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The estimation of EEG generating sources constitutes an levse Problem (IP) in
Neuroscience. This is an ill-posed problem due to the non-uiqueness of the solution
and regularization or prior information is needed to undesike Electrophysiology Source
Imaging. Structured Sparsity priors can be attained throug combinations of (L1
norm-based) and (L2 norm-based) constraints such as the E#dic Net (ENET) and
Elitist Lasso (ELASSO) models. The former model is used to dhsolutions with a
small number of smooth nonzero patches, while the latter impses different degrees
of sparsity simultaneously along different dimensions ofhe spatio-temporal matrix
solutions. Both models have been addressed within the pen&ed regression approach,
where the regularization parameters are selected heuristlly, leading usually to
non-optimal and computationally expensive solutions. Thexisting Bayesian formulation
of ENET allows hyperparameter learning, but using the compationally intensive Monte
Carlo/Expectation Maximization methods, which makes imgactical its application to the
EEG IP. While the ELASSO have not been considered before intbe Bayesian context.
In this work, we attempt to solve the EEG IP using a Bayesianamework for ENET
and ELASSO models. We propose a Structured Sparse Bayesiandarning algorithm
based on combining the Empirical Bayes and the iterative cadinate descent procedures
to estimate both the parameters and hyperparameters. Usingealistic simulations and
avoiding the inverse crime we illustrate that our methods arable to recover complicated
source setups more accurately and with a more robust estimabn of the hyperparameters
and behavior under different sparsity scenarios than clagsal LORETA, ENET and
LASSO Fusion solutions. We also solve the EEG IP using datafn a visual attention
experiment, nding more interpretable neurophysiologichpatterns with our methods.
The Matlab codes used in this work, including Simulations, Ethods, Quality Measures
and Visualization Routines are freely available in a publiebsite.

Keywords: EEG source imaging, inverse problem, sparsity regu larization, sparse Bayesian learning, empirical

Bayes, elastic net, mixed norms, elitist lasso
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INTRODUCTION TABLE 1 | Different models for Tikhonov Regularization and their ca@sponding
penalty functions.

Electrophysiological Source Imaging (ESI) constitutesaively

inexpensive and non-invasive approach to study neural agtivit Model Penalty function
with a high temporal resolution. ESI is a classic example of Ridge kak3
an Inverse Problem (usually referred to as EEG IP), givep LORETA KLIKZ
the little amount of data available as compared to the larg LASSO Kk,
number of parameters needed to model the spatially distridtuted) LASSO Fusion KLJkg
whole brain activity this problem is ill-posed in the Hadamarde) MPLS )
sense lfladamard, 1928 Its mathematical properties are in the Fused LASSO 1‘13 S1, ¢ 2" S1 e 3
rst place determined by the forward model, i.e., the equation ENET 1kJ;<Dle z‘lekl b1 ot
relating the electrical potential measured at the scalp dnd ) ENETL LKLk, C o KLIKy
the originating Primary Current Density (PCD)) created by the : Smooth LASSO ko C koK
electrical activity of large neuronal masses in every timwéhich e 2 11
is a Type | Fredholm Integral Equatién ) MXN Kikpq D PtTm P S P gl

Z K) GLASSO P 1 i o1 Jit 2 2

V.ret/ D K.rer/ J .r,t/dr® o ELASSO Py Po 2

Here, the kernelK .re,r/ is called Electric Lead Field (ELF),
and maps the space of brain generatots the position of the Sparsity Regularization with L1/L2 Norms
measuring electrodes. The ELF can be computed by using Models: The Elastic Net and the Elitist
the quasistatic approximation of Maxwell equations and a nhodq_aSSO

of the geometric and electrical properties of the he&de(a

and Fuentes, 1998The EEG IP is then de ned as estimating through Tikhonov Regularizationi{khonov and Arsenin, 19797

the pargmeters] given measuremeptv and a known EL.F' It uses additional or prior information on the parameters, whi

In prac.t|ce, discretization of Equation (1) leads to a Imearis usually introduced in the form of mathematical constraiand

system: it is closely related to Penalized Least Squares (PLS), which
generally expressed as:

A well-known way to nd a unique solution to the EEG IP is

vV D KJC" 2)

D argmimy kv KXZCIP.LY (3)
where the unknown parameters)(constitute anS T matrix
(T is the number of time instants an® is the number of The rst term in the cost function in (3) is the residual of
spatial generators, i.e., voxels) that represents the dizede the model and the second summarizes the imposed constraints
PCD.V and" areN T matrices, representing the measured(penalty terms). The regularization parametercontrols the
EEG and the measurement noiseNhelectrodes (generally no relative weight of the penalty functioR. The matrixL adds
more than 128), usually distributed according to a standardnformation about the correlation structure of the paramete
system Klem et al., 1999 It need be noted that the discretized matrix. In the context of the EEG IP, it has taken the form
ELF K, is anN  Sill-conditioned matrix due to the large of the identity matrix (independent PCD in each voxel) or the
correlations among its columns. Since the region of poténtiaLaplacian operator (discrete second derivative) for reqgirin
brain generators is usually of thousands of voxels, tRep< S spatial smoothness of the PCD.
and the system of linear Equation (2) is highly underdetereai, A well-known example of Tikhonov Regularization is the
i.e., it does not have a unique solution. This discretizaamd  Ridgemethod (Hoerl and Kennard, 1970 where the penalty
dimensionality reduction a ects the accuracy of reconstaat  function is the L2 norm of the parameter$able 1a Particular
solutions. Additionally, the forward model by itself costsiin an  cases of this method have given rise to several well-estadlis
oversimpli cation of the real generator space of EEG data anihverse solutions such as Minimum-Norm, Weighted Minimum-
electromagnetic properties of the head. Therefore, someoasith Norm and Low Resolution Electromagnetic Tomography
have suggested to test the inverse solutions with a di eremtch (LORETA), Table 1h Their advantages and disadvantages have
model than the one used for simulations, in order to evaluatdeen thoroughly studiedqascual-Marqui, 1999
the methods in typical real data scenarios, when the indi@idu  Sparse PCDs have also been searched through methods based
MRI and head model is not available. This would allow the studyn such as the Least Absolute Shrinkage Selection Operator
to avoid committing the so-called “Inverse CrimeXdipio and (LASSO) {ibshirani, 199§, Table 1¢ and its version LASSO
Somersalo, 2004 Fusion (and and Friedman, 1996Table 1d which use the L1

norm as the penalty function.

lFor the mathematical notation used in this paper see Appendix G in IN the last years, sparsity constraints based on L1/L2 norm
Supplementary Materials. have become very popular to achieve a high spatial resolution,
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in reconstructing and di erentiating sources of brain adtly norm along the rst dimension of the parameter matrix, and
associated to di erent cerebral functions/states. Thisstmaint  an L2 norm along the second dimensiod|{ et al., 200Q This
can also t better with physiological knowledge about brainmodel presents similarities with respect to the MPLS models
activity in particular experimental and real-life situations discussed above, particularly the ENET, therefore it is ablat
However, its mathematical treatment is not straightford/iand  candidate among the MXN models for taking advantages of
strongly depends on the models and algorithmic approaches. algorithmic solutions developed for those ones.

A special example consists in algorithms performing smooth Although originally a second-order cone programming was
and sparse estimations in separate stépsdt al., 2005; Palmero- used Qu et al., 200§ it has been shown that these models for
Soler et al., 2000 explicit combining models as the sum of L1 imposing structured sparsity can be estimated by a genedalize
and L2 penalty functions while using iterative algorithmstdve  shrinkage operatorowalski and Torrésani, 200RbHowever,
it (Nagarajan et al., 2006; Valdés-Sosa et al., 2009; Tian and thie regularization approach using MXN as a penalty function
201). becomes a convex, non-dierentiable, irrational, and non-

These L1/L2 models have been included in a framework callegskparable (along columns or rows) optimization problem, which
Multiple Penalized Least Squares (MPLSal(lés-Sosa et al., makes the inference process computationally very expensive.
2006; Vega-Hernandez et al., 2)0Bable 1e which consists in More recently, e cient proximal operators and gradient-

a generalization of formula (3) to multiples penalty terms withbased based algorithms have been developed to compute a

their corresponding lambdas. solution to the spatio-temporal EEG IP, by using special cases
of mixed-norms (e.g., FISTAReck and Teboulle, 2009; Gramfort

The Elastic Net in the Context of Multiple Penalized etal., 2012, 2013

Least Squares Models

A very promising approach in the context of MPLS is based oimitations of the Regularization Approach

a exible model, combining L1/L2 norms, called the ElastietN The estimated solutions using the algorithms discussedefor

(ENET) (Zou and Hastie, 2005Tables 1g,hSolving this model the MPLS and MXN formulations of L1/L2 norms, become very

is of particuiar interest for incorporating together the adtmes sensitive to the set of constraints selected to regulaﬁemtand

of the L2 norm (Ridge) and L1 norm (LASSO) family models o the values of the regularization parameters. Within thetest

Other particular examples of MPLS' are the Fused LASS@f-the-art literature, usually the regularization paramstere

(Tibshirani et al., 2006 Table 1f based only in the L1 norm, and Selected ad hoc, or via heuristic information criteria, dsike

the smooth LASSOHebiri, 200§, Table 1i, combining L1 and Information Criteria (AIC), Bayesian Information Criteai(BIC)

L2 norms and Generalized Cross Validation (GCV). These procedures

For minimizing the PLS's (or its MPLS generalization) costead to compute the Inverse Solution for a large set of values
function in (3), considering models such as the Elastic Netny ~ Of the regularization parameters, in order to evaluate the
algorithms exhibit advantages in the convergence time. &soninformation criteria, thus being computationally expensive
Important examples are general modi ed Newton-Raphsorinany cases non-optimal and usually leading to an inadequate
algorithms, such as Local Quadratic Approximation (LQAR( balance of the constraints. Critical examples are the Multiple
and Li, 200) and Majorization-Minorization (MM) (Hunter and ~ Shrinkage Problem of MPLS models, such as the ENFST @nd
Li, 2009, without a considerable loss of speed in computations. Hastie, 2005; Vega-Hernandez et al., J0@ad the selection of

In a seemingiy di erent approach Combining L1/L2 norms, regularization parameters for the MXN models@iamfort et al.
some authors have used the idea of structured sparse penatizati(2012, 2013andGramfort et al. (2014)
based ormixed-normgMXN) models (Kowalski and Torrésani, . .
2009a,l, Table 1j In this context using the L1 norm of a vector Bayeslan Inference and Sparse Bayesian
whose elements are obtained as the L2 norms of other vectorsliearning
known as Group Lasso (GLASSQ)@an and Lin, 2006; Kowalski As dealing with the regularization parameters estimatiorthia
and Torrésani, 20099, bTable 1k An important application Classical Inference approach constitutes an important linotati
of the GLASSO penalty is for example the Focal Vector Fieldther approaches have been proposed within the Bayesian
reconstruction Haufe et al., 2008vhere sparsity is imposed on framework Gchmidt et al., 1999; Trujillo-Barreto et al., 2004;
the amplitude of the PCD but keeping smoothness in the 3 spatialVipf et al., 200k The Bayesian Inference have emerged as
components (X, y, z) that de nes the direction of this vectoran alternative formulation, which is more general and can
magnitude. The penalization function is then the L1 norm ofth incorporate models, equivalent to the Tikhonov Regularizatio
vector formed by the L2 norms of the PCD vector in each voxel.  This framework addresses the EEG IP in terms of nding the

posteriorpdf of the parameters)f using the Bayes rule:
The Elitist Lasso in the Context of Mixed-Norm
Models p.JVv, , I/l p.VjJ Ip.J / 4)
With the same goal, a model based on the L2 norm of a vector
whose elements are obtained as the L1 norms of other vectoM/here p.VjJ, / is the likelihood,p.Jj / is the parameters'
has been called Elitist Lasso (ELASSQ)walski and Torrésani, prior and. , / are hyperparameters. The prior plays a similar
2009a,l Table 1L This type of penalization was extended to therole as a penalty function in the classical framework. As a
spatio-temporal context, consisting in the application of an Llparticular case, themaximum a posterioriestimate in this
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formalism leads to a fully equivalent solution to the optition  real EEG visual Event Related Potentials. We also compare
problem in Equation (3), when the likelihood is a Gaussiartlfwi the performance of these models with other well-established
mean KJ and unit variance) and the prior has the following methods in the ERP synthetic data and discuss the theoretichl

exponential form (using D ): experimental di erences. The Matlab codes used in this work,
including Simulations, Methods, and Quality Measures ardyree
p.Jj /D }e P.LY (5) available upon request to the authors.
z

An important advantage of the Bayesian framework is that in AVIETHODS
second level of inferencé/@cKay, 200Bone can estimate the Hijerarchical Elastic Net Model

hyperparameters of interest, typically variances and/or giess  The Bayesian formulation of the ENET can be interpreted as a
of the likelihood and the priors. One way to achieve this is_aplace/Normal prior modé| with associated hyperparameters

by using the Empirical Bayes procedure, where the aim is to , ./ that are inversely related to the variances of the Normal
maximize the posterior of hyperparameters: and Laplac@dfs

P
Q O D argmax , /p. , jV/ (6) ¢ 1kokie ok,

. 1
pJj 1 2/D e (7)

This approach has been widely developed in the last yeakgnere 1t and o represents thetth element of the
especially with sparse priors, which has been called Sparﬁ?perpara}neters vectors 1, o, the notationJ refers to the
Bayesian Legrning (SBL).. Ap important example is the Relevangg, column ofJ, andz is the normalization constant.

Vector Machine (RVM) {ipping, 2001; Schmolck and EVerson,  gince the squared L2 norm and the L1 norm are separable as a
2007, consisting in estimating sparse parameter vectors (Wit m of terms depending on the individual components, this prior

a Gaussian prior) while leaming the hyperparameters (Withntoquces stochastic independence in the whole spatio-teaipo

a Gamma prior). Although theoretically Bayesian Learningynap of the parameters, i.e., Equation (7) can be factorized ov

methods are more robust for computing the inverse solution,,yvals and time points (indexed kiyand t, respectively) with
fast and e cient inference algorithms have been Curre”tlycorresponding normalization constares:

developed only for simple modelsipping and Faul, 2003

Baygsian fqrmulations of the ENETLi( and !_in, 2010 or 0.3j 1. 2/D Y ie uf 2l ®)
multiple variants of LASSO in the MPLS famili{yung et al., ’ ti ziy

2010 have been developed previously, by using scale Gaussian

mixtures (Andrews and Mallows, 19§4Although scale Gaussian This prior can be expressed as a scale Gaussian mixture
mixtures constitute a considerable improvement for compgtin (Andrews and Mallows, 19)4with a mixingpdf corresponding
these models still involves the use of computationally intens to a Truncated Gamma on the new hyperparameter This
Expectation-Maximization (EM) and/or Monte Carlo (MC) formulation can be found in the Bayesian literature with diest
algorithms, which are impractical for the EEG IP due its highparametrizations {yung et al., 2010; Li and Lin, 2010n our

dimensionality. case, it is convenient to reorganize the variances and mixin
o distribution as detailed in the following Lemma.
Objectives Lemma 1[Proof in Appendix A (Supplementary Materials)]:

In this work we propose a new method based on an Empiricalet J; be the random variable distributing with pdf
Bayes formalism to promote Structured Sparsity through twol o 1:fie 2 where z: is a normalization constant.

models based on mixtures of L1/L2 norms penalization function 2t . . )
. Then the following equality holds:
(Laplace/Normal priors):

The Elastic Net (ENET) (Zou and Hastie, 2005; Vega- ie uf  2jdd p
Hernandez et al., 2008 Z L
The Elitist Lasso (ELASSO) IKowalski and Torrésani, c1 1
2009a,) N J: 0, it TGa it 5,1, ki, 1 dit (9)
’ 0
Although we develop the theory for ENET and ELASSO models, , 1 - — ke
. itD>— it itD 1 — (10)
the whole methodology can be generally applied to other types T2y ' it
of Laplace/Normal priors. The algorithm can be considered as gt
a Sparse Bayesian Learning method since it allows to estimate  kt D —= (11)

the regularization (hyper-) parameters that control sparsityl 4 1

perform vanablr_e se_lectlon, while at the_ same time avo'd'nQNhere TGa i %'1, K1 is the Truncated Gamma pdf,
Monte Carlo estimations or EM type algorithms. . SRS
. . with lower truncation limitk;.
The aims of this study are to present the theory and an

insightful validation of the methods as electrophysioladjic 2yote that this mixture of Laplacian and Gaussian distributionsdsthe Normal-
source localization methods with a large set of simulatiand  Laplace distribution described iReed (2006)
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FIGURE 1 | Directed network describing the instantaneous relationsp
between data ( ), parameters { ) and hyperparameters (t, t, 1t k) in
the Elastic Net model.

With this particular formulation of the ENET prior we

p.Jj 1, 2/ N J 0,2—11 , which promotes smoothness for

not-too-large values of;. In our formulation of the ENET model
the variable selection is performed in a similar fashion ie th
hyperparameters level, but in this case wikds large (1 2
for nite 1) we have by Equation (14) that  k, which implies
by Equation (10) thaB ! 0, nally promoting sparsity; and
whenk is small ( 2 1),3 ! 2—11 by Equation (10) so thatin

Equation (13)we havethat J , 1,k N J0,5% .
Hierarchical Elitist Lasso Model
Here, we propose a Bayesian formulation of the Elitist Lasso
model using the following multivariatedf:
1

p.4D e ki (18)
where is a hyperparameter that controls simultaneously the
level of spatial and temporal sparsity. This prior can be easily
written for each time q_g)int separately by decomposing the

change the relevant hyperparameters from the old regulaozat mijxed-norm aSka%z D , J; i However, the penalization
parameters. 1, 2/ to ( 1,k). The rst one acts as the scale gver one spatial componenl; cannot be separated from the

of variances of]; (Equation 10), and the second acts asemaining componentg; j 60 . We then propose to rearrange
the lower truncation I_|m|t of 'Fhepdf for_ it Althoggh this 3, 2.1 the form L C I 2, for any indexi, where i; D
makes more challenging the interpretation of the in uence ofP " 1~ L N ’
the hyperparameters, it speeds the Empirical Bayes algorithm i6D J1 s a magnitude carrying the depgndence on the oth_er
(described in section Structured SBL algorithm for the fidaget ~ cOMPONents of the vector parameters. This allows us to derive
and Elitist Lasso models) and ensures its convergencen@iae a hierarchical Bayesian moqlel for this formulation basedtan

k is now directly learned (without estimatingy, independently ~theory of Markov Random Fields. _

of 1), it is necessary to impose a convenient gamma prior D€ Nition 1 : Letx be a random ve(l:tor (F)’rxgandom matrix,
for this hyperparameter. For; we can just choose a non- Which has joint pdf of ghe formp.x/ D 7 e ™, whereP .x/
informative prior. Applied to the EEG IP stated in Equation (2), €N be decomposed as /5, Pij xi,X ;J is a set of pairs of
this new Bayesian ENET model can be analytically described ijdex andZ is a normalization constant. Then we say thais

the following set opdfs see also the schematic representation it “Pair-wise Markov Random Field” (b0MRF), and the functions
Figure 1 Pij xi,x; arede ned as potentials.

Likelihood: De nition 2: Let x be a random vector or random matrix.
Letxy denote a subset of elementsxgfwhich has conditional

Vi N VK, ¢ (12) joint pdf of the formp x4 xyc D e PX 7 wherex c
is we complement ofxy in x, P y/ can be decomposed
Prior of parameters: as /2 Pij Xi,Xj , J L iX X2xy ,andZ is a
) normalization constant. Then we say thag ,xyc is a “Pair-
Jt N JyOdiag 3 ; (13)  wise Conditional Markov Random Field” ()CMRF). [Note that
) any couple of setscy , X c  from a pMRF constitutes a pPCMRF;
Prior of hyperparameters: see the proof of Lemma 2 (a) in Appendix B (Supplementary
Y% 1 Materials)].
t TGa it =,1, ki, 1 (14) In our case, the random vector consisting in a column of the
! 2 spatio-temporal matrixJ constitutes a pMRF, since its prior can
t  nonrinformative logp( t) D const (15)  pe written as:
11 honrinformative logp( 1¢) D const (16) 1 e
k Ga. C1,/, >0, > 0 a7 pJe Doe (19)
t . ; z

Here  plays the role of the noise variance anénd are the Where the exponent can be decomposed as:

scale and shape parameters of the Gamma priok{for

In the original Bayesian ENET model the parameter's prior
(8) controls the degree of sparsity/smoothness throughabéei
selection according to the values of and » directly, i.e.,
when 3 2 we have thatp.Jj 1, 2/ La(Jjo, ),
promoting sparse solutions, and when 1 we have that

5, X X o
JeiD (RC o 23¢ 3ol (D19 (20)
Hence the potentials of the De nition 1 are proportional to:

Fi iDj

PiD 53 3 Lien

(21)
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pPMRFs underlies many models of the Statistical Physics approach
(Kindermann and Snell, 193Cand also learning algorithms
(Murphy, 2013. In the case of the model described by Equation
(19-21), we can reformulate the prior in a hierarchical mode
at the parameters level. For this, we need to use some relevani
properties posed in the following Lemma.

Lemma 2[Proofs in Appendix B (Supplementary Materials)]:
The following properties can be veri ed for the conditional
probabilities in the pPCMRF associated to the Elitist Lasso mode
of Equation (19).

oA

Q-P+e-®

@»?"

@ p3ide Dpdi Dse Fe? i (22
it

QOO

P . .
Where i D 6D Jt andZ;; is a normalization constant.

(b) 1 kw2
— R
Pt D Ze |Rg t (23)
Where IR g( ,t) is the indicator function of the regerC D FIGURE 2 | Directed network describing the instantaneous relationsip
X 2 RSIXi 0.iD1.:::.S . the matrix W can be expressed between data (), parameters {), and hyperparameters (, , , ) in the Elitist
' ' T . . _ . Lasso model. Note that alpha affects all time points simultzeously, i.e., it is
as the subtraction Oflhe Identlty _mat_rlx from a ones-mairix just one hyperparameter controlling the same level of spaity for all time
WD 1ls s I|s s,andZisanormalization constant. points.
Z
C
© pdt D pJt di,;D
|
2y 1 _ 2
P it Pt deyd (24) 3itD o-3iy, 3yD 1 M (26)
It

Using the properties (a,b) we show that taking the conditional nd the priors of hvberparameters are:
pdf (22), instead of Equation (19), leads to a simpler model,A P yperp )

separable in the parameters level. This implies considering

as new hyperparameters, which inherit the multivariate bérav t TGa it % 1, ft,l (27)
(spatial correlation structure) of in the original model. As

proved in Appendix B (Supplementary Materials), using a ; le kw 1 .tkf|RS ‘ (28)
Dirac conditional distribution for this hyperparameters giv T Z ¢

the parameters, we can reformulate the non-separated model t  norrinformative logp( t) D const

of Equation (19) into a hierarchical model that factorizeso non-informative logp. / D const (29)

di erent components of the parameters. Property (c) validates
the use of the new model proposed in (a,b), showing thaSimilarly to ENET, the matribdiag 3 ; can be interpreted as
the marginalpdf of the parameters in the original model is an e ective prior variance of the parameters. However, here,
identical to the marginal prior in the new one. Although this the degree of sparsity in variable selection is twofold. Or on
approximation is algebraically simpler, its e ect might be teth  hand, through the regularization parameter which is unique
to other known approximations such as the mean eld or a morefor the whole spatio-temporal map and imposes the same
general one in the Variational Bayes approaéhigton et al., degree of sparsity to each column (time point) of parameters.
2007; Trujillo-Barreto et al., 20D8Also, it could be seen as alocal On the other hand, the hyperparameterg controls sparsity
ENET approximation of the ELASSO penalty, since the latter calocally, so that wheni is large we will have; ,Zt by
then be explicitly re-written as a sum of an L2 and L1 norms oEquation (27), and the e ective prior variances will tend to@e
the parameters. Indeed, realizing that Equation (22) reprisse 3 ;! 0, by Equation (26), promoting higher degree of sparsity
a combination of Normal and Laplace priors fdr, a further  independently of .
transformation of the Bayesian mixed-norm model is possible, . .
combining the results in Lemma 1 and Lemma 2 and dealing wit>tructured SBL Algorithm for the Elastic

and 2 i as hyperparameters, similarly ta and » inthe Net and Elitist Lasso Models
ENET model. The resulting prior of parameters is given belowFor the Elastic Net and Elitist Lasso models the joint disttidn

the analogous schematic representation is showédgare 2 of data, parameters, and hyperparameters in the spatio-temporal
I EEG IP admits the following factorization:
i Y
Jo N Jp0diag 3 (25) p.V.32/D  pVd2¢ (30)
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Where2 represents the hyperparameters of both Elastic Net an@o minimize the non-convex functior. we use an iterative

Elitist Lasso2 ; D t 1tk ¢ ENET algorithm based on the coordinate descent strategy(ing,
t t t » tl ELASSO 2001; Wipf and Nagarajan, 20Q9%egarding the arguments
Each factor in Equation (30) is the product of the likelihopdpr .3, , 1,k ,wherewe replaced by 3 in Equation (31)

of parameters and priors of the hyperparameters: using Equations (10) and (26). We use the maix which is a

non-linear function of the hyperparameters, for the estimatio
of parameters and hyperparameters in the next step. In the
particular case of the mixed-norm we do not minimizeover the
hyperparameter, due to the non-di erentiability, but instead
data likelihood and its conjugated normal priqdf, by using WeJUSt update it by using its relationship with paramgtersegw
. . in Lemma 2, (a). Appendix D (Supplementary Materials) shows

the result in formula [C1] of Appendix C (Supplementary . R .

X - . .the update formulas -and their derivations- based on the iratr
Materials). The Empirical Bayes procedure then consists Merivati . .

S . - derivative ofL with respect to hyperparameters in each model.
minimizing the negative log-posterior of hyperparameters; . .
see formula [C2] in Appendix C (Supplementary He_relnafter, the_se methods for structured sparse Bayesian
Materials) learning (SSBL) will be called ENET-SSBL and ELASSO-SSBL.

' The pseudo codes for the corresponding algorithms are given
L D logp.2jV/: in Appendix F (Supplementary Materials). For implementation
1 X 1 5 details and a further comprehension of our algorithms check
LD 5 ¢ logj «iC — Vi K 5, Clogdiag 3 + C Appendix E (Supplementary Materials).
t
0
c J dag3, ' , Clog 6, 2logp.2y/ (31)

P Vyt,J,t,Zt DN V’t K\],t, tl N J,t O,diag 3 t

It is straightforward to derive an explicit formula for the
maximum a posteriori estimate of the parametdrsfrom the

RESULTS

!n Equation (31) : and 6¢ repr_esents the correspo_nding Simulation Study and Quality Measures
Instantaneous parameters posterior mean and covariance. e evaluate the proposed methods by reconstructing the spatio-

is importgnt to. note that these .estimat.es are equiva'llen.t t‘t’emporal PCD from simulated EEG data. We selected 3 sources,
the classical Minimum Norm Estimates in the regularlzemonCallled Occipital “O” Motor “M” and Temporal Lobe “TL"

approach, when the hyperparameters are known or comprisefl nes with dierent spatial extension with regard to the
into one hyperparameter that can be estimated through herist

thod inimizing inf i iteri th bred geodesic distance in the surface: 30, 20, and 10 mm radius,
metho s.(e.g.., minimizing information criteria orthe geagze respectively, as shown iRigure 3 top panel. The simulation
cross-validation function) Klamalainen and limoniemi, 1994

' was set up in a cortical surface of 6003 possible generators

ﬁascga(lj—Marquil, 22(?0; Sénchehz—Born_o; ﬁt sl" 200I8B Ve%&tracted from the MNI template brain (http://www.bic.mni.
ernandez et al., 2008However, here, with the Empirica ayesmcgill.ca). We generated 4 di erent spatial con gurations ugin

appro_aph, the estimgtion of hyperparameters_ is carri_ed out b%ﬁese patches to explore situations with di erent hemispherical
optimizing the postenopd_f of_hyperparametersm Equation (31) istribution of the three sources: Simulation 1 with all soes
(also known as Type Il Likelihood). As hyperparameters controﬁ] the left (L) hemisphere (O-L, M-L, TL-L); Simulation 2 where

the level of sparsity, with an iterative algorlthm, even sienpl the occipital source is changed to the right (R) hemisphere (O-
models can lead to solutions totally dierent to the MNE M-L, TL-L): Simulation 3 changing the TL source to the right
solutions (MacKay, 1992, 2003; Schmidt et al., 1999; Friston et a OL ML TL,-R); and Simulation 4 moving both O and TL to
2002, 2008; Truji!lo-Barretc_J etal., 2904; Wipf e_t al., 300,6 the right hemisphere (O-R, M-L, TL-R). Time courses of 1s,
The Type-lll Likelihood in Equanoq (31) will take di erent using a 200 Hz sampling frequency (201 time points), were also
fc_)rms depending on the model c_;h0|ce (ENET or I;I‘ASS_O)simul.slted for each patch, as shownkigure 3, bottom panel.
since they use ql erent EXpressions for the e ective IorlorTimecoursesforpatchesOand TL were slow waves of 1 and 3 Hz,
variances, according to .Equatlons (10) and (2,6)' In bottesas respectively. The frequency ratio (1/3Hz) was chosen in order
the hyperparameters priors follow from Equations (14) to (17)to reach enough variability along time in the relative inség
Erl]\ldE('?'Y) t0 (29), respectively: of these sources. The time course for patch M corresponded to
) 7 a narrow Gaussian pulse that appears at six di erent time points
logp.2/ D X log 1 Ga x} 1 dx logGa i 1 1 when the other two patches showed qualitatively di erenttieka
i ke 2' n2 intensity. This course became sparse after thresholdigit all
logp 1; logp ki logp. time points with_intensity below 0.1% of the maximum equal to
0. In general, this set up of temporal courses (one sparse and two
" smooth in time) for each source allows not only to test thdigbi
of the inverse methods to correctly estimate the time couafse
activations but also to model many di erent combinations of
B 5 number and extension of simulated sources, i.e., their évect
ClogZC W ' ¢ 7 logp. / logp. ¢  sparsity.Figure 3 shows that there are time points when all
sources are active (e.tl,D 0 ms), others where only one (e.g.,

ELASSO:
X 21 1 1
logp.2¢/ D i log , Ga X é,l dx logGa it é,1

it
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sensors noise in order to avoid a biased interpretation of the
isphere results due to a good choice of noise by chance. To avoid
) the “Inverse Crime” which recognizes that usually EEG source
localization is done using standard (approximate) electsode

positions, head geometry, tissue conductivities, etcteaus of

the real individual head model, some authors have proposed to
use an ELF with decreased spatial resolution of the genarator

Left Hemisphere Right Hem
——— 'M'-Left -

/ \ ' 0 space for computing the solutionggipio and Somersalo, 2004
TL-left 'O-left 'O-Right 'TL'-Right Remarkably, we use a more challenging approach consisting
Bis L 0 , R ; CAP128 in computing the solutions using an ELF obtained from a
: di erent subject (i.e., changing the locations of the genersa
corresponding to similar anatomical areas and also the geymet

of the whole head model).

For comparison purposes, we computed the LORETA, ENETL
and LASSO Fusion solutions using classical regularization
o 0.2 04 06 0.8 1 approach Hunter and Li, 2005; Sanchez-Bornot et al., 2008;

time(s) Vega-Hernandez et al., 200&€omputations were done by using
[—o—m'—m the Elastic Net linear regression software package GLMNET
(Qian et al., 2013 https://web.stanford.edu/~hastie/gimnet_
matlab/). The regularization parameters for these threehrods
were computed as those minimizing the GCV function in

FIGURE 3 | Simulated spatio-temporal sources.Top: Left and right views of
the simulated activation patches in generators space (redfive simulated
patches with different geodesic spatial extension (Occifl “O” 30 mm,

Temporal Lobe “TL" 20 mm, Motor “M” 10 mm) in the Left and only @cipital a suitable interval made up of 100 values. All these inverse
and Temporal Lobe in the Right hemisphereBottom: Left: Simulated time solutions used a graph Laplacian matrix, which introducesrprio
evo'lmzlof)S Ourfft? foﬁfhf ot 1GHZ cosine, ﬁe”o",")v ”l‘)eMT; fﬂ3 :f information about neighbors' structure in the generatopmsee.
cosine, blue), and the “M” (narrow Gaussian pulse signal). &highlight some . f . . . . .

time points of interest (t1D Oms, t2 D 280 ms, t3 D 375ms, t4 D 845ms) Al C_Odes use,d in this Work’ |nc.Iud|n.g §|mulat|0ns, Inverse
where relative intensity of sources lead to qualitativelyifferent scenarios. SOlunonS! qua“ty measures and visualization of the resate
Right: Spatial representation of the electrodes in the planaccording to the freely available upon request to the authors.

120-130 system. For a quantitative evaluation of the solutions, we computed

some quality measures based on the comparison with the true
simulated one. There are two distances: the Dipole Localizatio
Error, DLE, which measure how far are the estimated local
t2 D 280 ms) or two (e.gt3 D 375ms) are active or even those maxima from the simulated ones and the more general Earth
when none of them are active (e.g., around 845 ms). Di erenMover's Distance between simulated and estimated solutions
amplitudes in the time courses imply di erent amplitudes of (Grova et al., 2006; Haufe et al., 2008; Molins et al., ROl
corresponding active voxels in each source, e ectively clmngi lower these measures are, the better the match betweeratstim
the extension of each source and the general sparsity of ttend simulated PCD. Two other performance measures o er were
map. With this type of simulation, we can explore the behavioiderived from a Receiver Operating Characteristic (ROC) aimlys
of the performance of inverse solutions, and their estimatethe “area under the curve” (AUC), which is a measure of how
hyperparameters with the di erent levels of sparsity, directlygood is the estimated solution for resembling the simulaiad
by looking at them along time points. Note that this can alsousing any threshold, and the source retrieval index (FIreco
be considered a challenging non-ideal scenario for the o@th which measures a compromise between the fraction of simulated
proposed here, given the presence simulations with simultaseo sources correctly estimated as active (recall or sengitigitd
sources of di erent extensions, also following di erent tempb  the fraction of estimated sources that were simulated asect
courses. (precision) @radley et al., 2016; Hansen, 2Rldmportantly, we
The ELF was computed for 120 sensors disposed on the scaljl not threshold the estimated solutions for computing arfy o
(selection of Biosemi 128 electrodes cap), using the BEMaxeth the distance measures. ROC analysis nds the AUC using the
for the individual head model (volume conduction), with 4&s:  binarized simulated solution (nonzero sources will be sel}
scalp, outer skull, inner skull, gray mattevaldés-Hernandez and the non-thresholded solutions. None of the inverse rodth
et al., 200 The spatio-temporal scalp electric potential (EEG)tested here incorporates any thresholding, thus makingadéls
was computed as the product of the ELF and the simulatetb have nonzero values. In order to compute the F1l-score, we
PCD, corrupted by adding biological noise in the sourcesallow the ROC analysis to select the optimal operating point
following an autoregressive process with spectral peak batweef the ROC curve (usingerfcurvefunction in Matlab) and use
8 and 12Hz (Alpha rhythm). We also add sensors noise as the corresponding threshold to compute the recall (sensyjvi
Gaussian white process, such that both sources and elestrodnd precision. F1-score is the geometric mean between these
noise were adjusted to obtained a signal-to-noise ratio dB6 two measures. This means that the methods will be compared
We generated 100 trials for each of the 4 simulated spatiaccording to their best performance individually. Here, wpart
temporal sources by adding 100 samples of the biological arAlJC and F1 as percentages where the highest 100% values
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are achieved only by a perfect reconstruction of the simdlatethe time evolution of the mean value of each quality measure

sources. for all methods. The sensitivity to the sparsity level in deet
time points is evident for all methods and all measures, eafigci
Bayesian Elastic Net and Elitist Lasso Solutions showing the worst behavior around those time points where

The inverse solution was computed with the ENET-SSBL anthe M patch becomes active. However, it is clear that our two
ELASSO-SSBL algorithms for the 100 trials of each simulatgatoposed methods o er the best average quality measures among
con guration. A typical trial was selected as the one rankingall methods at all time points.
in the place 50 (median) after ordering all trials accordimgy t The mean and std values of all quality measures for the
their best overall performance using all quality measures(su three time pointstl, t2 and t3 in Simulation 1 are shown in
of all rankings).Figure 4 shows the simulated and estimated Table 3A Analogously toTable 2 we highlighted in bold the
spatial maps by both methods for the selected typical trials diest performance for each row. In the average values, it istlea
each simulation, in the three time points of interetdt; when all  that the ELASSO-SSBL achieves the best results overalingho
sources are similarly active when the M source is maximum similar values as ENET-SSBL, but noticeably better thaseho
and the other two are close to zero at& when only the largest of the other solutions. In order to test if these results were
(O) and the smallest (TL) patches were nonzero. not driven by the particular selection of the spatial simutate
Figure 5 shows the time evolution of the average activatiorpatches, we ran 100 simulated trials with three similar pagdtha
of those voxels belonging to each patch, from both ENETwith randomized positions and extensions, without overlapping
SSBL and ELASSO-SSBL solutions obtained in each simulaféable 3B shows the corresponding mean and std values of the
con guration (rows). These time courses are normalized leetwv  quality measures across these pseudo-random repetitions. It is
1 and 1 for better visualization. Note that, despite being oneasy to check that most of the values are very similar (within
trial in the median of the performance distribution, they eesble  the std window) to those obtained in our particular simulated
the original simulated time courses but without achievifiget con guration, except for the F1-score which showed a much
same level of smoothness for TL and O, or sparsity for M. lower performance for all methods in this case. For each of
Finally, we computed the quality measures for each solutiothese performance measures, we carried out non-parametric ra
obtained using the two proposed methods from each of theests (Wilcoxon Rank-Sum Testjbbons and Chakraborti, 20).1
100 trials of each spatio-temporal simulatidfable 2shows the between each pair of source localization methods, using all 10
average and standard deviation values across the 100 foials trials of every time point of every of the four simulations. We
all measures in the three time points of interest. We higttégh then counted how many times (out of the 804 simulations, 201
in bold the better values for each comparison. It is easy to se#ne points 4 simulations) each method was signi cantly better
that even if it looks that ELASSO-SSBL gives better values than another. Results are shown Trable 4 In this case, the
the majority of comparisons, the mean values of the measureé&o methods proposed here are almost always signi cantlyebett
are closer than the sum of their standard deviations, sugges than any of the other methods in more than 50% of cases for all
that both methods have similar performance according to ¢hesquality measures (except for the AUC comparison with ENETL).
measures.
Estimated Hyperparameters and Sensitivity to
Comparison of Loreta, Elastic Net, Lasso Fusion and Sparsity Levels
SSBL Solutions One key point of this study is to test the ability of the
Figure 6 shows the simulated and estimated solutions usingroposed algorithm to correctly learn adequate values of the
LORETA, ENETL, LASSO-Fusion, ENET-SSBL and ELASS@yperparameters, and at the same time, check if the estimated
SSBL in the same style askigure 4 In this case, the average hyperparameters e ectively control the sparsity level of the
and standard deviation maps across 100 trials are shown only fsolutions. InFigure 9we show the time evolution of the average
the rstsimulated con guration. The std maps are normalizeg b (curves) and standard deviation (error bars) of the lodarit
the maximum of the matching mean map, to better show thosef the two hyperparameters ENET-SSBL, the two regularization
regions with high variability, which usually correspond teet parameters of ENETL and the regularization parameters of
regular appearance of spurious sources. In general, the proposedsso Fussion and LORETA. The regularization parameters
methods show the lowest variability and smaller regionsighh were found automatically by cross-validation performed by
variance -unrelated to true sources- than all other testethods the GLMNET toolbox. It is interesting to see that only the
(especially in the sparsdg). learned hyperparameters of ENET-SSBL, which are optimized
Figure 7shows the corresponding time evolution of the meanfor each time separately, closely follows the level of spawsity
(curves) and std (error bars) of activations of voxels bgingto  the simulated solution (red curve); LORETA shows changes of
the di erent patches. In this case, we left the curves to shasv ththe variance of the parameter, but LASSO Fusion and ENETL
scale of estimated solutions, in order to compare among dnére give very similar values for all time points (i.e., di erenvéds
methods. Note that the estimation of the M patch is considtent of sparsity). The level of sparsity was computed as 1 minus
biased with all methods, although the ve narrow Gaussiarspal the L1 norm of the solution in each time point, normalized
are clearly distinguished. by the maximum value along time. For visualization purposes,
Consequently, we computed the quality measures EMD, DLEhe curves was adjusted to t in the same range of the
AUC and F1-Score for all trials of Simulation Bigure 8 shows hyperparameters/regularization parameters shown in eachlpane
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FIGURE 4 | Simulated and estimated spatial maps with SSBL algorithm fathe two proposed models ENET and ELASSO. Inverse solutionsif a typical trial of each
of the 4 simulated con gurations (Sim1, Sim2, Sim3, and Sim4at three time points with different sparsity. Bipolar colomap shows the solution within a window of
the maximum absolute value, gray color corresponds to zeroalues. A logarithmic scale has been set for a better visuaéiion.
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FIGURE 5 | Estimated temporal courses with SSBL algorithm for the two pposed models ENET and ELASSO. The curves show the normaéid temporal courses of
the average activation across all voxels belonging to eachfahe three simulated spatial patches: Occipital (yellow}emporal Lobe (blue), and Motor (red). These
correspond to the same typical trials ag-igure 4, for each of the 4 simulated con gurations (Sim1, Sim2, Sim3and Sim4).

TABLE 2 | Mean and standard deviation of the quality measures Earth Me@r's Distance (EMD), Distance Localization Error (DLE)ie& Under receiver operating Curve
(AUC), and F1-Score (F1), across 100 trials, at time pointd D 0 ms, t2 D 280 ms, and t3 D 375 ms of Simulations 1, 2, 3, and 4, for both algorithms ENEBSBL and
ELASSO-SSBL.

Simulation 1 Simulation 2 Simulation 3 Simulation 4

ENET-SSBL ELASSO-SSBL ENET-SSBL ELASSO-SSBL ENET-SSBL EL ASSO-SSBL ENET-SSBL ELASSO-SSBL

EMD t1 176 50.1 170.6 38 156 58.1 105.3 49.1 186.8 46.5 192  40.3 138.8 54.2 909 26.1
t2 124.1 427 125.2 46.9 136.4 69.2 110.7 52.7 122.8 55.1 1245 55.8 136.8 73.9 1116 458

t3 143.6 55.9 142.2 56.3 1469 68.6 1186 52 143.6 55.8 149.3 57.1 153.6 82.2 117.7 61

DLE t1 1.77 0.43 148 0.42 278 0.6 273 071 2.06 0.78 2.03 0.86 281 0.64 3.24 0.59

t2 3.03 0.86 292 0.93 3.77 0.97 3.76  1.09 3.45 0.98 3.19 0.89 42 1.09 4.13 1.09

t3 2.09 0.99 19 112 3.21 1.08 283 1.34 257 132 241 132 3.96 1.39 3.85 1.69

AUC t1 939 1 94.1 0.7 91 14 914 1.2 928 1.4 93.1 14 915 1.1 914 1.3

t2 90.1 29 90.2 35 86.6 5.6 85.8 5.9 88.6 4.1 89 35 859 4.2 853 4.9

t3 93.7 43 939 39 90.2 45 899 6.1 936 3.6 93.7 43 90.7 3.8 90.6 5.4

F1 t1 615 10.2 676 7.3 352 142 38.1 14.1 60.7 9.8 67.3 6.5 373 14 40.2 123
t2 37.8 16.8 40 19.4 283 175 254 18 375 175 38.8 20 26.2 175 244 185

t3 50.7 20.1 50.8 25.1 34.1 18 36.4 195 54 227 56.4 23.8 356 17 374 176

Best results between ENET-SSBL and ELASSO-SSBL algorithms are highligl in bold,

while the best results among all simulations (along rows) arenderlined.
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FIGURE 6 | Simulated ( rst row) and estimated spatial maps with the diffrent inverse methods. Each rectangle shows the mean (Uppgpart) and the standard
deviation (Lower part) maps across 100 trials for the rst simlated con guration (Sim1), at the three time points of interst corresponding to different sparsity
scenarios. Bipolar color map shows the solution within a witdlow of ~ the maximum absolute value, gray color corresponds to zeroalues. A logarithmic scale has
been set for a better visualization.
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of the simulated sources without normalization. Interagty,

all methods are able to resemble the change in sparsity of the
simulation along time, although the ELASSO-SSBL solutions
showed consistently closer values to the true ones amonthal o
methods.

ENET-SSBL

Real Data Study of a Visual Attention

Experiment

EEG recordings using 30 electrodes (sampling frequency 8 H
were gathered from right-handed healthy subjects in a Visua
attention experiment devoted to study attentional modwdatdf
early visual evoked potential, as explained\itakeig et al., 1999,
2004; Makeig, 2002Briey, a sequence of geometric gures
is presented as stimulus where the xation point is de ned as
a cross and the subjects are requested to discriminate when
a speci c con guration appears in the attended location, by
means of the physical action of pressing a button. The ethical
clearance of this experiment was guaranteed by the O ce of
Naval Research according to the authors in the original paper
(Makeig et al., 1999The EEG recorded the brain activity for 25
to 75 repetitions of the stimulus, in 80 subjects, during al8rsg
time window (1s pre-stimulus and 2 s post-stimulus). Then, it
is averaged over repetitions to cancel the background asmijl
activity. Figure 11 shows the 30 electrode's voltage time series
(384 time points) of the Grand Average (average across gapjec
Visual Evoked Potential, marking the stimulus onset (A) ahd t
two time instants selected to compute the inverse solutibhese
corresponded to the global maximum negative peak (B: 281 ms
post-stimulus) and global maximum positive peak (C: 430 ms
post-stimulus). The median reaction times (i.e., when tHgects
pressed a button) was about 350 ms.

To compute the ELF, we used an MNI standard brain
and head model, de ning a grid of 3244 generators (voxels)
within the volume of the gray matter, the brainstem and the
thalamus. The solutions were obtained by using the three
orthogonal components of the Lead Field (three degrees of

0 0.2 0.4 0.6 0.8 1

0 0.2 0.4 0.6 0.8 1
LORETA

0 0.2 0.4 0.6 0.8 1
time(s)

[~ Temporal Lobe — Motor  Occipital|

FIGURE 7 | Estimated temporal courses with the different source loc#ation
methods for the rst simulated con guration. The temporal couses
correspond to the average activation across all voxels betwing to each of the

three simulated spatial patches: Occipital (yellow), Tengpal Lobe (blue) and
Motor (red). The mean curves and standard deviation (erroralos) across all
trials are shown (without normalization).

freedom), and also the same for the Laplacian matrix. The nal
sources maps were found as the L2 norm of each voxel of
the estimated PCD. The ENET-SSBL and ELASSO-SSBL inverse

solutions were compared with LORETA, one of the most used
and well-studied solution. The results are visualized witk
In the case of ELASSO-SSBL, the corresponding estimategsvaliNeuronic Tomographic Viewer (http://www.neuronicsa.com/)
for the single hyperparameter was 5.180.07. Typically, the using the maximum intensity projection view (i.e., projedin
SSBL algorithm for both methods reached convergence inretou brain activations to three orthogonal planegjigures 12 13
15 iterations, 3.2s (ENET-SSBL) and 4.2s (ELASSO-SSBL) &ow in color scale the solutions estimated with LORETA, ENET
obtaining a single inverse solution, in an Intel Core i5 CRW, SSBL and ELASSO-SSBL for the maximum negative and positive
1.70GHz and 4GB of RAM memory. peak potentials (B and C time points, as marked-igure 11),

We nally compute the real sparsity level of estimatedrespectively.
solutions with the di erent methods and compare it with that  Solutions for the ENETL and for the LASSO Fusion models
of the simulated PCD in Simulation IFigure 10 shows the were also estimated with the MM algorithnkigure 14 is a
time evolution of the average L1 norms across the 100 trifals eeproduction of Figure 3 inVega-Hernandez et al. (2008)
solutions for the di erent methods, together with that of the and shows the ENETL solution with a set of regularization
simulated solution (dashed curve). In this case, the L1 nornparameters, whereis chosen via GCV for di erent xed values
measures the level of activation, since it is usually mingdi of (0.1;0.01;0.001). These values correspond to di erentsatio
for sparse solutions, (i.e., it is an inverse measure of dparsi between regularization parameters€ 1 D (1 )= ) from 9
and allows an easier relative comparison with the activagerl  (low sparsity) to 999 (high sparsity).

Frontiers in Neuroscience | www.frontiersin.org 13 November 2017 | Volume 11 | Article 635


http://www.neuronicsa.com/
https://www.frontiersin.org/journals/neuroscience
https://www.frontiersin.org
https://www.frontiersin.org/journals/neuroscience#articles

Paz-Linares et al. Bayesian ENET/ELASSO EEG Source Imaging

EMD AUC
P”““ﬂ. ‘f“[ Vi“’f“ e ] h }“‘ ,"‘H’{r

YN A

\k \‘\nh‘ \J;“ /V N A “,W"'\\,ﬂ‘ Pl

i, (Y fl n

% '¢ r“\ s ¢ | I\W nr
| [ Nl

f
500 /J“x /ﬁ\ v ’,\ 1 s J\q
b : / vV -
a0 1/ Ao’y f

Vs
300 \ f

200 O W

70 | rf‘. Il

0 0.2 0.4 0.6 0.8 1

s"fv\‘ i b
50 ), i M {& v M
fi b ?5/ o PN
T W

Y N
30

0 0.2 0.4 0.6 0.8 1
time(s) time(s)
[~LORETA — ENETL LASSO Fusion — ENET-SSBL — ELASSO-SSBL]

FIGURE 8 | Mean curves along time of the quality measures Earth MoverBistance (EMD), Distance Localization Error (DLE), areader receiver operating curve
(AUC), and F1-Score, across 100 trials of Simulation 1 fromstéimated solutions with LORETA, ENETL, LASSO Fusion, ENESEBL, and ELASSO-SSBL.

DISCUSSION parameters level. This is done through the introduction of a

. . new hyperparameter | which implicitly impose the spatial
Analysis of the Algorithms ENET-SSBL and correlation structure among the parameters. This approxiorati
ELASSO-SSBL allows to perform variable selection and learning of the
The Bayesian formulation of the ENET model proposed herﬁyperparameters by means of Empirical Bayes in ELASSO
is similar to Li and Lin (2010) and allows variable selection model, which has not been previously reported in the literature
using the second level of inference for hyperparametersilearn |nterestingly, this approximation might be related to others
Distinctively, we reformulate the hyperparameters as a scalfat has been used in the Bayesian context -such as those in
factor (1) of the parameters variances and the truncationvariational Bayes and Mean Field approximatidrigton et al.,
coe cient (K) of the Truncated Gammadf that intervenes in - 2007: Trujillo-Barreto et al., 20p8-while it could also be seen
variable selection. This allows the application of the Emplric as a local ENET approximation of the ELASSO penalty. This
Bayes procedure to estimate parameters and hyperparametgigeresting relationship and its possible algorithmic kelece
within an iterative coordinate descent algorithm, similes  should be explored in future studies.
the original RVM (Tipping, 2001; Wipf and Nagarajan, 2009 One interesting theoretical result in this work is that both
With this result, we avoid the Double Shrinkage Problem ofENET and ELASSO models can be expressed as particular cases
the classical ENETLZpu and Hastie, 2005; Vega-Hernandezof combined Normal/Laplace priors. Therefore, our algoritemi
et al,, 200pand the use of computationally intensive MC/EM approach might be useful for many other models (including
algorithms Kyung etal., 2010; Liand Lin, 201Di erently from  Group LASSO, Smooth LASSO, combinations of ENET and
the original RVM, here the hyperparameters; (k) controls the  E| ASSO, and others). Some of them have been tackled in the

global degree of sparsity, whileacts in variable selection over Bayesian Approach, but only using MC/EM algorithms.
voxels individually. A possible extension of our algorithoutd

be derived from assuming di erent values of the hyperparanseterAnalysis of Simulations
over individual voxels or groups of voxels (region of intéye®  We tested the performance of the proposed methods in a
impose a variable degree of spatial sparsity. simulated scenario where activations were not completelgsspa
Our Bayesian formulation of the ELASSO modgb(valski in space nor completely smooth in time, thus challenging the
and Torrésani, 2009bpursues a similar constraint of spatial assumptions of the models and exploring their capacity to adapt
sparsity and temporal smoothness in the parameters matrix as non-ideal conditions. We also use a completely di erent brain
previous works laufe et al., 2008; Ou et al., 2009; Gramfortand head model (based on the Lead Field of di erent subjects)
et al., 201 However, this model represents a non-separabléor simulating the data and reconstructing the PCD, avoiding
Markov Random Field in the spatial dimension of parametersnverse crime in more unfavorable conditions than the repart
(Kindermann and Snell, 1980; Murphy, 2Q1that can be before in the literature. Finally, we have added noise in both
reorganized into a Normal/Laplace hierarchical model at thehe level of sources and sensors, as have been suggested in the
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TABLE 3 | Mean and standard deviation across trials of the quality mesures Earth Movers Distance (EMD), Distance Localizationrer (DLE), Area Under receiver
operating Curve (AUC), and F1-Score (F1) at the time pointd D 0 ms, t2 D 280ms, and t3 D 375 ms for all studied methods.

ENET-SSBL ELASSO-SSBL ENETL LASSO Fusion LORETA
(A) RESULTS ACROSS THE 100 TRIALS OF SIMULATION 1
EMD t1 176 50.1 170.6 38 249.2 139.2 259.2 1312 458.3 86.8
t2 1241 427 125.2 46.9 165.8 137.9 170.3 124 2528 844
t3 143.6 55.9 142.2 56.3 231.1 1833 2354 158.2 360.3 14438
DLE t1 1.77 0.43 148 0.42 234 0.73 251 0.63 474 081
t2 3.03 0.86 292 0.93 3.67 134 3.83 132 49 1.06
t3 2.09 0.99 19 112 337 12 337 114 433 1.08
AUC t1 939 1 94.1 0.7 922 21 914 2 846 28
2 90.1 29 90.2 35 853 8 854 7.7 745 9.2
t3 93.7 43 939 39 88.3 9.9 88 10.1 788 12
F1 t1 615 10.2 676 7.3 422 143 375 141 30.8 135
2 37.8 16.8 40 19.4 335 185 36 16.7 313 209
t3 50.7 201 50.8 25.1 424 147 429 143 46.8 10.1
(B) RESULTS ACROSS THE 100 TRIALS OF RANDOMIZED SIMULATION
EMD t1 158.2 727 146.5 545 240.6 139.3 2395 1424 369.8 133.8
t2 116 58 109.8 521 161.6 98.4 160.4 954 207.4 1051
t3 105.6 61.8 104.8 58.2 161.9 1014 167.1 102.1 181.8 82.6
DLE t1 272 123 253 117 3.87 1.63 4.07 1.65 5.07 221
t2 412 1.86 3.93 147 5.61 2.03 544 2.03 6.24 229
t3 352 182 353 1.86 551 272 5.65 272 555 3.33
AUC t1 93.2 4.4 935 43 924 4 923 4 86.8 6.8
t2 86.7 10.2 878 7.2 83.7 10.6 84 1038 771 119
t3 925 5.6 924 6 89.6 10 89.9 104 85.2 143
F1 t1 48.2 154 49.4 15.2 459 15.8 457 15.8 458 13.2
t2 375 16 36.8 16.8 38.7 17 399 16.2 428 14.2
t3 441 185 445 18 46.6 13.1 454 145 48.4 139

Best results among algorithms (along rows) are highlighted in kbl

literature (Haufe et al., 2013; Haufe and Ewald, 20158 there is  theory (Figure 9). We also found a monotonous convergence
no ground truth for the EEG IP, we cannot know if this option pattern of the target likelihood functioh for this solution in
is a more realistic situation or more challenging than typicaa single trial. The estimated values of hyperparameters were
adding of only sensors white noise. Similarly, itis not gagyse sensitive to the time-varying degree of sparsity, so that the
real EEG background signals as only “noiseblfayashi et al., values of the hyperparameters;(and ») behaved consistently
2003; Stephen et al., 2003ince it might carry information with the theory fFigure 9). They are higher when the degree of
about other active sources that can obscure the importanti®s sparsity is higher. Noticeably, in 400 simulations (100 gngith
about the ability to recover controlled real sources. In aage, SNR of 6dB for 4 di erent combinations of the three sources
using both sources of noise is not modeled directly by anyeft across hemispheres), the learning procedure of the proposed
methods studied here, thus becoming an additional chaliog  algorithm showed to be very robust, showing low standard
the reconstruction. We also here always reported resul@@ingtl  deviation values in all time points. This is a very promising
from 100 repetitions with di erent noise in every spatio-tempbr property -given that the EEG IP is also a very ill-conditioned
con guration, for avoiding bias in interpretation due to amdom  problem- and it should thus be more thoroughly explored in
“good” choice of the simulated noise. future studies. On the other hand, the ELASSO-SSBL was also
In the analysis of our simulations, on one hand, ENET-consistent with the theory, showing a monotonous conveogen
SSBL was able to recover spatially patch-wise smooth sodutiopattern. In Figure 4, the maps of ENET-SSBL and ELASSO-
(Figures 4 6), by accordingly tuning the degree of sparsitySSBL obtained for a typical trial (ranking in the median of
through the values of the hyperparameters, consistently vaigh t the quality measures) are very similar, with the latter being
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TABLE 4 | Statistical comparison of quality measures among all invee methods, across all 100 trials at every time point for the 4imulated con gurations, using the
non-parametric rank test.

ENET-SSBL ELASSO-SSBL ENETL LASSO Fusion LORETA ENET-SSBL ELASSO-SSBL ENETL LASSO Fusion LORETA

EMD DLE
ENET-SSBL - 2.1 69.8 69.7 90.2 - 15 87.1 88.9 97.5
ELASSO-SSBL 49.8 - 77.61 79.9 92.2 39.7 - 90.4 91.7 99.3
ENETL 2.6 0.1 - 0.1 85.3 1.9 0.4 - 4.6 86.7
LASSO Fusion 2.0 0.2 0.3 - 84.8 2.1 0.4 0 - 82.3
LORETA 14 0.1 0 0.1 - 0 0 0 0.124 -
AUC F1-Score
ENET-SSBL - 3.2 81.6 82.1 100 - 0 455 51.0 45.1
ELASSO-SSBL 41.2 - 85.7 85.7 100 46.6 - 58.5 66.7 57.3
ENETL 16 0.1 - 6.1 100 21.0 14.9 - 13.7 26.7
LASSO Fusion 11 0.2 0.2 - 100 14.2 9.0 0 - 19.2
LORETA 0 0 0 0 - 36.7 29.6 44.2 51.5 -

Each cell shows the percentage in which the method in the row signi canyl outperforms the method in the column across all 804 (201 4) cases. Highest percentages along each
column are highlighted in bold to show easily show the best algorithm.
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FIGURE 9 | Hyperparameters estimates with the different source locedation methods for the four simulated con guration. Blue caves represent the mean temporal
behavior and standard deviation (error bars) across 400 &is of the logarithmic values of estimated hyperparameterwith the different methods. These values were
found with the ENET-SSBL algorithms and GLMNET toolbox by geeralized cross validation. The red trace corresponds to #thnormalized sparsity level along time,
i.e., the percentage of non-active voxels in the simulatian

slightly sparser in some of the simulations. The average time The proposed methods were also compared in average with
courses of the reconstructed sources in voxels belonging those estimated with the known methods LORETA, ENETL and
simulated patches were similar to the original simulatedspne LASSO Fusion Hunter and Li, 2005; Sanchez-Bornot et al.,
but much noisier Figure 5. The occipital source seemed to 2008; Vega-Hernandez et al., 200Bhis was illustrated for the

be easier to recover, while the motor one was mostly absentst simulated con guration, which is challenging as allrdée

and it was very di cult to estimate its amplitude with either sources are active in the same hemisph&igure 6). LORETA
method. showed the smoothest average maps, also with higher variance
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FIGURE 10 | Temporal behavior of the average activation level (i.e., kriorm) of simulated (dashed) and estimated solutions witthe different methods. These curves
are obtained from averaging all 100 trials of Simulation 1. Buse the L1-norm as a measure of activation (since sparsitg related to its minimization), therefore those
curves better resembling the curve of the simulated solutiocan be interpreted to represent solutions with a more sinak level of sparsity to the sparsity of true sources.

to recover, while the other two smaller patches are systeaibti
underestimated by all methods. As expected, LORETA was the
solution that o ered the more biased estimation, althoughtwi

the lowest variance in all patches.

A more general comparison in performance of the solutions
was done using the quality measures kigure 8 showing
that ENET-SSBL and ELASSO-SSBL had smaller distances
(EMD and DLE) and higher performance measures (AUC
and Fl-score) than ENETL, LASSO Fusion and LORETA.
Quantitatively, ELASSO-SSBL and ENET-SSBL have similar
results, but they both outperforms LORETA, ENETL, and
LASSO Fusion, consistently along all di erent sparsity scesar
(Table 3. ELASSO-SSBL gives the best results for all time points
in almost all measures (highlighted in bold Trable 3A). In the
case of randomized simulation§gble 3B, LORETA showed the
highest F1 score for those time points where only one or two
sources were active with small amplitude. As these values are
computed using the optimal threshold for each solution, thds c
be due to very low optimal thresholds that allow a very highatiec
for LORETA thanks to its smooth behavidB(adley et al., 20)6
However, these di erences are not likely to be signi cant sittee
standard deviation of F1-score is very high. The signi caah-
in all regions not involving real activations, which suggeagat parametric comparisons between all pair of methods according
spurious sources are regularly shown by this solution. In théo all quality measuresTable 4 showed that ELASSO-SSBL is
case of ENETL and LASSO Fusion, the solutions were able bgtter than all other regularization methods in more thareth
recover the large patches (O and M) but missed the smalléx0% of all simulation cases. Particularly, DLE and AUC values
patch “TL” in the left hemisphere. ENET-SSBL and ELASSOsf ELASSO-SSBL are signi cantly better than those of theioth
SSBL did recover all sources better, although showing aehighregularization methods (ENETL, LASSO Fusion, LORETA) in
variance except in the sparser situation occurringtzit The more than 85%, while it is signi cantly worst in less than 1% of
non-normalized average time courses for the voxels betangi the cases.
to the three simulated patcheEBiure 7) showed again that the If we compare the two proposed models, we will nd
amplitude of the occipital patch (the largest in extension)isier that in general ELASSO-SSBL performed slightly better than

FIGURE 11 | Time series of the Visual Evoked Potential for all electrodeA,
Reference time point{ D 0 ms) of stimulus onset. B, Global negative maximum
potential ¢ D 281 ms). C, Global positive maximum potentialt(©® 430 ms).
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FIGURE 12 | Maximum intensity projection of the PCD estimated with FIGURE 13 | Maximum intensity projection of the PCD estimated with
LORETA, ENET-SSBL, and ELASSO-SSBL, at the global negativeaximum LORETA, ENET-SSBL, and ELASSO-SSBL, at the global positiveaximum
potential (time B inFigure 9). The three orthogonal planes are the coronal potential (time C inFigure 9). The three orthogonal planes are the coronal
(left), axial (center) and sagittal (right) views. R, L, Askand for Right, Left, (left), axial (center) and sagittal (right) views. R, L, Askand for Right, Left,
Anterior, Posterior, respectively. Anterior, Posterior, respectively.

ENET-SSBL Kigure 8 and Tables 2 3), which might be due together with the use of a completely di erent ELF to avoid the
to a better recover of the spatial extension of the simulatetinverse crime,” the use of both physiological and sensors noise
patches. However, this dierence is signi cant in about 40%sources and of simulations that do not follow the assumptiohs
of the simulation casesTéble 4, which means that there are our models, would suggest that the Empirical Bayes algoritiim f
many scenarios where they give similar results. This mighthe models proposed here is very robust to many of the typical
be interpreted as a higher performance of the spatio-tempordactors that in uence practical ESI, thus becoming a prongsin
assumptions in ELASSO-SSBL, which is able to adapt toethod to realistic experimental situations.
an adequate degree of sparsity by means of incorporating This robustness might be closely related to the e cacy in
information of the spatial patches across all time points iffite t adequately estimating the hyperparameters of the model,twhic
estimates of the regularization parameter. controls the levels of spatial sparsity and temporal smoothnes
Finally, computation times were similar in ENET-SSBL and~igure 9shows that the hyperparameters learned by ENET-SSBL
ELASSO-SSBL, but the latter is more memory demandinglosely follows the level of sparsity of the simulated sohgidhe
because the estimation of the hyperparameter depends astimated regularization parameters with LORETRiglre 9)
parameters of the whole spatio-temporal map. Convergencaso showed some correlation with the level of sparsity, ésihec
was reached around 30 iterations of explicit estimators fofor its variance, but smaller than the correlation showed by
a computational complexity o® N2 (N is the number of ENET-SSBL. Regularization parameters for ENETL and LASSO
electrodes). Although we did not use the MCMC algorithm forFusion did not show sensitivity to the changes in sparsityictvh
our simulations, other studies in the literature report tithese could be explained by a wrong selection of the appropriate range
methods take about 10 or 100 thousand iterations to convergéor these parameters in the heuristic GCV procedure used for its
(Jun et al., 2005, 2008; Nummenmaa et al., 2007; Li and Liestimation. Importantly, all methods showed in average & ver
2010. The cost of MCMC in the EEG Inverse Problem issimilar pattern of the level of activation of their solutions
determined by the Gibbs Sampler of the parameters posterighat of the simulated sources along time poirfsgure 10. This
distribution, that amounts td & (Sis the number of spatial would contradict the logical suggestion that a correctérg of
generators). the hyperparameters (i.e., following the sparsity of real sesiy
The contrast between the superiority of ELASSO-SSBL ileads to estimate solutions with similar sparsity. In thiseave
these general result$gble 4 and the less evident superiority in found that the level of activation for ENETL, LASSO Fusiod an
previous gures can be explained by the use of more challengingNET-SSBL were similar in average. However, ELASSO-SSBL
situations and time points for presenting the rst results.ath showed the smallest L1-norm of activated sources (highesptet
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most intense, but the centro-parietal one in the motor cortex
(Brodmann area 4). The solution with the ELASSO-SSBL method
was the sparsest, showing only the main source in the righttis
area and a secondary centro-parietal activation (motoregrt
Results from ENET-SSBL and ELASSO-SSBL are more consistent
with the neurophysiology of visual attention where pre-motor
activations in the occipital visual areas explain the proogssi

of visual information, while secondary activations in thetor
cortex are also expected related to the physical respéfisgs(d

and Anllo-Vento, 1998; Di Russo et al., 2001

A great similarity between ENET-SSBL and ENETL solutions
can be seen in the case when the ratio between regularization
parameters in the latter is 99, while the hyperparameters are
learned in the former (sefeigures 12 14). Although preliminary,
this suggests that the learning strategy might be an e eatiag
to nd optimal intermediate levels of sparsity in real scermsti
It would also be very useful since learning the hyperparameter
would o er a direct and justi ed way of estimating its optimal
value without the need of using heuristic methods and heavy
statistical post-processing as rega-Hernandez et al. (2008)
This is especially important in the case of ENET, since it dosta
two regularization parameters leading to a bi-dimensional
search space and the corresponding high computational
burden.

On the other hand, the ELASSO-SSBL solution distinguishes
from the very sparse but scattered LASSO Fusion solution
(Figure 14. Encouragingly, this suggests that with ELASSO-
SSBL the degree of sparsity can be adapted to show a few small

FIGURE 14 | Maximum intensity projection of the PCD estimated with ENHT activated .regic.)ns inSt.e.ad of many pOim sources, which iséutl
(using different ratio between regularization parameteysind LASSO Fusion at more realistic in cognitive experiments.
the global negative maximum potential (time B iffigure 9). The three The inverse solutions in the later positive peak (time C in
orthogonal planes are the coronal (left), axial (center) disagittal (right) views. Figure 11) showed similar patterns as those computed in the
R, L, A, P. stand for Right, Left., Anterior, F?osterior, resp,em/ely. This gureis a negative peak with occipital and parieto-temporal activations
reproduction of results shown inFigure 3 in Vega-Hernandez et al. (2008) . . B .
(Figure 13. Again, this is in agreement with research on the
neurological foundations of the visual evoked potentialsyshg
that late positive potentials can be related to processinglarot
of sparsity) along all-time points and it was also the closetit¢  cognitive aspects of visual information and attention, adl we
real level of sparsity of the true simulation, resemblingshape as post-motor responses, whose sources are likely to be found
along all time points. This resultis very interesting as thisthod  in the superior anterior temporal lobeMakeig et al., 1999,
uses only one hyperparameter to control the level of sparsity fa2004; Bonner and Price, 2013However, in this case the three
all time points simultaneously. As expected, LORETA showed th@ethods did not agree in the location of the main source. Yet
lowest sparsity along space/time, which usually conveysdsie ¢ very spread, LORETA solution showed the maximum activity in

of introducing spurious sources. the superior temporal cortex (Brodmann area 43) and secondary
_ activations in occipital, frontal and parietal areas, beingudt
Analysis of Real Data to decide which is relevantly separated from the main adtivat

In the analysis of real data, the maximum of the estimatedi erently, ENET-SSBL and ELASSO-SSBL found the maximum
solution with the three methods (LORETA, ENET-SSBL andictivity in the anterior temporal lobe (Brodmann area 21).
ELASSO-SSBL) in the negative peak (time Brigure 11), is ENET-SSBL showed again a similar solution as LORETA with a
located in the occipital area of the right hemisphere (Brodman better trade-o between sparsity and smoothness, which would
area 19), that corresponds to the visual cortéig@re 12. allow to identify di erent sources. The ELASSO-SSBL sotutio
As expected, LORETA is the most disperse solution, suds the sparsest again, clearly separating two PCD sources. The
that secondary activities appear not only in occipital areasnaximum activity was located in the superior gyrus of the
but also in the superior temporal cortex. ENET-SSBL showednterior temporal lobe and the secondary activation in the
similar solutions than LORETA, but less disperse, such thaiccipital area. Again, sources were not scattered focaladicths

the secondary activities in temporal, frontal and centroiptl  but well-localized smooth patches of activations. It seenas t
areas can be distinguished among them. Contrary to LORETAhe ELASSO-SSBL applied to just one time instant (i.e., without
the secondary activation in the temporal cortex was not théemporal information) does not behave simply like the LASSO
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model (Laplace prior), but it is able to nd intermediate ETHICS STATEMENT
levels of spatial group sparsity. More comprehensive studies o )
are needed to completely characterize the performance dihe dataused inthis paperwas taken frofakeig etal. (1999)t

this model with the proposed sparse Bayesian Learnini§ available atthe website http://sccn.ucsd.edu/eeglabitad/
algorithm. eeglab_data.set

CONCLUSIONS AUTHOR CONTRIBUTIONS

In this work we introduced a Bayesian formulation of DP-L: Mathematical formulation of the Elastic Net and Hiti
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and explore di erent sparsity scenarios. The quality measure@n the EEG IP theory. Advising on Sparsity Regularization
used in this work were also found from the non-thresholdedtechniques in the context of Tikhonov Regularization and Spar
solutions to avoid the in uence of arbitrary post-processing Bayesian Learning. Guide in the mathematical issues ofsgaye
Proper methods for a statistically founded thresholding andnodels and Empirical Bayes. Proposal of the Bayesian Analysis of
a more careful evaluation of the Bayesian estimator will b&he Elitits Lasso. Guide in developing the algorithms ENESBE

the subject of future developments with these models. I@nd ELASSO-SSBL. Analysis of the Results.

a real EEG study with a visual attention experiment, our
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