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Defining an appropriate
range of scales for application
of the gradient Richardson
number, with implications for
observations of stratified shear
turbulence at laboratory
and ocean scales

Daniel G. MacDonald1,2* and Louis Goodman2†

1Department of Civil and Environmental Engineering, University of Massachusetts Dartmouth, North
Dartmouth, MA, United States, 2Department of Estuarine and Ocean Science, University of
Massachusetts Dartmouth, North Dartmouth, MA, United States
The Richardson number (Ri) represents the square of the ratio of buoyancy

frequency to vertical shear, and a value less than ¼ has long been recognized

as a necessary condition for the generation of turbulence, particularly at small

scales. At larger scales, it is common to evaluate a bulk Richardson number, (RiB),

with arbitrary values of criticality, generally greater than ¼. Despite the ubiquity of

this concept in modern oceanography, the range of scales over which the critical

value of ¼ is valid has not been well documented. Here, spectral and energetics

arguments are used to identify the primitive shear length scale, lS = ( n�S )
1
2 , where n

is kinematic viscosity and �S is velocity shear, as the fundamental scale for

appropriate scales for a critical value of Ri = ¼. These findings are evaluated

against a variety of data, suggesting that the range 10 ls – 100 ls is an approximate

range of validity for the critical value of ¼. This range is equivalent to 100<Re <

10,000, where Re is a Reynolds number based on thickness and velocity across

the layer. Further data analysis suggests that turbulence persists at values of RiB far

above ¼ in very thick layers (Re > 105), and that turbulence intensity is enhanced

for thin layers (Re< 105). We hypothesize the former is due to the existence of

smaller scale regions within the layer where Ri locally falls below ¼, while the

latter is the result of stratification increasing the ratio of turbulent kinetic energy to

fluid mass. Historically, the value of Re has been considered of minimal relevance

to stratified turbulence in the ocean. However, here we demonstrate the

significance of Re, and suggest a broader view of turbulence within Re-Ri

parameter space. The proposed parameter space may potentially yield new

insights into turbulence closures, particularly at lower Re values, provide a more

rigorous approach to defining critical values of RiB, greatly facilitating

interpretation of observational data, and provide a more rigorous framework for

the use of direct numerical simulation (DNS) results and laboratory experiments of

turbulence to inform geophysical scale dynamics.
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1 Introduction

Turbulence in stratified shear environments is a key aspect of

many oceanographic flows, from deep ocean overflows, such as the

Mediterranean outflow (e.g., Baringer and Price, 1997) or Faroes

Bank overflow (Fer et al., 2010), which are characterized by

stratified-shear layers 100s of meters or more in thickness, to

estuarine and river plume systems (e.g., MacDonald et al., 2007;

Kilcher et al., 2012), with layer thicknesses on the order of meters,

and even salt marsh – tidal flat exchanges (e.g. Carr et al., 2018),

with layers on the order of 10s of cm. Given the importance and

relative complexity of these flows, researchers have long turned to

laboratory experiments (e.g., Ellison and Turner, 1959; Yuan and

Horner-Devine, 2013), and more recently Direct Numerical

Simulations (DNS) (e.g. Shih et al., 2000; Smyth et al., 2001;

Mashayek et al., 2017), for insight into their dynamics.

Turbulence in unbounded stratified-shear environments is

characterized by the presence of gradients in both density and

velocity, generating competing influences towards stability and

instability, respectively, and typically characterized by a

Richardson number, which can be written in general form as:

Ri = N2S−2 (1)

where N = ( − g
ro

∂ r
∂ z )

1
2 is a buoyancy frequency, and S = ∂u

∂ z

represents the vertical shear of horizontal velocity. Here, g is

gravitational acceleration, r is density (with ro a representative

value) and u the horizontal velocity component. Depending on the

vertical resolution associated with both N and S, there are various

interpretations of the Richardson number. At sufficiently small

scales, as noted by Miles (1961) and Howard (1961), the

Richardson number is commonly referred to as a gradient

Richardson number, Rig, for which a value less than or equal to

0.25 is a necessary condition for the generation of instabilities and

turbulence. At larger scales, the Richardson number is often

referred to as a Bulk Richardson number, RiB. Traditionally, a

critical value for RiB higher than ¼ (typically on the order of 0.5 – 1,

or higher) is considered based on observations, but there is no

consensus on an appropriate value and little analytical/theoretical

underpinning for its assessment (e.g., Fong and Geyer, 2001; Pollard

et al., 1973; Price et al., 1986; Nathaniel et al., 2024).

Turbulence in stratified shear environments can be initiated by

the development of vortices, such as Kelvin-Helmholtz (K-H)

billows (Thorpe, 1969), or Holmboe instabilities (e.g., Smyth and

Peltier, 1989; Lawrence et al., 2013; Salehipour et al., 2016a), which
Abbreviations: Ri, A generic representation of the Richardson number, Ri =

N2S−2; Rig, A Richardson number evaluated over scales small enough to satisfy

the critical condition of ¼; RiB, A Richardson number evaluated over scales larger

than the gradient range (see Rig); Re, A Reynolds number evaluated across the

entire thickness of the stratified shear layer; Ret, A Reynolds number evaluated

across the turbulent scales; Reb, The buoyancy Reynolds number, representing

the ratio of Ozmidov to Kolmogorov scales; ReS, A shear Reynolds number; CDi,

An interfacial drag coefficient; Rif, The buoyancy flux, representing the ratio of

buoyancy flux to production in the Turbulent Kinetic Energy Equation; E, The

entrainment coefficient, representing the ratio of entrainment velocity to

bulk velocity.
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subsequently decay to turbulence, as shown in Figure 1. Here, the

fluids at the top and bottom are of constant velocity and density,

and are separated by a stratified-shear layer, of order h in vertical

extent. The entire flow structure is distant from any boundaries.

The outer, or overturning, scale of the K-H process (e.g.,

Figure 1) is related to the Ozmidov scale (e.g. Gregg, 1987), LO =

(eN−3)
1
2 , where e represents the rate of dissipation of turbulent

kinetic energy (TKE). The ratio of the overturning scale to the

Ozmidov scale is a function of the turbulence age (e.g. Smyth et al.,

2001), and is typically of order one (Ferron et al., 1998; MacDonald

et al., 2013) for a fully developed K-H billow, with the ratio of

turbulent to Ozmidov scales decreasing as the turbulence ages

(Wijesekera and Dillon, 1997; Smyth and Moum, 2000).

However, the initiation of instabilities can be triggered at scales

much smaller than the Ozmidov scale, presumably within isolated

regions where the local value of Rig falls below ¼. As turbulence

evolves, energy initially contained within the larger scale overturns

cascades to smaller and smaller eddy sizes until the transfer of

energy is constrained by the conversion of TKE to heat by the fluid

viscosity. These dissipative scales are characterized by the

Kolmogorov scale, h = (n3e−1)
1
4 , where v is the kinematic

viscosity. Similar dissipative processes for scalars (e.g., heat and/

or salinity) occur at the analogous Bachelor scales. For ocean

turbulence, LO ≫ h, and both scales may be fundamentally

different than the shear layer thickness, h, as illustrated in Figure 1.

Because of difficulties in measuring the gradients in (1) precisely

at sufficiently small scales, RiB is often used in analyzing

observational data and ocean model output. Taken across a shear

stratified region with a vertical extent of h (analogous to Figure 1),

RiB can also be written as:

RiB = g 0 h(Du)−2 (2)

where the reduced gravity, g 0 = g Dr
ro
, and the velocity difference, Du,

are representative of changes across the vertical distance h.

Figure 2 shows profiles of density and velocity from the highly

energetic and stratified Merrimack River plume environment (Piffer

Braga et al., 2025), along with a corresponding Richardson number

profile. Note that, as is common in many observational scenarios, a

mismatch exists between vertical resolution of density (~ 1 cm) and

velocity (~25 cm), and thus the resolution of the calculated

Richardson number is driven largely by the least resolved variable

(velocity in this case), with variability driven by the more resolved

variable (e.g. density). Note also that local (i.e., more highly

resolved) values of the Richardson number throughout the layer

can be distinctly different from the mean value of RiB across the

layer (shown by the dotted vertical line), due to inherent variability

in the gradients at smaller scales. In this case, the mean value is

greater than ¼, although much of the region falls below ¼ (at the

resolved scales). Whether either variable in this case is resolved to

an appropriate level such that the calculated Richardson number

can be truly considered a gradient Rig is unknown. Alternatively, all

the values could, in essence, be considered bulk values. In practice,

when considering observational or model-derived data, either a

bulk Richardson number is considered, with reference to an

essentially arbitrary critical value, or the most highly resolved

estimate available is considered a de facto gradient Richardson
frontiersin.org
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number value, without any confirmation of its resolution. Either

approach can result in flawed interpretat ions of the

underlying dynamics.

We have identified the importance of scale for the

interpretation of the Richardson number. Similarly, the

interpretation of other key diagnostic parameters of turbulence

can also be affected by scale. We refer to the layer Reynolds number

as:

Re = Duh=n (3)

while the turbulent Reynolds number is defined as:

Ret = u*l*=n (4)

where u* and l* represent velocity and length scales, respectively,

associated with a turbulent eddy, which may vary in size. If �S

represents the mean shear over the layer, then the root mean square

(rms) turbulent velocity can be estimated as u* =   12
�Sl*, such that

Ret =
1
2
�Sl2*=n. Furthermore, a buoyancy Reynolds number can be

defined as:

Reb = e=nN2 (5)

which is related to the ratio of the Ozmidov scale to the

Kolmogorov scale (Kolmogorov, 1941), and thus represents the
Frontiers in Marine Science 03
dynamic extent of the inertial subrange. By analogy a shear

Reynolds number can be defined as:

ReS = e=nS2 (6)

Note that (Equations 5, 6) could be implemented at any vertical

scale, and often implemented at larger scales in observational

studies (e.g., Delatolas et al., 2023) and at turbulent scales in

modeling studies (e.g. Bartello and Tobias, 2013). By convention,

we will assume that both quantities are taken at the turbulent scale,

unless otherwise noted. It is interesting to note that the ratio of the

shear and buoyancy Reynolds numbers returns a Richardson

number at an appropriate vertical scale:

Ri =
ReS
Reb

(7)

The layer scale and turbulent scales are straightforward to

interpret, particularly with the understanding that a range of

turbulent scales exists between the Ozmidov scale on one end and

the Kolmogorov scale on the other. However, the appropriate scales

for the gradient Richardson number are not clear. On the one hand,

we could ask “how small is ‘small enough’ for a Ri estimate to be

considered a gradient Rig?” More specifically we could focus on the

following questions:
FIGURE 1

Progression of Kelvin-Helmholz billow evolution, from sheared flow (top) through (I) initial perturbation (II) generation of unstable billows and (III)
the collapse to homogeneous turbulence, ultimately resulting in a broadening of the mixed layer (bottom) as the turbulence subsides. Relevant
length, density, and velocity scales, as described in the text, are illustrated on the figure.
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• What is the smallest scale where the critical value of Rig = 1/4

is valid?

• At what scales does the transition from Rig to RiB occur?

These two questions serve to define the lower and upper bounds

of the “gradient range”, where Ri = Rig <
1
4 is an appropriate

threshold (necessary but not sufficient) for initiation of

turbulence. We refer to the lower end of this range as the

“gradient scale”. The Kolmogorov scale has long been recognized

as an appropriate scale for the dissipative demise of turbulence,

where the energetics of small eddies can no longer overcome the

frictional effects of fluid viscosity, and the associated energy is thus

dissipated to heat (e.g., Tennekes and Lumley, 1972). Does a similar

scale exist for the initiative stages of turbulence, representing the

minimum scale required for an instability to break the bonds of

fluid viscosity, resulting in an evolving disturbance that transitions

into turbulence? Such a scale would define the gradient scale,

illuminating not only the small scale dynamics of turbulence

generation but also providing a mechanism for the generation

and maintenance of turbulence at higher values of RiB. This in

turn might lead towards a more defendable estimate of a critical

value for RiB, and a refinement of parameterizations for stratified

shear turbulence based solely on Richardson number. An

understanding of the gradient scale will provide significant insight

and context into the interpretation of observational oceanographic
Frontiers in Marine Science 04
turbulence data, and will allow for more effective comparisons

between laboratory/DNS scale turbulence and geophysical

scale turbulence.

Section 2 of this manuscript explores the stability of stratified

shear layers using a wavenumber criteria to define regions of

stability, and relating these findings to a “primitive shear length

scale”, which we relate to the gradient scale. Section 3 explores the

relevance of this scaling using observational and laboratory data

from the literature, across a wide range of scales, constraining the

gradient range. Section 4 discusses the implications of the new

scaling, particularly its potential utility in connecting turbulent

simulations and observations across vast scale differences. We

also discuss the issue of critical RiB values as a function of scale.
2 An heuristic approach to viscous
stability of a stratified shear layer

Consider a stratified shear region in the ocean similar to

Figure 1, with thickness h, and approximately constant buoyancy

frequency, N, and mean shear, �S. The magnitude of the horizontal

velocity field within the layer is given by Du = �Sh, and the rms

turbulent velocity by u* =
1
2
�Sl*. For this common scenario, two

regions of stability exist:
FIGURE 2

Example profiles of density, velocity and Ri, from a river plume frontal region in the coastal ocean (Merrimack River plume, see Piffer Braga et al.,
2025). Note resolution mismatch between density (~1 cm) and velocity (~25 cm), thus estimates of Ri are biased by the lower resolution of the
velocity measurements. The bold dashed line in the left panel indicates the critical value for Rig of ¼, while the red dotted line represents the
average value of Ri over the entire region (i.e., RiB).
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• Region I: Stable for Rig > Ricritical =
1
4, with buoyancy

dominating shear, and

• Region II: Stable for Rig < Ricritical =
1
4 with shear dominating

buoyancy but unable to overcome viscous effects. This is

consistent with the understanding that a subcritical

Richardson number (i.e.,<1/4) is a necessary, but not

sufficient condition for instability.

We consider these two regions through the context of turbulent

spectra, and utilize an approximation of the spectra of horizontal

velocity (Fu) as a function of vertical wavenumber (kz):

Fu(kz) =
2
3 e

2
3k

5
3
z q(k)         kz ≥ ko          Ri < 1

4

2
3 N

2k −3
z         kz ≤ ko          Ri = 1

4

8<
:

9=
; (8)

where we identify: kz = 1
l*
, k = kz

kn
, q(k) = 1

1+(3:2·k)3:7
, kn = 1

h = ( e
n3 )

1
4 ,

ko = 1
Lo
= ( e

N3 )−
1
2 .

Equation 8(a) is the classical isotropic turbulence ocean 1D

spectral model, first introduced by Nasmyth (1970). Equation 8(b)

is the spectra of the anisotropic turbulent buoyant subrange model

and follows the form introduced by Avsarkisov (2020).

In Figure 3 we show Fu(kz), given in Equation 8 (a, b), for the

case of N = 0:01   s−1. Note that increasing the value of N shifts the

magnitude of the spectra of the buoyant subrange to larger values,

and vice versa. The color coded squares in Figure 3 indicate the

location of the Ozmidov scale, LO, the smallest length scale of the

buoyant subrange, and, thus, the largest length scale of the inertial

subrange for various values of e, as indicated in Figure 3, and which

spans a typical range of oceanographic values. It should also be

noted that these squares represent the boundary of Ri = 1
4. Below

and to the left of this boundary, stratification dominates in what is

commonly referred to as the buoyant subrange, where the

turbulence cascade is horizontal only (Avsarkisov, 2020). Above

and to the right of this boundary is the inertial subrange, where
Frontiers in Marine Science 05
turbulence is isotropic and fully three-dimensional. It is important

to point out that the spectra of Equation 8 (a, b) is an idealization,

with the boundary of Ri = 1
4 an approximation but with DRi ≪

Ri = 1
4.

For Figure 3 we have chosen to set the layer thickness h = 10m,

or equivalently kz = 0:1  m�1. However, the spectra of Figure 3 can

also be used for cases (l*)min < l* < h, where (l*)min =
1

(kz )max
is

indicated by the black square in Figure 3.

Stability can now be defined through the location of the forcing

in wavenumber space, namely, when k ≥ kc, and, in real space,

when l* ≤ lc, with kc = 1
lc
representing the outer wavenumber

boundary of the inertial subrange, where viscosity begins to play a

dominant role over inertial effects.

As a first approximation, let lc = gh, or equivalently, kc =
kn
g .

The large filled circles are values of kc for g = 10, a common

oceanographic approximation, which represents instability

occurring at values of lc that are a decade larger than the

Kolmogorov length scale, h, shown in Figure 3 as the small filled

circles. Clearly Figure 3 shows that with g = 10, kc is located at the

end of the inertial subrange of Fu(kz). The region below and to the

right of these circles represents the dissipative zone. In this region

the cascade of turbulence originating at larger scales is arrested

(leading to dissipation to heat at the Kolmogorov scale). Most

importantly for our purposes here, forcing at these scales will be

damped and will not grow, such that lc may be intrinsically related

to the gradient scale. We now relate lc (and/or kc) directly

to viscosity.

First, note that in the inertial subrange we can use the

approximation

(u*)
2 = e

2
3 l

2
3

* (9)

which represents the integration of the spectra in Equation 8, and

yields the u* value consistent with a given turbulent field.
FIGURE 3

Equations 8(a, b) plotted for N = 0:01   s−1, and a range of turbulent kinetic energy (TKE) dissipation values, e. Squares represent the Ozmidov
lengthscale, and the boundary of Ri=1/4. Circles represent the Kolmogorov lengthscale, and x’s represent kc with g=10. e increases from left to right,
as indicated by the legend at the top of the figure.
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Alternatively, using the definition of �S,

(u*)
2 =

1
4
�S2l2* (10)

Combining Equations 9, 10 implies that

e =
1
8
�S3l2* (11)

Considering turbulent eddies at the critical scale, we can assume

that l* = lc. Returning to the relationship lc = gh, then substituting

the definition of h, leads to (11) being transformed as lc = g ( 8n3

�S3 l2c
)
1
4 .

Rearranging to solve for lc yields:

lc =
ffiffiffi
2

p
g

2
3 lS (12)

where lS = ( n�S )
1
2 . We refer to lS  as the primitive shear length scale,

by analogy to the primitive length scale, lp = ( n
N )

1
2 , which has been

considered in the literature in comparison to Lo (Imberger, 1994;

Saggio and Imberger, 2001), and represents the scale at which the

effects of stratification are comparable to viscosity. Thus, lS
characterizes the balance between shear and viscosity, and

represents the length scale for which Re = 1 for a given shear.

Assuming g ≈ 10, then lc ≈ 7ls. Instabilities below this scale are

unlikely to develop into turbulence due to the stabilizing influence

of viscosity, and thus, a value of ~10ls conceivably represents the

gradient scale, or the lower end of the range where the critical value

of Ri = 1/4 is valid.

2.1 An energetics approach

An alternative approach to the derivation of lS follows from an

expanded version of the energetics analysis defining the critical

value of Rig as ¼ provided by Drazin and Reid (1981), and

Chandrasekhar (1961). The Drazin and Reid (1981) argument is

based on balancing the work required to affect the exchange of two

water parcels in the vertical, dW = −gdrdz, with the kinetic energy

released during the process, dT ≤ 1
4 r(dU)2 (assuming that the

exchange occurs over a small enough vertical distance that the

inertial effects of buoyancy on the release of kinetic energy are

negligible). Here, the work required is simply the amount necessary

to account for the gain in potential energy. Now consider an

extension to this argument, recognizing that, at very small scales,

the work required to affect the change in the vertical must also be

sufficient to overcome the influence of molecular viscosity. Through

scaling, and by analogy to the definition of the turbulent eddy

viscosity as ne e P
S2 , we define a loss term due to molecular viscosity

as dTLoss = nrS, such that a modified version of the Drazin and Reid

(1981) argument can be written as:

dW ≤ dT − dTLoss (13)

or, expanded, as:

− gdrdz ≤
1
4
r(dU)2 − nrS (14)

The molecular viscosity term becomes negligible when nrS
1
4r(dU)2

≪ 1, leading to dz ≫ 2( nS )
1
2 = 2ls, assuming that dU = Sdz.

Recognizing that dz in this case is consistent with the gradient
Frontiers in Marine Science 06
scale (i.e., the low end of the valid gradient Richardson number

range), this result is consistent with (12) given the conventionally

accepted value of g e 10, and assuming the gradient scale lies

somewhere near the limit of the interial subrange.

While the Kolmogorov lengthscale, h, and lS both represent the

effects of molecular viscosity on turbulence, h represents viscous

effects on the dissipation of turbulence, where lS may be better

suited for understanding the effect of viscosity on the initiation of

turbulence. Furthermore, h cannot be determined without a priori

knowledge of the turbulent field and the TKE dissipation rate,

whereas lS can be calculated strictly with bulk flow variables, making

it much more practical in a predictive capacity.

A representative value of shear in an energetic river plume

environment (e.g., MacDonald and Geyer, 2004, Fraser River;

MacDonald et al., 2007, Merrimack River; McCabe et al., 2008,

Columbia River) is on the order of 0.3 - 0.5 s-1, leading to lS on the

order of 1–2 mm. For comparison, in the same environments,

Kolmogorov scales are typically an order of magnitude smaller. In

the much larger scale Mediterranean overflow, a representative

value of �S on the order of 0.01 s-1 (Baringer and Price, 1997) yields

lS on the order of a cm, in this case comparable to values of the

Kolmogorov scale in the same environment. In neither of these

cases can typical observations produce Richardson number

estimates at scales approaching the gradient scale, which would

require vertical resolution on the order of e 10lS or smaller.

Observations in river plume environments typically yield velocity

profiles at no better than 25 cm resolution in the vertical, and

density profiles with resolutions on the order of cms to tens of cms.

Larger scale ocean observations are likely to resolve velocity profiles

only at scales of meters or higher. Thus, it is unlikely that standard

ocean observing techniques are ever capable of resolving

Richardson numbers at the gradient scale.

It is useful to consider the value of lS in the context of the overall

shear stratified layer thickness, h, resulting in a dependency on the

overall layer Reynolds number, Re.

h
lS
=
S
1
2h

2n 1
2

≈
(DU)

1
2h

2n 1
2h

1
2

=
(DU)

1
2h

1
2

2n 1
2

= Re
1
2   (15)

Note that here we approximate S as DU
h , representing the average

shear across the layer. Clearly, small variations in shear across the

layer could result in a modification of the lS scale locally

throughout the layer, but (15) illustrates the utility of the layer

Reynolds number in representing the thickness of the layer as a

function of the primitive shear scale, or more importantly, the

gradient scale.

2.2 The “likelihood mechanism”

As pointed out above, conventional ocean measurement

techniques are rarely, if ever, adequate to constrain velocity and

density profiles at scales on the order of 10 lS. Thus, there may be no

direct way to evaluate the importance of this scale to the development

of turbulence, particularly in larger scale geophysical flows. However,

we can address this issue by considering the following:

The definition of RiB in (2) essentially represents a larger scale

perspective of Rig, or a ratio of the mean gradients across the entire
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shear layer thickness, h. However, due to natural fluctuations and

perturbations related to layering, secondary interfaces, and residual

turbulence, the value of Rig everywhere is not expected to equal RiB.

Riley and de Bruyn Kops (2003) have discussed the importance of

subcritical Rig values at some point within the larger structure of a

stratified flow in generating turbulence. Similarly, Caulfield (2020,

2021) has suggested that spatiotemporal variability in Rimakes it very

challenging to characterize any flow as “highly stratified”. Thus, we

consider a “likelihood mechanism” to represent the possibility that

any subrange within the shear layer at appropriate gradient scales

(i.e., ~10 lS) might meet the critical criteria of Rig <
1
4. As the

thickness of the shear layer increases relative to the gradient scale,

consistent with increasing values of Re as illustrated in (5), the

likelihood that a critical condition occurs somewhere in the layer

should also increase, as suggested by the variability illustrated in

Figure 2 and the schematic shown in Figure 4a. Conversely, as the

value of RiB increases, it becomes less likely that isolated regions of Rig
would fall below the critical value of ¼.

Once a local instability has been triggered within the shear layer,

turbulent processes will work towards homogenizing the fluid

across a patch with a vertical length scale of order Lo, resulting in

decreased shear and stratification, and generally increasing local

values of Rigwithin the patch. However, at the top and bottom edges

of this patch, gradients must increase, in order to match the existing

density and velocity profiles outside the patch (as shown in
Frontiers in Marine Science 07
Figure 4b), with a corresponding decrease in local Rig. In many

cases, this strengthening of gradients will force these regions into a

locally subcritical condition, resulting in the spread of turbulence

throughout the shear-stratified layer. In this manner, turbulence

from a single instability may spread, similar to a single spark

ultimately leading to a large inferno. However, this spread of

turbulence is likely to be damped for larger values of RiB if the

gradients at the patch edges are not sufficiently increased to reach a

subcritical condition, so that even at high Re values, some flows may

remain stable.

In Section 3.0, we test these hypotheses by evaluating flows

across a broad range of Re values to evaluate the presence of

turbulence at higher values of RiB as a function of Re. This

approach can be used to empirically constrain the upper limit of

the gradient range.
3 Constraining the gradient range

Given the inadequacy of conventional oceanographic

measurements to directly observe variability at scales on the order

of 10 lS, we utilize an inferred approach based on the proposed

likelihood mechanism. First, we establish a common framework for

comparing a wide variety of laboratory and observational data,

followed by a direct comparison of turbulence intensity across a

range of Re values.

3.1 Velocity scales and interfacial drag

To normalize and compare data across a wide array of

laboratory experiments and observational studies, we utilize a

modified interfacial drag coefficient, as a common currency of

turbulence:

CDi =
u*
Du

� �2

(16)

with u* = ( t
r )

1
2 representing the shear velocity, or outer scale

turbulent velocity. Here t represents a turbulent interfacial stress.

We choose this parameter for its simplicity as a comparison of

turbulent to bulk fluid velocities. Note that CDi is also functionally

equivalent to a non-dimensional form of the eddy viscosity, υT
hDu,

related to a non-dimensional form of the TKE dissipation rate, e
Dug 0

(MacDonald and Geyer, 2004), and is often used in studies of

oceanographic turbulence (e.g., Burchard and Rippeth, 2009; Jurisa

et al., 2016). A second turbulent velocity scale, the entrainment

velocity, we, is also often found in the literature, particularly in

earlier laboratory studies, where an entrainment coefficient is

typically defined as E = we
Du. In many cases, researchers have

assumed that the entrainment velocity scales with the turbulent

velocity such that u* ∼ we (e.g. Wells et al., 2010; Strang and

Fernando, 2001), as entrainment and turbulence are related

processes. However, the entrainment process represents one-way

transport of fluid across a defined boundary, while the turbulent

velocity scale represents a balanced exchange of fluid (MacDonald
IGURE 4F

(a) Cartoon of “likelihood mechanism”. Layers that are thicker
relative to the gradient scale (i.e., higher Re values) offer more
opportunities for inconsistencies in the density and velocity profiles
to achieve locally subcritical values of Rig (as shown by the
deviations of the gray dashed profile from the solid profile), and
generate turbulence (shown by the red boxes in the two profiles to
the right. Note that turbulence is initiated in the high Re scenario
but not in the low Re scenario (i.e., no red boxes). Once turbulence
is initiated in one “building block”, resulting impacts to the local
density and velocity profiles may force neighbouring values of Rig
subcritical and perpetuate the turbulence. (b) Schematic of the
spread of turbulence, showing simplified velocity profiles. A critical
condition in the profile on the left (identified by the red ellipse)
initiates a turbulent event which homogenizes a region in the profile
on the right, forcing two new critical conditions due to the
compression of existing gradients.
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and Geyer, 2004), and thus, these two parameters may differ

substantially (e.g. Price, 1979), as expressed by their ratio, a* =
u*
we

=

C
1
2
Di
E .

We reduce data from a variety of sources to values of CDi, RiB,

and Re for comparison. In cases where TKE dissipation rates, e, are
reported, we use the following relationship, after Ivey and Imberger

(1991) and MacDonald and Geyer (2004):

CDi =
RiB

(1 − Rif )
e

g 0 Du
(17)

Rif =
B
P represents the ratio of the buoyancy flux term to the shear

production term in the TKE equation.

Rif is often assumed constant at a value of approximately 0.18 to

0.2 (Gregg et al., 2018) for stratified shear flows, particularly in the

analysis offield observations where observed ratios are driven by the

net impact of many individual turbulent events. Although DNS

evidence suggests that Rif can vary substantially throughout the

evolution and decay of a single Kelvin Helmholtz billow (Smyth

et al., 2001; Salehipour and Peltier, 2019) we follow Gregg et al.

(2018) here, and focus on the integrated effects of many billows

resulting in net mixing in the ocean environment. However, a

decreasing value of Rif under conditions of very low stratification,

and thus decreasing RiB, must be accounted for (e.g., Balmforth

et al., 1998; Peltier and Caulfield, 2003; Venayagamoorthy and

Koseff, 2016), as stratification is necessary for the conversion of

TKE to potential energy, and support a buoyancy flux as a sink of

TKE. Here, we represent the value of Rif by a simple empirical

expression to parameterize this decay for very low values of RiB:

Rif = 0:18(1 + 0:01Ri−2B )−1 (18)

This approximation is restricted to naturally occurring

turbulence in stratified shear flows generated through KH

instabilities. It should be emphasized that the exact nature of Rif
variability, particularly at the single overturn scale, remains a

subject of open scientific debate (e.g. Lozovatsky and Fernando,

2013), and may ultimately depend on the organization of locally

critical turbulent patches within the larger flow structure (e.g.,

Salehipour et al., 2018; Smyth et al., 2019). However, given the

focus of the present analysis on net mixing processes, the

parameterization in (7) provides an effective means of addressing

the issue of mixing efficiency.

Entrainment rates reported in the literature are reduced by

using the relationship

CDi = (Ea*)
2 (19)

where a* is parameterized as (e.g. Christodoulou, 1986; Kato and

Phillips, 1969; Pollard et al., 1973; Price, 1979):

a* = c1RiB                            RiB >∼ 10−1

a* = c2Ri
1
2
B                            RiB <∼ 10−1

(20)

and values of c1 and c2 are on the order of 50 and 16, respectively.

Unlike CDi and E, a* is a ratio of two turbulent scales and does not

incorporate any bulk flow scales in its definition. Thus, we
Frontiers in Marine Science 08
hypothesize that (20) adequately expresses the empirical

variability in a*, suggesting that (20) is consistent across large

ranges of Re, which has been supported by observations at higher Re

values (e.g., MacDonald and Geyer, 2004).

3.2 Comparison of existing data

The panels in Figure 5 show turbulence data from a variety of

sources, including both laboratory and field data, reduced to CDi

and plotted as a function of RiB. The data is segregated by Re value,

with Re > 5� 105 ( h
lS
> 700) shown in panel (a) and Re < 2� 104

( h
lS
<140) shown in panel (b). Data represented includes the

compiled data utilized by Christodoulou (1986) transformed to

CDi using (19) and (20). This data is referred to as “Legacy Data” in

the legend, and Re has been approximated for most of this data (i.e.,

Ellison and Turner, 1959; Chu and Vanvari, 1976; Pedersen, 1980;

Buch, 1980) based on estimates of length and velocity scales inferred

from the original manuscripts based on the size of the experimental

apparatus or observational context. In these cases, a single

representative value has been assigned for each data set. While

these estimates are only representative, the likely error in this

approach is small compared to the Re parameter space spanning

more than five orders of magnitude.

Data has also been drawn from field studies referenced in Wells

et al. (2010) and Cenedese and Adduce (2010), with certain studies

(e.g., Girton and Sanford, 2003; Peters and Johns, 2005; Arneborg

et al., 2007) removed due to the influence of bottom boundary

layers. Likewise, the laboratory data of Cenedese and Adduce (2008)

has not been included due to the potential for bottom boundary

layer influence. Data from a range of unbounded shear stratified

flows, including several river plume studies (e.g., MacDonald and

Chen, 2012; MacDonald et al., 2007; Kilcher et al., 2012), and

laboratory data from Yuan and Horner-Devine (2013) have also

been added. Note that small scale stratified shear layers are

represented in Figure 5 exclusively by laboratory data. DNS

studies, which cover a similar parameter space to laboratory

studies often focus primarily on the internal dynamics of KH

billows or similar instabilities, and rarely report mean, or net,

turbulent quantities. DNS results can also be highly sensitive to

initial and boundary conditions (Palma et al., 2024), and thus may

not always be directly comparable to naturally occurring flows.

The plots in panels (a) and (b) provide an interesting

segregation of the data. At low Re values (panel b), CDi is

observed to peak near RiB ≈ 1
4, with a subsequent decay for

increasing values of RiB. For high Re values (panel a), no such

decrease is seen, with CDi values remaining consistently high as RiB
increases. The range of Re in panel (a) is clearly above the higher

limit of this gradient range, whereas the data in panel (b) likely

bridges the upper end of the gradient range. In particular, the data

of Pedersen (1980), which lies at the high end of the RiB range in

panel (b) also represents the highest Re values in that range. The

scatter observed in CDi for this data is consistent with our proposed

mechanism, suggesting that this Re range represents an

intermediate layer thickness that will only periodically decay to

turbulence, and thus, exists right on the edge, statistically, of

turbulent extinction for supercritical RiB values. The appropriate
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upper end of the gradient range likely falls somewhere below the

upper limit of Re = 2� 104 (i.e., h
ls
= 140) in panel (b). Thus, the

gradient range likely extends from ~10 ls (Re ~ 100) to somewhere

less than 100 ls (Re ~ 104). Near the higher end of this range, as

suggested by the Pedersen data, the shear layers only intermittently

produce turbulence at supercritical values of Ri. At significantly

higher values (e.g. 103lsor Re > 106) layers will consistently sustain

turbulence at supercritical (i.e., >¼) values of Ri. In theory, the

likelihood mechanism would suggest that there will always exist a

high end RiB value at which turbulence will roll off, at a point when

the density gradient provides such strong stability that subcritical Ri

values are not likely to occur even across small ranges within the

layer consistent with the gradient scale. However, in practice, the

roll off RiB value may be sufficiently high once layer thicknesses

exceed 100–1000 times the gradient scale, that it is essentially

unrealistic, yielding most oceanographic shear stratified layers of

sufficient thickness vulnerable to turbulent mixing, regardless

of stratification.

In both panels, CDi decreases for small values of RiB, which is

expected due to the decreased importance of stratification in these

environments (Forryan et al., 2013). Although unstratified, or

minimally stratified, fluids are easily mixed, it is this relative ease

of mixing that can result in the potentially counterintuitive result

of decreased turbulence. Relatively rapid homogenization of the

fluid will eliminate the velocity shear necessary to generate

turbulence, unless the shear is forced by a boundary layer such

as an imposed wind stress, or a no-slip condition along a

bottom boundary. Additionally, turbulence in the limit of low
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stratification may be substantially less energetic because it does

not have to overcome the potential energy constraints of the

density gradient.

Another striking difference in Figures 5a, b is the relatively more

intense turbulence, when expressed as CDi, observed at low Re

values (panel b), as compared to high Re values in panel (a). This

phenomenon has been observed in other recent efforts to quantify

the difference between DNS and geophysical scale turbulence, and is

discussed in more detail in Section 4. Without considering the effect

of Re, several previous studies have attributed the reduced intensity

of turbulence in geophysical scale flows to other mechanisms. For

example, Christodoulou (1986), grouped the fjord data of Buch

(1980), the inverted triangles in Figures 5a, with laboratory and

other low Re flows, to illustrate the roll off of turbulence at high RiB
values. Cenedese and Adduce (2010) suggested a positive

correlation between Re and E, such that higher Re flows would be

generally associated with higher entrainment. However, the data set

explored in Cenedese and Adduce (2010) contained only a limited

amount offield data at high Re, including several experiments which

may have had significant bottom boundary layer influence.

Furthermore, the represented field data in Cenedese and Adduce

(2010) is biased towards higher values of RiB, with no observations

of ocean scale flows at subcritical RiB values, similar to

Christodoulou (1986). Thus, the decrease in turbulence observed

by Cenedese and Adduce (2010) for geophysical scale observations,

which they attributed to supercritical RiB values in their

parameterization, may, in fact, be attributable to the high Re

values associated with these flows. The key distinction between
FIGURE 5

CDi as a function of RiB for (a) Re > 500,000 and (b) Re < 20,000, with trend lines superimposed. Data derived from identified studies, representing
laboratory, river plume, and ocean overflow environments.
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these earlier studies and this analysis is the inclusion of a

preponderance of data from river plume environments, which

exhibit high Re, low RiB flows, enabling a more complete

assessment of the nature of turbulence occurring at high Re

values (i.e., panel (a) in Figure 5).
4 Discussion

In previous sections we have constrained the gradient range to

between ~10 ls and ~100 ls, introduced the concept of the Likelihood

Mechanism, and observed reduced turbulent intensity with

increasing Re, all of which may have important implications for

the understanding of turbulence as a function of bulk flow

quantities in geophysical settings. In this section, we first

undertake a more detailed assessment of the observed decrease in

turbulence intensity with increasing Re, followed by insight into a

new approach for parameterizing shear stratified turbulence as a

function of both RiB and Re, and finally, conclude with some

considerations on the relevance of a critical value of RiB.
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4.1 Amplification of turbulence at low Re

As demonstrated in Figure 5, lower Re flows typically exhibit

higher values of CDi compared to higher Re environments. This

phenomenon of turbulence amplification at low Re can also be seen

directly in Figures 6a, where all the collected data is plotted as CDi

vs. Re. Keep in mind when evaluating this figure that a significant

amount of variability in CDi can be attributed to RiB, which is not

represented on either axis. Nevertheless, amplification of CDi is

apparent for Re < 103.

Recent efforts to quantify the difference between DNS and

geophysical scale turbulence as the result of continuous (in the

geophysical case) vs. intermittent (in the DNS case) forcing

mechanisms (e.g., Holleman et al., 2016; Zhou et al., 2017),

provide a ready mechanism to explain the observed amplification.

Consider a growing instability in a low Re environment,

characterized by a relatively thin (i.e., a relatively low h
ls
) shear

stratified layer. In such a layer, the instability will be subjected to a

temporally varying stress profile as it expands beyond the limits of

the stratified shear region into unsheared (and/or unstratified) fluid

above and below the layer. In contrast, in a high Re flow, generated

instabilities are wholly embedded in a uniform shear layer, and thus

subject to a more continuous forcing profile throughout their

evolution and decay. This essentially results in an “energy

compression” mechanism for low Re flows. In these cases, growth

of turbulent billows into the unstratified regions above and below

the stratified shear layer is not opposed by background density

gradients or shear, so that most of the energy in the billow collapses

back into the shear layer, resulting in an increased energy density

within the shear layer. In regions of high Re, the growing billows are

not influenced by the stratified shear layer boundaries, and the

energy is distributed more broadly. This energy compression

mechanism is illustrated in Figure 6b.

4.2 Insight towards a RiB – Re turbulence
parameterization

At sufficiently high values of Re, we expect that both the

Likelihood and Energy Compression mechanisms are saturated, in

that the layer has reached a minimum thickness for sustaining

turbulence at supercritical values of RiB, as well as providing ample

vertical breadth to prevent the layer boundaries from resulting in any

energy compression effects. Within such Re environments, Ri values

are the primary driver of stratified shear turbulence dynamics.

However, in flow regimes characterized by low to intermediate

Re values, Re may play an important role. These impacts may

become increasingly important for analysis of DNS and laboratory

flows, and particularly to the comparison of these flows to larger

scale geophysical flows. To better assess and visualize these potential

impacts we have developed an empirical parameter space mapping

of CDi based on the collected data and empirical representations of

the Likelihood and Energy Compression mechanisms. Details of the

empirical approach are given in the Appendix. The new parameter

space mapping provides an approximate and representative surface
FIGURE 6

(a) Data from Figure 5, not segregated by Re value, with general
trend line overlaid. Note that the general trend line is not intended
to explain all variability in the data but to describe the general trend
of the fraction of variability that is due to the proposed energy
compression mechanism. (b) Cartoon of energy compression
mechanism. Large values of Re (left) result in a layer that is “thick”
relative to the gradient scale, and turbulent evolution that is not
impacted by the layer thickness, (h) Small Re ratios (right) represent
thinner layers. In these cases, the KH billow scale may be larger than
the layer thickness, resulting in energy dissipation and mixing being
confined primarily within the layer, and thus resulting in higher
energy densities.
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of turbulence intensity in the Re-RiB plane, as shown in Figure 7,

where contours of CDi are plotted as solid contours. It should be

noted that Salehipour et al. (2016b) describe a multi-dimensional

parameterization for the turbulent mixing efficiency in terms of Rig
and Reb, similar in some respects to the effort undertaken here.

However, their parameterization does not address the overall scale

of the stratified shear layer. Here, the overall layer thickness, h, is

considered a key parameter in setting the turbulence intensity, as

described by CDi. For reference, contours of Reb are also overlain on

Figure 7, and little consistency between contours of CDi and Reb
is noted.

Several interesting regions and effects can be recognized in

Figure 7. The peak in CDi near RiB ≈ 1
4 and Re ≈ 104, labeled as

Region I in Figure 7, is the focus of most laboratory and DNS

experiments. This region represents an optimal balance of

stratification and shear, coupled with a sufficiently low layer

thickness for turbulence amplification, to achieve maximal

turbulent energetics.

At higher values of Re (>~105) we observe the majority of the

field-based data, clustered near the top of a steep slope (Region II),

which falls off to low CDi values for low values of RiB. Along this

slope, we see that the data is distributed with more coastal and

estuarine field sites, including the MeRMADE (e.g. MacDonald

et al., 2007) and RISE (e.g. Kilcher et al., 2012) plume studies as well

as saline lake underflows (Dallimore et al., 2001), lying at the low

end of this Re  range and larger scale deep ocean overflows,

including the Mediterranean (Johnson et al., 1994; Baringer and

Price, 1997) and Faroes (Mauritzen et al., 2005; Fer et al., 2010)
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overflows, occupying the higher end. Note that above a value of

Re ≈ 106, CDi becomes primarily a function only of RiB, as has been

long reflected in turbulence closures (e.g. Burchard and Baumert,

1995; Umlauf and Burchard, 2003; Canuto et al., 2010) for ocean

models. This region is reflective of the conditions across most of the

unbounded stratified shear flows within the world’s oceans, where

RiB values cluster near ¼ due to inherent feedback mechanisms

controlling turbulent evolution, and the shear layer is thick enough

that it places no constraints on turbulent processes. The feedback

processes driving RiB to near a value of ¼ have been described in the

context of marginal instability (Thorpe and Liu, 2009; Smyth and

Moum, 2013; Howland et al., 2018), an equilibrium between forcing

mechanisms driving increased velocities (and lower RiB), and

turbulence, which reduces velocity gradients and drives RiB
values higher.

Above this slope, the analysis suggests a broad plateau (Region

III), where high RiB values dominate across thick shear layers, but

turbulence persists due to initiation by localized regions of

subcritical Rig. This region is characterized by a scarcity of data,

with the exception of Fjord data (Buch, 1980), and the upper limits

of the ocean overflow data at the very top of Region II.

The left edge of Figure 7 represents the gradient scale at Re =

100 ( h
ls
e 10), while the bold dashed-dot line at Re = 104 ( h

ls
e 100)

represents the approximate upper limit of the gradient range

discussed above. A steep increase in CDi is observed for very thin

stratified shear layers approaching the gradient scale from higher Re

values. Although the contours near the gradient scale should be

viewed with extreme caution, due to the lack of data in the region, a
FIGURE 7

Contours of CDi (solid) in the RiB - Re plane, calculated via the approach described in detail in the Appendix. Dashed contours represent the value of
Reb = e

nN2 (based on bulk flow variables). Data from Figure 5 is overlain to indicate distribution of data in the RiB-Re plane. The gradient range exists

at the left edge of the figure, from the gradient scale at Re = 100 to the upper edge of the gradient range at Re = 104, shown by the bold dash-dot
line. The bold dashed black line represents an approximation of “critical” RiB value as a function of scale. Rectangular boxes labelled I, II, and III
represent specific dynamical regions, as described in the text. See Figure 5 for data legend.
frontiersin.org

https://doi.org/10.3389/fmars.2026.1758561
https://www.frontiersin.org/journals/marine-science
https://www.frontiersin.org


MacDonald and Goodman 10.3389/fmars.2026.1758561
dichotomy of flows in this region might be expected. The region

with low Re and high RiB (upper left corner) would be characterized

primarily by a small velocity gradient and a small to mid-range layer

thickness. In this region, stability, and a lack of turbulence, would be

expected. Conversely, the region with low Re and low RiB (lower left

corner) would generally represent conventional two-layer flows,

where the boundary between the two water masses is exceedingly

narrow, and the influence of the “energy compression” mechanism

is maximal. Flows in this actively turbulent region would be

necessarily transient, however, with rapid mixing thickening the

gradient zone, and forcing the flow to migrate across the turbulent

landscape towards equilibrium conditions as suggested by the

preponderance of data near Region I and the top of Region II. In

this regard, it should be noted that any flow may be migratory, as

the effects of mixing modify the environment and thus alter both

RiB and Re. In many cases, the natural environment and forcing

mechanisms may result in the flow converging towards one of the

equilibrium zones in Regions I, II, or III, and ultimate maintenance

of a “marginal instability” environment. In others, initial

stratification may be erased by mixing, resulting in a migration of

the flow down the Region II slope towards vanishingly small values

of RiB, where the water column becomes homogenized and

stratified shear turbulence is not supported.

The parameter space shown in Figure 7 encompasses most of

the world’s ocean environments, down to laboratory scale flows.

Most oceanic flows above a Re of approximately 105 or 106 are well

characterized by existing Ri based turbulence parameterizations, as

indicated by the lack of sensitivity to Re above this range. However,

flows with Re on the order of 105 or smaller may be poorly

characterized by these parameterizations. This may include time-

dependent, developing flows, such as the growth of the stratified

shear region transitioning the ocean mixed layer (e.g., Giunta and

Ward, 2022) to deeper water masses, particularly during seasonal

transitions, or smaller scale flows in estuaries or embayments where

layer thicknesses are constrained (e.g., Matsumoto and Nakayama,

2024). In these environments, traditional parameterizations may

substantially underestimate TKE and thus underpredict the growth

and/or mixing associated with these flows. At yet smaller scales

(e.g., Re of 104 or less), approaching the scale of laboratory flows,

buoyant runoff from tidal flats into the main channels of estuaries

may exhibit substantially higher mixing than would be otherwise

predicted. Perhaps most importantly, given that the flows above are

limited in scope, the parameter space shown in Figure 7 may yield

significant insight into the use of DNS (e.g. Mashayek et al., 2017) or

laboratory scale investigations (e.g. Yuan and Horner-Devine, 2013)

to predict turbulent behavior at much larger values of Re.

4.3 A critical value of RiB

As discussed in Section 1.0, relatively arbitrary values are

generally selected for a critical value of RiB, with a value of 0.5 to

1.0 often taken as a default. The present work provides more refined

insight into this important question, and points towards a clear

dependence on scale. Given the parameterization presented in

Figure 7, a reasonable expectation for the critical value of RiB as a

function of Re would be the line following the top of the steep slope
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that bounds Regions I and III at the low Re limit, as illustrated by

the bold dashed line in Figure 7, and represented approximately as

RiBc = nRem (21)

with n = 3:11 x 10−6, and m = 1.63. This line suggests a critical

value of RiB on the order of 1 to 10 for laboratory scales and greater

than 100 at geophysical scales. Note that this line does not extend to

RiB values below the critical Ri value of ¼ at Re = 1 x 103. This

position lies inside the upper limit of the gradient range, Re = 104

( h
ls
e 100), and thus represents a position in parameter space where

turbulence initiation is controlled by the gradient, or Rig, value.

However, based on this interpretation, it could be argued that the

value of Re = 1 x 103 represents a more refined value of the upper

limit of the gradient range.

While the bold dashed line in Figure 7, and the analogous

equation in (Equation 21) represent a tempting relationship to

define a critical value for RiB, it should be viewed with caution given

that no data exists above this line, save for a few laboratory

experiments from Yuan and Horner-Devine (2013) which lie

within the gradient range. Thus, the steep slope forming the

bounding feature identified by the bold dashed line is due only to

the extrapolation of empirical representations of both the

Likelihood and Energy Compression mechanisms. Further

observational or numerical confirmation of this relationship

would be beneficial.
5 Conclusions

The concept of the Richardson number as an indicator of

turbulence in stratified flows has been a foundational concept in

physical oceanography even prior to the groundbreaking work of

Miles (1961) and Howard (1961) establishing ¼ as a critical

threshold for the value of Rig. As a “necessary but not sufficient”

condition for the establishment of turbulence this metric has proven

invaluable in the interpretation of numerous field, laboratory, and

modelling results over the last six decades, and is a critical

underpinning of turbulence closures (e.g., Burchard and Baumert,

1995). However, across sufficiently large scales (characterized by the

bulk Richardson number), the concept of a critical Richardson

number equal to ¼ breaks down, as turbulence is routinely seen at

RiB values significantly exceeding that critical value.

Here, we have proposed an appropriate range for the gradient

Richardson number, consistent with 102 ⪅Re⪅ 104, or 10⪅ ( h
ls
)⪅

100, based on turbulent spectral and energetics analyses. Building

on the existence of this range, we hypothesize the importance of two

proposed mechanisms, the first, referred to as the “likelihood

mechanism”, provides a means for thicker stratified shear layers

to sustain turbulence at Ri values exceeding the critical value of 1/4,

through the existence of smaller scale regions (on the order of the

gradient range), where local values of Rig do fall below ¼. The

second mechanism, referred to as the “energy compression

mechanism”, explains why stronger turbulence is observed in

thinner layers (i.e., values of CDi are up to 2 orders of magnitude

higher at values of Re< 105, compared to Re > 105) due to the low
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energy threshold for excitation of turbulence in the unstratified

regions above and below the shear-stratified layer. This results in

the majority of turbulent energy doing useful work within the

narrow confines of the layer and increasing the density of TKE in

that region. Further analysis suggests that natural processes tend to

push natural systems towards one of several “convergence zones” in

the Ri - Re plane, while also suggesting a means to approximate a

critical value for RiB at larger scales.

Overall, the results of this study may allow for a broader

understanding of turbulence observations within Re-Ri parameter

space, potentially yielding: (1) new insights into turbulence closures,

particularly at lower Re values, which may yield more skillful

modeling predictions across a range of scales. New closures may

incorporate Re as a key factor in establishing mixing rates. While

these changes are unlikely to affect mixing at full oceanographic

scales, they may more adequately simulate mixing in environments

with relatively thin shear stratified layers, or modeling of laboratory

experiments designed to investigate ocean scale flows. (2) A more

rigorous approach to defining critical values of RiB, which may

greatly facilitate interpretation of observational data. The critical

value of Rig< ¼ is often invoked in the interpretation of

observational data at scales much larger than the gradient range.

This study provides a better framework for using values of Ri in a

prognostic or predictive capacity, and will aid in interpreting data

from coarsely resolved density and shear profiles. (3) A more

rigorous framework for the use of direct numerical simulation

(DNS) results and laboratory experiments of turbulence to inform

geophysical scale dynamics. DNS, in particular, has become a

widespread and useful tool to better understand the energetics of

turbulence at small scales in order to better understand ocean

mixing. However, as discussed in detail above, the scales at which

most DNS models can simulate turbulence are several orders of

magnitude smaller than most oceanographic scales, and the

mechanisms for scale, represented by Re, to impact mixing and

turbulence presented in this study can provide an essential bridge

for connecting DNS results to ocean-scale turbulence.
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Appendix: Empirical parameter space
mapping of CDi

In the manuscript we explain that the value of CDi is based on a

general relationship between CDi and RiB, modified by both the

likelihood (Figure 5) and energy compression (Figure 6)

mechanisms. An empirical function, Fn is defined based on each

proposed mechanism, such that CDi can then be predicted as:

CDi  = CDioFBFLFC (A1)

where FB, FL, and FC represent functions associated with specific

proposed mechanisms. Each empirical function is constrained by

several coefficients, the values of which are determined by a global

least squares fit to the available data. By using a mechanistically

driven empirical approach, the functionality of CDi can be explored,

while developing a road map for more focused physical analysis of

each relationship.

Base Relationship: The empirical function, FB, is designated to

represent the observed trends in the base CDi vs. RiB relationship:

FB = 1 +
1

m1Ri
n1
B

� �−1

(A2)

Here,m1, which controls the RiB value associated with the roll off of

CDi, and n1, which controls the slope of CDi decay for low RiB, are

coefficients for which best fit values are determined via the global

least squares approach. An example of FBis shown in Figure 5a as

the solid line.

Likelihood Mechanism: In order to capture this mechanism

empirically, there are two dependencies to consider. First, the value

of CDi must roll off for increasing values of RiB. Second, the value of

RiB which triggers the roll off must vary with Re, such that no roll off

occurs at sufficiently high values of Re. To accomplish this, two

empirical functions are used. FL describes the “likelihood”

mechanism that controls the decay of CDi as a function of RiB:

FL =
1

(1 +m2FLSRi
n2
B )

(A3)

Similar to (Equation A2), coefficients m2 and n2 control the rolloff

location and slope, respectively. Note that m2 is modified by FLS,

which defines the scale dependence of the “likelihood” mechanism

by adjusting the rolloff location as a function of Re:

FLS =
1

(1 +m3(Re)
n3 )

(A4)

This function also exhibits a roll off and is equal to one for values of

Re below a certain threshold. This functionality is essential to limit

the decay in CDi from occurring for cases where RiB is less than the

critical value of Rig. Here, m3 and n3 similarly control rolloff

location and slope. An example of FBFL is shown in Figure 5b as

the dash-dot line.

Energy Compression Mechanism: FC   is the empirical function

used to capture the variability of this mechanism:

FC = 1 +
1

m4(Re)
n4

(A5)
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where m4 and n4 similarly describe the upturn location and slope,

respectively. An example of FC is superimposed as the solid line on

the data in Figure 6. Again, the spread of the data is not intended to

be wholly described by the solid line representing FC , as much of

the variability is the result of the other mechanisms described above,

as well as an artifact of the assumption of constant Re for certain

legacy data sets.

Least Squares Fit: Combining the effects of the base relationship,

the likelihood mechanism, and the energy compression mechanism

following (Equation A1), the empirical functions presented above

can be combined to produce a predictive relationship for CDi. This

expression leaves a total of nine unresolved coefficients (m1 –m4, n1
– n4, and CDio), which are determined using a best fit approach with

the existing data set. The outcome of this effort yielded the

coefficients presented in Table A1, with an R2 value of 0.76, and

the example surface shown in Figure 7. Despite the wide range of

coefficient values, the range of the three key empirical functions

(FB,  FL,  FC) in (Equation A1) indicate comparable impacts on

the value of CDi across reasonable representative ranges of RiB and

Re, as shown in Table A2.
TABLE A1 Coefficients for empirical functions derived from iterative least

squares analysis.

Coefficient Value Description

CDi 1.55 x 10-4 Base CDi  value

m1 6.27 x 100 Rolloff control for FB

m2 2.76 x 106 Rolloff control for FL

m3 8.86 x 10-14 Rolloff control for FLS

m4 8.35 x 10-16 Rolloff control for FC

n1 1.51 x 100 Slope control for FB

n2 1.00 x 100 Slope control for FL

n3 4.20 x 100 Slope control for FLS

n4 2.84 x 100 Slope control for FC
TABLE A2 Range of empirical functions utilizing coefficients shown in

Table A1 with representative ranges of RiB = [10-3 103] and Re= [102 109].

Function Range

FB 2 x 10-4–1 x 100

FL 3.6 x 10-10–1 x 100

FC 1 x 100–3 x 109
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