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Uncertainty estimation of the
Improved deterministic
Truncation of Monte Carlo
method using the Dirichlet
distribution

Jaehyeong Jang, Inyup Kim and Yonghee Kim*

Nuclear and Quantum Engineering, Korea Advanced Institute of Science and Technology, Daejeon,
Republic of Korea

The Monte Carlo method simulates neutron transport with minimal assumptions,
providing high accuracy but at significant computational cost. The improved
deterministic Truncation of Monte Carlo (iDTMC) method addresses this
limitation by accelerating the convergence of the fission source distribution using
partial-current based Coarse Mesh Finite Difference (p-CMFD) and obtaining
a pin-wise reactor solution from a partial-current based Fine Mesh Finite
Difference (p-FMFD) equation. The parameters used to construct the p-FMFD
problem are tallied during transport, and thus the solution itself also contains
uncertainty. To quantify this uncertainty, multiple parameter sets are sampled
and the variance of the corresponding solutions are used as an estimate of
the real variance. However, these parameters exhibit strong node-wise and
parameter-wise correlations, that must be preserved for accurate estimation. To
achieve this, we introduce the implicit Correlated Sampling (iCS) method using
Dirichlet distribution that implicitly conserves these correlations when generating
parameter sets. With this approach, the variance of iDTMC solutions can be
reliably estimated without the need for independent batch calculations. This
development enhances the reliability of the iDTMC method in reactor analysis.

KEYWORDS
correlations, Dirichlet distribution, iDTMC, Monte Carlo method, real variance

1 Introduction

Reactor analysis is a critical step in reactor design to ensure both safety and economy. This
analysis requires solving the neutron transport equation to obtain the neutron multiplication
factor and the neutron flux distribution. Because directly solving the transport equation is
highly difficult, two main approaches are typically used: deterministic methods with many
approximations, and the Monte Carlo (MC) method with minimal approximations.

In the MC method, each particle is tracked from the fission source distribution (FSD)
until termination, and tallies of quantities of interest are accumulated during this transport
process. In eigenvalue problems, the FSD depends on the unknown neutron flux. Therefore,
inactive cycles are required for the FSD to converge, followed by active cycles in which
the tallies are accumulated. As a result, MC solutions are both inherently statistical, with
associated uncertainty.

The improved deterministic Truncation of Monte Carlo (iDTMC) method was
developed to enhance the computational efficiency of MC simulations and has been
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implemented in KAIST’s in-house MC code, iMC (Kim, 2021).
The iDTMC method is a hybrid approach that couples MC
with deterministic calculations. During inactive cycles, coarse-
mesh deterministic solutions accelerate FSD convergence, while
in active cycles, fine-mesh deterministic solutions provide reactor
solutions. Previous studies have demonstrated that the iDTMC
method significantly improves computational efficiency compared
to conventional MC simulations, and extensions to transient and
depletion calculations have also been developed (Kim, 2021; Oh and
Kim, 2025; Kim et al., 2022).

Although the iDTMC solution is obtained in a deterministic-
like manner, the parameters used to construct the deterministic
problems originate from MC tallies and therefore contain
uncertainty. Consequently, the iDTMC solution itself also carries
uncertainty. To estimate its variance, one can sample deterministic
parameters from the accumulated MC tallies to generate multiple
deterministic problems, solve these problems, and use the variance
of the resulting solutions as an estimator of the iDTMC variance.
A key requirement in this process is that the sampled parameter
sets preserve both the distribution and the correlations of the
accumulated parameters. In previous work, several approaches were
attempted to account for correlations. The Correlated Sampling
(CS) method aimed to preserve parameter-wise correlations among
cross-sections, but it did not capture node-wise dependencies
(Kim, 2021). The history-based batch method reduced inter-
cycle correlations by grouping histories with shared ancestry,
yet it was limited in addressing spatial correlations between
nodes (Jang et al.,, 2025). Similarly, the first-order autoregressive
model was applied to mitigate cycle-wise correlations, but it did
not extend to parameter- or node-level dependencies (Jang and
Kim, 2025). As a result, none of these approaches provided a
comprehensive framework to preserve both parameter-wise and
node-wise correlations simultaneously.

In this study, we propose the implicit Correlated Sampling
(iCS) method for estimating the variance of iDTMC solutions
using the Dirichlet distribution. The method implicitly preserves
both parameter-wise and node-wise correlations when generating
sampled parameter sets. The remainder of this paper is structured
as follows. First, we provide an overview of the iDTMC method.
Next, we introduce the iCS method-based variance estimation
approach. Finally, we present numerical results, which include
variance estimation for the OECD/NEA 3 x 3 problem, and the
Small Modular Reactor (SMR) model.

2 Methodology

2.1 The improved deterministic Truncation
of Monte Carlo method

The iDTMC method is a hybrid approach that couples
MC neutron transport with deterministic solutions to improve
computational efficiency while preserving solutions that are
consistent with MC transport physics. Unlike conventional two-
step methods, which rely on diffusion-based nodal approximations
to obtain assembly-level solutions from MC-generated group
constants, iDTMC directly solves the pin-wise neutron balance
equation without diffusion assumptions. As a result, iIDTMC enables
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faster simulations while retaining high-fidelity, pin-wise solutions
that are consistent with the underlying transport physics.

In eigenvalue problems, conventional MC simulations require
a large number of inactive cycles to achieve convergence of the
FSD, followed by additional active cycles to accumulate tallies,
leading to high computational cost. The iDTMC method addresses
this limitation by introducing deterministic feedback during both
inactive and active cycles. Its overall concept, in comparison with
conventional MC and MC accelerated by the partial current-
based Coarse Mesh Finite Difference method (MC-CMFD), is
illustrated in Figure 1.

The iDTMC method addresses this limitation by accelerating
FSD convergence with partial current-based Coarse Mesh Finite
Difference (p-CMFD) solutions during inactive cycles, and by
deterministically obtaining pin-wise reactor solutions with partial
current-based Fine Mesh Finite Difference (p-FMFD) solutions
during active cycles. As a result, the number of both inactive and
active cycles can be reduced compared to conventional MC, allowing
accurate pin-wise reactor solutions to be obtained more efficiently.
The iDTMC method has been implemented in KAIST’s in-house
MC code, iMC, and extended to depletion and transient calculations.

The p-CMFD method solves the one-group neutron balance
equation (NBE) at each inactive cycle using parameters tallied over
coarse meshes, such as assembly-sized nodes, to update the FSD
weight (Cho, 2012). The one-group NBE is given in Equation I:

A
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Here, n is the node index, A is the surface area, V is the
sMC
a

group absorption cross section tallied from MC, v

is the one-
V€ is the
one-group production cross section tallied from MC, Kg¢s is the

node volume, J is the net neutron current,

effective multiplication factor, and ¢ is the neutron flux. The net
current is expressed in terms of partial currents, which are further
related to the neutron flux, diffusion coeflicients, and correction
factors, as in Equation 2:

- =

n+s o+l
2 2

_D:\+%(¢n+1 —0)+ D,\:+%¢n - D’:+%¢n a (2

Here, D,,1 is the interface diffusion coeflicient defined as
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Equation 3, and DA; 1 are correction factors defined as Equation 4:
2

D, = _ 2P0 D (3)
’ (Dn + Dn+1)An
P £ 200 (€~ B0)
ot 2
D, = 4)

¢n+lDl
272

Here, D is the diffusion coefficient estimated from the tallied
total cross section, i.e., 1/ (32{\“), A is the node width, and J*M¢
are the partial currents tallied from MC. At each inactive cycle,
the p-CMFD equation is formed from each inactive cycles tallied
parameters and its solution is used to update the FSD weights
according to Equation 5:
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FIGURE 1

Concept of conventional MC (top), MC-CMFD (middle), iDTMC (bottom).

Here, Si+% is the FSD weight after the ith inactive cycle, S s
the weight for the i + 1™ inactive cycle, and p is the fission neutron
probability defined as Equation 6:

VzMCd)XV
fn*tn'n
Py = (6)

MC 4 X
> vEMCoX v,

where X denotes either MC or p-CMEFD. At the p-FMFD cycles, the
p-FMFD method solves the same NBE as p-CMFD but on a fine
mesh, such as pin-sized nodes, using accumulated parameters from
active cycles. The p-FMFD solution provides deterministic, pin-wise
reactor solutions.

As discussed above, the performance advantages of the
iDTMC method over conventional MC simulations arise from
two distinct mechanisms that operate at different stages of the
calculation. The first mechanism accelerates the convergence of
the FSD during inactive cycles, while the second is the variance
reduction in the final solution during active cycles through
p-FMFD solution.

The first performance benefit is reflected in the Shannon
entropy convergence (Ellis, 1985). Figure 2 compares the entropy
convergence of the conventional MC and iDTMC methods, showing
that the p-CMFD feedback in iDTMC effectively accelerates
fission source convergence and reduces the required number of
inactive cycles.

The second contribution arises from variance reduction during
the active cycles enabled by the deterministic p-FMFD solution.
Unlike conventional MC simulations, where statistical uncertainty
is reduced solely by increasing the number of particle histories,
iDTMC reconstructs the final solution by solving a deterministic
p-FMED system that enforces neutron balance using accumulated
MC tallies. As a result, statistical fluctuations in quantities
of interest can be reduced without proportionally increasing
computational cost.
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FIGURE 2
Shannon entropy by cycle for the conventional MC (blue) and the

iDTMC (orange).

To quantify the overall computational efficiency, the Figure of
Merit (FOM) is employed and defined as Equation 7:

FOM = —

TR? @

where T is the computing time and R is the relative standard
deviation of the quantity of interest. A higher FOM indicates
improved efliciency, resulting from reduced computational time,
reduced statistical uncertainty, or both.

In this study, FOM comparisons are performed using single-
batch calculations in conjunction with the proposed uncertainty
estimation framework. The efficiency improvement of the iDTMC
method is evaluated for both the eigenvalue and the pin-wise
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power distribution, thereby consistently demonstrating the benefits
of variance reduction during active cycles.

2.2 Variance estimation in the iDTMC
method

Although the iDTMC solution is obtained by solving a
deterministic equation, the coefficients used to construct this system
are derived from MC tallies and therefore contain inherent statistical
uncertainty. In this study, the uncertainty of interest is exclusively the
statistical uncertainty of the iDTMC solution induced by MC tallies.
Other sources of uncertainty, such as nuclear data or modeling
uncertainties, are not considered.

Because the iDTMC solution is not obtained directly from
stochastic particle histories, conventional MC variance estimators
are not applicable. Instead, the uncertainty is estimated by sampling
multiple sets of p-FMFD parameters from the accumulated tallies,
constructing a corresponding ensemble of deterministic p-FMFD
problems, and evaluating the variance of the resulting solutions as
an estimate of the real variance of the iDTMC solution.

In the sampling process, the parameters required to construct
the NBE-the pin-wise 2, 25, VX, I, and ¢ as shown in Equation 1 -
are sampled. For the estimation to be both accurate and physically
meaningful, it is essential to preserve not only the distributions
but also the correlations of the parameters accumulated from
active cycles.

For example, an increase in the absorption cross section within
a node naturally leads to an increase in the total cross section,
reflecting parameter-wise correlation. Likewise, when the neutron
flux in a node changes, the interface current to its neighboring
nodes also changes in a consistent manner, illustrating node-wise
correlation. Ignoring such dependencies may produce unphysical
sampled parameter sets and result in unreliable variance estimates.

2.3 Variance estimation using the iCS
method

To preserve correlations among parameters, one might attempt
to explicitly model both parameter-wise and node-wise correlations.
However, constructing and applying correlation matrices for
all fine meshes is nearly impossible. For instance, consider a
hexahedral mesh. If only parameter-wise correlations are included,
the correlation matrix must capture three cross sections, one neutron
flux, and twelve surface partial currents, resulting in a 16 x 16 matrix
per mesh. Extending this to include node-wise correlations with six
neighboring nodes would require a 100 x 100 correlation matrix for
each fine mesh. Such explicit modeling is computationally intensive
and time-consuming.

For this reason, we instead account for correlations implicitly.
Let P; = {zg),vz(f‘),zf),Fﬂ),¢(i)}, tallied from the i active cycle
of the MC simulation. Because each P; is obtained directly from
MC tallies, it inherently contains all parameter-wise and node-wise
correlations. Thus, by directly using accumulated parameter sets to
generate new sets of p-FMFD parameters, these correlations can
be preserved implicitly. Based on this assumption, the proposed
sampling method consists of two steps. First, new parameter sets
are generated as weighted sums of the accumulated sets, where the
weights are randomly sampled from a Dirichlet distribution. Second,
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since the linear transformations do not change the correlations, the
generated parameters are transformed by shifting their mean and
variance to match those of the accumulated sets. This procedure is
expected to allow the generated parameter sets to retain the original
correlations while also reflecting the correct statistical properties.
In the iCS process, the Dirichlet distribution is used to generate
the weights for the weighted sum (Kotz et al., 2000). The Dirichlet
distribution is the continuous multivariate generalization of the
beta distribution. Since the beta distribution describes random
variables constrained to the limited interval and is commonly used
for sampling random percentages or proportions, its multivariate
extension is well suited for generating normalized weights. The
probability density function (PDF) of a Dirichlet distribution of
order K with parameter 0 = {0, ..., 0y} is defined as Equation 8:

K
1 ;-1
f(Xq, ooy X Oy een, O ) = ——= ] X (8)
1 Kr 21 K B(G) o, i
K
where x;U[0,1] for all i0{L,....K}, >x=1, and B(0)
is given in Equation 9: =
M, T@)
B(o) = < )
F(Xizlul)

For a random variable X = (X, ..., Xx) O Dir(a), the mean and
variance of X; are defined as Equations 10, 11, respectively:

d.
E[Xi1=— 10
Xl = 5. (10)
Qi (0 — @
Var[X] = —'2( 0= %) (11)
a5(0 + 1)
where 0 is defined as Equation 12:
K
ay=>q (12)

i=1

The PDF of the Dirichlet distribution of order 3 with various
values of o is illustrated in Figure 3.

The Dirichlet distribution is called symmetric when all elements
of a are equal. In a symmetric Dirichlet distribution, as illustrated
in the left and middle plots of Figure 3, increasing the o reduces the
variance of each random variable, leading to more uniform weights
across the samples. In contrast, if the elements of O are not equal,
as shown in the right plot of Figure 3, the resulting distribution
produces biased weights that favor certain parameter sets. Because
the MC method solves the same neutron transport equation with
a converged FSD at each active cycle, no prior preference should
be given to any specific cycle. Therefore, in this study we adopt a
symmetric Dirichlet distribution with o = 1.0.

Based on the Dirichlet distribution, we now describe how it
is incorporated into the sampling process for variance estimation
in iDTMC. Suppose we have accumulated N sets of p-FMFD
parameters, P = {Py, ..., Py}, from the active cycles of MC and aim to
sample M new parameter sets. First, foreach m 0 {1, ..., M}, we draw
, Wy n} from the Dirichlet distribution
of order N, as shown in Equation 13:

a weight vector Wy, = {Wp 1, ...

Wy, O Dir(a) (13)
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FIGURE 3

PDF of the Dirichlet distribution of order 3 with a ={1.5,1.5,1.5} (left), a = {5.0,5.0,5.0} (middle), and a ={2.0,4.0,8.0} (right).

FIGURE 4

M =10 (right).

Schematic of the variance estimation in the iDTMC method using iCS method (left) and example of iCS method only for cross sections with N =5 and

Second, we generate M sampled parameter sets, ps =
{,..., wa}, by taking the weighted sum of the accumulated sets, as
defined in Equation 14:

PS=w, P (14)

m

At this stage, we obtain normally distributed parameter sets that
implicitly preserve correlations. Finally, to ensure that the sampled
sets match the original statistical properties, we shift and rescale
their mean and variance to those of the accumulated parameters,
as shown in Equation 15:

_ Pn —E[P]

m= —————

VarP] x Var[P] + E[P]

(15)

Through this process, we obtain M correlated p-FMFD
parameter sets, P, that follow the mean and variance of the
accumulated sets. Left schematic of Figure 4 illustrates the variance
estimation procedure of the iDTMC method using the iCS method.

As a simple example, the right schematic in Figure 4 shows the
case where only cross sections are considered, with five accumulated
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p-FEMFD parameter sets and ten sampled parameter sets generated
through this procedure. This example is presented solely to illustrate
the part of sampling procedure.

3 Numerical results
3.1 Problem description

The OECD/NEA 3 x 3 benchmark problem was first selected
to preliminarily assess the effectiveness of the iCS method
(Daeubler et al, 2015). The detailed geometry of the model is
illustrated in the top panel of Figure 5.

The model consists of nine fuel assemblies (FAs), including six
uranium oxide (UOX) FAs and three mixed oxide (MOX) FAs. Each
UOX FA contains fuel rods with 4.2 w/o enrichment and guide tubes,
while each MOX FA includes fuel rods with enrichments of 2.5,
3.0, and 5.0 w/o, together with Wet Annular Burnable Absorbers
(WABAs) and guide tubes. All fuel rods are arranged in a 17 x
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FIGURE 5

Problem configurations of the OECD/NEA 3 X 3 model (top), and SMR problem (bottom).

17 lattice. In total, the model comprises 2,376 fuel rods, 153 guide
tubes, and 72 WABAs. Reflective boundary conditions are applied
in the radial direction, while vacuum boundary conditions are
imposed axially. Each FA has a width of 21.42 cm and a height
of 365.76 cm, resulting in an overall model width of 64.26 cm
with the same axial height. The nominal thermal power of the
system is 166.24 MW.

Within the iDTMC framework, each fuel assembly was treated as
a coarse mesh, and each fuel pin was modeled as a fine mesh. Axially,
the fine and coarse meshes were subdivided into 20 and 10 equal-
height regions, respectively.

To further evaluate the proposed uncertainty estimation
framework under a more realistic and spatially complex

configuration, a full-core small modular reactor (SMR)
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model was also considered (Kim et al, 2022). The detailed
assembly configurations and core layouts are shown in the
bottom panel of Figure 5.

The SMR core consists of 37 fuel assemblies, including 16 FA1
assemblies and 21 FA2 assemblies. FA1 assemblies contain 3.8 w/o
enriched UO, fuel rods and guide tubes, while FA2 assemblies
additionally include gadolinia-mixed UO, fuel rods. All assemblies
follow a 17 x 17 lattice arrangement, resulting in a total of 9,264
fuel rods, 925 guide tubes, and 504 gadolinia-bearing rods in the
core. The assemblies are surrounded by water reflectors in both the
radial and axial directions. Each FA has a width of 21.42 cm and a
height of 100 cm, yielding an overall core radius of 96.39 cm and a
total core height of 140 cm. The nominal thermal power of the SMR
core is 100 MW.
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FIGURE 6

Eigenvalue variance estimation for the OECD/NEA 3 x 3 model (top), SMR model (bottom).

Similar to the OECD/NEA 3 x 3 problem, each fuel assembly in
the SMR model was treated as a coarse mesh and each fuel pin as
a fine mesh in the iDTMC calculations. Axially, the fine and coarse
meshes were divided into 10 and 5 equal-height regions, respectively.

All  neutronic analyses were performed using the
iDTMC method implemented in the in-house Monte
Carlo code iMC, employing the ENDEF/B-VIL1 nuclear

data library (Chadwick et al., 2011). The number of inactive cycles
was determined based on the convergence of the fission source
distribution, monitored using the Shannon entropy.
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3.2 Uncertainty estimation of the
eigenvalue

As an initial assessment of the proposed iCS method, eigenvalue
uncertainty estimation was first performed for the OECD/NEA
3 x 3 model. The iDTMC calculation employed 1,500,000 particle
histories per cycle, with 25 inactive cycles followed by 35 active
cycles. Deterministic p-FMFD calculations were performed for the
final 10 active cycles using the reactor parameters accumulated
up to each cycle. The real variance was obtained from 90
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FIGURE 7

Eigenvalue uncertainty estimation with early active cycles for the SMR problem.

independent iDTMC batch calculations using different random
number seeds to ensure statistical independence. For both the
iCS and CS methods, 30 independent batch estimations were
conducted, each using 100 sampled reactor parameter sets. All
error bars represent 99.75% confidence intervals based on the
corresponding distributions. The top panel of Figure 6 shows the real
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variance (red) with the estimates obtained using the iCS (blue) and
CS (green) methods.

Due to the small problem size and the application of reflective
boundary conditions in the radial directions, spatial correlations
in the OECD/NEA 3 x 3 model are relatively weak. Consequently,
both the iCS and CS methods yield similar variance estimates, and

frontiersin.org


https://doi.org/10.3389/fenrg.2026.1744345
https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org

Jang et al.

10.3389/fenrg.2026.1744345

FIGURE 8

Pin power variance estimation for OECD/NEA 3 X 3 model (left) and SMR problem (right).

no significant discrepancy from the reference variance is observed.
In addition, the limited number of batch calculations used to
estimate the real variance further reduces the ability to resolve
subtle differences between the two methods for this simplified
configuration.

To more rigorously evaluate the effectiveness of the iCS
method wunder realistic and strongly correlated conditions,
eigenvalue uncertainty estimation was next performed for the
SMR problem. The iDTMC calculation again used 1,500,000
histories per cycle, with 15 inactive cycles and 115 active
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cycles. Deterministic p-FMFD calculations were carried out
for the final 100 active cycles to investigate the consistency
of the uncertainty estimation as the amount of accumulated
statistical information increases. The real variance was obtained
from 300 independent batch calculations. For each estimation
method, 30 independent batch estimations were performed using
100 sampled parameter sets, and 99.75% confidence intervals
were constructed. The bottom panel of Figure 6 compares the
real eigenvalue variance with the estimates from the iCS and
CS methods.

frontiersin.org


https://doi.org/10.3389/fenrg.2026.1744345
https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org

Jang et al.

TABLE 1 Comparison of quantitative error metrics of power variance.

OECD/NEA 3 x 3 model

Method Real iCS CS
@ [pem] 7.730 8.128 7.092
Relative error [%] - +5.150 —-8.247
€ [%] - 10.39 9.649

SMR problem

Method Real iCS CS
G [pem] 1.840 1.836 1.658
Relative error [%] - —-0.239 -9.878
& (%) - 4.394 9.810

In contrast to the OECD/NEA 3 x 3 problem, the SMR
model exhibits strong spatial and parameter-wise correlations due
to its realistic core geometry. Under these conditions, a clear
difference in prediction accuracy is observed. As the number of
active cycles increases, the eigenvalue variance estimated by the iCS
method converges toward the real variance, whereas the CS method
consistently and significantly underestimates the uncertainty. This
behavior reflects the inherent limitation of the CS method, which
accounts only for parameter-wise correlations among a limited
set of cross sections within individual nodes. In realistic reactor
problems, node-wise correlations and the coupled effects of neutron
flux and interface partial currents play a critical role in uncertainty
estimation. Neglecting these effects leads to unreliable estimation of
the eigenvalue variance, as observed for the CS method.

To further isolate the impact of non-cross-section parameters,
an additional iCS-based estimation was performed in which
sampling was restricted to cross sections only (black). Although
this restricted iCS approach yields variance estimates closer to
the reference than the CS method, it still deviates from the
full iCS results. This comparison demonstrates that the improved
performance of the iCS method is not solely attributable to the
inclusion of additional parameters, but primarily to its ability to
implicitly preserve node-wise correlations.

While the previous analysis focused on convergence behavior
with a large number of active cycles, the applicability of the
iCS method in early active-cycle regimes was also investigated,
which is particularly relevant for efficient iDTMC applications.
For this purpose, the SMR problem was reanalyzed using only 15
active cycles, with deterministic p-FMFD calculations performed
for the final 14 cycles. The real variance was obtained from 90
independent batch calculations, and iCS-based estimations were
performed using 30 independent batches. The results are shown in
the top panel of Figure 7.

Because the iCS method constructs sampled parameter sets as
weighted linear combinations of accumulated data, at least two
active cycles are required for sampling. When only three to four
active cycles are available, the variance estimates exhibit large
fluctuations and poor consistency, reflecting insufficient statistical
stabilization of the underlying reactor parameters. As the number
of active cycles increases beyond approximately five to six cycles,
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the iCS estimates stabilize and provide physically meaningful
uncertainty predictions.

To further examine the effect of statistical stabilization, an
additional calculation was performed using an increased number
of particle histories per cycle, 6,000,000 histories per cycle. The
corresponding results, shown in the bottom panel of Figure 7,
indicate that parameter variances stabilize more rapidly and the
reference eigenvalue variance is reduced by approximately a factor
of two. Under these conditions, reliable and consistent eigenvalue
uncertainty estimates are obtained with as few as three to four
active cycles.

Overall, these results demonstrate that the iCS method provides
reliable eigenvalue uncertainty estimates for iDTMC calculations,
with particularly strong advantages for large, realistic reactor
problems and acceptable performance even in early active-cycle
regimes, provided that a minimal level of statistical stabilization
is achieved.

3.3 Uncertainty estimation of the pin
power distribution

As a preliminary assessment of the iCS method for pin
power distribution uncertainty estimation, the OECD/NEA 3 x 3
benchmark problem was first analyzed. The iDTMC calculation
employed 1,500,000 neutron histories per cycle, with 25 inactive
cycles followed by 35 active cycles. A deterministic p-FMFD
calculation was performed at the final active cycle using the
reactor parameters accumulated up to that point to obtain the pin-
wise power distribution. The real variance of the pin power was
evaluated from 90 independent batch calculations using different
random number seeds. For each uncertainty estimation method,
30 independent batch estimations were conducted, each using 100
sampled reactor parameter sets.

Figure 8 compares the reference pin power variance with the
estimates obtained using the iCS and CS methods. To quantitatively
assess the estimation accuracy, two global metrics were employed.
The average standard deviation of the pin power over all fine-mesh
nodes is defined as Equation 16:

Op

= (16)
Nfine i

where Ny, denotes the number of fine-mesh nodes with nonzero

power and 0p ; is the standard deviation of the pin power at node i. In

addition, the mean absolute relative error of the estimated standard

deviations is defined as Equation 17:

N ref _ x
s 1% %

ref
Opi |

1

&= (17)

fine i=1 I
where superscripts ref and X denote the real and estimated method,
respectively. Table 1 summarizes the average standard deviation and
mean absolute relative error.

As in the eigenvalue analysis, the OECD/NEA 3 x 3 problem
exhibits weak spatial correlations, resulting in similar pin power
variance estimates from both the iCS and CS methods.

To evaluate the performance of the iCS method under more
realistic and strongly correlated conditions, the SMR problem was
next analyzed. The iDTMC calculation employed 1,500,000 neutron
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TABLE 2 Average and mean absolute error of node and parameter-wise correlation.

10.3389/fenrg.2026.1744345

Error Parameter ‘ Direction Reference iCS CS
i=x 0.2017 0.2076 ~0.0004
%, i=y 0.2021 0.2080 0.0003
i=7 0.0163 0.0171 ~0.0004
i=x 0.1006 0.1040 0.0001
%y i=y 0.1005 0.1038 ~0.0002
i=7 0.0107 0.0111 ~0.0004
i=x 0.1040 0.1076 0.0002
v i=y 0.1044 0.1075 -0.0004
- i=7 0.0120 0.0123 ~0.0004
o i=x 0.3135 0.3227
o) i=y 0.3138 0.3225 -
i=7 0.0653 0.0684
i=x 0.3006 0.3091
e i=y 0.3011 0.3093 -
i=7 0.0029 0.0027
i=x 0.3000 0.3080
I i=y 0.3006 0.3084 -
i=7 0.0028 0.0026
i=x 0.0784 0.2433
%, i=y 0.0782 0.2429
i=7 0.0720 0.1546
i=x 0.0803 0.1936
Za i=y 0.0804 0.1932
i=7 0.0718 0.1545
i=x 0.0804 0.1941
vz, i=y 0.0801 0.1938
i=7 0.0709 0.1530
EX o -
i=x 0.0741
[ i=y 0.0739 -
i=7 0.0723
i=x 0.0747
I i=y 0.0744 -
i=7 0.0716
i=x 0.0747
I i=y 0.0743 -
i=7 0.0722
(Q1.Q,) Reference iCS CS
- 0z, 0.4514 0.4640 0.4469
P (V) 0.3379 0.3480 0.3346
(ZaVZp) 0.7955 0.8193 0.7876
(Continued)
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TABLE 2 Continued.

10.3389/fenrg.2026.1744345

Parameter Direction Reference
(1 Za) 0.0662 0.0060
& (Vo) - 0.0732 0.0048
(ZavZ¢) 0.0357 0.0082

histories per cycle, with 15 inactive cycles and 115 active cycles, and a
deterministic p-FMFD calculation was performed at the final active
cycle using the accumulated reactor parameters. The real variance
of the pin power distribution was obtained from 240 independent
batch calculations. As in the previous case, 30 independent
batch estimations were performed for each uncertainty estimation
method, each using 100 sampled parameter sets. Figure 8 presents
the corresponding pin power variance distributions, and Table 1
summarizes the average standard deviation and mean absolute
relative error.

In contrast to the OECD/NEA 3 x 3 problem, the SMR model
exhibits strong parameter-wise and node-wise correlations arising
from its realistic geometry and heterogeneous core configuration.
Under these conditions, a clear difference in prediction accuracy
is observed. The iCS method produces pin power variance
distributions that closely match the real variance across the core,
whereas the CS method systematically underestimates the variance.
This discrepancy reflects the fundamental limitation of the CS
method, which neglects node-wise correlations that are essential
for pin-wise power uncertainty estimation. Neglecting these effects
leads to the observed unreliable estimation of uncertainty by
the CS method.

Overall, these results demonstrate that the iCS method,
by implicitly preserving both parameter-wise and node-wise
correlations across all reactor parameters, provides significantly
improved accuracy for pin power distribution uncertainty
estimation compared to CS approaches. The advantage of the
iCS method is particularly pronounced for realistic reactor
configurations with strong spatial correlations.

3.4 Preservation of node and
parameter-wise correlations

A key feature of the iCS method is its ability to preserve
the correlation structure inherently embedded in MC-tallied
reactor parameters. For uncertainty estimation within the iDTMC
framework to be physically meaningful, sampled reactor parameter
sets must retain not only parameter-wise correlations within
individual nodes but also node-wise correlations that naturally arise
from neutron transport physics.

To quantitatively assess correlation preservation, a dedicated
analysis was performed using the SMR problem. The MC simulation
employed 1,500,000 neutron histories per cycle, with 15 inactive
cycles followed by 25 active cycles. Reactor parameter sets tallied
during the active cycles were treated as reference data. Based on
these tallies, 100 sampled parameter sets were generated using both
the iCS and the CS methods. The correlation structures of the
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sampled parameter sets were then compared against those of the
reference tallies.

Node-wise correlations were first examined for all sampled
reactor parameters. Pearson correlation coeflicients were used
to quantify correlations, and only correlations between directly
adjacent nodes were considered, as spatial correlations are strongest
over nearest-neighbor distances. For each spatial direction,
the average node-wise correlation coeflicient was defined as
Equation 18:

Pz L3 ok (18)
i Ni" -1
where N; denotes the number of fine-mesh nodes in direction i:
pifr_ | is the Pearson correlation coefficient adjacent nodes and the
superscript X denotes the either the reference tallies or a sampling
method. In addition, the mean absolute correlation error relative to
the reference tallies was evaluated as Equation 19:

ref

. 1

&= Wrzilpifi% - p?%:1| (19)
where the superscript ref denotes the reference tallies. Table 2
summarizes the average node-wise correlation coefficients and the
corresponding mean absolute errors for all reactor parameters.

The results show that the iCS method reproduces node-wise
correlation levels that are in close agreement with the reference
tallies. Moreover, the mean absolute correlation errors remain
smaller than the corresponding average correlation magnitudes,
indicating that spatial correlations are effectively preserved.

In contrast, the CS method yields node-wise correlation values
close to zero in all spatial directions, with mean absolute errors
approximately two to three times larger than those obtained
using iCS. This behavior clearly indicates that the CS method
fails to preserve spatial correlations. The underlying reason is
that CS performs sampling independently at each node and does
not account for spatial coupling between neighboring nodes. In
addition, CS does not sample neutron fluxes or interface partial
currents, and therefore cannot represent the associated uncertainties
or their correlations. This limitation is particularly critical in realistic
reactor problems, where spatial power distributions and their
uncertainties are strongly influenced by flux and current coupling
between neighboring nodes.

Next, parameter-wise correlations among cross sections within
individual nodes were examined. To assess how well these
correlations are preserved, the average parameter-wise correlation
over all fine-mesh nodes was defined as Equation 20:

Nfine

> pX(Q1.Qy)

i=1

ﬁx(Qqu) = Nig (20)
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FIGURE 9
Node-wise correlation error sensitivity to o for reactor parameters.
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FIGURE 10
Effect of the o on eigenvalue uncertainty estimation.

where Ny, is the total number of fine-mesh nodes and p?f(Ql, Q,)
is the Pearson correlation coefficient between parameters Q, and Q,
at node n. The corresponding mean absolute correlation error was
defined as Equation 21:

Nﬂne
1 ref

> lpn

i=1

(1)
Nfine

EX(Qan) = (Ql:Qz)_p?]((Qan)'

Table 2 also presents the average parameter-wise correlation
coeflicients and the associated mean absolute errors.

The iCS method reproduces parameter-wise correlation levels
that are in close agreement with the reference values, with
mean absolute errors that remain small relative to the average
correlations. As expected, the CS method exhibits slightly lower
errors for parameter-wise correlations among cross sections, owing
to its explicit construction of a correlation matrix for these
quantities.

Nevertheless, despite not explicitly modeling parameter-
wise correlation matrices, the iCS method achieves comparable
accuracy while simultaneously preserving node-wise correlations
of
parameters, including neutron fluxes and interface partial

and enabling sampling over a broader set reactor
currents. This combined capability is beyond the scope of
the CS approach.

The combined node-wise and parameter-wise analyses
demonstrate that the iCS method successfully preserves the essential
correlation structures inherent in MC tallies. This correlation
preservation provides a consistent statistical foundation for the
improved uncertainty estimation performance of the iDTMC

method observed in the preceding sections.

3.5 Estimation sensitivity to the Dirichlet
distribution parameter a

In the proposed iCS method, the only user-specified constant is
the Dirichlet distribution parameter , which controls the sampling
weights assigned to cycle-wise reactor parameter sets. The Dirichlet
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distribution determines how strongly individual active-cycle tallies
are emphasized during sampling. As O increases above unity, the
sampled weights become more uniformly distributed across all
cycles, resulting in nearly equal contributions from each cycle.
Conversely, when o is smaller than unity, the weights become
increasingly concentrated on a small subset of cycles, leading to
stronger preference for specific cycle-wise parameter sets.

It is important to note that, regardless of the value of a, a
symmetric Dirichlet distribution guarantees identical expected
values for all weights, equal to the inverse of the number of active
cycles. Therefore, variations in a affect only the dispersion of
the weights, not their mean. From the perspective of uncertainty
estimation, however, it is necessary to examine whether changes
in weight dispersion influence correlation preservation and,
consequently, the accuracy of uncertainty estimates.

The fundamental assumption underlying the iCS method is
that accurate uncertainty estimation can be achieved as long as
the sampling procedure preserves the distribution and correlation
structures of the tallied reactor parameters. Accordingly, the
sensitivity analysis in this study focuses on node-wise correlation
preservation.

Using the SMR problem, reactor parameters tallied with
1,500,000 histories per cycle over 15 inactive and 25 active cycles
were treated as reference data. Based on these tallies, parameter
sets were sampled using the iCS method for 69 different values
of 0, ranging from 0.8 to 0.87*. For each value of @, the
ge
for all reactor parameters and spatial directiorlls. The results are

mean absolute node-wise correlation error was evaluated
presented in Figure 9.

No systematic dependence on o is observed in any spatial
Eips
i
are bounded below 0.1, indicating that node-wise correlation

direction. The fluctuations remain small, and all values of

preservation is largely insensitive to the choice of o over a wide
range of values.

To further examine the impact of o on uncertainty estimation,
eigenvalue uncertainty analyses were also performed for different
values of 0 using the same SMR model. The iDTMC calculations
employed 1,500,000 histories per cycle, with 15 inactive cycles
and 115 active cycles. Deterministic p-FMFD calculations were
performed for the final 100 active cycles using the accumulated
reactor parameters. Eigenvalue uncertainty estimates were
obtained for three representative values of o, and the results
are shown in Figure 10.

The estimated eigenvalue uncertainties exhibit no significant
dependence on 0. This behavior can be interpreted by noting
that reactor parameter sets tallied at different active cycles
are independent and identically distributed and already contain
the relevant correlation structures. Under these conditions, the
Dirichlet-sampled weights primarily control the relative preference
among cycle-wise parameter sets and do not materially affect the
resulting uncertainty estimates.

Nevertheless, since the Dirichlet distribution is constructed
from Gamma-distributed random variables, excessively large or
small values of o may lead to numerical instability. Considering
both numerical robustness and consistency of the results, the use
of a symmetric Dirichlet distribution with o = 1 is reccommended in
this study.
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TABLE 3 FOM ratios of iDTMC relative to MC-CMFD from independent batch calculations.

Reference
Eigenvalue Power ’ Peak power
MC- iDTMC Method MC- iDTMC Method MC-
CMFD CMFD CMFD
Ketf [pem] 1.12591 £10.8 1.12592 +7.69 Mean R 0.02915 0.02885 Power 166.135 165.767
50 [W/em?] +3.422 +3.323
Ratio 1.97 Ratio 1.02 Ratio 1.06
TABLE 4 FOM ratios of iDTMC relative to MC-CMFD using 37,500,000 histories per cycle.

37,500,000 particle

histories per cycle

. ‘ Eigenvalue Power ‘ Peak power
Active . .
cycles Method MC- iDTMC Method MC- iDTMC Method MC-
CMFD CMFD CMFD

ket [pem] 1.12598 +7.00 | 1.12608 +2.73 Mean R 0.02118 0.02346 Power 171.485 174.352

s [W/em®] +5.763 +5.433
Ratio 6.57 Ratio 0.814 Ratio 1.16

ket [pem] 1.12601 +3.84 | 1.12597 +4.75 Mean R 0.01588 0.01729 Power 169.476 170.698

5 [W/em?] +2.684 +3.360
Ratio 0.653 Ratio 0.843 Ratio 0.647

ket [pem] 1.12594 +5.83 | 1.12592 +4.45 Mean R 0.01165 0.01265 Power 168.305 169.690

10 [W/em?] +1.537 +1.929
Ratio 1.71 Ratio 0.848 Ratio 0.645

ket [pem] 1.12594 +3.00 | 1.12592 +2.46 Mean R 0.00687 0.00738 Power 167.636 167.233

30 [W/em?] +0.583 +1.059
Ratio 1.48 Ratio 0.865 Ratio 0.301

Kyt [pem] 1.12591 +2.43 | 1.12591 +2.08 Mean R 0.00534 0.00577 Power 166.931 166.793

50 [W/em?] +0.506 +0.837
Ratio 1.37 Ratio 0.858 Ratio 0.365

3.6 Performance of the iDTMC method

As discussed in the previous section, the performance advantages
of the iDTMC method over conventional MC arise from two distinct
mechanisms. The first is the acceleration of FSD convergence during
inactive cycles through p-CMFD feedback, which reduces the number
of inactive cycles required for source convergence. The second is
variance reduction during active cycles achieved by enforcing neutron
balance through deterministic p-FMFD solutions.

To establish a reliable reference for efficiency comparison,
statistically well-converged FOM values were first obtained using
independent batch calculations. These reference calculations
employed 1,500,000 particle histories per cycle, 15 inactive cycles,
and 50 active cycles. A total of 119 independent simulations were
performed to estimate the real variance with sufficient statistical
confidence. The resulting reference FOM ratios for the eigenvalue,
average power, and peak power are summarized in Table 3, where the
FOM ratio is defined as the FOM of iDTMC divided by that of MC-
CMFD. Based on these results, the iDTMC method demonstrates a
clear efficiency advantage over MC-CMFD, with an improvement of
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approximately a factor of two for eigenvalue uncertainty estimation.
These values represent the practical efficiency gain achievable by
iDTMC under statistically stabilized conditions.

Using the reference results as a benchmark, additional single-
batch FOM comparisons were conducted to examine whether similar
efficiency trends could be observed without independent batch
calculations. In all single-batch studies, MC-CMFD and iDTMC
calculations were performed under identical numerical conditions.

In the first set of single-batch calculations, summarized in Table 4,
37,500,000 particle histories per cycle were used with 15 inactive
cycles and various number of active cycles. When only two or five
active cycles were employed, the resulting FOM ratios exhibited
large discrepancies relative to the reference values and showed
strong inconsistency across different quantities of interest. As
the number of active cycles increased, the FOM ratios gradually
approached the reference values and displayed more consistent
trends. This behavior indicates that an insufficient number of active
cycles leads to unstable reactor parameter estimates, which directly
deteriorates the reliability of uncertainty estimation and FOM
evaluation. In particular, under these early active-cycle conditions,
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TABLE 5 FOM ratios of iDTMC relative to MC-CMFD using 97,500,000 histories per cycle.

97,500,000 particle histories per cycle

. Eigenvalue Power ’ Peak power
Active . :
cycles MC- iDTMC Method MC- iDTMC Method MC-
CMFD CMFD CMFD
Kefr [pem) 1.12594 +5.00 | 1.12590 +5.66 Mean R 0.01322 0.01432 Power 168.935 169.816
[W/em?] +1.071 +1.060
2

Ratio 0.780 Ratio 0.851 Ratio 1.03

Keft [pem) 1.12593 +3.80 | 1.12593 +4.03 Mean R 0.00987 0.01059 Power 167.863 168.745

5 [W/em?®] +0.619 +0.538
Ratio 0.890 Ratio 0.867 Ratio 1.34

Kefr [pem] 1.12591 4321 | 1.12590 +2.67 Mean R 0.00722 0.00773 Power 166.969 167.611

10 [W/em?] +0.661 +0.596
Ratio 1.44 Ratio 0.872 Ratio 1.24

Kefr [pem] 1.12596 +1.85 | 1.12595 +1.44 Mean R 0.00426 0.00457 Power 166.199 166.225

30 [W/em?] +0.353 +0.413
Ratio 1.66 Ratio 0.869 Ratio 0.731

ket [pem] 1.12595 +1.43 | 1.12594 +0.97 Mean R 0.00331 0.00358 Power 166.222 166.099

50 [W/em?] +0.303 +0.382
Ratio 1.80 Ratio 0.855 Ratio 0.630

the uncertainty of the peak power was occasionally observed to
exceed that of the average power, which is physically inconsistent
and indicative of poorly stabilized reactor parameters.

A second set of single-batch calculations was performed using
a higher number of particle histories per cycle, 97,500,000, while
maintaining the same inactive and active-cycle configurations.
The results are summarized in Table 5. Increasing the number
of particle histories improves the statistical quality of the tallied
reactor parameters and leads to more consistent FOM behavior
as the number of active cycles increases. Nevertheless, even under
these high-statistics conditions, the single-batch FOM ratios remain
noticeably lower than the reference values.

This discrepancy does not indicate a fundamental limitation
of the iDTMC methodology itself, but rather reflects intrinsic
challenges associated with uncertainty estimation in single-batch
calculations. In particular, the apparent variance used in MC-CMFD
is known to systematically underestimate the real variance due to
cycle-wise correlations inherent in steady-state MC simulations.
This underestimation persists regardless of the number of particle
histories per cycle, leading to biased uncertainty estimates for
MC-CMFD and, consequently, to an underestimation of the
corresponding FOM ratios. In addition, uncertainty estimates
obtained using the iCS method also exhibit statistical dispersion,
which further complicates quantitative efficiency comparisons in
early active-cycle regimes.

Overall, the numerical results indicate that, for reliable FOM
comparisons in early active-cycle regimes, a methodology is
required that can obtain statistically stabilized reactor parameters
from the initial active cycles. Without such stabilization,
single-batch FOM comparisons cannot accurately reflect the true
efficiency differences between MC-CMFD and iDTMC.
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To address this limitation, future work will focus on improving
variance estimation for MC-CMFD and enabling statistically
stabilized uncertainty estimates in early active-cycle regimes. In
particular, a new approach inspired by the history-based batch
method will be investigated to obtain reliable variance estimates
within a single active cycle (Shim and Choi, 2012).

4 Conclusion

This study presented an iCS method for estimating the variance
of the iDTMC method. By constructing sampled parameter sets as
weighted linear combinations of accumulated MC tallies using a
Dirichlet distribution, the proposed approach implicitly preserves
both parameter-wise and node-wise correlations without explicitly
modeling large correlation matrices. This enables reliable variance
estimation within a single iDTMC calculation, eliminating the need
for independent batch calculations.

Numerical results for the OECD/NEA 3 x 3 problem and a
realistic SMR model demonstrated that the iCS method accurately
reproduces reference variances for both eigenvalue and pin power
distributions. In problems with weak spatial correlations, the iCS
and conventional CS methods showed comparable performance.
However, for realistic reactor configurations exhibiting strong
spatial and parameter-wise correlations, the iCS method consistently
provided significantly improved uncertainty estimates, while the
CS method systematically underestimated variances. Dedicated
correlation analyses further confirmed that iCS effectively preserves
both node-wise and parameter-wise correlations inherent in MC
tallies, providing a clear statistical explanation for its superior
performance.
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The sensitivity analysis with respect to the Dirichlet distribution
parameter 0 showed that correlation preservation and uncertainty
estimates are largely insensitive to the choice of 0 over a wide range
of values. Based on numerical robustness and consistency, the use
of a symmetric Dirichlet distribution with a = 1 was identified as an
appropriate and practical choice.

In addition, the performance of the iDTMC method was
systematically evaluated using FOM comparisons. Reference FOM
values obtained from statistically stabilized independent batch
calculations confirmed that iDTMC provides substantial efficiency
gains over MC-CMFD, particularly for eigenvalue.

Overall, this work establishes the iCS method as a robust
and scalable framework for uncertainty quantification in iDTMC
method. By pairing the computational efficiency of iDTMC with a
statistically consistent variance estimation technique, the proposed
approach significantly enhances the reliability and practicality of
pin-resolved MC-deterministic hybrid simulations.

Future work will focus on further improving uncertainty
estimation in early active-cycle regimes. In particular, approaches
inspired by the history-based batch method will be investigated
to obtain statistically stabilized variance estimates within a single
active cycle. Additional extensions will include applications to fast
reactor systems with stronger node-wise coupling, depletion and
transient analyses, and multi-physics coupled simulations such as
neutronics—thermal-hydraulics, as well as large-core configurations
exemplified by APR1400.
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