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Introduction: Underwater acoustic direction-of-arrival (DOA) estimation is
fundamental to submarine detection, offshore exploration, and autonomous
underwater vehicle navigation, where accurate source localization under severe
multipath propagation and low signal-to-noise ratios remains challenging.
Existing methods face critical limitations: traditional uniform arrays require
extensive physical sensors to achieve sufficient spatial resolution, resulting in
high hardware costs; vector sensor arrays typically neglect sparse array
geometries that enable virtual aperture expansion; and conventional matrix-
based processing discards multidimensional structural information through
vectorization, leading to suboptimal performance.

Methods: To address these challenges, this paper presents a novel tensor-based
DOA estimation framework that integrates hybrid scalar-vector sensor arrays
(HSVSAs), fourth-order tensor modeling, and higher-order singular value
decomposition (HOSVD). The HSVSA architecture combines vector and scalar
sensors in a hybrid configuration to create virtual sensors, improving degrees of
freedom while reducing hardware complexity. The tensor model preserves
spatial—-polarization coupling, enabling robust subspace estimation without
iterative optimization.

Results: Simulations demonstrate that the proposed method outperforms
conventional approaches.

Discussion: The proposed framework offers a practical solution for resource-
constrained underwater acoustic applications, with potential for further
optimization in real-world scenarios.

KEYWORDS
direction-of-arrival estimation, higher-order singular value decomposition, hybrid
scalar-vector sensor arrays, polarization diversity, subspace estimation, tensor
modeling, underwater acoustics, virtual aperture

1 Introduction

Direction-of-arrival (DOA) estimation constitutes a cornerstone technique in
underwater acoustic signal processing, with widespread applications spanning submarine
detection, offshore exploration, environmental monitoring, and autonomous underwater
vehicle navigation (Zhang and Sun, 2023; Dong et al,, 2024b). Recent advances have
extended to underwater positioning systems using multistatic sonar configurations (Zhang
et al., 2022; Zhang and Zhang, 2024), demonstrating the growing importance of accurate
localization in autonomous underwater vehicle operations. The underwater acoustic
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channel imposes severe frequency-dependent attenuation,
multipath reflections, and low signal-to-noise ratios (Dong et al.,
2024a; Li and Wang, 2023). When deployment constraints restrict
physical aperture—common for autonomous platforms and towed
arrays—conventional uniform sensor arrays face a critical dilemma:
insufficient spatial sampling degrades angular resolution, while
increasing sensor count escalates costs and system complexity.

To address this fundamental challenge, classical subspace
methods—beamforming (Van Trees, 2002), Multiple Signal
Classification (MUSIC) (Schmidt, 1986), and Estimation of Signal
Parameters via Rotational Invariance Techniques (ESPRIT)—have
established the theoretical foundation for array signal processing.
Schmidt’s MUSIC algorithm achieves angular super-resolution
through eigendecomposition of the spatial covariance matrix.
However, these methods rely on uniform linear arrays (ULAs)
where degrees of freedom (DOF)—the maximum number of
resolvable sources—scale linearly with sensor count N, creating a
direct trade-off between multi-source capability and
hardware complexity.

Recent advances in sparse array geometries have shown
promise in breaking this linear DOF constraint through virtual
aperture synthesis. Nested arrays (Pal and Vaidyanathan, 2010; Li
and Zhang, 2023; Chen et al., 2024) and coprime arrays
(Vaidyanathan and Pal, 2010; Zheng et al., 2020) achieve O(N?%)
DOF using only O(N) physical sensors through difference co-array
processing. Chen et al. (2024) further enhanced nested array
performance through dilated configurations with reduced mutual
coupling effects. Nevertheless, existing sparse arrays face a
fundamental design limitation: they employ either homogeneous
scalar sensors—sacrificing polarization diversity—or homogeneous
vector sensors, as exemplified by Han and Nehorai’s nested vector-
sensor array (Han and Nehorai, 2014), which pioneered the
integration of nested geometry with vector sensors to achieve
enhanced degrees of freedom through interspectral tensor
modeling and novel spatial smoothing, yet mandates costly
acoustic vector sensors (AVSs) throughout the array, incurring
prohibitive costs.

While AVSs offer significant advantages by co-locating pressure
and tri-axial velocity transducers to encode polarization diversity
(Nehorai and Paldi, 1994), their deployment faces practical
constraints. Recent underwater studies have demonstrated
enhanced performance through various approaches: Dong et al.
(2024b) and Dong et al. (2024a) developed preprocessing
techniques for challenging conditions, such as low signal-to-noise
ratio (SNR) and multipath conditions, while Chen et al. (2023)
achieved co-frequency source separation using coprime vector
arrays. Modern deep learning approaches (Li and Wang, 2023;
Xu et al,, 2025) have also shown promise for complex underwater
scenarios, though they require extensive training data. Building
upon these developments, Qu et al. (2022) proposed an augmented
tensor MUSIC algorithm that generalizes tensor models for
spatially separated sensors, yet computational complexity remains
a concern for real-time applications. Robust methods for sparse
arrays (Zhu et al., 2025) have addressed low-snapshot scenarios
through hybrid neural architectures. Despite these advances,
integrating heterogeneous sensors—mixing cost-effective scalars
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with polarization-rich vectors—into a unified geometric structure
remains challenging.

To overcome these limitations, tensor algebra has emerged as a
powerful framework for preserving multidimensional structure in
array processing (Kolda and Bader, 2009). Higher-order singular
value decomposition (HOSVD) (De Lathauwer et al., 2000; Haardt
et al., 2008) provides deterministic subspace estimation by
exploiting structure inherent in multidimensional measurement
data, with applications in Multiple-Input Multiple-Output
(MIMO) radar (Nion and Sidiropoulos, 2010) and wideband
scenarios (Li et al., 2024) demonstrating significant performance
gains. Ahmed et al. (2020) further developed higher-order
propagator methods with computational advantages, while hybrid
receiver architectures (Abdelbadie et al., 2024) have explored tensor
decomposition for enhanced spatial coverage. However, existing
tensor methods assume homogeneous sensor configurations,
whether for MIMO radar applications or AVS arrays (Qu et al.,
2022). This homogeneity assumption fundamentally limits their
applicability to hybrid scalar-vector arrays, where elements
contribute measurements of different dimensionality.

Given these challenges, three critical research gaps emerge that
prevent practical deployment of high-resolution underwater DOA
estimation: (1) strategic integration of heterogeneous sensors to
balance cost and polarization diversity; (2) tensor formulations
capable of fusing measurements of different dimensionality within
unified models; and (3) deterministic closed-form algorithms
suitable for real-time embedded platforms. Addressing these gaps
is essential for enabling cost-effective, high-performance DOA
estimation in autonomous underwater vehicles, distributed sensor
networks, and resource-constrained sonar systems.

To systematically address these fundamental limitations, this
paper proposes a unified tensor-based framework for DOA
estimation using hybrid scalar-vector sensor arrays (HSVSAs). By
strategically integrating sparse geometry principles, polarization
diversity exploitation, and advanced tensor algebraic
decomposition, the proposed framework achieves enhanced angular
resolution while significantly reducing hardware complexity. The
primary innovations comprise four interconnected contributions:

1. Heterogeneous Hybrid Array Architecture: We develop the
first scalar-vector hybrid configuration that strategically
deploys N; vector sensors for polarization diversity
alongside N, scalar sensors for co-array expansion. This
architecture achieves N = N{(N, + 1) virtual sensors using
only N = N; + N, physical sensors, enabling substantial cost
reduction while preserving enhanced DOF through
difference co-array processing.

2. Fourth-Order Spatially Smoothed Tensor Model: Building
upon the hybrid array design, we formulate an interspectral
tensor T € C VN4 that simultaneously exploits spatial

correlation from hybrid array geometry, polarization

structure from vector sensors, and statistical decorrelation
through spatial smoothing. This unified tensor
representation preserves multidimensional coupling
that conventional matrix-based methods discard

through vectorization.
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3. HOSVD-Based Closed-Form Estimation Algorithm: To
ensure computational efficiency, we develop a
deterministic HOSVD-based algorithm that exploits
rotational invariance properties for direct closed-form
DOA retrieval. This approach eliminates the convergence
uncertainty of iterative methods (Nion and Sidiropoulos,
2010) and the computational burden of exhaustive grid
search (Qu et al, 2022), making it suitable for real-time
embedded platforms.

. Comprehensive Theoretical Performance Analysis: Finally,
we derive Cramér-Rao bounds (CRBs) specifically tailored
for heterogeneous HSVSA geometries and demonstrate
near-optimal estimation performance through extensive
validation across source enumeration, angular resolution,
and estimation accuracy metrics.

These contributions collectively address the identified research
gaps and provide a comprehensive solution for cost-effective
underwater DOA estimation. Beyond underwater acoustics, the
proposed framework exhibits broader applicability to emerging
array signal processing domains, including reconfigurable
intelligent surfaces (RIS), MIMO communications, and mmWave
systems, where heterogeneous sensor architectures and closed-form
tensor decompositions offer similar computational and
performance advantages. The remainder of this paper is
organized as follows: Section 2 presents the detailed methodology
including HSVSA design, tensor signal modeling, and the HOSVD-
based estimation algorithm. Section 3 provides theoretical
performance analysis with CRB derivation and computational
complexity assessment. Section 4 validates the proposed
framework through comprehensive Monte Carlo simulations.
Section 5 concludes with discussions and future research
directions. Mathematical notations are summarized in Table 1
for reference.

TABLE 1 Mathematical notations.

R,C Real and complex number fields

A A Matrix and tensor

A", A" Transpose and conjugate transpose

A7l AT Inverse and pseudo-inverse

1Al Frobenius norm

vec(A) Vectorization operator

o, ®,° Hadamard, Kronecker, and outer products
E [] Statistical expectation

diag (-) Diagonal matrix constructor

Re{-}, Im{-} Real and imaginary parts

argmin/max Argument of the minimum/maximum

N, N,N, Number of physical, virtual sensors and number of snapshots
K, K True and estimated number of sources
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2 Methodology

This section presents the proposed tensor-based DOA
estimation framework for HSVSAs. We begin by detailing the
design of the HSVSA and proceed to develop a tensor signal
model incorporating spatial smoothing techniques. Additionally,
we introduce the HOSVD-based estimation algorithm used for the
DOA estimation process.

2.1 Hybrid scalar—vector sensor array
design

The proposed HSVSA architecture, illustrated in Figure 1,
integrates heterogeneous sensor types into a unified hybrid array
with uniform inter-element spacing. Specifically, all sensors are
arranged with a half-wavelength spacing d = A/2. The array
comprises two subarrays: a vector uniform linear array (v-ULA)
consisting of N; AVSs located at Sv = {0,d,2d,...,(N; — 1)d}, where
each sensor measures acoustic pressure and three orthogonal
particle-velocity components; and a scalar uniform linear array
(s-ULA) composed of N, pressure sensors positioned at Ss = {N,d,
(Ny+1)d,...,(N;+N,—1)d}. The first vector sensor is selected as the
phase reference. This hybrid configuration combines the
polarization diversity offered by vector sensors with the cost
efficiency of scalar sensors and facilitates virtual aperture
extension through difference co-array processing.

The HSVSA achieves DOF enhancement through sensor
heterogeneity with uniform spacing, contrasting with traditional
nested arrays that rely on unequal inter-element spacings. This
heterogeneous-uniform design provides three key advantages: (1)
simplified mechanical design with identical mounting
requirements, (2) reduced calibration complexity due to uniform
spacing, and (3) preserved DOF enhancement through difference
co-array processing on heterogeneous measurements.

This configuration delivers significant spatial efficiency: using N =
Nj + N, heterogeneous sensors across physical aperture (N; + N, — 1) d,
difference co-array expansion generates N = Nj(N, + 1)
consecutive virtual positions spanning virtual aperture (N — 1)d. The
result is O(N?) DOF scaling with only O(N) physical sensors while
maintaining uniform spacing advantages.

2.2 Signal model and co-array processing

Each AVS in the v-ULA simultaneously captures a four-

T 4
v},,vz] € C,
comprising acoustic pressure and three orthogonal particle velocity
components that encode polarization information. Consider K

dimensional measurement vector y=[p,v,,

uncorrelated narrowband far-field sources at {(6, @) }e, with
powers {0} }szl. The received signal at the v-ULA is given by
Equation 1:

eY)

where A; € C*N*K js the array manifold with kth column a; =
di ® pr. Here, d € C™ is the spatial phase vector and p; =

yi(t) = Ax(t) + e (1)

[1,u}]" € C* contains the polarization response with 1 = [cos @
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FIGURE 1

Proposed hybrid scalar—vector sensor array.

cos O, sin @cos Oy, sin Ok]T. For the s-ULA, y,(t) = Ayx(t) + e,(1)
with A, € CN>*K containing only spatial phase information.

By stacking the outputs of the two subarrays, the overall
received signal of the HSVSA can be expressed as Equation 2:

1 (t) A1 €] (t)
=" - x(t) + . @)
}/z(t) Az ez(t)
—— —_——
AECUN1+N2) XK e(t)

Under the assumption of temporally independent sources x; ()
~ CNY(0, sz ), we consider the practical scenario where AVSs exhibit
spatially non-uniform noise characteristics. Unlike conventional
assumptions of white noise e(t) ~ CA/(0, 62I), the pressure and
velocity channels typically have unequal noise powers due to
different transduction mechanisms and flow-induced interference
(Nehorai and Paldi, 1994).

For the vector subarray, the non-uniform noise covariance is:

%, = diag(d;, 0, 0;,0,) @Iy, 3)

where 0, and {0} },c {xyz} Tepresent the noise variances of
pressure and velocity channels, respectively. In practice, these noise
parameters can be estimated from calibration measurements
conducted in controlled acoustic environments or from signal-
free data segments during deployment. The overall covariance
matrix becomes R, = AR A" + 3, with R, = diag (07,..., OF).

To this practical challenge, we incorporate a pre-whitening step
before HOSVD decomposition: Ry =x,Y zRngH/ :
the subsequent tensor operations remain statistically optimal under

, ensuring that

non-uniform noise conditions. Applying vectorization yields the
augmented observation model, as shown in Equation 4:

v=vec(R) = (A" ©@A)s + o, vec (I), (4)

where A, =A"0A & CUNNDXK - constructs a virtual array
with (4N, + N,)? difference co-array positions. After removing
redundancies through spatial smoothing, the effective aperture
contains N = N;(N, + 1) consecutive virtual sensors, enabling the
HSVSA to achieve N degrees of freedom with only N physical sensors.

2.3 Tensor-based signal processing
Traditional matrix-based methods vectorize multidimensional

measurements, discarding natural coupling between spatial and
polarization dimensions. We introduce a tensor-based framework

Frontiers in Marine Science

preserving the inherent multidimensional structure. The array

(CNX4><K

manifold tensor A € is constructed by stacking source-

specific matrices Ay = dy o pj, yielding Equation 5:

Y(£) = A x; s(t) + E(t) € CV*4, (5)

where x5 denotes mode-3 tensor-vector product. This preserves
spatial-polarization coupling lost in matrix vectorization.
The fourth-order cross-correlation tensor is defined in Equation 6:

R=E{YoY'} = Ax;E{sos"} X3 A" +E{E-E"},  (6)

where R € CN*#N*4 encapsulates the complete second-order
statistics with E{ses*} = diag (07,..., 0). Mode-2 matricization
yields Equation 7:

U=Rb = (4} @A) x3s+0] TeCN N ()

where ® denotes the extended Khatri-Rao product. This
augmented manifold forms a difference co-array with (N; + N,)?
total positions and N,= 4 polarization slices. Through spatial
smoothing, we obtain N = N;(N, + 1) consecutive virtual sensors,
enabling detection of up to N — 1 sources.

2.3.1 Spatial smoothing and virtual array
construction

The augmented tensor manifold exhibits redundancy from
repeated spatial separations between sensor pairs. We employ
tensor-based spatial smoothing (Liu and Vaidyanathan, 2015) to
partition the virtual array into overlapping subarrays and average
their correlation structures, which improves signal subspace
conditioning under finite samples, enables coherent source
decorrelation, and reduces estimation variance. Liu and
Vaidyanathan (2015) provided a comprehensive analysis of
spatial smoothing effects in co-array processing, establishing
theoretical foundations for our tensor-based extension.

We define N2N;(N, + 1) consecutive virtual sensors and
construct A € CAN-DNK yith N, = 4 polarization dimensions.
After removing redundant rows, we obtain Equation 8:

U=Ax,;s+0E, (8)

where E € RCY-D*No contains all zeros except a single unit
entry at position (N, 1). The difference co-array for the proposed
hybrid array has sensor positions spanning the range in Equation 9:
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{(-N+1yd,...,-d,0,d,....,(N-1)d} . 9)

Partitioning into N overlapping subarrays, the I-th subarray is
given by Equation 10:

i]]ZAl ><35+0-62El> (10)

where the shift-invariant structure .;ll = .;ll x5 @' with phase
shift matrix defined in Equation 11:

® = diag (e 7%, eI Oy (11)

The cross-correlation tensor for the Ith subarray is expressed in
Equation 12:

Ry = (A0 A}) x5 @1 %, diag (67, ..., 07) x5 (@)
+Nl. (12)

Averaging over all N subarrays and exploiting %Eﬁlq)l’l
(®1)* = I yields Equation 13:

1N - -
T:EER,: (A, o A]) x5 R, + noise, (13)
=1
where R, = diag (07, ..., 6%). The resulting 7 € CN*NxNyxN,
supports estimation of up to N -1 sources through the

Vandermonde structure.

2.3.2 HOSVD-based subspace estimation and
DOA retrieval

We apply HOSVD to extract the signal subspace, as formulated
in Equation 14:

T =K x; W, x, Wy x5 W, x4 WS, (14)

where K & CN*N*#4 is the core tensor and W, are
orthonormal factor matrices. Hermitian symmetry yields W; =
Wf and W, = W; . The signal subspace is defined in Equation 15:

U, = W(51:K), (15)

selecting the K columns corresponding to dominant
singular values.

Source enumeration uses the Minimum Description Length
(MDL) criterion applied to core tenso energies:

i=k+1

N ) N 1. -
K =arg min [—log ( H li> + Ek(ZN - k)log NS} s (16)

where A; = || (i, i, : )||3 are ordered core tensor energies.
DOA estimation exploits rotational invariance, as expressed in
Equation 17. With selection matrices J,J, € RN-D*N;

@ = (,U)' (,U)), ) (17)

6, = arcsin (— @

where ¢ rare diagonal elements of ®@. The azimuth angle @is
estimated by leveraging the polarization diversity encoded in the
factor matrix W,. Specifically, since the polarization response vector
contains directional information as u= [cos@cos6, sin@cos6y,
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TABLE 2 Algorithm parameters and physical significance.

Parameter Value Physical significance

T N x N x 4 x 4 | Spatially smoothed interspectral tensor

K Nx Nx4x4 | Core tensor containing signal energy

A Descending Distribution normalized energy of virtual
order array modes

K 1<K <N-1 | Estimated number of sources

U N xK Signal subspace matrix

I Selec'tion C.apture' translational invariance in spatial
matrices dimensions

[ [0, 360°) Azimuth angle of kth source

O [0, 90°] Elevation angle of kth source

sin6,]", the azimuth can be recovered from the ratio of horizontal
velocity components, as shown in Equation 18:

[WZ( > k)]Z
(W1 (5 Ry

where [W,(:,k)]; and [W,(:, k)], denote the first and second
elements of the kth column of the polarization factor matrix,

¢y = arctan (

) (18)

corresponding to the v,and v,velocity components, respectively.
The complete algorithm is summarized in Algorithm 1. The
algorithm parameters and their physical significance are provided
in Table 2.
Require: T e C M =44
(. s K
Ensure: K’{((Pk’ek)}k:l
1: Pre-whitening: Apply T =7 x,; 5% x, =/

, hoise covariance X,

for non-
uniformnoise

: Compute HOSVD: 7 = K xT W x2 Wy x3 Wy x4 W4

: Calculate core tensor energies A;= ||[K(1,1, @, 1) ||,§

: Estimate source number: K = argmin, MDL (k)

. Extract signal subspace: Ug = W, (:1:K)

- Construct selection matrices J,, J, € R(-1x4

: Solve eigenvalue problem: @ = (J1US)T(J2US)
:fork=1toK do

9: Extract eigenvalue: ¢k = @(k, k)

10: Compute elevation angle:

o N O oW

6 = arcsin ( — 7‘((1)[“) )

11 Compute azimuth angle from

polarization: ¢ = arctan mﬁﬁfik)
12: end for
13 return K, {(dc 60)}5_,=0

Algorithm 1. HOSVD-based source enumeration and DOA estimation.

3 Performance analysis

This section provides theoretical performance analysis of the
proposed framework. We derive the CRB, analyze computational
complexity, and examine parameter identifiability.
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TABLE 3 Computational complexity comparison for six DOA estimation
methods.

Method Complexity order
HSVSA-Tensor-HOSVD (proposed) O +K )
ULA-Tensor-HOSVD a
PARAFAC-DOA OWN"+K 7
Vector-MUSIC od-NK)
HSVSA-Matrix-MUSIC O(N"+N'G)

O N3+ N2G)

Nested-MUSIC

N: virtual sensors; K : estimated sources; G: grid points; I: PARAFAC iterations.

3.1 Cramér—Rao bound analysis

The CRB establishes the fundamental performance limit
for unbiased estimators. For DOA estimation with the
proposed HSVSA, we derive the CRB to quantify theoretical
estimation accuracy.

Consider the parameter vector & = [0, ¢, ..., Ok, @k, 0'12, ooy 0'12<
€ R*X. The Fisher Information Matrix (FIM) is given by Equation 19:

H
oSl (o) o

where IT§ =1-A(AFA)™A" is the projection matrix

orthogonal to A. The CRB for the kth source is expressed in

}T

Equation 20:

CRB(6, @) = ¢[F71]2k—1,2k—1 + [F ' akak - (20)

The hybrid geometry provides substantial CRB reduction
compared to uniform arrays. The FIM scales as Fygysy = (N /N)?
FyLa, vielding CRB reduction of (N/N)? = 7.84 for the proposed
configuration. This advantage stems from the extended virtual
aperture (N — 1)d achieved through difference co-array processing
of heterogeneous sensor measurements. Recent advances in CRB
analysis for sparse arrays (Bai et al., 2022) have provided theoretical
insights into performance bounds under Bayesian frameworks.
Combined with tensor processing, the proposed framework

achieves near-CRB performance, validated in Section 4.3.
3.2 Computational complexity

The computational complexity of the proposed HSVSA-Tensor-
HOSVD algorithm is analyzed by examining the dominant
operations. For spatial smoothing, constructing the spatially
smoothed tensor 7 from N subarrays requires O(N*) operations.
The HOSVD decomposition involves mode-1 and mode-2 unfolding
(each of size N x 16N) followed by SVD, yielding complexity O(N?)
for each mode. The polarization modes (mode-3 and mode-4)
contribute O(N?) each. Computing the core tensor energy A; =
1K, i,::)|[f for all i=1,...,N requires O(N) operations. The
MDL criterion evaluation contributes O(N) operations. The
ESPRIT-type DOA estimation, including pseudoinverse and
eigenvalue decomposition, contributes O(N?K +K?) operations.

The overall computational complexity is dominated by spatial
smoothing and HOSVD, as summarized in Equation 21:
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Cioul = ON® +K3), (21)

which is significantly lower than MUSIC-based methods
requiring O(N® + N2G) with spectral grid search (G = 3 x 10* for
practical resolution), and comparable to iterative PARAFAC
requiring O(I- N°K?) with I =10-15 iterations. The proposed
closed-form approach avoids iterative optimization while
maintaining lower complexity than grid-based methods.

Table 3 compares the computational complexity orders for all
six benchmark methods. Tensor-based methods (HSVSA-Tensor-
HOSVD, ULA-Tensor-HOSVD) achieve O(N° + K?) complexity
through efficient closed-form HOSVD decomposition. Matrix-
based MUSIC methods (Vector-MUSIC, HSVSA-Matrix-MUSIC,
Nested-MUSIC) incur O(N® + N*G) complexity, where the spectral
search term O(N?G) dominates with G = 32,400 grid points (for 1
resolution over 180 x 180), resulting in significantly higher
computational cost than tensor methods. PARAFAC-DOA
exhibits O(I- N°K?) complexity with I =10-15 iterations and
initialization sensitivity. The proposed method avoids iterative
optimization and exhaustive grid search, achieving lower
complexity with closed-form subspace estimation. Experimental
validation of these theoretical predictions through actual runtime
measurements is presented in Section 4.3.

3.3 Parameter identifiability and degrees of
freedom

Parameter identifiability determines the theoretical maximum
number of sources that can be uniquely resolved, independent of
SNR or snapshot count. For the proposed framework, identifiability
is governed by tensor decomposition uniqueness and virtual
array DOF.

The spatially smoothed tensor 7 & CNNXNNy g dmits the

factorization in Equation 22:

T = (A« A)) x5 R,, (22)

where A, € CNV*NXK contains steering vectors and
N,represents polarization components. The uniqueness condition
requires Equation 23 to hold:

k — rank(A,) + k — rank(A}) = 2K + 2. (23)

In practical scenarios, this uniqueness condition may be
violated due to source coherence from multipath propagation,
insufficient snapshots (N, SK), or closely spaced sources with
nearly dependent steering vectors. Spatial smoothing partially
mitigates coherence effects, but severe multipath conditions may
still degrade identifiability. For Vandermonde manifolds with N
virtual sensors and N, polarization components, the Kruskal rank is
min {N R NU}, yielding the bound in Equation 24:

Koy < min {N-1,|N,/2| -N}. (24)

The HSVSA generates N = N;(N, + 1) consecutive virtual
sensors, supporting Ky, = N -1 resolvable sources—
substantially more than conventional uniform arrays with N =

N, + N, sensors providing Kot = N -1 DOF. Compared to
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TABLE 4 Benchmark methods for performance comparison.

Arra .
Y Sensors DOF Algorithm
type
HSVSA-Tensor- Tensor-
Hybri 1 2
HOSVD ybrid 0 8 HOSVD
. Tensor-
ULA-Tensor-HOSVD | Uniform 28 28
HOSVD
PARAFAC-DOA Hybrid 10 28 PARAFAC
Vector-MUSIC Unif 10 10 Matrix
ector-. nirorm MUSIC
HSVSA-Matrix- Matrix-
Hybri 1 2
MUSIC ybrid 0 8 MUSIC
Matrix-
Nested-MUSIC Nested scalar 10 28 MUSIC

nested scalar arrays achieving Nieaar Virtual sensors, the hybrid
architecture adds polarization diversity for enhanced accuracy.

When snapshots become limited (N, = N), sample covariance
introduces the constraint in Equation 25:

K =min {N-1,N, -1} (25)

For underwater applications with sufficient snapshots (Ng>
N,), this constraint is inactive.

While the Kruskal rank condition and snapshot constraint above
establish theoretical identifiability limits Ky, < N — 1, practical
scalability depends on estimation performance near these limits. As
K approaches K,.x, reduced eigenvalue gaps in the covariance
structure degrade signal-noise subspace separation. Tensor
processing maintains robustness through joint diagonalization
exploiting spatial-polarization coupling, whereas matrix
vectorization discards this multidimensional structure and suffers
earlier degradation. Regarding array scaling, the O(N°) HOSVD
complexity exhibits polynomial growth suitable for moderately
large virtual apertures, avoiding the exponential scaling of
exhaustive grid-based methods. Combined with the quadratic DOF
growth N = O(N?) from co-array processing, this establishes favorable
scalability characteristics for dense acoustic environments.

4 Experimental validation

This section presents comprehensive experimental validation of
the proposed HSVSA-Tensor-HOSVD framework through
systematic Monte Carlo simulations. We compare against five
established baseline methods under both controlled and adverse
conditions to demonstrate practical applicability.

The HSVSA employs N; = 4 vector sensors and N, = 6 scalar
sensors, generating N = N;(N, + 1) = 28 virtual sensors through
co-array processing. Sources are modeled as uncorrelated
narrowband signals with additive white Gaussian noise. Table 4
summarizes all benchmark methods evaluated under identical
experimental conditions.
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Performance evaluation employs complementary metrics
tailored to specific analysis objectives. For source enumeration,
detection probability P,quantifies the fraction of trials achieving
correct source count estimation (IA< = K). DOA estimation accuracy
is characterized by root mean square error (RMSE), while angular
resolution is assessed through 3 dB beamwidth measurements from
spatial spectrum cuts. Additionally, computational efficiency is
evaluated through execution time measurements, and robustness
is quantified by RMSE degradation under non-uniform noise
conditions. Unless otherwise specified, experiments employ M =
500 Monte Carlo trials with source DOAs uniformly distributed
within 6 € [10°,80°] and ¢ € [0°,360°].

4.1 Performance analysis

This subsection presents comprehensive simulation results
examining source enumeration accuracy, angular resolution
characteristics, noise tolerance, and data utilization efficiency.

4.1.1 Source enumeration under limited
snapshots

Reliable source counting is essential for subsequent DOA
estimation. We apply the MDL criterion defined in (Equation 16)
to HOSVD core tensor energies under a challenging limited-
snapshot scenario (N, = 200) where covariance matrix estimation
becomes ill-conditioned. Tests cover K € {2,4,6,8} sources
uniformly distributed within 6 € [10°,80°] and ¢ € [0°,360°].

As can be seen from Figure 2, a distinct performance hierarchy
emerges among the evaluated methods. For K =2 sources
(Figure 2a), HSVSA-Tensor-HOSVD achieves P; > 0.95 at SNR =
-5 dB, while matrix-based methods require SNR > 5 dB. As the
source count increases to K = 4 and K = 6 (Figures 2b, c), tensor
methods maintain their 5-10 dB advantage over matrix alternatives.
Even when approaching the array’s theoretical DOF limit at K = 8
(Figure 2d), the proposed method maintains P; > 0.90 for SNR >
5 dB, whereas conventional approaches require SNR > 10 dB to
achieve comparable reliability.

4.1.2 Resolution of closely spaced sources

The ability to distinguish nearby sources determines practical
array utility in cluttered underwater environments. We position two
sources at (0, ¢;) = (30°,45°) and (6,, ¢,) = (35°,50°) with only 5°
angular separation—below the Rayleigh limit for most conventional
arrays. Spatial spectra span 6 € [0°,60°] and ¢ € [20°,80°] at
0.5° resolution.

The normalized 2D spatial spectra reveal distinct resolution
characteristics across the evaluated methods. As illustrated in
Figure 3, HSVSA-Tensor-HOSVD (Figure 3c) produces two well-
separated, sharply defined peaks with minimal sidelobe
contamination, while matrix-based approaches (Figures 3a, b, f)
yield substantially broader main lobes that nearly merge under the
5°separation condition. ULA-Tensor-HOSVD (Figure 3e) achieves
the sharpest resolution owing to its full 28-sensor physical aperture,
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TABLE 5 Angular resolution comparison: 3 dB beamwidth for 5° source
separation at SNR = 10 dB.

Method 3 dB Rel.ative
beamwidth width

(};izs(i’ez;m"r’HOSVD 42 100% (baseline)
ULA-Tensor-HOSVD 3.65° 87%
PARAFAC-DOA 45 107%
Vector-MUSIC 5.8 138%
HSVSA-Matrix-MUSIC 6.8 162%
Nested-MUSIC 6.1° 145%

establishing an upper performance bound. These visual
observations are quantified in Table 5: the proposed method
achieves 4.2° 3 dB beamwidth—only 15% wider than the 28-
sensor ULA benchmark while requiring 2.8x fewer physical
sensors. This confirms that the proposed heterogeneous array
design effectively exploits difference co-array processing to extend
spatial resolution beyond what the 10 physical sensors would
otherwise provide.

4.1.3 Estimation accuracy across SNR conditions

Underwater acoustic environments span a wide dynamic range.
We characterize estimation accuracy from severe noise conditions
(SNR = -15 dB) through moderate (0 dB) to favorable scenarios (15
dB), using K = 4 sources with N;= 500 snapshots to ensure
statistically stable covariance estimates.

The results in Figure 4 validate the estimation accuracy of the
proposed HSVSA-Tensor-HOSVD across the full SNR range. At
moderate SNR = 10 dB—typical of practical scenarios—the
proposed method achieves approximately 0.27 RMSE,
demonstrating effective exploitation of the hybrid array geometry
with 2x to 3x lower error than matrix-based alternatives. The
method maintains sub-10 estimation accuracy even under severe
noise conditions (SNR = —15 dB), extending the operational
envelope for underwater platforms.

10.3389/fmars.2026.1758382

4.1.4 Convergence behavior under limited data

Rapid DOA estimation with minimal observation time is critical
for tracking maneuvering targets or operating in dynamic
environments. We evaluate convergence from severely limited
(Ns= 50) to adequate (N= 1,000) snapshot counts at SNR = 5 dB.

The data efficiency advantage of tensor processing is evident
from the convergence analysis. As shown in Figure 5, with only N=
50 snapshots—corresponding to just 100 ms at typical 500 Hz
sampling rates—HSVSA-Tensor-HOSVD already achieves RMSE <
0.5. Matrix-based methods require four times as many snapshots
(Ns> 200) to reach comparable accuracy, representing an 86.7%
reduction in required observation time. This efficiency gain stems
from the tensor decomposition’s ability to jointly exploit all array
dimensions simultaneously, effectively multiplying the statistical
leverage of each observation.

4.2 Robustness validation

AVSs inherently exhibit spatially non-uniform noise
characteristics due to fundamental physical differences between
pressure and velocity transduction mechanisms (Nehorai and
Paldi, 1994). Specifically, velocity channels suffer from higher self-
noise due to mechanical suspension systems, increased
susceptibility to flow-induced turbulence, and different frequency-
dependent response characteristics compared to pressure
hydrophones. This intrinsic noise non-uniformity—typically 3-6
dB higher in velocity channels—represents a fundamental challenge
for vector sensor array processing. This subsection validates the
proposed tensor framework’s robustness against this inherent
sensor characteristic.

4.2.1 Non-uniform noise robustness

We systematically evaluate algorithm performance under
realistic noise non-uniformity levels documented in AVS
literature: uniform baseline, 3 dB, 5 dB, and 6 dB velocity-to-
pressure noise power ratios. Following Equation 3, the noise
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3
T
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RMSE versus SNR comparison for K = 4 sources with Ns= 500 snapshots.
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RMSE convergence versus snapshot count for K = 4 sources at SNR = 5 dB.

covariance is modeled as X, = diag(0,, a0;, ac,, a0;) @ Iy, where
o € {1.0, 2.0, 3.16, 4.0} corresponds to {0, 3, 5, 6} dB
differentials. Experiments use SNR =5 dB with N;=
500 snapshots.

The multidimensional performance comparison, as depicted in
Figure 6, reveals the comprehensive advantages of the proposed
method. The radar chart (Figure 6a) shows HSVSA-Tensor-
HOSVD maintaining the largest coverage area across accuracy,
robustness, efficiency, and adaptability metrics, while the RMSE
degradation heatmap (Figure 6b) quantifies the critical finding:
tensor methods exhibit inherent resilience to channel-specific
noise variations.

The robustness advantage becomes quantitatively clear from
Table 6. Under severe 6-dB velocity-to pressure noise differential—
representative of practical AVS deployments—the proposed
method exhibits only 9.7% RMSE degradation relative to uniform

noise baseline.

4.2.2 Compound stress scenarios with field-
measured background noise

Practical underwater deployments rarely face isolated challenges.
To validate performance under realistic compound stress conditions,
we incorporate background noise characteristics measured from field
experiments conducted in coastal waters (depth: 15-30 m, sea state: 3—
4). The field-measured noise exhibits the following: (1) colored spectral
characteristics with 6 dB roll-oft above 2 kHz; (2) 4.5 dB average
velocity-to-pressure noise differential; and (3) intermittent impulsive
interference from shipping traffic.

We evaluate compound scenarios combining these field-
measured characteristics with controlled degradation factors, with
results presented in Table 7 for all six benchmark methods under
three representative stress conditions:

The results in Table 7 demonstrate consistent performance
advantages of the proposed method under compound stress
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Non-uniform noise robustness evaluation for all six methods with SNR = 5 dB and Ns= 500 snapshots. (a) Radar chart comparing accuracy,
robustness, efficiency, and adaptability metrics. (b) Heatmap of RMSE degradation under uniform, 3 dB, 5 dB, and 6 dB pressure—velocity channel
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TABLE 6 RMSE degradation under non-uniform noise conditions.

3dB 5dB 6dB N
degradation

HSVSA-Tensor- 52% | 80% | 9.7% 7.6%
HOSVD

ULA-Tensor-HOSVD | 4.8% | 72% | 85% 6.8%
PARAFAC-DOA 85% | 152% @ 18.8% 14.2%
Vector-MUSIC 125% | 203% | 24.5% 19.1%
HSVSA-Matrix-MUSIC 16.4% 23.0% 27.2% 22.2%
Nested-MUSIC 185% | 26.8% | 31.5% 25.6%

scenarios incorporating field-measured background noise
characteristics. Across all tested conditions, HSVSA-Tensor-
HOSVD maintains RMSE below 2°, establishing reliable
operational boundaries for practical deployments. Notably, under
the most challenging scenario with field-measured colored noise (6
dB roll-off above 2 kHz) and 4.5 dB velocity-to-pressure differential,
the proposed method achieves 1.58 RMSE. In contrast, matrix-
based alternatives require favorable SNR (=5 dB) or extended
observation windows (N> 300) to achieve comparable accuracy.
These findings demonstrate that the proposed framework can
accommodate realistic environmental disturbances inherent to
AVSs while maintaining estimation accuracy suitable for
autonomous underwater vehicle navigation and target
tracking applications.

4.3 Validation of theoretical predictions

Having established the theoretical performance bounds in
Section 3, we now validate these predictions through
comprehensive experiments, focusing on proximity to the CRB
and computational efficiency.

4.3.1 CRB proximity and estimation accuracy

To quantify proximity to theoretical optimality, we conduct
CRB analysis across varying SNR regimes from —10 to 15 dB with K
= 4 sources and N= 500 snapshots. Table 8 presents experimental
RMSE versus theoretical lower bounds, revealing the gap between
achievable performance and fundamental limits.

The comparative analysis reveals two key insights beyond
individual method validation in Section 4.2. First, the proposed
HSVSA-Tensor-HOSVD consistently achieves 2.1x to 3.0x lower
RMSE than matrix-based approaches across all SNR conditions,
demonstrating that tensor processing provides systematic
advantages over conventional vectorization regardless of noise

10.3389/fmars.2026.1758382

level. Second, the CRB gap ratio between tensor and matrix
methods remains stable at 2x to 3x, empirically confirming that
the accuracy advantage stems from algorithmic design rather than
favorable experimental conditions.

4.3.2 Computational efficiency verification

While CRB analysis validates estimation accuracy bounds,
practical deployability equally depends on computational
tractability for embedded implementation. To empirically validate
the claimed 4.9x to 6.6x computational speedup, we conduct
runtime profiling on a representative computing platform—Intel
Corei7-10700 @ 2.9 GHz running MATLAB R2022b. Experiments
employ the baseline configuration: N = 28 virtual sensors, K = 4
sources, and Ny= 500 snapshots, with MUSIC methods evaluated at
G = 32,400 grid points (1 angular resolution) and PARAFAC-DOA
configured with I = 12 alternating least squares iterations.

The profiling results, visualized in Figure 7, empirically confirm
the theoretical efficiency predictions with 4.9x to 6.6x speedup over
Matrix-MUSIC methods and 4.2x acceleration over iterative
PARAFAC-DOA. This substantial computational advantage
originates from two key algorithmic design choices: (1) closed-
form HOSVD decomposition replaces iterative optimization
inherent to PARAFAC’s alternating least squares, eliminating
convergence overhead and initialization sensitivity; (2) direct
subspace rotation via ESPRIT extracts DOAs algebraically,
circumventing the exhaustive spectral grid search that dominates
MUSIC runtime complexity. The resulting throughput enables
deployment on embedded underwater platforms, satisfying
stringent latency requirements for autonomous navigation and
dynamic multi-target tracking.

To provide deeper insight into the convergence characteristics
underlying these computational advantages, Figure 8 presents RMSE
evolution versus iteration count for PARAFAC-DOA at the
challenging K = 8 scenario approaching the array’s DOF limit. This
analysis follows the methodology established in recent MIMO DOA
studies (Anughna and Ramesha, 2023, 2024), where RMSE
convergence plots effectively demonstrate algorithmic efficiency.
The results reveal that PARAFAC-DOA requires 10-23 ALS
iterations to achieve convergence depending on SNR conditions,
with lower SNR demanding substantially more iterations due to
degraded subspace quality during random initialization. In contrast,
the proposed HSVSA Tensor-HOSVD achieves equivalent or
superior accuracy through single-step HOSVD decomposition, as
indicated by the horizontal reference lines representing closed-form
estimation results. This iteration free characteristic eliminates
convergence uncertainty and initialization sensitivity inherent to

TABLE 7 Compound stress scenario performance (RMSE in degrees) with field-measured background noise.

HSVSA-T

Scenario

PARAFAC

V-MUSIC HSVSA-M Nested

Low SNR + non-uniform 1.25 1.08 1.85 292 3.45 3.78
Limited snapshots 0.82 0.71 1.35 1.96 2.28 2.65
Field-measured noise 1.58 1.32 2.15 3.25 4.12 4.55

HSVSA-T, HSVSA-Tensor-HOSVD; ULA-T, ULA-Tensor-HOSVD; HSVSA-M, HSVSA-Matrix-MUSIC; Nested, Nested-MUSIC. Conditions, Low SNR (0 dB) + 5 dB non-uniform noise;
Limited snapshots (N,;= 100) + 3 dB non-uniform noise; Colored field noise (6 dB roll-oft above 2 kHz, 4.5 dB velocity—pressure differential).
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TABLE 8 Cramér—Rao bound proximity analysis: experimental RMSE

versus theoretical limits.

Proposed  Matrix
[°] [°]

-10 5.80 8.82 185 152% 2.1x
-5 1.84 3.52 9.8 191% 2.8x
0 058 0.95 2.85 164% 3.0x
5 0.18 038 1.02 211% 2.7%
10 0.058 027 0.60 366% 2.2x
15 0.018 0.085 022 372% 2.6x

CRB Gap = (Proposed RMSE/CRB - 1); Ratio = Matrix RMSE/Proposed RMSE; Matrix =
average of HSVSA-Matrix-MUSIC and Nested-MUSIC. Proposed: HSVSA-Tensor-HOSVD.

10.3389/fmars.2026.1758382

alternating optimization, providing deterministic execution time
critical for real-time underwater applications.

5 Conclusions

This paper proposes a novel tensor-based DOA estimation
framework called HSVSA-Tensor-HOSVD for underwater acoustic
localization. By strategically integrating hybrid array geometry,
polarization diversity, and multidimensional tensor processing, the
proposed framework achieves enhanced estimation performance with
significantly reduced hardware complexity. Comprehensive Monte
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Carlo simulations demonstrate that HSVSA-Tensor-HOSVD provides
superior source enumeration accuracy, precise angular resolution,
robust noise tolerance, and computational efficiency suitable for real-
time underwater applications. Future work will focus on field
experimental validation in actual underwater environments to further
demonstrate practical applicability.

To summarize, this paper mainly contributes to the
following aspects:

1. We introduce an HSVSA architecture that achieves virtual
sensors through difference co-array processing of
heterogeneous measurements. The proposed HSVSA realizes
enhanced DOF through sensor heterogeneity with uniform
spacing, enabling substantial hardware cost reduction while
maintaining enhanced spatial resolution capabilities.

. We formulate a fourth-order spatially smoothed
interspectral tensor model that jointly exploits spatial
correlation and polarization structure within a unified
mathematical framework. The formulation accommodates
measurement dimensionality heterogeneity inherent to
hybrid scalar-vector arrays, enabling effective exploitation
of both spatial and polarization information.

. We develop a closed-form HOSVD-based estimation
algorithm that exploits rotational invariance for direct
DOA retrieval. The proposed approach achieves
significant computational speedup through deterministic
subspace estimation, enabling deployment on embedded
platforms with enhanced reliability and precision.
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