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Estimating Propensity Parameters
Using Google PageRank and Genetic
Algorithms

David Murrugarra *, Jacob Miller and Alex N. Mueller

Department of Mathematics, University of Kentucky, Lexirtgn, KY, USA

Stochastic Boolean networks, or more generally, stochasti discrete networks, are
an important class of computational models for molecular iteraction networks. The
stochasticity stems from the updating schedule. Standard pdating schedules include
the synchronous update, where all the nodes are updated at th same time, and the
asynchronous update where a random node is updated at each tne step. The former
produces a deterministic dynamics while the latter a stochstic dynamics. A more
general stochastic setting considers propensity parametes for updating each node.
Stochastic Discrete Dynamical Systems (SDDS) are a modegjframework that considers
two propensity parameters for updating each node and uses oa when the update
has a positive impact on the variable, that is, when the updat causes the variable to
increase its value, and uses the other when the update has a mmtive impact, that
is, when the update causes it to decrease its value. This fraework offers additional
features for simulations but also adds a complexity in paraeter estimation of the
propensities. This paper presents a method for estimatinghie propensity parameters
for SDDS. The method is based on adding noise to the system usg the Google
PageRank approach to make the system ergodic and thus guaraieeing the existence
of a stationary distribution. Then with the use of a genetic lgorithm, the propensity
parameters are estimated. Approximation techniques that mke the search algorithms
ef cient are also presented and Matlab/Octave code to test he algorithms are available
at http://www.ms.uky.edu/ dmu228/GeneticAlg/Code.html.

Keywords: Boolean networks, stochastic systems, propensit
genetic algorithms, stationary distribution

y parameters, Markov chains, Google PageRank,

1. INTRODUCTION

Mathematical modeling has been widely applied to the studyabiical systems with the goal of
understanding the important properties of the system and towkeuseful predictions about the
system. The type of systems of interest ranges from the mialetw ecological systems. At the
cellular level, gene regulatory networks (GRN) have beamnsktely studied to understand the key
mechanisms that are relevant for cell function. GRNs repregenintricate relationships among
genes, proteins, and other substances that are responsiliteefexpression levels of mRNA and
proteins. The amount of these gene products and their temporépss characterize speci c cell
states or phenotypes/urrugarra and Dimitrova, 2016
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Gene expression is inherently stochastic with randomneg$ie Cartesian product. ADDSin the variablesxs,:::,x, is a
in transcription and translation. This stochasticity is adly  collection ofn triplets
referred to as noise and it is one of the main drivers of i
variability (Raj and van Oudenaarden, 2Q0¥ariability has an F D ffi,p ,pfd‘Dl
important role in cellular functions, and it can be bene cias
well as harmful Kaern et al., 2005; Eldar and Elowitz, 2n10 where
Modeling stochasticity is an important problem in systems f: Sl
biology. Di erent modeling approaches can be found in the
literature. Mathematical models can be broadly divided itvto b ) )
classes: continuous, such as systems of di erential ecqusatind P 'S;he degradation propensity.
discrete, such as Boolean networks and their generalizatidris P .p 2 [0,1]. These are the parameters of interest in this
paper will focus on discrete stochastic methods. The Gillespie paper.
?Lgnciir:l:lg;gillrfjp;ﬁ, t;i?:v?v’oiog\);;o\?vsillld% rsuglz%riijé?ste;hzl:;me stochasticity originates from the propensity parame;érs

. 3y # . .

the space as well as the time are discrete variables. Fongesta @nd p,, which should be interpreted as follows: If there would
Boolean networks (BNs) are a class of computational modefe an activation ofy at the next time step, i.e., 8§, 2 &
in which genes can only be in one of two states: ON or OFFVith 81 <  andxy(t) D sy, andfi(xa(t), 1, X (1)) D , then
BNs and, in general, multistate models, which allow genes t&(tC1) D s with probabilityp, . The degradation probabilitp?z
take on more than two states, have been e ectively used té de ned similarly. SDDS can be represented as a Markov chain
model biological systems such as @&E8-mdm2system fbou- by specifying its transition matrix in the following way. Feach
Jaoudé et al., 2009; Choi et al., 2012; Murrugarra et al.,)201%ariablexi,i D 1,:::,n, the probability of changing its value is
thelacoperon (Veliz-Cuba and Stigler, 20),the yeast cell cycle given by

S is the update function fok;, foralli D 1,:::,n.
p; is the activation propensity.

network (Li et al., 200}, the Th regulatory networkNiendoza, 8 .

2000, A. thaliana (Balleza et al., 20)8and many other 2p, ifx < fi(x),
systems Albert and Othmer, 2003; Davidich and Bornholdt, Prol(x; ! fi(x)) D pf, if xi > fi(x),
2008; Helikar et al., 2008, 2013; Zhang et al., 2008; Saadatpo z 1, ifx D fi(x),
etal., 2011

ways. The earliest approach to introduce stochasticity into

BNs was the asy_nchronous update, Wher(_e a random node is gl p| if x; < fi(x),
updated at eac_h time stefifomas and D'Ari, 1990 Another Prokix;! x)D 1 p#, if x> fi(x),
approach considers update sequences that can change from step > o

to step (ortveit and Reidys, 2007; Saadatpour et al., p(NIOre 1 ifxi D fi().
sophisticated approaches include Probabilistic Boolean bidisv
(PBNs) Shmulevich et al., 20)and their variantsl(ayek et al.,
2009; Liang and Han, 20.ZPBNs consider stochasticity at the \n
function level where each node can use multiple functiong wit ay D Prob(xi ! V). 1)
a switching probability from step to step. SDDB(rugarra iD1

et al., 201pis a simulation framework similar to PBNs but the

key di erence is how the transition probabilities are caldath ~ Notice thatProl{x; ! yi) D Oforally; Zfx;,fi(x)g

SDDS considers two propensity parameters for updating each Then the transition matrix is given by

node. These parameters resemble the propensity probabilities i

the Gillespie algorithm Gillespie, 1977, 20).7This extension AD (ay)xyzs @)

gg’;ss ﬁénggem elxel )lziltt;sol;nu;?g%nef;tlégt?;;igﬁn:fr?él‘\e/e :gogilsﬁThe dynamics of SDDS depends on the transition probabilities
P P prop ¥:1Xy, which depend on the propensity values and the update

parameters. This paper provides a method for computing th(?unctions. Online software to test examples is availabletat/ht

propensity parameter; for SDDS. . . . adam.plantsimlab.org/ (choose Discrete Dynamical Systems
For completeness, in the following subsection, we will de ne

. - . (SDDS) in the model type).
the stochastic framework to be used in remainder of the paper. In Markov chain notation, the transition probabilitgyy D

. p(X: D xjX; 1 D vy) represents the probability of being in state
Stochastic Framework X at time t given that system was in stageat timet 1. If

!n this paper we will focus on the stochastic framewqu . D p(X. D x) represents the probability of being in state
introduced inMurrugarra et al. (2012peferred to as Stochastic . - : .
at timet, then we will assume that is a row vector containing

eD)'jg:lzt;r?%r}ag]gz)?éizsfe?;éigDasn)aTizlsg:]agevzgrkﬂ';za:;: the probabilities of being in stateat timet forallx 2 S If gis
L . pprop ) ufhe initial distribution at timet D 0, then attime D 1,
to model the e ect of intrinsic noise on network dynamics.
. . . X
Consider the discrete variables, :::,x, that can take values 1D o(X)axy- 3)
in nite sets §,:::,S,, respectively. Le6 D § S, be Y

Letx,y 2 S The transition fromx to y is given by

x2S
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If we iterate (Equation 3) and if we get to the point where TABLE 1 | PageRank scores for the states of the attractors of th e system.
X .
Propensities Attractor Score
D (X)axy (4)
x2S In Equation 10 0001110000 0.3346

then we will say that the Markov chain has reached a statipnar® X4 09 1111000101 0.0463

distribution and that is the stationary distribution. In Equation 11 0001110000 0.0199
(genetic algorithm) 1111000101 0.5485
2. M ETHODS The order of variables in each vector state is M, P, B, C, R,;[R A, Am, L, L.

Inthis section we describe a method for estimating the profigns .
parameters for SDDS. The approach is based on adding noigél'_Pa_g_eRank_ Algorithm - .

to the system using the Google PageRafkir{ and Page, Forsimplicity,considera SDDBD ffi,p; ,p; dip  wheref;:S!
2012: Lay, 2012: Murphy, 2018trategy to make the system 3 S D K", andjKj D p. Then its transition matrixA given
ergodic and thus guaranteeing the existence of a stationaff) Equation (2)is g  p" matrix. To introduce noise into the
distribution and then with the use of a genetic algorithm theSySteém we consider the Google Matrix

propensity parameters are estimated. To guarantee the egésten

of a stationary distribution we use a special case of the Rerro GDgAC(1 O9kK, (5)
Frobenius Theorem.

wheregis a constant number in the interval [0, 1] aikdis ap”
p" matrix all of whose columns are the vector=fl, : ::, 1=p").
The matrixG in Equation (5) is a regular matrix and then we can

Theorem 2.1 (Perron-Frobenius)f A is a regular m m
transition matrix withm 2, then

For any initial probability vectorg, limpz A" oD . use Theorem 2.1 to get a stationary distribution @&r
The vector is the unique probability vector which is an
eigenvector & associated with the eigenvalue 1. D ¢D( 1, ) (6)

A proof of Theorem 2.1 can be found in Chapter 10.efy (2012)

Theorem 2.1 ensures a unique stationary distribution This stationary distribution re ects the dynamics of the BB
provided that we have a regular transition matrix, that isame F D ffi,p'i' ,pfd‘D 1. The importance of a statg 2 Scan
power AK contains only strictly positive entries. However, thebe measured by the size of the corresponding entpyin the
transition matrixA of SDDS given in Equation (2) might not be stationary distribution of Equation (6). For instance, fanking
regular. In the following subsection, we use a similar appndac the importance of the states in a Markov chain one can use the
the Google's PageRank algorithm to add noise to the system size of the corresponding entries in the stationary distribnt

obtain a new transition matrix that is regular. We will refer to this entry y as the PageRank scorexof
A PageRank Distribution B PageRank Distribution
750 700 F
200 650
650 600
600 550
550 500
500 450
s
3
§ 0 s
izg 250
200 200
150 150
100 100
50 50 t
0 — 0 .
0 0 1
Score Score
Scores with propensities in Equation 10. Scores with propensities in Equation 11.
FIGURE 1 | PageRank scores before and after the genetic algorit ~ hm. In each panel, thex-axis shows the PageRank scores while the/-axis shows the
frequencies of states with the given scores in thex-axis (the exact scores for the states of interest are givemiTable 1). Left panel shows the PageRank scores where|
all the propensities are equal to 0.9 while the right panel siws the PageRank scores where the propensity parameters whe estimated using the genetic algorithm.
(A) Scores with propensities in Equation (10)B) Scores with propensities in Equation (11).
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2.2. Genetic Algorithm

Algorithm 1 Genetic Algorithm with PageRank.

The entries of the stationary distribution in Equation (6)
can also be interpreted as occupation times for each state.
Thus, it gives the probability of being at a certain state. Now

Require: Functions:F D (f1,:::,f,), number of generations:

NumGen population sizePopSizestates of interesStates
and desired probabilities: D  (Statek

suppose that we start with a desired stationary distributiorensure: Propensity parameterprop

D (4,5, pn). We have developed a genetic algorithm ;.
that initializes a population of random propensity matrices 2:

and searches for a propensity matrprop such that its
stationary distribution

desired stationary distribution . That is, we search for

propensity matrices such that the distance betweesnd is 4:
minimized, 5:
mind( , ) or minj () 0)] (-
PP bR 7:
8:
The pseudocode of this genetic algorithm is given g.
in Algorithm 1 and it has been implemented in 4.
Octave/Matlab and our code can be downloaded 1
from http://www.ms.uky.edu/~dmu228/GeneticAlg/Code. 12:
html. '
13:

2.3. Estimating the Stationary Distribution
14:

The genetic algorithm, Algorithm 1, uses the exact statipna

distribution through PageRank (see Equation 6) which isi5:
computationally expensive for larger models. Here we presenig:
17:

an e cient algorithm for estimating the stationary distriiion
based on a random walk. The expensive part of Algorithm 1 is
the calculation of the stationary distribution in Equation (6).
We have implemented an algorithm for estimating the statigna

distribution by doing a random walk using SDDS as a genegativ 1s:

model; see Algorithm 2. The idea behind Algorithm 2 is to
use SDDS for simulating from an initial state according to

the transition probabilities given in Equation (5). That is, 19:

we initialize the simulation at an initial state 2 S and
then with probability g we move to another statg 2 S
according toayy (see Equation 1) and with probability 1
g we jump to a random node. We repeat this process for a
given number of iterations. At the end of a maximum number

the normalized frequencies will be the approximated statigna
distribution.

To make the genetic algorithm more e cient, we used
the estimated stationary distribution described in the poers
paragraph. Thus, within the tness function of Algorithm 1, we
use the estimated stationary distribution to assess thestn

of the generated propensity matrices. The pseudocode for thiégj
new algorithm is the same as Algorithm 1, the only change is ™
in the tness function. This version of the algorithm has als 3*:
been implemented in Octave/Matlab and our code can be found:

in http://www.ms.uky.edu/~dmu228/GeneticAlg/Code.html.

32:

D ( 1,:::, pn) gets closer to the 3

20:
21:

24:

25:
26:
27:

procedureGENETICGOOGLHF, NumGenPopSize )
PopPropensities initialize a population of propensity
matrices.
[ tnessegnin(PopPropensitids D FITNESSGS00GLEF,
PopPropensities )
foriD 1,... NumGendo
NewPropensities
propensities.
forjD1,... PopSizelo
if rand< tnesse§) then
parentl(j) D PopPropensiti§$
else
paren®(j) D PopPropensiti§$
children= CRossOVEgparentl, paren, mut, )
NewPropensiti§$ D children
[ tnessegnin(NewPropensitigs D
FITNESS500GLHF, NewPropensities )
PopPropensitidd NewPropensities
prop D min(NewPropensitigs
function FITNESSG00GLHF, PopPropensitigs )
foriD 1,..., lengthPopPropensitiggo F For each
propensity rgatrix.
PageRar(, PopPropensiti@3)
for exact distribution, see Equation 6,
3 ESTIMATESTADIST(F, ¢, Numlter, g)
for estimated distribution, see Algorithm 2.
dDd( , ) FWeusedaweighted distance to give
predominance to important states.
tnesse§) D & ¥
return ([ tnessegnin(PopPropensitigs
propensity with minimum tness.

initialize new population of

FKeep

of iterations, we count how often we visited each state andzif function CROSSOVEparent, parene, mut, )

NewProp initialize new propensity matrix.
DivLine D random integer between
lengthfparentl).
foriD 1,..., lengthgarentl) do
if i < DivLine then
NewProfi) D parentl(i)
else
NewProfi) D paren®(i)
if rand < mutthen
NewProfi) D NewProg) C normrand0, ) F
Introduce mutation.
return (NewProp

1 and

RESULTS

We test our methods using two published models that ar@ Boolean network while the second is a multistate model.
appropriate for changing the stationary distribution undereth In both models bistability has been observed but the basin
choice of dierent propensity parameters. The rst model is size of one of the attractors under the synchronous update is
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much larger than the basin of the other attractor, and thusgene regulatory networks. This system is responsible for the
the stationary distribution will be more concentrated in ®n metabolism of lactose in the absence of glucose. This system
of the attractors. We will use our methods to change thexhibits bistability in the sense that the operon can be either

stationary distribution in favor of the attractor with a sif&r  ON or OFF, depending on the presence of the preferred

basin. energy source: glucose. A Boolean network for this systesn ha

Example 2.2Lac-operon network. The lac-operon in been_ developed m/_ellz-Cuba and Stigler (2011This model

E. coli (Jacob and Monod, 199%is one of the best studied considers the following 10 components

A

State space with propensities in Equation 10. State space with propensities in Equation 11.

FIGURE 2 | State space comparison before and after the genetic al gorithm. Left panel shows the state space where all the propensitiesra equal to 0.9 while
the right panel shows the state space with the estimated propnsity parameters using the genetic algorithm. The edges iblue represent the most likely trajectory. The|
size of the labels of the nodes were scaled according to theiPageRank score.(A) State space with propensities in Equation (10)B) State space with propensities in
Equation (11).

A PageRank Distribution B PageRank Distribution
500 300
450 275
400 250
225
350 200
» 300 ‘é 175
3 250 8 150
8 200 125
150 0300 100
0200 75
100
50
2000
50 25 '
0 ol &
0 0 1
Score Score
Scores with propensities in Equation 12. Scores with propensities in Equation 13.

FIGURE 3 | PageRank scores before and after the genetic algorit ~ hm. In each panel, thex-axis shows the PageRank scores while the/-axis shows the
frequencies of states with the given scores in thex-axis (the exact scores for the states of interest are givemiTable 2). Left panel shows the PageRank scores where|
all the propensities were equal to 0.9 while the right panellows the scores where the propensity parameters where estimted using the genetic algorithm. The score
for the state 2000 is 0.6040. (A) Scores with propensities in Equation (12)B) Scores with propensities in Equation (13).
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Algorithm 2 Estimate Stationary Distribution. TABLE 2 | PageRank scores for the states of the attractors of th e system.
Req_uwe: _Funct|ons:F D (1_‘1, 11, fn), propensitiesc, number of Propensities Attractor Score
iterations:Numlter, noiseg.
Ensure: Estimated stationary distribution In Equation 12 2000 0.2772
D EsSTIMATESTADIST(F, c, Numlter, g) (all xed to 0.9) 0200 0.2185
2: return 0300 0.2108
function ESTIMATESTADIST(F, ¢, Numlter, g)
4: distribution initialize frequency vector. In Equation 13 2000 0.6040
s initialize random initial state. (genetic algorithm) 0200 0.0716
6: for i=1,... ,Numlter do 0300 0.00016
if rand < g then The order of variables in each vector state is CCRO, CII, N.
8: y D random state between 1 apd.
else
10: y D SDDSnextstate ¢) selection of parameters, the xed poirgy has a PageRank
distribution(y) D C1 increase state frequency. score of 0.3346 while the other xed poiss has a score of
12: sumD total frequencies. 0.0463, se€igure 1A and Table 1 Then we have applied our
D distributiorrsum genetic algorithm to search for parameters that can incréfase
14: return PageRank score & and decrease the score f After doing
so, we found the propensity parameters given in Equation (11).
With this new set of parameters, the xed poist has a score of
x; D M:lacmRNA, %> D P: lac permease 0.0199 whiles, has a score of 0.5485, d&gure 1Band Table 1
x3 D B: lac -galactosidase x4 D C: CAP, To appreciate the impact of the change in propensity parameters,
x5 D R repressor, X D R repressor at we have plotted the state space of the system with both propensity
medium concentration matrices inFigure 2 The edges in blue iRigure 2represent the
x7 D A: allolactose, xg D Am: allolactose at’ most likely trajectory. Notice that ifrigure 2B the trajectories
medium concentration, are leading toward; and the size of the labels of the nodes were
X9 D L: lactose, x10 D Lm: lactose at medium scaled according to their PageRank scoreTabée 1
concentration,
®)
and the Boolean rules are given by XL X2 X3 Xa X5 X6 X7 X X9 X10
p |09 09 09 09 09 09 09 09 0.9 |0.610)
f,D x4 51 X, pi# 09 09 09 09 09 09 09 09 09 |09
fo D X1,
f3 D Xq,
f4 D Ge, X X X3 Xa X5 X X7 Xg X9 X0
fs D X7 " Xg, ©) p, 10.81 1.00 0.97 0.62 0.11 0.63 0.22 0.82 0.48| 0.60
fe D (X7 " Xg) _ Xs, pl# 0.17 0.59 0.03 0.98 0.39 1.00 0.33 0.07 0.52| 0.06
f7 D Xg” X3, (11)
fg D X9 _ X10,
faDx2" Le” G, Example 2.3 Phage lambda infection.The outcome of phage
fioD ((Lem”™ P) _ Le) ® Ge. lambda infection is another system that has been widelyistud

over the last decade®iashne and Switch, 1992; Thie ry and

where Gg, Lem, and Le are parametersGe and L indicate the  Thomas, 1995; St-Pierre and Endy, 2008; Zeng et al., 2010; Joh
concentration of extracellular glucose and lactose, rés@de.  and Weitz, 201). One of the earliest models that has been
The parameterLey indicates the medium concentration of developed for this system is the logical modelTbye ry and
extracellular lactose. For medium extracellular lactokat ts  Thomas (1995)The regulatory genes considered in this model
whenlem D 1 andLe D O, this system has two xed points: are:Cl, CRQ CIl, andN. Experimental reportseichardt and
s D (0,0,0,1,1,1,0,0,0,0)agdD (1,1,1,1,0,0,0,1,0,1) that Kaiser, 1971; Kourilsky, 1973; Thie ry and Thomas, 1995; St-
represent the state of the operon being OFF and ON, respectivelyierre and Endy, 20Qthave shown that, if the gen@l is fully

To test our method we calculated the stationary distribntio expressed, all other genes are OFF. In the abser@ROprotein,
of the system using Equation (6) withD 0.9 in Equation (5). Clis fully expressed (even in the absencK @indCll). Cl is fully
First we used the propensity values given in Equation (10)epressed provided that CRO is active and Cll is absent.
where all propensities are xed to 0.9. This choice of paranseter This network is a bistable switch between lysis and lysogeny.
approximates the synchronous dynamics in the sense that eatlysis is the state where the phage will be replicated, killirgg th
function has a 90% change of being used during the simulatiorhost. Otherwise, the network will transition to a state edll
and 10% chance of maintaining its current value. Under thidysogeny where the phage will incorporate its DNA into the
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bacterium and become dormant. These cell fate di erenceg haselection of parameters, the xed point 2000 has a PageRank
been attributed to the spontaneous changes in the timing ocore of 0.2772 while the states of the cycle 0200 and 03@0 hav
individual biochemical reaction eventdlfie ry and Thomas, scores of 0.2185 and 0.2108, respectively. Notice thatyhis c
1995; McAdams and Arkin, 19%.7 attractor will have an overall score of 0.4293, ségure 3A

In the model ofThie ry and Thomas (1995)the rstvariable, and Table2 Then we have applied our genetic algorithm to
Cl, has three levelf0, 1, 2} the second variabl&€ RQ has four search for parameters that can increase the PageRank sdbee of
levelsf0, 1,2, 8 and the third and fourth variable€1l and N, xed point 2000 and found the propensity parameters given in
are Boolean. Since the nodes of this model have di erent numbeEquation (13). With this new set of parameters, the xed point
of states, in order to apply our methods, we have extended tH&000 has a score of 0.6040 while the states of the cycle 0200
model so that all nodes have the same number of states. We haaed 0300 have scores of 0.0716 and 0.00016, respectively, see
used the method given ieliz-Cuba et al. (201Gp extend the Figure 3Band Table 2 To appreciate the impact of the change
number of states such that all nodes have 5 states (the methadpropensity parameters, we have plotted the state space of the
for extending requires a prime number for number of states s@ystem with both propensity matrices kigure 4 The edges in
we have chosen 5 states). The method for extending the numbblue in Figure 4represent the most likely trajectory. Notice that
of states preserves the original attractors. The update ffoles in Figure 4Bthe trajectories are leading toward 2000 and the size
this model are available with our code that is freely avéélabhe of the labels of the nodes were scaled according to theirRage
extended model has a steady state, 2000, and a 2-cycleing/olvscore, se&able 2
0200 and 0300. The steady state 2000 represents lysogergy wher
Cl is fully expressed while the other genes are OFF. The cycle Cl CRO ¢l N
between 0200 and 0300 represents lysis wb&®is active and 09 09 09 009 (12)
other genes are repressed.

To test our method we calculated the stationary distribatio 09 09 09 0
of the system using Equation (6) withD 0.9 in Equation (5).
First we used the propensity values given in Equation (12)
where all propensities are xed to 0.9. This choice of paranseter ol CRO chi N
approximates the synchronous dynamics in the sense that each
function has a 90% change of being used during the simulation 1.0000 0 0.4277| 0.7968 (13)
and 10% chance of maintaining its current value. Under this 0.3962| 1.0000| 0.6063| 0.6946

keNk=J

0,0

FIGURE 4 | State space comparison before and after the genetic al gorithm. Left panel shows the state space where all the propensitiesra equal to 0.9 while
the right panel shows the state space with the estimated propnsity parameters using the genetic algorithm. The edges iblue represent the most likely trajectory. The|
size of the labels of the node were scaled according to their &eRank score.(A) State space with propensities in Equation (12)B) State space with propensities in
Equation (13).
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3. DISCUSSION is an extension of Boolean networks that uses propensity
parameters for activation and inhibition. Parameter estiio
Parameter estimation for stochastic models of biologicajechniques are needed whenever one needs to tune the propensit
networks is in general a very hard problem. This paper focusgsarameters of the stochastic system to reproduce a desired
on a class of stochastic discrete models, which is an ertensistationary distribution. For instance, if dealing with astzble
of Boolean networks. The methods presented here use a Wellstem and if it is desired to have the stationary distributibat
stablished approach for introducing noise into a system imave the PageRank score concentrated in one of the attsaofor
a way that ergodicity and thus the existence of a uniqugnhe system, then one needs to estimate the propensity parasneter
stationary distribution is guaranteed. Then a genetic atgm  that represent such a desired distribution. Parameter estima
for calculating a set of parameters able to approximate ghethods for this purpose were not available. In this paper we
desired stationary distribution was developed. Also, tégh@s present a method for estimating propensity parameters given
for approximating the stationary distribution at each itdmat of 3 desired stationary distribution for the system. We tedteel
the genetic algorithm that make the search process more @tie method in one Boolean network with 10 nodes (where the size
was applied. of the state space iS2D 1024) and a multistate network with

One shortcoming of the method is that it is a stochastic4 nodes where each node has 5 states (where the size of the stat
method. Thatis, each time we run the algorithm we geta di érenspace is 2D 625). For each system, we were able to redirect the
result. An exhaustive investigation about the variance h# t system toward the attractor with the smaller PageRank sddére
results is still missing. For the examples that we presentéltein  method is e cient and for the examples we have shown it can be
results section, the output of the algorithm might vary in @bo  run in few seconds in a laptop computer. Our code is available at
20% of the reported propensities. http://www.ms.uky.edu/~dmu228/GeneticAlg/Code.html.

In parameter estimation, sometimes, it is useful to identify
a smaller set of key parameters to estimate. This problem EUTHOR CONTRIBUTIONS
out of the scope of the paper. However, for Boolean network
models, one way to address this problem could be by using treM, JM, and AM designed the project. JM developed the
di erent network reduction algorithms, for instance seé&liz-  genetic algorithm and implemented the Matlab code. AM run
Cuba et al. (2014and Saadatpour et al. (201,0fo identify a  simulations for the results section. DM wrote the paper. All
smaller “core” network that preserves the important featwes authors approved the nal version of the manuscript.
the dynamics of the original network. And then one could apply
the parameter estimation techniques that are described i thEUNDING
paper. This type of approach could be especially useful if dealing
with very large networks where running the genetic algoritis DM was partially funded by a startup fund from the College of
computationally expensive. Arts and Sciences at the University of Kentucky.

4. CONCLUSIONS ACKNOWLEDGMENTS

In this paper we present an e cient method for estimating the The authors thank the reviewers for their insightful comnen
parameters of a stochastic framework. The modeling frameworthat have improved the manuscript.
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