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We address the question of separating the ocean’s deterministic response to
time-dependent forcing from its intrinsic chaotic variability. Ideally, one could
compute the ensemble mean directly without performing numerous realizations,
but this requires knowledge or closure of the second-order statistics — the
classical turbulent-closure problem, here recast for a non-equilibrium,
geophysical setting. Building on the ideas of nonlinear midlatitude ocean
adjustment, we examine this problem using idealized quasi-geostrophic (QG)
double-gyre ensembles subjected to episodic temporal variations in wind forcing.
Our objective here is not to develop a subgrid parameterization of unresolved
eddies, but rather to construct and test prognostic equations for the ensemble
mean itself, using the simplest possible closure assumptions. We nd that the
performance of ensemble mean closures is highly dependent on the
spatiotemporal structure of the forcing. Under slowly varying forcing,
approximate closures reproduce the mean evolution reasonably well; under
rapidly varying, near-zero-mean forcing, the simplest ensemble-mean closures
fail, even at the level of basin-averaged total energy and enstrophy. In both
regimes, the ensemble-mean response is not simply the accumulated imprint of
the applied forcing, but instead appears as a continuing, non-equilibrated
dialogue between the mean and eddy elds.

KEYWORDS

eddy parameterization, ensemble mean, ensemble simulation, mesoscale eddies,
quasi-geostrophy, wind-driven gyre
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1 Introduction

Understanding how large-scale ocean circulations adjust to
changes in external forcing remains one of the central challenges
of geophysical uid dynamics. At climate scales, the dif culty is not
simply that the governing equations are nonlinear and chaotic, but
that the oceans mean state and its intrinsic variability are
dynamically entangled. Even under steady forcing, mesoscale
turbulence continually feeds back on the large-scale ow,
producing a uctuating equilibrium that is only statistically
stationary. When the forcing itself varies in time, this balance is
disturbed and the ocean s adjustment re ects both deterministic
and stochastic elements of the dynamics. Predicting that
adjustment and, in particular, predicting the evolution of the
ensemble mean circulation is the subject of this paper.

In modern climate modeling, such questions are typically recast
as problems of parameterization. Global circulation models cannot
resolve the full spectrum of mesoscale and submesoscale motions,
so their collective in uence must be represented through effective
diffusivities or ux laws (e.g., Gent and McWilliams, 1990; Gent
et al., 1995; Marshall et al., 2012; Mak et al., 2017; Wei et al., 2024).
Despite their success in stabilizing coarse-resolution models, these
schemes rest on heuristic assumptions most notably that eddy

uxes act downgradient with respect to mean quantities (Cessi,
2008; Eden and Greatbatch, 2008; Ferrari et al., 2010; Eaves et al.,
2025)] whose physical justi cation remains limited. In particular,
eddy mean ow interactions involve both reversible exchanges and
irreversible transfers of energy and potential vorticity, allowing
energy to ow in either direction between the mean circulation
and the uctuating eld rather than strictly downscale in a diffusive
sense (Vallis, 2006; Arbic et al., 2014; Uchida et al., 2022b, 2024a; b).

While many turbulent ows admit well-de ned temporal or spatial
averaging owing to statistical stationarity, periodicity, or the presence
of homogeneous directions such structure is absent in most oceanic
settings. The forcing is neither steady nor periodic, and both the forcing
pattern and boundary conditions preclude spatial homogeneity. As a
result, neither time nor spatial averages yield a meaningful evolving
mean eld. Statistical analysis must therefore rely on ensemble
averaging, de ned here as the arithmetic mean over realizations with
equally probable initial conditions. Unlike time or spatial means, the
ensemble mean retains the full space time dimensionality of the
instantaneous ow and evolves in both space and time. The same is
true of higher-order ensemble statistics, including the Reynolds stresses
that couple the mean and uctuating elds.

As such, ensemble averaging (Smagorinsky, 1963; Kraichnan,
1976; Young, 2012; Maddison and Marshall, 2013; Serazin et al.,
2015; Leroux et al., 2018; Romanou et al., 2023; Gu et al., 2024)
offers a convenient though computationally demanding way to
separate the response to the imposed forcing from the intrinsic
variability arising from nonlinear instability and sensitivity to initial
conditions. In contrast to spatial or temporal Itering, which
generally partitions any applied forcing into both the mean and

uctuation equations, applying any identical forcing across all
ensemble members implies that the external forcing enters only
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the ensemble mean equation, leaving the uctuations unforced in a
precise algebraic sense.

Here we shift focus from individual realizations of a turbulent

ow to the ensemble mean itself as a dynamical object. For non-
autonomous forcing, the ensemble mean de nes a time-dependent
statistical state that is reproducible across realizations under
identical forcing, but not in general reducible to a single
trajectory. The question we address is whether one can construct
a stable, closed prognostic equation for this ensemble mean using
only minimal and physically motivated information about the

uctuating eld, whose dominant scales are determined by the
dynamics rather than prescribed a priori. The aim is not to predict
individual realizations or the detailed evolution of the uctuations,
but to determine under what conditions the ensemble-mean
evolution can be captured without explicitly simulating a large
ensemble of realizations.

As a minimal model for the wind-driven gyres of the North
Atlantic and Paci c, the quasi-geostrophic (QG) double-gyre model
has long served as a paradigm for studying the large-scale response
of the ocean to wind forcing (\VVeronis, 1963). Despite its simplicity,
the system captures many of the essential ingredients of the
midlatitude ocean circulation: basin-scale recirculations, an
energetic eastward jet reminiscent of the Gulf Stream or
Kuroshio. In this idealized setting, nonlinear eddy mean ow
interactions can be isolated and examined without the
confounding in uences of complex topography or buoyancy
forcing. The double-gyre model thus provides a compact, easily-
computed, and physically interpretable test bed for exploring how
large-scale oceanic jets adjust to changes in external forcing.

A substantial body of work has shown that such ows behave as
weakly nonlinear oscillators, capable of multiple equilibria, regime
transitions, and intrinsic low-frequency variability even under
steady forcing (Berloff and McWilliams, 1999; Simonnet, 2005;
Berloff et al., 2007). In a broader sense, this behavior exempli es
the idea that the ocean s mean circulation should be viewed as a
continuously forced, weakly non-equilibrium system, in perpetual
dialogue with its own turbulence a perspective articulated in
earlier studies of midlatitude adjustment and energetics (Dewar,
2003). Here, we revisit that viewpoint using ensembles of QG
double-gyre simulations subjected to episodic and oscillatory
wind forcing. The QG framework retains the essential baroclinic
dynamics and nonlocal eddy feedbacks of the mesoscale ocean
(Grooms et al., 2015; Uchida et al., 2021; 2022a; Deremble et al.,
2023), while remaining simple enough to permit fully controlled
ensemble experiments over climatically relevant timescales.

Our approach is deliberately simple. We rst establish a
statistically stationary, eddying double-gyre circulation under
steady wind forcing and diagnose its time-mean and uctuating
properties, including the dominant space time modes obtained via
Spectral Proper Orthogonal Decomposition (SPOD; Towne et al.,
2018). We then generate large ensembles of simulations subjected to
two distinct classes of time-dependent forcing. The rst (Case 1)
modulates only the amplitude of the large-scale wind stress,
producing a basin-scale pulse that perturbs the mean jet but
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leaves its spatial structure unchanged. The second (Case 2) imposes
forcing patterns with the same space time scales as the most
energetic eddy modes, effectively driving the system at the

uctuation scales. These two experiments bracket the spectrum of
possible eddy mean interactions, from slowly varying, quasi-
equilibrium adjustment to rapidly varying, near-resonant excitation.

To clarify the dynamical controls governing the evolution of the
ensemble mean, we derive a simple prognostic closure model and
compare its behavior with fully simulated, reference ensembles and
with two idealized dynamical-response models. The prognostic
steady-stress (or frozen-turbulence) model replaces the
instantaneous Reynolds stresses with their long-time means,
providing a minimal closure that predicts the mean eld from

xed eddy statistics. The two response models, by contrast,
completely neglect the in uence of ensemble uctuations,
describing how the mean eld adjusts to prescribed forcing in the
absence of any eddy contributions. The nonlinear version retains
advection of the mean ow but omits coupling to the background
state, while the linear version further simpli es the dynamics to a
classical b-plane response. Comparing these simpli ed models to
the fully diagnosed ensemble evolution allows us to assess when,
and under what forcing regimes, the ensemble mean can be
accurately predicted from limited statistical information.

The results demonstrate that the viability of simple prognostic
closures of the ensemble mean depends critically on the temporal
and spatial structure of the forcing. The forcing con gurations
examined here are deliberately chosen diagnostic cases. When the
forcing acts on large, basin-scale structures (Case 1), the ensemble
mean responds coherently and the frozen-turbulence closure
performs well. When the forcing projects onto the dynamically
active eddy scales identi ed here using SPOD of the unforced
turbulent state (Case 2) energy is rapidly transferred from the
mean to the uctuating eld, and all simpli ed closures fail, even at
the level of total energy. In both cases, the ensemble mean is not
merely the accumulated imprint of the external forcing, but a
dynamically active eld engaged in continuous exchange with the
underlying turbulence.

These ndings highlight the non-equilibrium nature of the
oceanic mean state and provide a controlled framework for
evaluating closure assumptions in more complex models. While
our experiments are idealized, they reveal general principles likely
to extend to the real ocean: namely, that successful prognostic
modeling of the ensemble mean depends not only on the amplitude
of the forcing, but also on its spatial and temporal structure relative
to the intrinsic variability of the system.

The remainder of this paper is organized as follows. Section 2
describes the QG model and ensemble methodology, including the
SPOD analysis used to identify dominant eddy modes. Section 3
presents the results from the two forcing experiments and evaluates
the performance of the three prognostic models. The focus of this
paper is on the ensemble mean, referring to past results that
emphasize the importance of capturing an accurate mean state in
order to accurately capture the eddies (Hallberg, 2013; Mak et al.,
2023), but we shall end with some discussion of the eddies in
Section 4 and on the broader problem of 124 predicting the large-
scale ocean response to time-dependent forcing.
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2 Data and method

Throughout our study, we document the characteristics of an
ensemble-mean oceanic jet using the QG wind-driven gyre system.
We numerically solve the canonical QG potential vorticity (PV)
using the Fast-Fourier Transform (FFT)-based qgw solver
Deremble et al. (2024),

i t
s iy,a) = 2 Fx Ody +n % 1)
t H,
For two layers, the layer PV, g;, and stream function, y;, are
non-locally related by:

2

2
0= 2yt gi (V2 Y1)+ by,

2

2
= 2.+ gi (Vi Y2) +by:

The total energy (per unit density and area) in the domain is
given by

TE(t) = KE(t) + APE(t)

,Z

1 .

A0 Hiyijgidxdy: = fqyg, 2
i=1
with units %‘;

2.1 Base case

We take the simplest two-layer con guration, (Hy, H,) = (400,
2600) m, in a square domain L, = L, = L = 3840 km on an interior
grid 5122 (Dx = 7:5 km). The parameters are f; = 9:4 10 °s ', b
=17 10 m!s?!andg’=0:045ms 2 with a resulting Rossby
deformation radius Ry = 42 km.

The steady, asymmetric wind-stress curl follows Berloff and
McWilliams (1999):

F(x,t) = F(y)

_P (y L=2) (y L=2)

=T sin 2p 3 Iycos p 1 ., (3
with t; =4:0 10 ° m? s 2 and asymmetry parameter I, =

0:25. This choice places the zero wind-stress curl aty 2000 km,
slightly breaking the meridional symmetry.

The numerical solution is computed with free-slip boundary
conditions for 1,000 years following a 50 year spin-up from rest.
The Laplacian diffusivity is n = 75 m? s . With Dx = 7:5 km and
Ry = 42 km, the deformation radius is resolved by Ry=Dx  5:6 grid
points, placing the reference con guration in the commonly used
eddy resolving regime for two layer QG double gyre ows. The
domain scale separation is also large, with L=R; 91. While
classical Munk layer estimates are sometimes invoked as
resolution criteria, such viscous boundary layers arise under no
slip conditions and are absent in the present free slip formulation.
Appendix A demonstrates that the computed ows and statistics are
robust across spatial resolutions.

The results of steady wind forcing at these parameters show a
statistically stationary eddying ow with  10-15% uctuations of
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the total energy about the time-mean state (Figure 1A). As shown in
the spatial plots of the upper layer PV, the ow is stfongly eddying.
With the time-mean de ned by g(x)2 lim; 1 g(x t), the
time-averaged total energy (Equation 2) can be dec%mposed into
mean and eddy reservoirs

E= fqyg fq'y'g=ME+EE

and we nd a roughly even split, Total energy = 89 units = 53
(mean) + 46 (eddy), between the two components.

To quantify the dominant coherent space time structures
within the statistically stationary eddying regime, we apply
Spectral Proper Orthogonal Decomposition (SPOD; Towne et al.,
2018) to the potential vorticity and streamfunction elds. SPOD
provides an energy-optimal modal basis in the joint spatial
temporal sense: each mode represents a coherent structure
oscillating at a single frequency, ranked by its contribution to the
total uctuation energy. In contrast to the traditional spatial POD,
which diagonalizes the spatial covariance at zero time lag, or
Singular Spectrum Analysis (Ghil et al., 2002) that considers
time-lagged covariances, SPOD diagonalizes the cross-spectral
density tensor the Fourier transform of the temporal correlation
operator thereby isolating physically meaningful, frequency-
resolved modes. The mathematical details of the implementation,
including the energy inner product appropriate to the quasi-
geostrophic system, are provided in Appendix A.

10.3389/fmars.2026.1739607

For the present analysis, we use the nal 1,000 years of
statistically steady data. To estimate the cross-spectral statistics
with adequate frequency resolution and statistical convergence, the
full time series is divided into ten non-overlapping segments of 100
years each. Each block is windowed, Fourier transformed, and used
to compute a segment-averaged cross-spectral density matrix from
which the SPOD eigenvalues and modes are obtained.

Figure 2 summarizes the results. Panel (a) shows the SPOD
eigenvalue spectrum for the leading two modes, I,(f) (black) and
I,(f) (red), as functions of the frequency. The eigenvalue curves
indicate how the total uctuation energy is distributed over
frequency and between coherent spatial patterns. Three frequency
bands, highlighted by dashed vertical lines, correspond to distinct
dynamical regimes of the ow: a low-frequency, large-scale
meandering of the mean jet (f  0:21), an intermediate-frequency
mode associated with gyre-scale recirculation variability (f ~ 0:65),
and a higher-frequency, mesoscale wave-like pattern (f  0:95).

Panels (b d) show the real parts of the leading SPOD potential
vorticity modes, F;(x;f) , normalized by their spatial amplitude
for the three distinct time-scales. The low-frequency mode is
equivalent to the gyre-mode examined in Berloff et al. (2007)
encapsulating slow jet migration and changes in the intergyre
boundary. The intermediate-frequency mode captures coherent
eddy-shedding uctuations along the western boundary current
extensions, while the selected high-frequency modeshows compact,
oscillatory vortical features localized in the jet core and recirculation

(a) Time trace of total energy

Total Energy
© © O O o o
nm N o N U N
o w o w o w

o]
N
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©
<)
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(b) Upper layer g at t=200

Time [years]

(c) Time-mean q

600 800

(d) @’ anomaly

o
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FIGURE 1

(A) 1,000-year time trace of the volume-averaged energy under steady forcing. (B—D) Snapshots of the upper-layer PV at time 200 years (B), the
time-mean upper-layer PV, q(x) (C), and the uctuation upper-layer PV, g'(x,t) at time 50 years (D).
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(a) SPOD eigenvalue spectrum
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FIGURE 2

Spectral proper orthogonal decomposition from 1,000 years of steady wind forcing. (A) Temporal spectra of rst two POD modes [frequencies in
units of year !). (B—D) Spatial patterns of the real part of the leading POD pv-mode at three selected frequencies (corresponding to blue lines in

(A)]-

zones. Together, these modes form a natural energetic hierarchy of
the ow variability, separating slowly varying gyre jet adjustment
from the more rapid eddy motions that potentially modulate it.

2.2 Modeling evolution of the ensemble
mean

Statistical stationarity implies, via the ergodic theorem
(Birkhoff, 1931; Frisch, 1995; Galanti and Tsinober, 2004;
McWilliams, 2006), the equivalence of time and ensemble
averages. If the forcing is independent of time (Equation 3), then
the time average of (Equation 1) is

i Gi) = F(Y)fm +n 2g J(yLd), 4
T
wheref(x)g lim % f(x, t) and, for bounded vorticity,

the contributions from the time derivative can be made vanishingly
small for large enough T. Importantly, under steady forcing, the
evolution equation for the uctuations, q'(x,t) = q(x,t) q(x),

0

g ., _ VI
— YL@ HIYL G d) =0 fgHiyTd),  ©)
contains no direct contribution from the forcing. The
uctuations feel the effect of steady forcing only through its
imprint on the time-averaged stream function, potential vorticity,
and Reynolds stress terms. This is distinctly different from other

situations forced to statistical stationary, perhaps stochastically, by
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forcing of the form Fi(x,t) = F(x) + F}(x, t) where the uctuations
are directly driven. The time-mean decomposition of the ow eld
shown in the lower panels of Figure 1 clearly indicates that the
details of the instantaneous interior PV at any time is dominated by
the intrinsic variability represented by of, but its large-scale
structure, of weaker amplitude, is captured by the time mean and
mostly re ects the imposed forcing.

Equivalent results hold for temporally periodic forcing with
given period, T,

FO,t) =F(x,t+T):

In this case, the forcing is invariant under phase averaging,

o def. 1M .
g(X|t)_N|IIm Mjgog(xxt +JT )!

with t %0, T ). Since E(x,t) = F(x, t), (Equation 5) holds for
the phase-averaged uctuations which receive no direct input from
the periodic forcing.

In the following, we shall develop ensembles of two-layer QG
double-gyre simulations which only differ by their initial
conditions. Before presenting the results from the numerical
experiments, we consider the consequences of aperiodic temporal
forcing. Under these conditions, time is no longer a homogeneous
direction and the only rigorous averaging operator in the statistical
sense is the ensemble average,

frontiersin.org


https://doi.org/10.3389/fmars.2026.1739607
https://www.frontiersin.org/journals/marine-science
https://www.frontiersin.org

Poje et al.

def. 1N .
hf(x, )i —hlllm Wnc:)lfn(x,t).

Here the individual members of the ensemble, f,, are assumed
to be drawn from the set of equally probable ow states at some
initial time. By construction, the ensemble mean commutes with
any linear spatio-temporal operator and the ensemble mean retains
the full dimensionality of any single ensemble member (Chen and
Flierl, 2015; Serazin et al., 2017; Jamet et al., 2022; Uchida et al.,
2021, 2023, 2024a). Mathematical notations are summarized
in Table 1.

Although the forcing in (Equation 1) is now time dependent,
the fact that it is simply additive implies that hF(x, t)i = F(x, t). The
evolution of the ensemble-mean PV,

hai; - .

)y i hai) = FOOd + 0 hai Jyi,6) L (©)

differs from that of the time mean (Equation 4) only by the

retention of the time derivative and, critically, by the statistical

de nition of the uctuations comprising the eddy stress term. The

corresponding evolution of the ensemble mean energy, ME =
fhgihy ig is given by,

d

—ME= H
dt !

where the transfer from mean to eddy reservoirs is

hy,iFdA D +P @

def 12

= E_(_)lHi hyii J(y ,q) dA: (8)

TM E~

By construction, for identically forced ensemble members, there
is no direct contribution of such forcing to uctuations about the
ensemble mean (i.e., the forcing does not appear in the equation
corresponding to uctuations; q défq hgi,F =0), and the
ensemble uctuations evolve in analogy to (Equation 5).

The parameterization problem involves modeling the nal
expression on the right-hand side of (Equation 6) in terms of
known mean quantities: J(y ,q ) = G(hqi). Here we consider the
ensemble response to episodic changes in the forcing about some
steady reference state. The goal is to predict the deviation of the
ensemble mean from the given reference steady state whose time-
mean statistics are known (based, for example, on our 1,000-year
simulation; Figure 1).

TABLE 1 De nition of mathematical notations.

Notation Description

() Time mean
(yY=() O Temporal uctuation

hei Ensemble mean
() =() hi Ensemble uctuation
(ﬁ =hi () Temporal deviation of ensemble mean from its steady state

[r=s Steady-stress (frozen turbulence) model (11)

AR Linear response model (12)

ANLR Nonlinear response model (13)
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The equation for the deviation of the ensemble mean from the
temporal mean, ¢;(x,t) = hg;i(x,t) g;(x) (dropping the layer index
i for brevity) is

i)+, + .6
h i
=L@ +F+ JyLd) Iy .a) ©)
ISR

=G(hqi)

F=F(y,t) F(y) is the temporal deviation of the imposed
forcing from its steady value, and L(g) is the linear diffusion term.

Assuming knowledge of the rst-order, time-mean statistics (g, y),
of Equation (9) can be closed by adopting a quasi-equilibrium, or
frozen-turbulence, approximation (Taylor, 1938; Farrell and loannou,
2003; Marston et al., 2016) and simply ignoring any temporal
variations in the second-order uctuation terms. Setting

Iy .q) =G(hagi) Iy".q), (10)

produces a closed, nonlinear model for ger that includes
interaction with the underlying time-mean elds,

GFr
t

+I(Yer Grr) HI(YFn @) (Y 8er) = L(Eer) +F 0 (1)

Although this closure (Equation 10) is by no means perfect, it
should be viewed as a baseline rather than an optimal scheme. In the
steady-stress (frozen-turbulence) model, the Reynolds stresses are

xed at their statistically steady values under the control forcing and
cannot evolve in response to changes in the ensemble-mean ow.
As a result, the model cannot represent the time-dependent transfer
of energy (Equations 7, 8) or potential vorticity between the
ensemble mean and the eddy eld. Within that limitation, it
nevertheless provides a simple and physically interpretable
benchmark, likely competitive with existing prognostic mesoscale
parameterizations so long as the modeled regime does not cross a
bifurcation point (Simonnet et al., 2003).

Given the common interpretation of the ensemble mean as the
forced response of the system (Penduff et al., 2018; Zhao et al., 2021,
Narinc et al., 2024; Uchida et al., 2024a; Sane et al., 2024; Takasuka
et al., 2025), we also consider simple force-response models that
completely ignore the effects of the uctuations; both the fully linear
response model, § = §g,

GLr
t

+b YT =1 (que) +F 12)
as well as the nonlinear response, § = tnr,

GNLR

— J(YNLR: BNLR) = L(BniR) +F (13)

Comparison of the full ensemble-mean response, hqi, to ger,
fnr and g r quanti es the relative importance of nonlinearity,
time-mean interactions and temporal variations in the Reynolds
stresses in response to changes in the forcing.

All three response models are integrated using the same
numerical discretization, time stepping, spatial grid, and
boundary conditions as the fully nonlinear QG simulations
described in Section 2.1. Differences among the frozen-
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turbulence, nonlinear-response, and linear-response models
therefore re ect only their respective dynamical assumptions
regarding eddy mean interactions, rather than differences in
numerical con guration or resolution.

3 Results

In what follows, we investigate how the statistically stationary
eddying ow responds to episodic changes in the imposed forcing.
As shown above, for identically forced ensemble members,
deviations from the steady forcing act only on the ensemble
mean. The spatial temporal structure of the mean eld
determines the pathways through which energy and potential
vorticity anomalies are communicated to, and subsequently
redistributed by, the eddy eld. Here we consider two extreme cases.

In Case 1, the spatial form of the wind stress is xed, but the
amplitude varies in time as

t,  t(l+b(taty,s)),

where b(t) is the Gaussian

(t tp)?

b(t;a ty,s) =aexp 752

In Case 2, by contrast, the spatial and temporal scales of F(x, t)
are chosen to roughly match those of the most energetic eddy
structures identi ed through the SPOD analysis of the statistically
steady ow. This formulation allows us to explore how the
ensemble mean circulation responds when externally driven by
patterns that resemble the internal, energetic modes of the
turbulent ow, rather than by a basin scale modulation of the
steady wind stress.

This forcing framework examined here in the ensemble-mean
context s closely related to that introduced by Dewar (2003) in his
study of nonlinear midlatitude ocean adjustment. Our Case 1 is
essentially a turn-on/turn-off experiment, while Case 2
corresponds conceptually to his periodically forced regime, in
which the spatial and temporal structure of the forcing is tuned
to resonate with the intrinsic variability of the system.

3.1 Case 1: change in wind-stress
amplitude

We begin with the simpler case of a time-dependent modulation
of the large-scale wind stress amplitude. Each ensemble member is
integrated for 20 years under this forcing history, which represents a
short-duration, basin-wide ampli cation of the same spatial forcing
pattern that maintains the steady double-gyre circulation. The
temporal modulation is prescribed as a Gaussian pulse with
parameters a = 4:0, t; = 3, and s = 1=2 years.

An ensemble of initial conditions is constructed by randomly
sampling the statistically stationary 1,000-year reference simulation
shown in Figure 1. A total of 120 initial states are selected, with a
minimum separation of ve years between samples to ensure
statistical independence. Each ensemble member differs only in its
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initial condition; all model parameters and forcing histories are
otherwise identical. For the diagnostics emphasized in this study,
ensemble-mean statistics are not sampling-limited: the standard
error of the basin-integrated ensemble-mean energy at the initial
time is approximately 0.3% of the mean, and subsampling the
ensemble indicates that the ensemble-mean energy differs by less
than 1% when comparing 80-member and 120-member ensembles.

Figure 3 summarizes the ensemble-mean energetics. Panel (a)
shows the evolution of the total energy for all ensemble members
(light gray) together with the ensemble-mean total energy (black)
and the ensemble-mean eddy energy (red). The blue curve indicates
the temporal shape of the imposed forcing anomaly F(t).

As shown in Figures 3A, the fourfold increase in wind stress
produces a rapid, roughly 350% rise in total energy, peaking about
one year after the maximum forcing. This response is followed by a
slower relaxation back toward the equilibrium value.
Decomposition of the energy into mean and eddy components
(Figure 3A) indicates that the injected energy is directly fed into the
ensemble-mean component, with little short-term change in the
eddy reservoir during the brief forcing pulse.

Panel (b) shows the diagnosed terms of the ensemble mean
energy budget,

%ME(t) =P, (1) + P(t) + D(t),

where ME(t)dgf fhgihy ig is the basin mean energy, Pj,(t) is
the wind work input, P(t) is the reversible exchange between the
mean and eddy reservoirs (negative values denote mean  eddy
transfer), and D(t) 0 is the mean eld dissipation, diagnosed as
the residual D =dME=dt P;, P. During the pulse P;, rises
sharply and accounts for nearly all of the positive dME=dt, while
P remains small: the wind energizes the mean circulation directly.
After the pulse, P;, relaxes toward its control value but P becomes
strongly negative, indicating a delayed mean  eddy cascade; dME
=dt crosses zero when jPj + jDj exceeds P;,, and the mean energy
decays on the basin adjustment timescale. This two stage
sequence direct wind input to the mean followed by a lagged
transfer to the eddies explains the phase offset between the input
forcing and the peaks in TE(t) and eddy energy seen in Figure 3A.
The magnitude of the direct mean dissipation is small and in phase
with the mean response.

To assess model performance, we track the basin integrated
energy of the ensemble mean, ME(t)d:Ef fhgihy ig, and two eld
level skill metrics between modeled and reference upper layer
ensemble mean PV: anarea weighted RMS error and a spatial
pattern correlation r(t),

hq ) o, i
RMS(t) = A ("Gimog hqier)” dA )

hQimod NOimog Ndirer hqirs dA
r(t) = q =

- - - T _= 2
hqlmod hq'mod ZdA hq'ref hq'ref dA

where hqimoddéfqmod + g represents the modeled ensemble mean
from (11) (13) and hqi, is the reference ensemble mean diagnosed
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FIGURE 3

Case 1: (A) Left y axis shows evolution of the total energy for 120 individual ensemble members (light gray curves) and the ensemble mean of total
energy (black). Right y axis shows evolution of the ensemble mean eddy energy (red). Temporal dependence of F(t) shown schematically in blue.
(B) Evolution of the components of reference ensemble mean energy budget.

from the actual ensemble computations. Comparisons of the three
models are shown in Figure 4.

All three models reproduce the rapid, one-year-lagged rise of
ME(t) and its slower decay (Figure 4A), as expected for basin-scale
forcing that projects directly onto the steady mean state. Larger
differences are seen in the eld-level metrics (Figures 4B, C): FT has
the smallest RMS and the highest r(t) throughout most of the 20-
year window; LR shows intermediate skill tracking the early
adjustment but losing correlation during the recovery as phase
and amplitude drift; NLR performs worst, overshooting the peak
response and diverging thereafter. The largest decline in r(t) for
steady-stress model occurs during the period of strong mean-eddy
coupling shown in Figure 3B.

Snapshots of the upper-layer ensemble-mean PV anomaly elds
(Figure 5) clarify the skill ranking. Shown are deviations from the
long-time mean, § = hqi g, which isolate the dynamically relevant
response to the transient forcing. The diagnosed ensemble mean
anomaly (g, rst column) exhibits a coherent intensi cation and
northward displacement of the jet during the forcing pulse, followed
by a gradual relaxation back toward zero anomaly. This evolution
re ects a large-scale, reversible adjustment of the background
circulation rather than a permanent restructuring of the mean state.

The steady-stress model (g7, second column) captures this large-
scale anomaly remarkably well. The spatial organization, amplitude,
and timing of the response closely match the reference, although the
jet anomaly is slightly broader and more diffuse. This re ects the
neglect of time-dependent eddy feedbacks; nevertheless, because the
model retains the time-mean Reynolds-stress divergence, it remains
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anchored to the correct background ow and produces a bounded,
physically consistent anomaly evolution.

The steady-stress model (g1, second column) captures this large-
scale anomaly remarkably well. The spatial organization, amplitude,
and timing of the response closely match the reference, although the
jet anomaly is slightly broader and more diffuse. This re ects the
neglect of time-dependent eddy feedbacks; nevertheless, because the
model retains the time-mean Reynolds-stress divergence, it remains
anchored to the correct background ow and produces a bounded,
physically consistent anomaly evolution.

The nonlinear response model ( qyyri, third column) behaves very
differently. Lacking any reference to the background mean state or its
stabilizing Reynolds-stress divergence, it reacts to the large forcing
amplitude by developing its own mesoscale instabilities. Within a few
years the eld becomes fully eddying, effectively spinning up a new
chaotic turbulent circulation unrelated to the directly computed
ensemble-mean adjustment. In this sense, its apparent realism
nonlinear eddy activity is misplaced, as it arises from the absence
of stabilizing effects of the Reynolds stresses that anchor the mean- ow.

The linear response model (g g, fourth column) remains stable
but produces overly smooth and symmetric PV anomalies. Because
the b-term is retained, even weak zonal variations excite barotropic
Rossby waves. The Gaussian temporal pulse generates a westward-
propagating packet with (barotropic) phase speed cg = b=(k? + 12).
In the absence of nonlinear redistribution or mean- ow absorption,
this wave activity re ects at the western boundary where ¢z 0,
leading to excessive PV anomaly accumulation along the western
wall. In contrast, both the fully eddying ensemble and the steady-
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Case 1: Comparison between the directly computed and modeled upper-layer potential vorticity response to time-dependent forcing. (A) Mean
energy  fhqihy ig(t) from the reference ensemble (black) and from the frozen-turbulence (FT, blue), nonlinear-response (NLR, magenta), and linear-
response (LR, green) models. (B) Root-mean-square difference RMSthgimegel NQions between the modeled and reference upper-layer ensemble
mean elds. (C) Spatial pattern correlation r(t) between modeled and reference ensemble mean elds.

stress model absorb and redistribute westward energy uxes
through eddy stresses, preventing this unphysical buildup.

Although all three models produce comparable basin-integrated
energy curves, only those that maintain an explicit coupling to the
time-mean ow reproduce the observed, coherent, and reversible
ensemble-mean response. The linear model, dominated by b-plane
Rossby adjustment and diffusion, remains overly smooth and
accumulates PV at the western boundary, while the unconstrained
nonlinear model destabilizes and spawns its own eddy eld. The
steady-stress closure, though neglecting temporal feedbacks, best
captures the large-scale, bounded evolution of the ensemble mean.

The response in Case 1 thus re ects how the ensemble mean
adjusts when the external perturbation acts at the same spatial scales
as the time-mean forcing. In the next experiment, we shift
perspective: the forcing itself is designed to operate on eddy
scales, with spatial and temporal organization patterned after the
dominant SPOD mode of the turbulent ow. This coherent eddy-
scale (SPOD-mode) forcing provides a complementary test of how
the ensemble mean responds when driven not by basin-wide
modulation but by forcing at scales that characterize its intrinsic
eddy variability.

3.2 Case 2: coherent eddy-scale (SPOD-
mode) forcing

We next consider a perturbation whose spatial and temporal

structure is patterned after the most energetic eddy variability of the
statistically steady ow. As before, an ensemble of 120 identically

Frontiers in Marine Science

forced integrations is performed, differing only by their initial
conditions drawn from the long steady-state record. In this case,
F(x,t) is chosen to act on time-space scales consistent with the
leading SPOD mode at f = 0:65 year 1.

As shown in Figures 6A, C, the leading SPOD mode represents
an oscillatory jet-centered structure. The mode exhibits a Gaussian-
like envelope in the meridional direction, centered on the inter-gyre
jet, and a quasi-sinusoidal variation in the zonal direction with an
effective wavelength of about one quarter of the basin width.
Roughly two complete zonal oscillations are visible within the

rst half of the domain, with the amplitude decaying downstream
along the jet. To obtain a compact and analytically tractable
representation, we idealize this pattern as a simple dipole in x
modulated by a Gaussian in y giving the elds A(x,y) and B(x,y)
shown in Figures 6B, D. This abstraction retains the dominant
spatial phase relationship and scale of the coherent mode.

These two elds are then combined to de ne the time-
dependent forcing,

F(x,t) = t;h(t
to)FA(X, y)cos (2pw(t 1)) + B(X, y)sin (2pw(t to))g :

As shown in the insets on panels (b, d), the forcing oscillates
with period 1.5 years, and h(t) is a smooth bump-function envelope
active for t 41,9 vyears, giving 6 cycles of the forcing. The
amplitude, t; is set to 10t,.

Figure 7A shows the basin-averaged energetics for the full
ensemble. Because all ensemble members experience identical
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FIGURE 5

forcing, external work enters only through the ensemble-mean
equations. Nevertheless, this energy is almost immediately
transferred to the eddy component through nonlinear eddy mean
interactions. The modest growth in total energy over the forcing

Case 1: Instantaneous snapshots of reference and modeled upper layer PV anomaly, q,er = hQier g and qer, dir, Onir respectively, at years three, four
and ve; (cf. Figure 4). Colormaps and contour levels are identical across each row.

period is due to the increase in the eddy component, not the mean.
Panel (b) decomposes the anomaly energy budget into its principal
components rate of change, wind-work, and mean eddy transfer

revealing that the externally supplied power is almost immediately

0.66 (a) Re[¢:1(Ff=0.65)] (b) Alx, y)
a 1
- "=
\ A -1, . : .
0 5 10 15
0.33
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FIGURE 6

Forcing function for Case 2. (A, C) Real and Imaginary parts of the most energetic spatial SPOD modes (only y  #1=3,2=3 L, shown). (B, D) Idealized

A(x,Y), B(x,y) with temporal dependence inset.
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