of the

using the values on the sub-grid Ie\xéfl and by applying a computational domain occupied by the material and 0 outside

reconstructiomperator as these regions. In the computational code,D 1 " inside
7 7 of the material and D " outside the material. Heré, is a
UECI(X’tnC1) dx D VRCl(X’tn) deR(vﬂCl(x,t”))B ’ small parametef 1, see section4. Then, inside of the di use

interface, may take any values between 0 and 1 (between
(54) and 1 " in the computational code). Equation (56b) is the
where the reconstruction is imposed to benservativen the  mass conservation law and is the material density; (56c) is

main ceIIP{‘ClyieIding the additional linear constraint the momentum conservation law, wheveis the velocity eld
7 7 and g is the gravity vector; (56d) is the evolution equation
un(x, t"°1) dx D Vi (X, "1 dx. 55 for distortion eld Ai}< (non-holonqmlc baS|§ triad, see Peshkov
nC1 h( ) Cc1 h ) (55) et al. [L67); (56e€) is the evolution equation for the specic

thermal impulse), constituting the heat conduction in the matter

Thus, the limited solution on a troubled cell i®bustthanks via a hyperbolic (non-Fourier-type) model. Finally, (56f)le
to the use of a TVD scheme andccuratethanks to the entropy balance equation and (56g) is the energy conservation
subcell resolution. law. Other thermodynamic parameters are de ned via the total

For all the details of tha posteriorsubcell FV limiter used in  energy potentiaE D E( , ,SVv,A,J):6ik D p ik ik is the
this work, we refer to Dumbser et alZ] and Fambri et al. 3]  total stress tensor { is the Kronecker deltap D 2E is the
for the xed Cartesian Case A and to Gaburro et al7[[for the  thermodynamic pressure;j, D AiEn; is the non-isotropic
moving polygonal Case B. part of the stress tensof, D Es is the temperature, and the
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notations such a& , Ea,, etc. stand for the partial derivatives or the well-known Mie-Griineisen equation of state
of the energy potential, e.@, D &,Ea, D &, etc.

The dissipation in the medium includgs two relaxation Ei( ,p) D p 0‘%‘(( ),
processes: the shear stress relaxation characterized Isgatee 000
function 1( 1) > 0 depending on the relaxation timep ( 1)( %00( 1))
and thermal impulse relaxation characterized by ) > 0 f()D ( o 1) ' D s (60)

depending on the relaxation time,. Both these relaxation

processes then contribute to the entropy production term [thein the case of solids and liquids. Herg, is the speci ¢ heat

source on the right hand-side of (56f)] which is positive hes®  capacity at constant volume, is the ratio of the speci ¢ heats,

it is quadratic inEa, andEgy,. Po is the reference (atmospheric) pressurg,is the reference
From the mathematical standpoint, the unication of the material density, ando, ands are some material parameters.

model (56) consists in the use of only rst-order hyperbolic The speci ¢ energy stored in material deformations and in the

equations for both dissipative and non-dissipative processes thermal impulse is

contrast to the classical continuum mechanics relying oa th L L

mixed hyperbolic-parabolic formulations such as the famous ) .

Navier-Stokes-Fourier equations, for example. From the jgays Ea( Ak, 4) D Z@ GiGi Cécﬁ‘]‘q" (61)

standpoint, the uni cation of Equations (56) consists indtang

solid and uid states of matter from the solid-dynamics whereGjD Gj %Gkk ij is the trace-free part of the metric tensor

viewpoint. Indeed, as discussed in Peshkov and Romefgki [ Gj D AyAy;, which is induced by the mapping from Eulerian

and Dumbser et al.q9, 164, similarly to standard continuum coordinates to the current stress-free reference con ara

solid-dynamics, the distortion eld introduces additiohdegrees The coe cients 8( ) and 8i( ) in (61) are the characteristic

of freedom (in comparison to the classical continuum uid velocities for propagation of shear and thermal perturbations

mechanics) which characterizes deformation and rotationaaccordingly. In the present di use interface model, we chobse t

degrees of freedom of the continuum particles, represented ndollowing simple linear mixture rule for the computation of the

as scaleless mathematical points but characterized by & nishear sound speed and of the heat wave propagation as a function

length scale, or equivalently, time scalge.g., see Dumbser et al. of the volume fraction

[164. In such a formulation, solid-type behavior corresponds

to relaxation times 1 such thatTPoblem . "while the uid- 8 )D sC@ )d, M()D wC@ ). (62

type behavior correspondstq ~ TProblem yhereTProblemis the

characteristic time scale of the problem under consideratio ~ Whereécsanda, are the material parameters inside the continuum
In orderto close system (56), thatis, in order to de ne pressu ande, o and{%ﬂ’ 1 are free parameters that can be chosen for

pD 2E, stressesy D AEn, , temperatureT D Es, and the region .outS|de.the contllnugm. The speci c kinetic energy

the dissipative source terms, one needs to provide the ener ntained in the third contribution to the total energy andads

potential E. In this paper, we rely on a rather simple choice ofta(Vk) D ViV

E, which is, however, enough to deal with Newtonian uids and With the equation of state chosen above, we get the following

simple hyperelastic solids. Thus, we assume that the spe¢at to expressions for the stress tensor, the heat ux and the dissgat

energy can be written as a sum of three contributions as sourcesss, andE, present in the relaxation source terms:
ik D L@Gijij, a D Tﬁ\]‘, (63)
E(, ,SVi,Aik,d) D Ei( ,9 CEx( ,Aik, k) CEs(vi), (57)

. D BtAiGik, E; D . 64

with the speci c internal energy given by the ideal gas equmti a Bg Ik J‘ bﬁq‘ 64)
of state The functions 1 and > are chosen in such a way that a
constantviscosity and heat conduction coe cient are obtained

c% in the sti relaxation limit, see Dumbser et al5§] for a formal

Ei( ,9D N c% D 15 or asymptotic analysis,
p 1 5.5 To
Ei( ,p)D —, 58 D= Aj3, D —_— 65
1( ,p) D (58) 1( 1) 3 1§A] 2(2) D otf .~ (65)

Thus, following the procedure detailed in Dumbser et &K][
in the case of gases, and given by either the so-called st 88  one can show via formal asymptotic expansion that in the sti
equation of state relaxation limit 1 ! 0, 2! 0, the stress tensor and the heat
ux reduce to

wI N

1
Ex( ,S)Di — éﬂcm (59) D 20@1 rvervl oo (66)
0

( 1
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and thermodynamic potential(P) D Q Eg E D Q P E,
T system (69) can be written in a symmetric form
qD N 2-2r T, (67)
0
@y . @viL)y
that is the e ective shear viscosity and e ective heat conilifgt @p C @ *DO, iD12, (71a)
of model (56) are @y . @viL)y, @y @ik
=c CLy— L, D g, (71b)
! & AL (68) @ @ @ i
= 0 1tf, 200 — ) L) : 1
6 0 @"C@VK)”CL'lg Ln@D — il (71c)
@ @ C @ 1
with o and To are reference density and temperature, see @2, . @wl), . @ 1
Dumbser et al.§9, where also an explanation has been provided — &~ c @ c @ D *22 i (71d)
of how the relaxation times could be obtained experimentally
- @r . @w)r @2 % 1 1
via ultrasound measurements. ='c C—-—"D-2 = j kC =22« 0.
@ @ @ %T 2
3.2. Symmetric Godunov Form of the Model (71e)

It is important to note an interesting structural feature of

Equations (56) that may a ect future developments of the ADER, this pDE system, the rst two terms in each equation forneth
schemes in an attempt to respect such structural propertieseat thsnonical Godunov form introduced in Godunov.7q which
discrete level that may help to improve physical consistericy Qan pe immediately written as a quasilinear symmetric foruy., e
the numerical solution. Thus, as many PDE systems studied igee peshkov et all§g, Romenski [L69, and Romensky174.
some other of our papersp, 60, 168 169, system (56) belongs to he other (non-conservative) terms obviously form a synmicet
the class of so-called Symmetric Hyperbolic Thermodynaliyica matrix. Therefore, the entire system (71) can be written in
Compatible (SHTC) PDE systems originally studied by Godunoy symmetric quasi-linear form and hence, it is a symmetric
[17G 177 and later by Godunov and Romenski{4, Godunov  pyperholic system if the thermodynamic potentiais convex.
etal. [L79, Romenski [6§ and Romensky174. We note that the understanding of the structural properties
Indeed, by simply rescaling the quantitigs D, Pl D of the continuous equations might be bene cial for develapin
pD NEyandN D i D NAyEy and replacing the of so-called structure-preserving numerical integratoesg(,
non-(_:onservative Equation (56a) by an equivalent (on S_mOOtsympIectic integrators). Thus, the energy conservation B&g)
solutions) conservative form (69a), system (56) can bdewits i in fact a consequence of the other Equations (56) or (7(), e

see Dumbser et al5f] and Peshkov et al.1p9, and can be

@ N c @ Ny DO, (69a) Viewed as a constraint of the system (71). Its non-violaion

@ @ the discrete level cannot be guaranteed by the general purpose
@\IC @ Ny) DO (69b) ADER family of schemes studied in this paper and hence, usually,
@ @ ’ as well as in our implementation, it is included into the set of
@Nji) | @ Nivi C Plige N discretized PDEs instead of the entropy equation. In principle

@ C @ D0, (69c)  structure-preserving scheme which satis es all SHTC propetti

K [169 of the continuous equations at the discrete level should

@i o @A) v @i @i leo (69d) 9uarantee the automatic satisfaction of the energy contierva

@ @« @ O 1K law, without its explicit discretization. We hope to coverghi

CEs i/ 1 topic in future work.

@N) - @NWCEsi/ 1e, (69€) p

@ @« 2

@9y OMwCE , N 1. ¢ clge o 4 NUMERICAL RESULTS
@ @ T 1 2
(69f) In this section, we present some numerical results in order
to illustrate the capabiliies and potential applicability of
where we have omitted the energy equation. Now, this systethe proposed numerical approach in non-linear continuum
looks exactly as the system studied in Dumbser et58], ppart mechanics. The rst three test problems are carried out witho
from the additional Equation (69a) which has the same sttt making explicit use of the di use interface approach, i.e. isgtt
as (69b) and does not change the essence. Then, after dgnotin D 1 everywhere in the entire computational domain. The
E D NEand introducing new variableB D (%, %, Vi, i.2i, ) lastthree test problems illustrate the full potential of theude
interface extension of the GPR model in the context of moving
% DE N%DENVIDEN, kDEa,2iDEN, TDEps, free boundary problems. Gravity e ects are neglected in atl tes
(70) cases, apart from the dambreak problem shown in subsection 4.6
which are thermodynamically conjugate to the conservativéVhenever values for D = o and ¢ are provided, the
variables Q D ( NNN;, Ak, NI, N9, and a new corresponding relaxation time; is computed according to (68).
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4.1. Numerical Convergence Studies in the

Stiff Relaxation Limit
In order to verify the high order property of our ADER schemes
in both space and time in the sti relaxation limit, we rst

represent the numerical convergence study that was already

carried out in Dumbser et al5F on a smooth unsteady ow, for
which an exact analytical solution is known for the compriekesi
Euler equations, i.e., in the sti relaxation limigf! Oand 5!

0 of the GPR model. The problem setup is the one of the classicl

isentropic vortex, see Hu and Sht7. The initial condition
consists in a stationary isentropic vortex, whose exacttisolu

can easily be found by solving the compressible Euler equatioA

in cylindrical coordinates. Due to the Galilean invariandelee
Euler equations and of the GPR model, one can then simpl
superimpose a constant velocity eld to this stationary varte
solution in order to get an unsteady version of the test proble
The vortex strength is chosen 4D 5 and the perturbation of

entropySD 2 is assumed to be zero. For details of the setup, see

Hu and Shu [L79 and Dumbser et al.§9. In this test we set the
distortion eld initiallyto A D = |, while the heat ux vector is
initialized withJ D 0. As computational domain we chooseD
[01'10] [OI 10]with periodic boundary conditions. The reference
solution for the GPR model in the sti relaxation limit is gan
by the exact solution of the compressible Euler equatonsghwhi
is the time-shifted initial conditionQe(x,t) D Q(x v, 0),
where the convective mean velocitywis D (1, 1). We run this
benchmark on a mesh sequence until the nal tim® 1.0. The
physical parameters of the GPR model are chosen & 1.4,

o D 25, 9D 1, D 0.5, andg, D 1. The volume fraction
function is setto D 1 in the entire computational domain.
The resulting numerical convergence rates obtained witteRD
DG schemes using polynomial approximation degrees fhbi

M D 2toN D M D 5 are listed inTable 1, together with the
chosen values for the e ective viscosityand the e ective heat
conductivity coe cient . From Table 1 one can observe that
high order of convergence of the numerical method is actdeve
also in the sti limit of the governing PDE system.

4.2. Circular Explosion Problem in a Solid

TABLE 1 | Experimental errors and order of accuracy at time D 1 for the density
for ADER-DG schemes applied to the GPR modek¢ D 0.5, D 1) in the stiff
relaxation limit (1, 1).

Nix "(L1) "(L2) "(L1) O(i1) Of(z) Of)
ADER-DGP,P, ( D D 10 )
20  9.4367E-03  2.2020E-03  2.1633E-03
40  1.9524E-03  4.4971E-04 4.2688E-04 227  2.29 2.34
7.5180E-04 1.7366E-04 1.4796E-04 235 235 2.61
80 3.7171E-04 8.6643E-05 7.3988E-05 245  2.42 2.41
ADER-DGP3;P; ( D D10 9)
1.7126E-02  4.0215E-03  3.6125E-03
20  6.0405E-04 1.7468E-04 21212E-04 483 452 4.09
§O  83413E-05 25019E-05 27576E-05  4.88  4.79 5.03
40 2.1079E-05 6.0168E-06 7.6291E-06 4.78  4.95 4.47
ADERDGP4P,( D D10 7)
10  1.5539E-03 4.5965E-04  5.1665E-04
4.3993E-05 1.0872E-05 1.0222E-05 514  5.40 5.66
25 1.8146E-05 4.4276E-06 4.1469E-06  3.97  4.03 4.04
30 8.6060E-06 2.1233E-06 1.9387E-06  4.09  4.03 417
ADERDGPsPs ( D D10 7)
5  1.1638E-02 1.1638E-02 1.8898E-03
10 3.9653E-04 9.3717E-05 6.5319E-05 488  6.96 485
15  4.4638E-05 1.2572E-05 1.9056E-05 539  4.95 3.04
20 9.6136E-06 3.0120E-06 3.9881E-06 534  4.97 5.44

The reported errors are oating point numbers that have been obtained for numégal
simulations carried out in double precision arithmetics.

mesh with 82919 control volumes. The computational results
obtained with the unstructured ADER-WENO ALE scheme
and those obtained with the high order Eulerian ADER-DG
scheme are presented and compared with each othieigiare 9.

We can note a very good agreement between the two results.
The high quality of the ADER-WENO nite volume scheme
on coarse grids is mainly due to the natural mesh re nement
around the shock, which is typical for Lagrangian schemes.
Furthermore, Lagrangian schemes are well-known to capture
material interfaces and contact discontinuities very veatice the

In this Section, we simulate a circular explosion problem inmesh is moving with the uid and thus numerical dissipation

an ideal elastic solid. We compare the results obtained wit
a third order ADER-WENO nite volume scheme on moving

gt linear degenerate elds moving with the uid velocity is
signi cantly lower than with classical Eulerian schemes.

unstructured Voronoi meshes with possible topology changes,

Gaburro et al. 77, with those obtained with a fourth order

4.3. Rotor Test Problem

ADER discontinuous Galerkin nite element scheme on a veryA second solid mechanics benchmark consists in the simulation

ne uniform Cartesian mesh composed of 512512 elements,
which will be taken as the reference solution for this benahkn
The computational domainis D [ 1,1] [ 1,1] and the
nal simulation time ist D 0.25. We set FP 1, vD O,AD I
andJ D 0in the entire domain. For D = x2Cy2 0.5 the
initial density and the initial pressure are settd 1 andp D 1,
while in the rest of the domain we setD 0.1 andp D 10 3. The
parameters of the GPR model are chosen as follow&® 0.2,
¢ DO, 111 (inorder to model an elastic solid). We use
the sti ened gas equation of state with D 2 andpg D O.

of a plate on which a rotational impulse is initially impressed,
in a circular region centered with respect to the computationa
domain. Thisrotor will initially move according to the rotational
impulse, while emitting elastic waves which ultimately detiee
the formation of a set of concentric rings with alternating
direction of rotation. The test is analogous to the rotor plexn
shown in Peshkov et al7f], but with a weakened material in
order to show stronger motion of the Voronoi grid.

The results of the third order ADER-WENO nite volume
method on a moving Voronoi grid with variable connectivity,

For the simulation on the moving Voronoi mesh, we employ acomposed of 150561 cells, are compared against a reference
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DG Eulerian reference solution
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FIGURE 9 | Simulation results for the explosion problem obtained witla third order ADER-WENO ALE nite volume scheme on a moving Vonoi grid composed of
82919 cells and with a fourth order ADER-DG scheme on a Cartéan grid of size 512 D 262144 (4.2 10% DOF). In the top row, two cuts of the solution along the
Xx-axis are shown; in the middle row, from the left, the solutio for A;; obtained with the ADER-WENO ALE scheme and with the ADER-DGuEerian scheme; in the
bottom row, the Voronoi grid at the nal simulation time and tle results from the ADER-WENO ALE scheme on a coarser grid of 27 elements.
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FIGURE 10 | Simulation results for the solid rotor problem obtained fnm a third order ADER-WENO ALE nite volume scheme on a moving Yonoi grid composed of
150561 cells and with a fourth order ADER-DG scheme on a cartdan grid of size 512 D 262144 (4.2 10° DOF). In the top row, the solutions for thes component
of the velocity eld are shown, on the left those obtained witithe unstructured ADER-WENO ALE scheme on moving Voronoi méss and on the right those of the
ADER-DG scheme on a xed Cartesian grid; in the bottom panelstte cells are colored according to their mesh numbering to shw the mesh motion between the
beginning of the ALE simulation and the nal time.

solution obtained with a fourth order ADER discontinuos counterclockwise-rotating ring) due to the lower resotuttiof the
Galerkin scheme on a very ne uniform Cartesian mesh cougtin nite volume method on a coarser grid, the shear waves travel
512 512 elements, for a total of over four million spatial degreesutwards with the correct velocity and the moving VVoronoiita
of freedom. volume simulation can be said to be in agreement with the high
The computational domain is the square D [ 1,1] resolution discontinuous Galerkin results. Also Figure 10
[ 1,1] and the nal simulation time is set to D 0.5. With it is shown that the central region of the computational grid
exception made for the velocity eld, all variables are allfi  has undergone signi cant motion but thanks to the absence of
constant throughout the domain. Specically we setD 1, constraints on the connectivity between elements, the Yoro
D 1,p D 1,A D I,J D 0, while the velocity eld is control volumes have not been stretched excessively as would
vD[ y=Rx=R 0]ifrD x2Cy? R andv D Ootherwise, instead happen for a similar moving unstructured grid, but with
that is, outside of the circle of radilR D 0.2; this way, the xed connectivity.
initial tangential velocity ar D R is one. The solid is taken
to be elastic (¢ ! 1 ), heat wave propagation is neglected4.4. Elastic Vibrations of a Beryllium Plate
(¢, D 0), and the characteristic speed of shear wavess0.25.  The rst benchmark for our new di use interface version of the
The constitutive law is chosen to be the sti ened-gas EOS witiPR model consists in the purely elastic vibrations of a tiargl
D 1.4 andpp D 0. We can see ifrigure 10that, although plate, subject to an initial velocity distribution, see fomexle
some of the ner features are lost (speci cally the small cent Sambasivan et al1fd, Maire et al. [L77, Burton et al. [L79,
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FIGURE 11 | Vibration of an elastic beryllium plate. Temporal evolutioof the volume fraction function (left) and of the pressure eld (right) at time$sD 5, t D 14,
t D 23, and t D 28, from top to bottom.

Boscheri et al.{1], and Peshkov et al7p] for a setup ofthesame «, D [ 3,3] [ 0.5,0.5], while the solid volume fraction

test problem in the framework of Lagrangian and ALE schemesfunction is set to (x,0) D " elsewhere, witi D 5 10 3.
Unlike in the Lagrangian simulations, the computational The initial velocity eld insides yis imposed according to Burton

domain considered here largerand is settee D [ 5l 5] etal. [L79, Boscheri et al.{1], and Peshkov et al7p] as

[ 2.8 2.5]. The computational grid consists of 51256 uniform

Cartesian cells with a characteristic mesh size of ahdnit0.02.

We use a third order ADER-WENO nite volume scheme in the

entire domain. The initial geometry of the beryllium bar isw v(x) D O,Al Gy sinh( (xC 3))C sin(- (xC 3))

simply de ned by setting (x,0) D 1 " inside the subdomain S coshé (xC 3))Ccose (xC3)) ,0, (72)
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with « D 0.7883401241] D 0.2359739922A D 015
0.00433685042%; D 57.64552048, an@; D 56.53585154, B
while we simply set D 0 outsidee p. For this test case we set| 0.125p-  ~="=""~ 23522&53833 83 &ﬁﬁ:ﬁi?ﬁ?sm
" D 5 10 3. The distortion eld is initially set toA D |. The = ADER-DG 04 (coarse mesh)
material properties of Beryllium in the Mie-Griineisen equatio B
of state are taken as followsy D 1.845,q0 D 1.287,cc D | %07°F
0.9050 D 1.11, andp D 1.124. We furthermore neglect heat| o.05F
conduction and set, D 0 andJ D 0. -
S . " 0.025

Unlike in Lagrangian schemesp boundary conditionseed -
to be imposed on the surface of the bar. We simply use> OfF
transmissive boundaries or@e The entire computational | _;.5E
domain is initialized with the reference density for beityth i
as (x,0) D g, while the pressure is set fx,0) D 0. The | %9®F
distortion eld is initialized with A D 1. According to Burton |-0.075F
etal.[L7g, the naltimeis setta; D 53.25 so that it corresponds o1 F
approximately to two complete exural periods. The simulations |
are carried out with a third order ADER-WENO scheme on two| -0.125 |-
uniform Cartesian meshes composed of 25628 and 512 256 AT} SHEEN NNEE NNNY FNNEE NRRRE ERRRE NNNNE SRNE FRAY ERRES PR
elements, respectively. 0 5 10 15 20 25tim:0 35 40 45 50 55

For the ne grid simulation in Figure 11, we present the
tempora| evolution of the color contour map of the volume| FIGURE 12 | Temporal evolution of the vertical velocity componeni(0, O, t)
fraction function , which represents the moving geometry of pbtained with a third ord_er ADERTWENO scheme applied to theitfuse
the bar. Here. dark gray color is used to indicate the regin'mls interface GPR model using two different mesh resolutions ¢f56 128 '

L . i elements (coarse mesh) and 512 256 grid cells ( ne mesh). For comparison,
> 0.5 and white color is used for the regions o 0.5. In also a fourth order ADER-DG simulation on the coarse mesh ishewn

the same gure, we also depict the pressure eld in the region (red line).

> 0.5attimes D 5,t D 14,t D 23, andt D 28. These
time instants cover approximately one exural period. The time
evolution of the vertical velocity componew(©0, 0t) in the origin
is depicted inFigure 12 For comparison, in the same gure we

also show the results obtained on the coarse mesh for the sarweear relaxation time (73) tends to zero for
test problem with a fourth order ADER-DG scheme with secondo in nity for

order TVD subcell nite volume limiter (red line).

In the formula (74) above, jD j 3 ki is the stress
deviator, i.e., the trace-free part of the stress tensor. Tdre n

o0, While it tends

0-

The Taylor bar impact problem is a classical benchmark for an

Our computational results compare visually well againstlasto-plastic aluminium projectile that hits a rigid soliclly see

available reference solutions in the literature, see Saivdna
et al. [L74, Maire et al. [L77, Burton et al. [L7d, Boscheri et al.
[71], and Peshkov et al.7p], which were all carried out with
pure Lagrangian or Arbitrary-Lagrangian-Eulerian scheroas

moving meshes, while here we use a di use interface approackhere we set D 1

on a xed Cartesian grid.

4.5. Taylor Bar Impact Problem
So far, we have only considerédkal elastianaterial, i.e., the
limit case 1 ! 1 . In this section we consider also non-
linear elasto-plastienaterial behavior. Following Barton et al.
[179 180, Boscheri et al.{1], and Peshkov et al7p] we choose
the relaxation time ; as a non-linear function of an invariant of
the stress tensor as follows:

0 m

1D o — (73)

where ¢ is a constant characteristic relaxation time, is the
yield stress of the material and the von Mises stressgiven by

D
r
1
511 222C(33 10°C(33 22°C6(HC 4C 5)
r
3
D 5 i i (74)

Sambasivan et allf{, Maire etal. [L77, Dobrev et al. {81], and
Boscheri et al.{1]. In this work the computational domain under
consideration i D [0,600] [ 150,C150]. The aluminium
bar is initially located in the region , D [0,500] [ 50,C50],
", while in the rest of the computational
domainweset D", with" D 1 10 2.

The aluminium bar is described by the Mie-Grineisen
equation of state with parametery D 2.785,c0 D 0.533,
¢ D 0.3050 D 2, ands D 1.338. The yield stress of aluminium
is setto o D 0.003.

The projectile is initially moving with velocity D ( 0.015, 0)
toward a wall located at D 0. This velocity eld is imposed
within the subregiore p, while in the rest of the domain we set
v D 0. The remaining initial conditions are chosen asD o,

p D po, ADI,J D 0and with the parametersp D 1 and

m D 20 for the computation of the relaxation time (73). Unlike

in Lagrangian schemes, we do not need to set any boundary
conditions on the free surface of the moving bar. We only apply
re ective slip wall boundary conditions on the wall i D 0.
According to Maire et al.177, Dobrev et al. [ 81], and Boscheri

et al. [7]] the nal time of the simulation ist D 5,000. The
computational domain is discretized on a regular Cartesiad g
composed of 512 256 elements using a third order ADER-
WENO nite volume scheme. As in Boscheri et alll] we
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FIGURE 13 | Geometry of the Taylor bar at timet D 1, 000 (top) and at the nal time t D 5,000 (bottom) obtained with a third order ADER-WENO nite volume
scheme applied to the diffuse interface GPR model. We plot #hcontour colors of the volume fraction function , where black regions denote > 0.5 and white
regions < 0.5.

employ a classical source splitting for the treatment of the st GPR model. For this purpose, we also activate the gravity source
sources that arise in the regions of plastic deformatioas,when term, setting the gravity vector tg D (0, @) with g D 9.81.

o- In Figure 13 we show the computational results at The computational domain is chosenasD [0,4] [0, 2] and
t D 1000 and at the nal time D 5, 000. The obtained solution is discretized with a fourth order ADER discontinuous Gélar

is in agreement with the results presented in Maire et &l.7,
Boscheri et al.]1], and Peshkov et al7p]. Attime t D 5,000,
we measure a nal length of the projectilelgf D 456, which ts
the results achieved in Maire et al.7]/] and Boscheri et al.71]
up to 2%.

4.6. Dambreak Problem

In this last section on numerical test problems, we solve a twe ¢ D [0, 2]

nite element scheme with polynomial approximation degree
N D 3 anda posteriorisubcell TVD nite volume limiter.
Computations are run on a uniform Cartesian mesh composed
of 128 64 elements until the nal timg D 0.5. The initial
condition is chosen as follows: we setD o,v D O,A D |
andJ D O in the entire computational domain. We impose
the slip boundary condition on the bottom. In the subdomain
[0,1],weset D1 ",andp D o9y 1),

dimensional dambreak problem with di erent relaxation times while in the rest of the domain we set D " andp D O.
in order to show the entire range of potential applications af th In this test problem we set D 10 2 and use a sti ened gas
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FIGURE 14 | Dambreak problem att D 0.5, simulated with a fourth order ADER-DG scheme using défent relaxation times.(Top) Low viscosity uid (stiff relaxation
limit) with D 10 3. (Center) High viscosity uid with D 10 *. (Bottom) Ideal elastic solid (; ! 1 ) with low shear resistance.
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FIGURE 15 | Dambreak problem att D 0.4, simulated with a fourth order ADER-DG scheme using a spga-time adaptive Cartesian AMR mesh applied to the GPR
model with with D 10 2 (Top), and reference solution, computed with a third order ADER-\ENO nite volume scheme on a very ne uniform Cartesian grid, swing
the inviscid and barotropic reduced Baer-Nunziato approak presented in [L06, 107] (Bottom) .

equation of state with parameterg D 1,000,p0 D 5 104,
D 2,0, D 0 and a shear sound speedD 6. Simulations are
run in three di erent regimes, only characterized by a di eten
choice of the strain relaxation time;. In the rst simulation,
we set 1 so that a kinematic viscosity D = ¢ D 10 3is
reached in the sti relaxation limit, i.e., the GPR model inig
case describes an almost inviscid uid. In the second sitmha
we choose; sothat D 0.1, i.e., a high viscosity Newtonian uid
behavior is reached. In the last simulation we set 1, i.e.,
the strain relaxation term is switched o so that an idealstia
solid with low shear resistance is described, similar tdla-fgpe
medium. In all cases, we apply solid slip wall boundary condgi

on the left and on the right of the computational domain,

are depicted inFigure 14 The results for the almost inviscid
uid agree qualitatively well with those shown in Ferrari et al.
[187, Dumbser et al. 104, and Gaburro et al. 107 for non-
hydrostatic dambreak problems. In order to corroborate this
statement quantitatively, we now repeat the simulation with

10 3 using a fourth order ADER-DG scheme on a coarse AMR
grid composed of only 32 16 elements on the level zero grid.
We then apply two levels of AMR re nement with re nement
factorr D 3, i.e., we employ a general space-tree, rather than a
simple quad-tree. We note that the simulations on the AMR grid
are run in combination with time-accurate local time stepping
(LTS), whichiis trivial to implement in high order ADER-DG and
ADER-FV schemes, due to their fully-discrete one-step reatu

while on the right and upper boundary, transmissive boundaryor details on LTS, see Dumbser et &l7,[54],Dumbser p4]

conditions are set. The temporal evolution of the volumetiat

and Gaburro et al. 5. As a reference solution of this almost

function , together with the coarse mesh used in this simulationjnviscid ow problem, we solve the reduced barotropic and

Frontiers in Physics | www.frontiersin.org 24

March 2020 | Volume 8 | Article 32



Busto et al. ADER Schemes for Continuum Mechanics

inviscid Baer-Nunziato model introduced in Dumbsérdg and  as well as to the conservative multi-phase model of Romenski
Gaburro et al. 107, using a third order ADER-WENO nite et al. [L8G 187. In future work we will also consider the use
volume scheme on a very ne uniform Cartesian grid composeaf novel all speed schemes8f and semi-implicit space-time

of 1024 512 elements. The direct comparison of the twodiscontinuous Galerkin nite element schemés3B-191] for the
simulations at time D 0.4 is shown irFigure 15 Overall we can di use interface version of the GPR model used in this paper.
indeed note an excellent agreement between the behavibieof t

di use interface GPR model in the sti relaxation limit and &6 DATA AVAILABILITY STATEMENT

weakly compressible inviscid non-hydrostatic free surfase
model of Dumbser10§ and Gaburro et al.107. The datasets generated for this study are available on s¢tuie
the corresponding author.

5. CONCLUSIONS AND OUTLOOK
AUTHOR CONTRIBUTIONS

In the rst part of this paper we have provided a review of the

ADER approach, whose development started about 20 years afbe governing PDE system was developed by IP. The numerical
with the seminal works of Toro et al2{] Millington et al. [L9, = method and the computer codes were developed by MD, EG,
Titarev and Toro P9, and Toro and Titarev2d] in the context ~and SC. The test problems were computed by MD, EG, and SC.
of approximate solvers for the generalized Riemann problenihe analysis of the method was performed by SB. All authors
(GPR). The ADER method providdslly discreteexplicit one- discussed the results and contributed to the nal manuscript

step schemes that are in principle arbitrary high order actura

in both space and time. The most recent developments includEUNDING

ADER schemes for sti source terms, as well as ADER nite

volume and discontinuous Galerkin nite element schemes onThe research presented in this paper has been nanced by
xed and moving meshes, which are all based on a spacéhe European Union's Horizon 2020 Research and Innovation
time predictor-corrector approach. The fact that ADER schemeBrogramme under the projecExaHyPE grant agreement
are fully discrete makes the implementation of time accurat@umber no. 671698 (call FET-HPC-1-2014). SB has also receive
local time stepping (LTS) particularly simple, both on adaptiveunding by INJAM (Istituto Nazionale di Alta Matematicataly)
Cartesian AMR meshes5{], as well as in the context of under a Post-doctoral grant of the research projérbgetto
Lagrangian schemes on moving gridgl[65). The fully discrete premiale FOE 2014-SIESC acknowledges the nancial support
space-time formulation also allows the treatment of topologyeceived by the Deutsche Forschungsgemeinschaft (DFGyrund
changes during one time step in a very natural way.[In the the projectDroplet Interaction Technologies (DROPRI@)ant
second part of the paper we have then shown several applications. GRK 2160/1. MD also acknowledges the nancial support
of high order ADER nite volume and discontinuous Galerkin received from the Italian Ministry of Education, University
nite element schemes to the novel uni ed hyperbolic modeland Research (MIUR) in the frame of the Departments of
of continuum mechanics (GPR model) proposed by GodunoviExcellence Initiative 2018-2022 attributed to DICAM of the
Peshkov and Romenskif, 57, 59. The presented test problems University of Trento (grant L. 232/2016) and in the frame
cover the entire range of continuum mechanics, fromideaset of the PRIN 2017 project. MD has also received funding
solids over plastic solids to viscous uids. The use of a di usdrom the University of Trento via theStrategic Initiative
interface approach allows also to simulate moving boundariodeling and Simulation EG has also been nanced by
problems on xed Cartesian meshes. Future developments will national mobility grant for young researchers in ltaly,
concern the extension of the mathematical model to nonfunded by GNCS-INdAM and acknowledges the support given
Newtonian uids [183 and to free surface ows with surface by the University of Trento through theUniTN Starting
tension, see Schmidmayer et dBf] and Chiocchettietal.f89,  Grantinitiative.
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