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FIGURE 11 | Performance of model-free algorithms on a 7-item pairwise serial learning task, presenting all 21 pairs during training and then reversing the order of
the stimuli during testing. (A) Mean performance of Q-learning on non-terminal pairs throughout training and testing, sorted by symbolic distance. (B) Mean
performance of Q-learning for each of the 21 pairs at transfer, sorted by symbolic distance. Critical pairs are shaded in gray. (C) Mean performance of Q-learning for
each of the 21 pairs at the end of training. (D-F) As above, but reporting simulated performance of the Value Transfer Model (VTM). (G-I) As above, but reporting the
simulated performance of RL-REMERGE. Reproduced with permission (DOI: 10.6084/m9.figshare.7992038.v1). Copyright 2019, Jensen, Terrace, and Ferrera.

followed by 34 trials of training only the pair EF. In the No
Linking condition, these extra 34 trials of training were skipped.
Finally, the actors were trained on all 45 pairs from the resulting
10-item linked list, ABCDEFGHI]J for 5 blocks (i.e., 450 trials,
given stimulus counterbalancing).

Figure 13 plots the effects of this simulated experiment.
Q-learning’s overall response accuracy for critical pairs is strictly
at chance levels, but performance for individual pairs was a
mixture of trials that were either very low or very high in
accuracy. EF training had the effect of flipping preference for
some of these pairs, but these effects canceled out, leaving the
Linking and No Linking conditions no different on average.
Although this effect was also visible for VTM, the net effect was
that performance on some critical pairs was above chance at the
end of training, while other critical pairs were below chance.
RL-REMERGE, by contrast, displayed almost no difference
between the two conditions at any stage of training. The only
substantive difference was that the pairs EE, DE, and EG were
all above chance in the Linking condition. Although this is
not a dramatic effect, it is the only result we found that
yields consistently-above-chance predictions for a list linking
manipulation.

Figure 14 plots the effects of list linking on the performance
of the model-based algorithms. RL-Elo displays a pattern of

behavior similar to that of VTM, performing better than
chance on some pairs at test, but worse than chance on
others. It experienced no benefit from the extra training on
EF. Contrastingly, although SMC initially showed a similar
pattern, it showed visible benefits from EF training, improving
its performance for nearly all critical pairs. Although this was not
enough to bring every critical pair above chance, it nevertheless
constituted a substantial gain. We interpret this as being a
consequence of its crowdsourcing: Since the relative positions of
the two lists were allowed to drift with respect to one another,
some of the 10,000 candidate orderings were closer to a full
separation of the two lists, and these “partial solutions” received
a big boost during EF training because they were the ones that
tended to view E as having a lower position than F. Finally,
Betasorts performance during training was more in keeping
with the patterns displayed by VIM and RL-Elo. Despite this,
EF training had a visible effect, converging the critical pairs
toward chance levels. However, this effect was not due to the
algorithm converging on a better solution. It was instead the
effect of the recall parameter O relaxing the model for an
additional 34 trials.

Although no algorithms solved the list linking problem, the
two that came closest were RL-REMERGE (which learned some
information from EF training and never displayed dramatic

Frontiers in Neuroscience | www.frontiersin.org

August 2019 | Volume 13 | Article 878



Jensen et al.

Reinforcement Learning of Serial Order

List OrderBReversal (Model-Basec(;i Learning)

A
1 All Pair Training Reversed Order Testing 1 Trial 0 Performance 1 Trial 210 Performance
= .
g —~ 0.75 —~ 0.75 coooe T
22 g ]
R 2 £ =0-9-0-¢9.
P I e~ R~ - I B 05
EE = o000 =
2 0.25 00000 0.25
£ oo
0 . 0
—=200 -150 —100 —50 0 50 100 150 200 D1 D2 D3 D4 D5 D6 D1 D2 D3 D4 D5 D6
Trials () Pairs (By Distance) Pairs (By Distance)
D E F
=} sversed Order Testing stformance . s oaLce
E _ Reversed Order Testing 1 Trial 0 Performance 1 Trial 210 Performance oo o
= co000o0
o £
b § = 0.75 = 0.75 o—o-0-0
= Z 4 ]
E = s 05 015 [= Som s s s s e s s s
g -
55 =~ =~
5 3 0.25 0.25
XY ooy
$ 0 0 00000 eeee eee oo o 0
—200 —-150 —100 —50 0 50 100 150 200 D1 D2 D3 D4 D5 D6 D1 D2 D3 D4 D5 D6
Trials (t) Pairs (By Distance) Pairs (By Distance)
G H |
1 All Pair Training Reversed Order Testing 1 Trial 0 Performance 1 Trial 210 Performance
/«g .‘./ Gy o0® OSeee oo oo o
s & 075 ~ 0.75 ~ 0.75
B Z :
@ 2 4
a g =4
S 05 y S § 0.5 [mmmmm e m oo
23 < <
@z = Soeee” . =
2 025 0.25 oo N 0.25
& oo
0 0 0
—200 —150 —100 =50 0 50 100 150 200 D1 D2 D3 D4 D5 D6 D1 D2 D3 D4 D5 D6
Trials (t) Pairs (By Distance) Pairs (By Distance)

FIGURE 12 | Performance of model-based algorithms on a 7-item pairwise serial learning task, presenting all 21 pairs during training and then reversing the order of
the stimuli during testing. (A) Mean performance of RL-Elo on non-terminal pairs throughout training and testing, sorted by symbolic distance. (B) Mean performance
of RL-Elo for each of the 21 pairs at transfer, sorted by symbolic distance. Critical pairs are shaded in gray. (C) Mean performance of RL-Elo for each of the 21 pairs
at the end of training. (D-F) As above, but reporting simulated performance of the Sequential Monte Carlo (SMC) algorithm. (G-1) As above, but reporting the
simulated performance of Betasort. Reproduced with permission (DOI: 10.6084/m9.figshare.7992041.v1). Copyright 2019, Jensen, Terrace, and Ferrera.

below-chance performance) and SMC (which appeared to
stumble upon a successful subset of models among its current
10,000 candidate orderings).

MODEL COMPARISON AND ENSEMBLE
MODELING

Our emphasis thus far has been to qualitatively describe the
performance of the algorithms, in order to call attention to
the characteristics of behavior that arise consequent to each
algorithm’s value updating function and action policy. Judging
whether an algorithm provides the “best fit” is not merely a
matter specifying a particular experimental condition, but also of
identifying the particular learning epoch that is of experimental
interest. Even if no single model gives a comprehensive account
of observed behavior, identifying particular epochs that resemble
the performance of one algorithm or another can potentially
revealing underlying mechanisms.

Using the full Hubble dataset as the empirical ground truth,
a score was computed each algorithm using the Bayesian
information criterion (BIC) (Schwarz, 1978). Since the absolute
scale of BIC scores is arbitrary, we also computed ABIC, in
which each score has the minimum observed score subtracted

from its value. Since lower scores correspond with better fit, the
best-fitting model overall receives a ABIC of 0.0. These scores are
presented in Figure 15A. In this comprehensive scoring, the RL-
Elo model provided the best fit by a substantial margin, followed
by symmetric-updating Q-learning, and then by Betasort. Based
on Figures 6, 7, it appears as though Q-learning beat out Betasort
because, although Betasort displayed a symbolic distance effect at
transfer, it did not display a terminal item effect. RL-Elo proved
the best-fitting model because its behavior displayed both of
these phenomena.

Figure 15B plots the values of ABIC for each algorithm based
only on a three-trial moving window of data (153 trials drawn
from Hubble’s 51 sessions). ABIC can in turn be used as a simple
approximation of the weights used by an ensemble model, under
the framework of Bayesian model averaging (Raftery, 1996), with
each weight given by exp (—0.5- ABIC) and the proportional
support for each model obtained by dividing each weight by
the sum of all weights. These measures of proportional support
are plotted in Figure 15C as a cumulative plot, such that the
relative contribution of each model is given by its vertical cross-
section at trial £.

Figures 15B,C show that RL-Elo (in green) usually gave
the best description of behavior at any given point during
learning with an average contribution of 69.4% across all trials.
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FIGURE 13 | Performance of model-free algorithms on a 10-item list-linking procedure. During training, two 5-item lists were trained (adjacent pairs only). In the
Linking condition, actors received training on the linking pair EF. In the No Linking condition, no extra training on EF was provided. Actors were then tested on the 45
possible pairings in the resulting 10-item list. (A) Mean performance of Q-learning on non-terminal pairs throughout training and testing, sorted by symbolic distance.
After training, dashed lines represent the Linking condition, while solid lines represent the No Linking condition. (B) Mean performance of Q-learning for each of the
45 pairs at transfer, sorted by symbolic distance. Light-colored points represent the Linking condition, while dark-colored points represent the No Linking condition.
Critical pairs are shaded in gray. (C) Mean performance of Q-learning for each of the 45 pairs at the end of training. (D-F) As above, but reporting simulated
performance of the Value Transfer Model (VTM). (G-1) As above, but reporting the simulated performance of RL-REMERGE. Reproduced with permission (DOI:
10.6084/m9.figshare.7992044.v1). Copyright 2019, Jensen, Terrace, and Ferrera.

Betasort provided a supporting role, averaging a contribution of
22.2% across all trials, while Q-learning displayed brief bursts
of relevance (averaging a contribution of 3.8% for symmetric
updating and 2.7% for asymmetric updating). However, despite
RL-Elo generally being dominant in the ensemble, it was not
the dominant model in all epochs of learning. During the early
stages of learning, Betasort often gave a better description of
behavior. Later in training, model-free algorithms based on
associative strength (i.e., Q-learning and VTM) became more
compelling candidates. Betasort was the preferred model during
the first block of testing (i.e., trials 0-20, which included the
first time each of the non-adjacent pairs was presented). For the
remainder of testing however, RL-Elo dominated the ensemble
model, with only occasional periods of advantage for Betasort.
Throughout both training and testing, RL-REMERGE and SMC
poorly described behavior, resulting in negligible contributions to
the ensemble model.

Despite the ensemble model being overwhelmingly
determined by the model-based algorithms, the period of
relevance of model-free learning during the later stages of
training could be seen as evidence of a shift from one style
of learning to another. It is now widely held that organisms
likely use multiple simultaneous systems for solving complex

problem, but disagreement remains over whether these
strategies work in parallel or cue one another in a flexible
sequential fashion (Daw, 2012). The shift in the relevance
of models over the course of training is suggestive of such a
“two-step” approach.

It is worth emphasizing that although SMC fails utterly
as a model of Hubbles behavior, it does not fail to perform
TIs. Figure 7 demonstrates unambiguously that SMC infers
the ordering of the stimulus pairs, performs above chance on
all stimulus pairs, and displays both the symbolic distance
effect and the terminal item effect. Its abysmal ABIC scores
(which mostly disappear off the top of the scale in Figure 15B)
reflect performance that is much too good to be a plausible model
of TI learning in monkeys. This is an example of a wider pattern
in the machine learning literature, in which many algorithms that
perform their assigned tasks too well are poor models for neural
processes. Simulation and comparison to empirical data provides
a way of falsifying such models (Palminteri et al., 2017).

By contrast, RL-Elo is a consistently compelling model
because, in addition to its behavior possessing the same
qualitative features as SMC, it also approximates the overall
error rate observed in Hubble’s data. That said, it is also
important to note that RL-Elo’s performance is disrupted by
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FIGURE 14 | Performance of model-based algorithms on a 10-item list-linking procedure. During training, two 5-item lists were trained (adjacent pairs only). In the
Linking condition, actors received training on the linking pair EF. In the No Linking condition, no extra training on EF was provided. Actors were then tested on the 45
possible pairings in the resulting 10-item list. (A) Mean performance of RL-Elo on non-terminal pairs throughout training and testing, sorted by symbolic distance.
After training, dashed lines represent the Linking condition, while solid lines represent the No Linking condition. (B) Mean performance of RL-Elo for each of the 45
pairs at transfer, sorted by symbolic distance. Light-colored points represent the Linking condition, while dark-colored points represent the No Linking condition.
Critical pairs are shaded in gray. (C) Mean performance of RL-Elo for each of the 45 pairs at the end of training. (D-F) As above, but reporting simulated
performance of the Sequential Monte Carlo (SMC) algorithm. (G-1) As above, but reporting the simulated performance of Betasort. Reproduced with permission
(DOI: 10.6084/m9.figshare.7992047.v1). Copyright 2019, Jensen, Terrace, and Ferrera.

“massed trial” manipulations (as shown in Figure 10), which
the empirical literature has found do not undermine serial order
representations in animals.

A NOTE ON COMPUTATIONAL
COMPLEXITY

Several factors are considered when comparing the complexity of
algorithms. The most straightforward are its memory demands:
How many values must the algorithm keep track of at each
stage of its operation? Another obvious measure is its operational
speed: How long does the algorithm take to complete a series
of decisions given reasonable inputs? Finally, it is common to
discuss how an algorithm’s runtime scales as a function of its
inputs: As the number of input items increases, how is runtime
expected to grow?

By these criteria, four of the algorithms in this manuscript
are clear winners: Q-learning, VTM, RL-Elo, and Betasort. The
memory demands of each scales linearly with list length n:
Q-learning, VIM, and RL-Elo each keep track of n values in
memory, while Betasort keeps track of 4n values. They are also
computationally rapid. We used a 2016 Macbook Pro to simulate
42,000 trials of a TI task using all pairs from a 7-item list, and this
took 0.96 s for Q-learning, 1.26 s for VTM, 1.25 s for RL-Elo, and

1.68 s for Betasort. Finally, all four algorithms are expected have
order n complexity, scaling their runtime chiefly as a function of
the list length.

RL-REMERGE and SMC perform comparatively poorly. In
the case of RL-REMERGE, the Conjunctive layer ensures that
its memory and runtime demand grow on the order of n?
Even at reasonable list lengths, its iterative internal use of
renormalization to discover a steady state is computationally
intensive (42,000 simulated trials took 2879.46 s). While SMC
scales more reasonably, with growth of order n, its 10,000
hypotheses constitute a substantial opportunity cost, both in
terms of memory and processing. These are reflected in its costly
runtime: 42,000 simulated trials took SMC 653.72 s.

However, these measures are somewhat unfair to both
because these algorithms represent distributed solutions to the
TI problem. Renormalization of neural networks, for example,
is merely a mathematical trick to emulate the behavior of a
distributed physical system, so RL-REMERGE’s n? growth is
mainly a problem of memory. Provided one is willing to allocate
the neurons needed, processing time would be distributed
accordingly. In the same vein, SMC can be understood as
10,000 parallel implementations of RL-Elo. Provided one is
willing to distribute the problem in this way (and make
use of many processor cores to do so), SMC’s performance
should be very similar to RL-Elo (although the computational
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burden of periodic resampling of the list orders is less
easily resolved).

Our view is that although complexity should be taken
seriously when comparing computational models, it should
also be recognized that these algorithms are primarily high-
level descriptions of behavior. The Betasort algorithm should
not, for example, be viewed as a proposal that organisms are
actually computing and drawing random samples from beta
distributions. Rather, the beta distribution is the maximum
entropy distribution for the parameter uncertainty of Bernoulli
processes, and as such there are many physical systems for which
it will provide a good approximation. Any of the algorithms in
this manuscript could be seen as a higher-level description of
some distributed process, and RL-REMERGE and SMC appear
less efficient because they explicitly distribute their processing.

With these considerations in mind, we consider RL-
REMERGE to be the least plausible of the algorithms, since it
requires implementing nodes for every “context.” In standard
TI experiments, this takes the form of stimulus pairs, but it is
easy to imagine a task in which subjects have to choose from
among three or four stimuli, causing the Conjunctive layers to
grow even faster since it would need a node for every stimulus
combination. Contrastingly, the other five algorithms are all able

to scale linearly as a function of list length, regardless of the
number of stimuli presented in any given trial.

CONCLUSION

The algorithms in this manuscript represent a cross-section of
different computational methods for explaining TT performance.
These methods succeed to varying degrees in discovering the
structure of ordered sets, even when stimuli are presented
pairwise without explicit spatial or temporal cues. Our goal was
to gain insight about how each handles challenges that arise
in natural settings, such as unequal rewards and base rates of
presentation, as well as established experimental manipulation,
such as list linking. In every case other than Q-learning (which
was included to provide a model-free baseline), an argument can
be made that each of these algorithms can, to some extent, “solve”
TI problems. The patterns of error vary dramatically from one
algorithm to the next, however, as do the effects of variations
in the procedure.

While we can still learn a great deal from traditional
TI procedures, the ability to implement theories of TI as
computational models demands a shift in the experimental
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approach used to study serial learning. In the past,
experimentalists have largely avoided making dramatic changes
to experimental procedures because their theories were not
sufficiently clear about what behavior would be expected under
these new designs. By making computational simulation a part of
both theorizing and of experimental design, future experiments
can much more rapidly identify areas of discrepancy between
theory and behavior, which in turn lead to both stronger theories
and to more informative experiments.
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