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This paper proposes an energy-constrained profile parameterization of both
turbulent kinetic energy dissipation rate (¢) and vertical diffusivity (x), for shear
instability-induced turbulence that is initiated in an initial unstable layer (IUL)
where the gradient Richardson number Ri € (0, 0.25). Large-eddy simulation
(LES) experiments provide the data of turbulent processes originating from
Kelvin-Helmholtz instability of varied initial shear conditions. The energy-
constrained framework posits € and k as proportional to K, and 771, where
K, represents available kinetic energy, measuring the released kinetic energy,
T denotes turbulence evolution timescale. Both are determinable by the
thickness of IUL (hg), buoyancy frequency (Ng), vertical shear (Sg), and
Richardson number (Rip) of the IUL. Notably, unlike conventional schemes that
parameterize turbulent mixing for single model grid point layer by layer, the
present scheme parameterizes the turbulent mixing not only for the grid point(s)
of IUL, but also for all the model grid points that are within a determined vertical
turbulent penetration layer, by providing a profile of diffusivity. Therefore, the
scheme is termed the energy-constrained profile parameterization (EPP). EPP
aligns well with the LES results and direct microstructure measurements,
outperforming existing parameterizations.

KEYWORDS

turbulent mixing, large-eddy simulation, shear instability, energy constraint,
parameterization

1 Introduction

Beneath the ocean surface mixed layer (ML), shear-generated turbulence is a critical
mechanism driving mixing and vertical transport in stably stratified environmental flows
(Geyer et al,, 2010; Smyth and Moum, 2012). Its accurate representation is vital for
understanding flow dynamics and improving predictive models. A common approach
to parameterizing this turbulence involves relating it to the local gradient Richardson
number, Ri = N?/S%, where N> = - (¢/p)(dp/dz) is the squared buoyancy
frequency, and $* = (du/9dz)* + (9v/dz)” represents the squared vertical shear.
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When Ri < Ri, =
likely to develop, as the destabilizing effects of vertical shear

0.25, shear instability becomes more

overpower the stabilizing influence of buoyancy (Howard, 1961;
Miles, 1961). This critical value Ri. marks a regime where
turbulence and mixing intensify significantly. Most existing
parameterization schemes for vertical mixing, such as the
schemes by Pacanowski and Philander (1981) (PP81) and Peters
et al. (1988) (P88), as well as the widely used K-profile
parameterization (KPP) by Large et al. (1994), established a
relationship between Ri and shear-driven turbulence intensity,
demonstrating a sharp increase in turbulent diffusivity (k) as Ri
decreases. However, based purely on dimensional grounds, the
turbulence properties need to scale not only with the Ri, but also
with the forcing that drives the turbulence (Chang et al., 2005;
Zaron and Moum, 2009).

Essentially, in the unforced stratified shear flows, turbulent
kinetic energy (TKE) is extracted from the mean flow kinetic
energy (MKE) by shear production, which is converted
irreversibly into potential and internal energies by buoyancy
production and turbulent dissipation, respectively (Winters et al.,
1995; Smyth and Winters, 2003; Smyth et al., 2007). It means that
the original energy property could be a crucial factor for the
turbulent mixing parameterization.

Considering that the TKE dissipation rate € is proportional to
the ratio of TKE to the turbulent timescale 7 (Moum, 1996b), Kunze
et al. (1990) proposed a “reduced shear parameterization” (RSP)
and parameterized turbulence dissipation rate € as K,6/(y + 1)
for unstable layers where Ri € (0, 0.25). Here, K, is termed as
available kinetic energy (AKE) which represents the minimum
amount of kinetic energy necessary to stabilize the flow, G
represents the maximum growth rate of Kelvin-Helmholtz (KH)
billows (Hazel, 1972), and ¥ is the mixing efficiency (Osborn, 1980).
Polzin (1996) found that the RSP matched his observations well, but
pointed out that there is no particular reason to use this linear
instability timescale as the timescale of turbulence in this scheme.
This scheme, to our knowledge, has not been applied in numerical
models yet.

In addition, based on RSP, Kunze (2014) demonstrated that the
Ozmidov and overturn lengthscales are larger than the thickness of
the unstable layer where Ri < 0.03, so turbulence can entrain
water from outside the unstable layer. Many observations and
numerical studies revealed the widespread occurrence of such
vertical entrainment processes in various stratified flow scenarios
(e.g., Smyth et al,, 2005; Inoue et al., 2012; Pham and Sarkar, 2022).
These insights highlight the necessity of incorporating vertical
turbulence entrainment and penetration into future
parameterizations to more accurately capture the dynamics of
stratified turbulence.

Constructing a new parameterization scheme is always
challenging. This is because the inherent complexity of turbulence
processes makes it difficult to generalize their behavior. Many
previous parameterizations are largely derived from limited
observational datasets, which may not have fully captured the
complex and nonlinear properties of turbulence in real oceanic
conditions, particularly their energetics and timescales.
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In this context, large-eddy simulation (LES) is a powerful tool to
analyze turbulent mixing and energy transfer processes. LES
resolves turbulence at high resolution, capturing the intricate
cascade of energy across scales and providing detailed insights
into the evolution of turbulence, and can be easily performed
under varying stratification and shear conditions. Using LES,
Pham et al. (2024) parameterized the daily averaged turbulent
heat flux for deep-cycle turbulence in the upper Pacific equatorial
ocean, taking into account the effects of surface forcing and
background flow conditions.

In contrast, this study will focus on shear-driven turbulence
without surface forcing. By integrating LES simulations with the
energy-constrained framework like RSP, this study aims to examine
the energetics and timescale characteristics of shear-driven turbulence,
and finally develop a new parameterization of it, particularly for the
dynamical regime of shear instability: Ri & (0, 0.25). The proposed
parameterization will be tested against observational datasets and
compared with previous parameterizations. The new scheme will
provide a more accurate representation of turbulent diftusivity,
enhancing our understanding and modeling of turbulence in
stratified shear flows.

The remainder of the paper is arranged as follows. The LES
model description, parameterization framework and the
observations that are used to test the new parameterization are
provided in section 2. The detailed experimental results and the
construction of the new parameterization are described in section 3.
The test of parameterization is described in section 4. A summary
and discussion are given in section 5.

2 Model setup, parameterization
framework and observations

2.1 LES and experiments

The LES used in this study was originally developed by Moeng
(1984) and modified by P. Sullivan (e.g., Sullivan et al., 1996). The
model had been applied to the equatorial ocean by Wang et al.
(1996); Wang et al. (1998) and Wang and Miiller (2002). The model
employs a Fourier pseudospectral method in both horizontal
directions and a second-order finite difference scheme in the
vertical direction. The radiation conditions are applied to the
bottom boundary, allowing downward propagating internal waves
to leave the system (Klemp and Durran, 1983). Periodic boundary
conditions are used in the horizontal directions.

The governing equations (Equations 1.1-1.4) are

MU tu-Vu=-Vp-ogl +V -7, (1.1)
V.u =0, (1.2)

L yu-Vl=V.q, (1.3)

2 4+u-Ve=7 -Va-ogg-€+ V- 2K-Ve (14
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where u = (1, v, w) is the velocity, p is the pressure (normalized
by a reference density), @ = 2.6x10™* K" is the thermal expansion
coefficient, g is the gravitational acceleration vector, 7is the subgrid
stress tensor, T is the potential temperature, q = (q;, g2, ¢3) is
the subgrid heat flux, e is the subgrid-scale turbulent kinetic energy,
£1is the turbulent kinetic energy dissipation rate, and K is a diffusion
tensor. Detailed descriptions of discretization and subgrid-scale
parameterization can be found in Sullivan et al. (1996) and Wang
et al. (1996). Both vertical and horizontal components of the earth’s
rotation are ignored.

The computational domain is 512 m x 512 m in the horizontal
directions and 256 m in the vertical direction, respectively. The
Az
sizes and grid resolutions can resolve both the “long” scale

domain is discretized at Ax = Ay 1 m. Such domain

(wavelength much larger than the size of turbulent eddies)
oscillations/internal waves that are observed during field
measurements (e.g., Moum et al., 1992) and the small overturning
scales during the evolution of shear instabilities.

To investigate the relationship between turbulence strength and
background variables, we designed 27 experiments with different
initial conditions of velocity and temperature, resulting in different
combinations of stratification, shear, and Ri.

In order to assess the properties of turbulent mixing induced by
a sheared and density-stratified parallel flow, initial depth-
dependent profiles for the horizontal velocity u, and temperature
Ty, and related N2, Sg and Ri; are fixed to the idealized and
dimensional profiles (Figure 1). The explicit expressions for
and squared buoyancy frequency Ni are given by

10.3389/fmars.2025.1615741

uy(z) = A; X [O.2tanh(%) + 0.2] m s, @
Ni2) = By x 0.1 x 107%(sech®(25128) + 1) (s7).  (3)

This flow structure follows that of Smyth and Peltier (1989). Here,
corresponding A; and B; are the factors of u, and Nj, respectively. u
decreases with depth slowly above 100 m with weak shear, and
decreases with depth dramatically to nearly zero at about 150 m,
resulting in large shear in-between with a squared shear peak of 2.24 x
107* s 2 at 128 m. N2 has a maximum of 0.2 x 10~* s % also at 128 m;
T, is obtained by integration of N using a T-dependent ocean state
equation. Consequently, the minimum of Rij, Riy;,, reaches 0.2 at
128 m. Hereafter, the depth of 128 m is denoted as z,. Away from this
stratified shear layer, Ri, is very large: it increases from its minimum
to larger than 2 above 100 m and below 150 m depths. Here, the layer
with Riy< 0.25 is defined as the initial unstable layer (hereafter IUL).
Consequently, the flow within the IUL is unstable to KH instability,
which ensures the generation of turbulence after small amplitude
perturbations kickstart the instability (Smyth and Peltier, 1989; Smyth
et al, 2005). We note that, though these profiles cannot fully capture
all potential profiles of the unstable shear layers in the ocean, they
represent a large part of the characteristics of shear-driven turbulence
in the stratified ocean.

A total of 27 unstable flows, with different Ri,;, and IULs, have
been designed to obtain sufficient turbulence properties. The
parameters of the flows are listed in Table 1, where the
aforementioned u, and N} profiles are for the experiment A,B..
Here we choose two other examples to depict our setting. For
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FIGURE 1

Initial profile and the profile at the end of the turbulent stage (t=tenq) Of experiment A;B; (see text). (a) Initial zonal velocity, ug (solid black line), and
zonal velocity at the end of the turbulent stage, uli_,, (solid blue line) as a function of depth; the horizontal dashed red line denotes z, = 128 m.

(b) The logarithmic form of four times the squared buoyancy frequency, log;o4N3 (black solid line) and logloélNz\t:t

(blue solid line), squared shear,

end

109105% (black dot-dashed line) and logmsz\Hm (blue dot-dashed line). (c) The logarithmic form of four times the Richardson number, log;o4Rij
(black line) and logp4Ril;_¢,,, (blue line); the vertical dashed line denotes Rip = 0.25, while the horizontal dashed black lines denote the upper and

lower boundaries of the initial unstable layer (IUL).
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TABLE 1 LES experiment names, denoted as A;B;. Here, corresponding A, (the first line) and B; (the first row) are the factors of v, and N? expressions
(Equations 2, 3), respectively.

A;Bsg A;Bg A;B,
1.0 (0.0036) (0.0040) (0.0045)
(0.0571) (0.0723) (0.0892)
AgBs AgBg AgB;
0.9 (0.0036) (0.0040) (0.0045)
(0.0705) (0.0892) (0.1102)
AsB, AsBs AsBg AsB,
0.8 (0.0031) (0.0036) (0.0040) (0.0045)
(0.0683) (0.0892) (0.1129) (0.1394)
AyB; ABy AyBs A4Bg A4B;
0.7 (0.0027) (0.0031) (0.0036) (0.0040) (0.0045)
(0.0656) (0.0892) (0.1165) (0.1475) (0.1821)
As3B, As3B; AsBy A3Bs AsBg
0.6 (0.0022) (0.0027) (0.0031) (0.0036) (0.0040)
(0.0620) (0.0892) (0.1214) (0.1586) (0.2008)
AzB, AzB, AzB; AsBy
0.5 (0.0018) (0.0022) (0.0027) (0.0031)
(0.0571) (0.0892) (0.1285) (0.1749)
AB, AB, A,B;
0.4 (0.0018) (0.0022) (0.0027)
(0.0892) (0.1394) (0.2008)

The upper and lower numbers in the bracket are the Nymax and Riy,;, of the corresponding initial profiles, respectively.

example, in experiment A¢Bg, the initial zonal velocity u, in A;B; is
multiplied by a constant factor Ag = 0.9, which results in a S% that is
0.81 times that of experiment A;B; at the same time, Ng is
multiplied by Bs = 0.81, thus the Ri, profile of A¢Bs remains the
same as that of experiment A;B,. In experiment A4Bs, the initial
zonal velocity u, in A;B; is multiplied by a constant factor Ag = 0.9,
but N is multiplied by a constant factor Bs = 0.64; as a result, the
stratification weakens more than the shear, and the profile of Ri,
decreases, reaching a minimum of 0.05. Based on this rule, the other
24 profiles are designed. The factors to uy, named A;-A,, increase
from 0.4 to 1.0, while the factors to Ng, named B;-B., increase from
0.16 to 1.0. The set of 27 profiles contains not only variable Ri,
(Ripyy ranging from 0.057 to 0.201) with constant N or S, but also
constant Ri, with variable N§ or S3, making the resulting turbulence
more ergodic and the afterward statistical analysis more flexible.
We note that, because our study is focused on the turbulent
mixing in the interior ocean, the surface forcings, including both the
wind-stress-induced friction velocity and the surface heat/buoyancy
flux, are set to zero in the LES experiments. This avoids the
influence of boundary forcing on turbulence just below the ML
base (Zaron and Moum, 2009). In addition, large-scale forcing that
represents the maintenance of the background flow via larger-scale
motions (Wang et al., 1998) is not set, either. As such, each of our
experiments documents a non-forced evolution of turbulence,
which provides ‘pure’ KH instability-induced turbulence data; this
contrasts with the observed turbulence which could result from
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more complex processes. Due to the absence of both the external
forcing and large-scale forcing, the turbulence decays rapidly which
usually lasts for less than 24 hours.

2.2 Fundamental variables based on the
initial conditions

Since the instability develops from the IUL, the initial variables,
Ny, Sy and Ri, are vertically averaged over the IUL. The thickness of
IUL (IULT, denoted as hy) is also considered an important initial
variable. They are used for subsequent calculation and
parameterization.

2.3 Turbulent layer and turbulent stage in
the LES

2.3.1 the turbulent layer

Since a significant portion of the computational vertical layers
and simulation time involves laminar flow above and below the
turbulent layer, averaging turbulent statistics over the laminar
regime will result in failure to accurately represent the turbulent
layer properties. Smyth et al. (2005) found that the turbulent layer
roughly coincided with the initial shear layer they identified,
therefore they suggested that the turbulent layer can be isolated

frontiersin.org
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effectively from the laminar region by two isopycnic surfaces.
Building on this idea, in this study, the upper and lower
boundaries of the turbulent layer (hereafter TL) are defined by
two surfaces, upon which the zonal velocities had the values of the
upper and lower boundaries of the IUL at each moment (Figure 2).

2.3.2 The turbulent stage and timescale 75

A method needs to be adopted to objectively determine the
turbulent stage. As for its definition, TKE is employed as a
quantitative measure, because TKE is a direct measure of
turbulence intensity and is also representative of turbulence
generation and dissipation (Tong et al., 2022). However, using a
fixed TKE threshold cannot solve the problem of the dependence of

10.3389/fmars.2025.1615741

are performed in the TL and turbulent stage. 7y is a key variable to
be parameterized.

2.4 Turbulent parameters in LES

As the energy sources and sinks of turbulent evolution
(Figure 3a), within the TL and over the turbulent stage, the energy
transferred via shear production Egp ., the energy transferred via
turbulent dissipation Eg,
production Eg . can be directly calculated from the LES outputs by

and the energy transferred via buoyancy

the following equations:

t=t,,
TKE on N,. Here, an appropriate value of 10% of the maximum Eep,g = —— Z / / ' dt dz 4)
TKE over the domain and simulation time for each experiment is ! o
chosen as the threshold to identify the time range. The 2 nodes at - W
the time axis at which the vertically averaged TKE within the TL Bep=—— . / / £ dz (5)
exceeds the threshold are defined as the start and end of the ! S
turbulent stage (denoted as ty,, and te,q). The turbulent duration -
Typs is defined naturally as the difference between these 2 nodes Ep, = / / —agﬂ’dt dz (6)
(Figure 2). Within the turbulent duration, the TKE is firstly 24 1=lstan
increased and then dissipated. Thus 7;z5 can be used as the
timescale of the TKE evolution. Subsequent statistical calculations Bspys + Epyg — Eeyg 0, ™
0 T T T T T T T T
() TKE
50 4107 m"”s ]
‘E100( — 4
€ JIUL% TPT(H)
a, R
5150 .
2
l 1 1 l 1 1 O
12 18 24
| ' ' | ' ' loglos
41 m2 3]
—_ -6.8
g 212
g 1 H7s6
i -8.0
| . . | . . -8.4
12 18 24

simulation time [hr]

FIGURE 2

Time evolution of horizontal mean (a) TKE and (b) TKE dissipation rate € as a function of depth for experiment A;B;. The Black lines denote the
boundary of the turbulent layer. Horizontal blue solid lines (left) denote the upper and lower boundary of the initial unstable layer (IUL) while the
horizontal blue solid lines (right) denote the upper and lower boundary of turbulent penetration, which is defined as the thickness of turbulent
penetration (TPT). The vertical black dashed lines denote the start and end of the turbulent stage and the duration 7 ¢s is defined as the difference

between these 2 time nodes.
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MKE & Energy transferred via l TKE & I Energy transferred via
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1 7 1 O .
i LES: Egp=7_[[ u'w ‘;—‘z’ drds, LES: Ey =7 [[ —agTw didz| Potential
iscous '
dissipation EPP: Eg, = 4,K, EPP: E; =— kN*t =-2;0,K, enlflrigy
. | P
Energy transferred via | LES: Eg Az JJ & ardz
turbulent dissipation E¢g | gpp: Eg.=er=7,),K, Molecular
)| diffusion
[ Internal energy )
—
( ) Background variables Parameters _to be Parameterization
parameterized _ 4
o eppp = €A1, Ay, Ky, Tp1) * €4(2)
Ri. Ri, H(hy, Riy) Kgpp = KA1, 43, K, 75!, Np) * k(Z)
— hy A1(Riy)
E - 2,(Ri, B
= IULT Ri AZER_IiO; E TPT
B h s ) s H
2 ’ S0 K(hy, No, ) g'
l No Ny Sp)
Np(No)
FIGURE 3

(a) Schematic representation of the energy transformation. Boxes represent energy reservoirs. Arrows are transfers (reversible or irreversible)
between reservoirs. The transferred/transformed energy via shear production (red), turbulent dissipation (blue) and buoyancy production (green)
calculated from the LES outputs and parameterized by EPP are described by (Equations 4-9). (b) Schematic of parameterization described by

(Equations 10-15).

where ty, and t.,q are the start and end of the turbulent stage,
and z; and z, are the upper and lower boundaries of the TL. Primes
and tildes represent the deviations from the horizontal mean, and
the horizontal average, respectively.

The 3D (horizontally over the domain and vertically over the
TL) and temporally (over the turbulent stage) averaged TKE
dissipation rate &g, turbulent diffusivity x;pg and buoyancy
frequency Njpg can be directly calculated from the LES outputs by

e (1)
Krgs = = dz
2 =21 Jz B<T>/az
1 2
Erps = P— Ll (8)dz
1 2,
NLES = H-2 / <N>dZ

where the angle brackets represent the temporal average over
the turbulent stage.

In this study, the LES-provided &;gs, Kis, Trgs» Nigss Esp,y e,y
and Eg, . will be used as the “true” values, based on which the
new parameterization would be built based on the initial variables

like ko, Ny, Sy and Ri, (Figure 3b).

Frontiers in Marine Science

2.5 Energy constraint framework

Egp,,, comes from the release of MKE, which is approximately
equal to the difference in kinetic energy between the initial unstable
flow and the quiescent flow after turbulence. In Figures 1b, ¢, at the
end of the turbulent stage, the strength of shear within the TL is
reduced, and the mean Ri is close to about 0.25 at the center and
boundary of the TL. This indicated that the flow now reaches a
marginally stable state (Thorpe and Liu, 2009).

Based on this feature, Kunze et al. (1990) assumed that the
shear in an unstable stratified shear flow would be reduced if
turbulent fluxes raised the Ri = Ri, < 0.25 to Ri 0.25.
Assuming that shear and stratification in the IUL are constant,

the difference in kinetic energy between the initial unstable
state and the final state of marginal instability is defined as the
AKE (K,), and is calculated as K, h3(S* - 4N?)/24. For
nonlinear shear profiles like ours, K, can be calculated as K}

S3 - 4NZ/24, where overbar represents the vertical average over
the IUL. Though this computational approach scarifies certain
physical fidelity compared to the rigorous numerical integration
method, their values are consistent to a large extent (not shown);
therefore, for calculation efficiency, we adopt this convenient
method in the present study.
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However, it is noted that the AKE (K,) is different from Egp, ..
Egp,,, represents the real released MKE throughout the TL turbulent
processes, which is calculated from the LES results via (Equation 4)
and is shown in Figure 3a. K, is proposed for the purpose of
parameterization, which represents the idealized amount of MKE
released through the instability, without considering the complex
energetics. For this reason, let Egp = be expressed as

Egp,, = MK, (8)
where the parameter 4, is introduced in detail in the following
framework of parameterization construction.
Furthermore, another parameter A, = E. /Egp, is
introduced so that. is parameterized. Similarly, a third parameter
A = -Ep, /Esp,, is introduced. Under an assumption that the
input energy is either transferred to potential energy or internal
energy over the whole turbulent stage, A5 is naturally equal to 1 -
A, (Figure 3a). Then, the mean E,,,
considering the turbulent timescale 7;gg as:

and Ep . can be expressed by

E © g = MWAK, 9.1)

eps — CLES

Ep,,, = Kips - Nigs - Tigs = - LAK,. 9.2)

Here, 4,, A, and 25 are variables to be parameterized by Ri,.

In sum, for each experiment, K, is calculated by initial variables,
while the energy transferred via shear production (Egp ) is
calculated from LES outputs. By equating the parameterized Egp
to the K, (Equation 8), A, is derived for each experiment. Through
regression analysis, A, is parameterized as a function of Ri,.
Similarly, parameterizations for A,, A3, Njgs and Tz are
obtained. Ultimately, parameterized expressions for the turbulent
diftusivity and dissipation rate are derived (Figure 3b).

2.6 Observations

A dataset of observations is collected to verify our
parameterization. First, turbulence activity was measured during
the Tropical Instability Wave Experiment (TIWE) in the fall of 1991
at 0° 140°W (Lien et al, 1995). During this experiment, two
overlapping time series of measurements were made from two
independent ships, Wecoma and Moana Wave, so the method
and data can be compared and validated. 3918 casts and 2072
casts of microstructure temperature, conductivity, and shear
measurements in the upper 200 m were made using the profiler
CHAMELEON and the Advanced Microstructure Profiler (AMP).
The horizontal velocity was measured by the ship-mounted
Acoustic Doppler Current Profilers (ADCPs) with the vertical
resolution of approximately 8 m.

The TKE dissipation rate &, is estimated by the method of
sensing small-scale shears from the free-falling profilers (Moum
et al,, 1995). K,y is calculated as yg,;,/N% where 7 is taken as a
common value of 0.2 (Lien et al.,, 1995; Zaron and Moum, 2009).
Because of the occasional necessity of repairs and delays caused by
other operational difficulties, the time series of profiles was
unevenly sampled. To simplify the calculation, all data were
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averaged hourly with the vertical resolution of 1 m. In the next
subsections, we will further process this dataset to comply with our
EPP scheme.

Researchers usually directly apply a parameterization to
observed hydrologic data to evaluate its performance. However,
we note that it is difficult to fairly evaluate the performance this way.
Firstly, observational data often lack the precise background
variables that are required to initialize the potential turbulent
events, unlike the well-controlled initial conditions in LES
experiments. The so-called background fields may also have
undergone the influence of prior turbulence. Secondly, the
observed mixing coefficients (such as € and k) are subject to
other larger-scale forces, such as advection and shear production,
which is also unlike the freely developed turbulence as seen in LES.
Lastly, turbulence observed at an observational site may originate
from remote locations rather than local instability.

To compare EPP with observations, some turbulent events are
picked out (marked by the white square in Figures 4a, b). As shown
in Figures 4c, d, such turbulent events resemble LES experiments.
Enhanced turbulence follows a fluid state within an IUL with Ri &

(0, 0.25).

3 Turbulent properties and the
parameterizations

3.1 Temporal evolution of turbulent
properties: TKE, e and TL

The turbulent kinetic energy (TKE) and its dissipation rate, &,
are important metrics describing the development and decay of
turbulence. The temporal variability of horizontally averaged TKE
and € over each model layer, and the identified TL and turbulent
stage for experiment A;B; are shown in Figure 2. 7;ps is about 4
hours. TKE increases rapidly in the domain of TUL during the onset
of the turbulent stage. TKE surges to a peak (~ 5 x 107° m? s72)
within about 1 hour in the domain of IUL. Then TKE declines
gradually to the background value over 3 hours. € increases and
maintains a value ranging 4 x 107" - 4 x 10°® m* s> during the first
2 hours of the turbulent stage. After this, € surges to more than 1.6 x
1077 m* s> and keeps for about 2 hours. Although a short period
with high € is excluded from the turbulent stage, most of the
turbulent characteristics have been captured. & for the 27
experiments show a similar evolution as described above.

In addition, due to the vertical penetration of the turbulence, the
TL becomes thicker rapidly. The thickness of the TL at the end of
the turbulent stage is defined as the turbulent penetration thickness
(hereafter TPT, denoted as H). H (90 m) is approximately 4 times
larger than h, (22 m) in experiment A;B; (Figure 2). Strong vertical
turbulent momentum and buoyancy fluxes therein result in a
decrease in the temperature and velocity above the z, and an
increase of them below the z, (Figure 1a). This variation has been
shown in the direct numerical simulation results of Smyth and
Winters (2003) and the CROCO ocean model results of Penney
et al. (2020).
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However, there is a significant difference in 7;pg across the 27
experiments, owing to the varied initial conditions (Figures 5a, b). 7y
varies between 7920 s and 38880 s, and increases with increasing Ny !
which is often quoted for turbulence generation and dissipation
(e.g, Moum, 1996b). Although 7z (ie., 13680 s) for experiment
A;B; is much longer than the timescale Ny U (ie., 250 s), it is
comparable with the value of Smyth et al. (2005). When N, = 1 x
1072 57! (their Figure 1), their duration is about 5000 s and 50 times
N;'. Tt can also be found that 7; s appear to increase with increasing
Sy, which is consistent with the results of Watanabe and
Nagata (2021).

The TPTs of 27 experiments range from 20 m to 120 m, and their
variations are significantly correlated with the Ri, (Figure 5¢). A linear
regression of TPT on Ri, can explain 96% of the variance. However, the
IULT is also related to Rip, thus the ratio of TPT to IULT, 7, is a good
index representing the penetration intensity of turbulence. In Figure 5d,
1 is a monotone-decreasing function of Riy. TPTs can reach nearly 5
times the IULTs when the Ri, is about 0.1, which is comparable to the
values of 2-3 in Smyth et al. (2005) and 5 in Penney et al. (2020).
Different from the theoretical results of Kunze (2014), turbulent
entrainment can also occur even for Ri € (0.03, 0.25).

10.3389/fmars.2025.1615741

3.2 Parameterization of g g

To parameterize Egp with K,, we calculated A; of each
experiment, and found that A, varies between 1.5 and 25
(Figure 6a). When the velocity after simulated turbulent mixing is
close to the prescribed idealized velocity of marginal instability, A, is
small and close to 1; however, the more they differ from each other,
the more MKE is released and the value of 4, is larger than 1.

Calculation based on the LES results reveals that A, varies
between 0.38 and 0.69 (Figure 6b). The larger A, is, the larger
proportion of TKE is dissipated into the internal energy. It is noted
that A; is intrinsically the flux Richardson number Ry, and 4;/4, is
another measure of mixing efficiency ywhich is the ratio of - Eg to
E. (Smyth et al., 2001; Inoue and Smyth, 2009). We found that the
values of yrange from about 0.4 to 1.4, which are larger than the
commonly used value of 0.2; the underlying reason is that the
calculation of yincludes the development stage of turbulence where
7 is believed large (Smyth, 2020). Actually, y can be larger than 1
when the flux Richardson number Ry is large, as seen in many
numerical simulations and oceanic measurements (Moum, 1996a;
Smyth et al., 2001; Salehipour and Peltier, 2015).
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FIGURE 6

The ratio (@) A4, and (b) A, as a function of Riy. Comparison (c) between 7,5 and 7gpp, and (d) between N, s and Ng. The black lines in (a, b, d)

denote the best fits. The line in (c) denotes the 1-1 line.
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TABLE 2 Coefficient values of parameterizations.

Coefficients a b

0.1364
(0.0852, 0.1876)

26.11

1
values (24.26, 27.96)

Coefficients

10.3389/fmars.2025.1615741

Cc d f

0.3497
(0.2865, 0.4130)

2.7390
(1.6000, 3.8780)

0.0404
(0.0249, 0.0560)

0.6761

0.0286
values
(0.6459, 0.7063)

(0.0208, 0.0364)

-19.61 6.58
(-23.13, -16.08) (6.04, 7.12)

The numbers in the bracket are the confidence intervals.

Finally, to parameterize Egp, E, and Ep with K,, 4; and A,
should be parameterized at first. We found that A; and A, are good
functions of Ri, (Figures 6a, b). A; and A, both increase with
increasing Riy. A, increases exponentially with Ri, while 2,
increases almost linearly with Ri,. Based on the data, we give the
following fitting functions,

A = ae’®, and A, = ce®io (10)

The regressions are shown in Figures 6a, b, respectively.

P

Coefficient values and confidence intervals are listed in Table 2,
and the residuals are presented in the Supplementary Material. 4,,
can explain about 98% of the variance of A; (R* = 0.98), while A,
can explain about 47% of the variance of A, (R* = 0.47). The low R?
value indicates that nonlinear processes (e.g., vortex pairing)
significantly modulate A,. Nevertheless, Ri, remains an important
control parameter.

In Equation 9.1, timescale 7;zg need to be parameterized.
Previously, 6 = (S - 2N)/4 was used by Kunze et al. (1990) to
estimate the inverse timescale for the growth of small amplitude
billows based on linear stability analysis (Hazel, 1972), while N? /S
was used to estimate the inverse timescale for the dissipation stage
after the inception of shear turbulence based on the laboratory data
(Thorpe, 1973). Polzin (1996) indicated that durations for turbulent
events of observations during the North Atlantic Tracer Release
Experiment encompass both growth and dissipation timescales.
Considering that 7;pg is the full duration of turbulent evolution,
which includes both the growth and decay stages based on
nonlinear numerical simulations, we parameterize the turbulent
timescale 7;zg as a linear combination of the two mentioned
timescales,

- —2
! o= fEN) gbér‘;, (11)

where fand g are determined to be 0.04044 and 0.02861 by two-
variable linear regression. The parameterization of Tjg, ie., Tp,
explains about 50% of the variance of 75 (R* = 0.50) as shown in
Figure 6¢c. This expression is simple and easy to be used in the
parameterization scheme. Accordingly, Equation 9.1 becomes:

— TN o 2
Epp = ace®* IR0 . Rt (G 7ot gl\;fo)- (12)
0

24

Equation 12 is the energy-constrained parameterization for the
TKE dissipation rate induced by the KH instability for the IUL
where Ri € (0, 0.25), which is represented by the original
background variables.
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3.3 Parameterization of Kjgs

In the meanwhile, it is found that the stratification Njgg in
Equation 9.2 has a significant linear relationship with the initial
value VO, ie, Np = hﬁo (Figure 6d). where h is determined to be
0.6761. N explains about 82% of the variance of N, g (R* = 0.82).
In addition, A; is parameterized as 1 - 4,,. Accordingly, Equation
9.2 becomes:

= 9 aN? o = _
Kgpp = (1 o) - e®io . p 2N (r Gt 4 o Ny () -2 (13)
0

Equation 13 is the energy-constrained parameterization for x of

the KH instability-induced turbulence for the IUL where Ri &
(0, 0.25), which is represented by the original background variables.

The last key property of the present parameterization lies in the
vertical extension of the turbulent mixing. An important
information obtained from both previous studies and the present
LES results is that the shear instability-driven turbulence is not
confined within the IUL, but extends to the neighboring layers. This
phenomenon represents the release of accumulated energy from a
potentially unstable fluid system. The TPT should represent the
outer boundary of the system where the energy can be extracted.
Thinking from this way, it is necessary to parameterize x within the
TPT, rather than at the grid points of Ri & (0, 0.25) only like in
the previous parameterizations.

The suitable parameterization for this issue includes two steps.
The first step is to identify TPT and represent it with original
background variables, while the second step is to redistribute x
vertically within TPT.

Firstly, as described in section 3a, the ratio of TPT to IULT, 7,
varies from 2 to 5; furthermore, it can be fitted as a linear function of
Ri, (Figure 5d)

np = iRig + j, (14)

where 7 and j are determined as —19.61 and 6.58. 1p explains about
82% of the variance of 1 (R* = 0.82). In practice, IULT can be
determined by the grid spacing of the oceanic numerical model. Given
that 7 can be obtained by Riy, the TPT can also be obtained easily,
providing the layers where the parameterization should be exerted.

Secondly, the vertical distribution of x should be provided. The
previous discussion and parameterization mainly focused on the mean
Kips averaged vertically over the TPT under the assumption of 3D
homogeneity of turbulence (Kaltenbach et al., 1994; Shih et al., 2005).
Whereas, K can be also calculated layer by layer, which can provide the
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FIGURE 7
The mean normalized profile of k, as a function of normalized depth z,.

shading shows the standard deviation of k, for 27 experiments.

vertical pattern of k within the TL. Specifically, for each experiment,
the x profile is calculated first, and then it is normalized by kg to get
K, in the meanwhile, z is normalized by TPT to get z,. Finally, the
normalized profiles for 27 experiments are averaged, which is shown
in Figure 7. It is found that &, reaches its maximum value which is
about 2 times the vertical average at the center of TPT where Rj, is the
minimum. Out of the deeper and shallower boundaries of TPT, &
rapidly decreases to almost 0. Observed diftusivity profiles resulting
from KH billow breakdown in the Changjiang Estuary closely match
this vertical distribution (Tu et al., 2024). This pattern of normalized
profile can be described by the fitting function:

2
- 1.7z5

K = 2e R (15)

where z, represents the normalized depth of TPT. The fitted
profile is very close to the actual mean profile. The profile of « is
obtained by multiplying kzpp in Equation 13 by ;. Till now, we have
finished building the new parameterization for the shear instability-
driven vertical mixing in the interior ocean (Equations 13, 15).

Overall, given the new parameterization is based on an energy-
constrained framework and provides the vertical diffusivity profile,
it is named the energy-constrained profile parameterization, and
abbreviated as EPP.

4 Comparison of the EPP with LES
data, observations and existing
parameterizations

In this subsection, we test the proposed EPP scheme, (Equations
12-15), against the LES data and the observations, and also compare
them with existing parameterizations.

Frontiers in Marine Science

The solid and dashed lines denote the mean and fitted profiles. Gray

4.1 Compare gpp and kgpp With LES data

It should be noted that, although the EPP schemes are based on
the same set of data as &ps and Kjps, thus are non-independent,
they are constructed according to the theoretical framework of
energy constraint, rather than by simply fitting to € s and Kygs.
Therefore, & g and kjps of LES can be used to test our scheme.

To evaluate the EPP scheme, the parameterized €gpp and the
original & calculated from LES, are shown in Figure 8a. The
parameterized values compare remarkably well to the values of LES.
To be specific, €gpp explain about 81% of the variance of &; 5. 96% of the
samples show a discrepancy within a factor of 2 for &gpp, while about
70% of the samples show a discrepancy only within a factor of 1.5. The
parameterized diffusivity xzpp and the LES-calculated diffusivity ;g are
compared in Figure 8b. kgpp explains about 88% of the variance of kj .
96% of the parameterized Kkgpp are within a factor of 1.5 to Kgs.

Overall, the parameterized coefficients in the EPP scheme are in
good agreement with the data calculated by LES, both in magnitude
and variability.

4.2 Compare gpp and kgpp With
observations

The EPP scheme is also tested with independent observational
data collected from the TIWE experiments (Lien et al., 1995). As
described in section 2.6, 33 turbulent events similar to category 1
below the boundary layer (ML and deep cycle layer) are identified
for the TIWE data (white squares in Figure 4).

When applying EPP to the IUL with Ri & (0, 0.25) that is
below the boundary layer in observations, the TKE dissipation rate and
diffusivity are calculated according to the schematic in Figure 3b.
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Comparison (a) between ¢ g5, and egpp and egsp, and (b) between kg5, and
Agreement within factors of 1.5 and 2 is designated by the gray bands.

Firstly, the temperature, salinity, and velocity u, within the IUL can be
used to calculate the initial variables, such as Ny, S, and Riy. Next, 4, ,,
A2,s As,» Kys Tp, Np and 1p can be obtained with Equations 10, 11, 14.
Using these variables and Equations 12, 13, the vertical average &gpp
and Kgpp are calculated. Secondly, A is regarded as the sum of grid
spacings of IUL. Multiplying h, by the ratio 7np, the TPT and grids
within which the turbulence can penetrate are obtained. Finally, by
multiplying Kzpp by the normalized profile from Equation 15, the Kgpp
profile is obtained. It is worth noting that, possibly due to the influence
of other forcings, the stratification within turbulent events is not always
smaller than the initial value N, as in LES. Therefore, we use the
observed buoyancy frequency as Np.

Applying the EPP to the 33 turbulent events, it is seen that the
parameterized values can basically capture the magnitude and
amplitude of the observed &, and K, (Figure 9). The agreements

Kepp, Krsp, Kzm. Kkpp, Kpgg and Kppgy. The lines denote the 1-1 line.

between &gpp and g, and between Kypp and K, are both within a
factor of 10 for about 88% and a factor of 5 for about 70%, respectively.
Nonetheless, the EPP shows advantages compared to the widely used
previous schemes, which is discussed in the next subsection.

4.3 Compare gepp and xepp With previous
schemes

Several previous parameterizations, including RSP, ZM (Zaron
and Moum, 2009), PP81, P88 and KPP are compared, which shows
an overall better performance of EPP. REV parameterization is used
for ZM while shear instability mixing component of KPP is adopted
for comparison. Through the comparison, we also analyze the
underlying mechanisms why EPP performs better.
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As shown in Figure 8a, if taking the LES as metrics, &psp
overestimates &g, and has a larger scatter than &gpp, while only
59.3% of Kysp are within a factor of 2, compared to the 100% of &gpp.
This may be due to the large inverse timescale employed in the RSP
scheme, which results in a large &ggp, but its smaller y partially offsets
this overestimation. Kipp, Kppg; and ki all underestimate the x5 by
a factor of 4-18 on average, while Kpgg Overestimates them by a factor
of 18. KPP, PP81, and ZM all prescribe distinct yet nearly invariant
diffusivity when the Ri< 0.25 based on observed averages. Their
empirical rigidity neglecting turbulence-scale dynamics in idealized
LES experiments. For P88, the overestimation stems from its
mathematical formulation where Kkpgs tends toward infinity as Ri
approaches 0. The EPP seems to best fit the data, this is because this
scheme fully considers the dynamical variables in addition to Ri,.

As for the parameterizations of the observations (Figure 9a),
more of &pgp underestimates &,,, than €gpp, but about 72% of &xgp
approximate &,,, well. 73% of the parameterized Kkpgp are within a
factor of 10, while 58% of the samples are within a factor of 5.
Compared with ggpp, more of kpgp underestimate K. Kzng, Kipps
Kppg; and Kpgg Overestimate K, by more than a factor of 10 on
average, and they fail to capture the variability of ;. The fact that
variability of turbulent diffusivity depends not only on Ri, but also
on other variables such as shear and stratification (Richards et al.,
2021) is obviously missed in these parametrizations. Kgpp and Kppg;
overestimate K, indicating that KPP and PP81 must adjust their
parameters according to the observations at different conditions to
achieve the best parameterization, but it is almost impossible to
experience all different conditions. In contrast, the EPP and RSP is
relatively adaptive to the observations and LES data.

5 Summary and discussion

Shear-driven turbulence in the interior stratified shear flow is an
important process in the ocean, but it is difficult to measure and
simulate in ocean models. The existing parameterizations for
turbulent diffusivity are usually based on the background gradient
Richardson number only, which is not sufficient to capture the
strength and variability of turbulence intensity.

For shear-driven turbulence in the internal ocean with Ri €
(0, 0.25), we present a new energy-constrained profile
parameterization, EPP. The parameterization includes both the
TKE dissipation rate € and the diffusivity x. EPP is based on an
energy-constrained framework, which assumes that the TKE
dissipation rate & is proportional to both the available kinetic
energy K, and the inversed turbulent timescale 7. K, is defined
as the difference between the initial kinetic energy of the unstable
flow and the kinetic energy of the corresponding idealized
marginally stable flow. 7;zg is a function of both the background
buoyancy frequency N, and shear S,. The parameterization also
includes 2 factors, llp and XQP, both of which depend on Ri,, and
denote the ratio of the energy transferred via shear production Egp ,
to K,, and the ratio of the energy transferred via turbulent

dissipation E,, to Egp,,, respectively. Similarly, introducing the

€LES
ratio of the energy transferred via buoyancy production Eg . to
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Egp > the corresponding vertical diffusivity x is also parameterized
by the variables mentioned above (Equation 13).

Such turbulence events are observed under the surface boundary
layer, such as subsurface turbulent mixing in the eastern equatorial
Pacific and western boundary currents. Jia et al. (2021) suggested that a
high vertical resolution model can capture many characteristics of small-
scale velocity and density in the upper ocean. A lot of unstable flows of
Ri € (0, 0.25) can be simulated in future numerical models with
much higher vertical resolution than now. The increased shear-driven
turbulent mixing is expected to be reasonably represented by this new
parameterization. However, the transferability of EPP to larger-scale or
more complex oceanic environments remains constrained by two key
limitations: (1) The omission of rotational effects, which may distort
energy cascades in mid-latitude western boundary currents; (2) Its
calibration against limited-depth LES (< 256 m), potentially restricting
its capacity to adequately capture deep-ocean processes such as mixing
driven by internal wave breaking. Future iterations need incorporate
rotational terms and extend validation to the full water column.

Furthermore, because the shear-driven turbulence can penetrate
vertically from the layer of the low Ri to a thick surrounding layer, the
thickness of which is denoted as TPT. The TPT could be several times
the TULT, and may exceed several grid spacings in the numerical model.
Thus, we propose a method to parameterize TPT according to initial
variables, and hence construct a function of the normalized profile k,
within the TPT. Introducing TPT in the EPP scheme is certainly a step
forward in improving the simulation of turbulent mixing on adjacent
layers. This means that the turbulent mixing may provide an additional
independent factor affecting the surrounding environment; the effect on
the temperature/salinity change to the neighboring grid could be large or
small, depending on whether it dominates other terms. The
parameterization is calibrated using LES and tested using equatorial
observations. The results show that the new parameterization can
capture the variability and magnitude of turbulence, and performs
better than widely-used parameterizations. Given that RSP and EPP
are both based on the energy constraint framework, RSP can serve as a
viable alternative to EPP. The concise formulation of RSP enables high
computational efficiency. Specifically, the diffusivity derived from RSP
can be combined with the diffusivity profile function of the EPP scheme.
This hybrid scheme provides a practical and efficient alternative to the
original EPP. The application of this parameterization in a high-
resolution numerical model will be reported later.
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