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Static voltage stability analysis of
integrated smart energy systems

Jungao Huang, Xuetian Ding*, Dongyong Jin and Zhangjie Liu

NARI Technology Nanjing Control Systems Co., Ltd., Nanjing, Jiangsu, China

The analysis of multi-energy flows forms the cornerstone for the study of
state estimation, safety assessment, and optimization in integrated smart energy
systems (ISES). The interactions between various energy flows and the inherent
variability of renewable energy sources often lead to significant challenges to
the static stability of ISES. This paper investigates the static voltage stability
of ISES under multi-energy coupling conditions through multi-energy flow
analysis in electric-gas-thermal energy systems. First, a steady-state model of
the ISES is constructed by representing the interconnected energy subsystems
as equivalent sources and loads in the power grid. Subsequently, through the
coupling elements of ISES, the power flows of the natural gas system (NGS)
and the district heating system (DHS) are converted into active power in the
electrical power system (EPS), resulting in an equivalent power flow equation
for the ISES. Then, using Brouwer’s fixed-point theorem, the analytical sufficient
conditions for solving the equivalent power flow equation are derived. Finally,
a simulation model based on MATLAB/Simulink is established. The steady-state
criterion for ISES is obtained in this paper, and the correctness and effectiveness
of the proposed conclusions are verified by the simulation results.

KEYWORDS

integrated smart energy system, electric power system, power flow equation, static
voltage stability, Brouwer’s fixed-point theorem

1 Introduction

With the depletion of fossil fuels and the increase in renewable energy sources,
Integrated Smart Energy Systems (ISES) have gained widespread attention (Li et al.,
2020; Liu et al., 2022; Peng et al., 2021; Ma et al., 2024; Wang et al., 2024; Yang et al.,
2020). ISES refers to the coordinated optimization and stable operation of various energy
supply systems within a certain area through the integration of multiple energy sources
such as electricity, heat, cooling, and gas. By leveraging advanced information processing
technologies and innovative management models, ISES aims to form a multi-energy
collaborative management system that can meet diverse energy needs, aligning with future
trends of openness, low carbon, and sustainability in the energy sector. Compared to
traditional energy systems, ISES breaks the independence of individual energy supply
networks, considering the complementary and cascading utilization relationships between
various heterogeneous energy sources, thereby promoting the upgrading of the energy
system structure (Huang et al., 2022).

As the proportion of renewable energy increases and the need for energy
interconnection grows, the scale and complexity of ISES are also continuously increasing.
However, one of the ensuing problems is static voltage stability, which refers to the ability
of the system to maintain voltage levels under steady-state conditions (Liu et al., 2020;
Nguyen et al., 2018; Liu et al., 2018). As the main energy carrier, electrical power system
(EPS)’s coupling relationship with NGS and DHS is becoming increasingly complex.
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ISES can become unstable through various mechanisms, such as
the loss of long-term equilibrium due to the increasingly complex
coupling relationships among EPS, NGS, and DHS. Particularly,
the uncertainty in power flow injections can push the equilibrium
point of ISES out of the feasible region, making the system’s steady-
state equilibrium non-existent (Dvijotham et al., 2018). Therefore,
accurate static voltage stability analysis of ISES is crucial for
subsequent state estimation, safety analysis, and optimal control.

Currently, researchers worldwide have conducted extensive
studies and analyses on ISES, focusing mainly on ISES modeling,
power flow calculation, steady-state analysis, and multi-energy
system security. For example, in Shabanpour-Haghighi and
Seifi (2015), a steady-state model of an electric-gas-thermal
coupling system is established, considering the valve point
effect of gas turbines, part-load characteristics of combined heat
and power (CHP) units, and the impact of gas boilers on the
power flow distribution of the energy system. In Zhang et al.
(2021), an effective probabilistic multi-energy flow (PMEF)
calculation method is proposed to obtain the probabilistic
information and energy flow distribution of hydrogen-injected
ISES through probabilistic flow analysis. In Massrur et al.
(2018), an adaptive discretization method is proposed to achieve
satisfactory accuracy with low computational burden. Regarding
multi-energy flow and thermal inertia (Huang et al., 2023),
proposes a sequential simulation reliability assessment method.
Considering the time characteristics of renewable energy (Wu
and Wang, 2022), uses a sequential Monte Carlo simulation
method to evaluate the reliability of ISES. In Sun et al. (2019),
the droop control and equal incremental rate standard of ISES are
considered.

In summary, existing studies on ISES tend to focus on
the efficiency of multi-energy flow calculation and steady-state
calculation, without the ability to determine whether a steady
state exists in ISES quickly and accurately. Additionally, although
static voltage stability has been widely studied in traditional
power systems, the specific characteristics of ISES, particularly the
coordinated operation and coupling of multiple energy sources,
have not been fully addressed. This paper aims to analyze the
static voltage stability of ISES under multi-energy flow coupling
conditions. The main contributions can be summarized as follows:
(1) Derivation of static voltage stability criteria for ISES under
multi-energy flow coupling, ensuring the existence of equilibrium
points in ISES. (2) Proposal of a multi-energy flow equation
iteration algorithm based on the fixed-point method, including
the construction of iterative expressions and the selection of
initial values.

2 Mathematical model of ISES

2.1 Symbols and definitions

Definition 1: ℂm, ℂm
+ and ℂm×m are the complex m-dimensional

vector, the positive complexm-dimensional vector and complexm ×
m matrix, respectively. Define 1m = [1 1 1]T, 0m = [0 0 …0]T, and
Im is an m-dimensional unit matrix. Let x = [x1 x2 xm]T, and define

FIGURE 1
Schematic diagram of ISES structure.

[[x]] = diag {x}. For x ∈ ℂn, ̄x: conjugate of x ∈ ℂn. Let x ∈ ℂn be a
vector with xi ≠ 0, then 1

x
denotes the vector [ 1

x1
1
x2

… 1
xn

].

Definition 2: Define ‖x‖∞ = max
1≤i≤m

{|aij|}, for x ∈ ℂn, ‖A‖∞ =
max
1≤i≤m

{∑m
j=1|aij|}.

Lemma 1: (Brouwer′s Fixed − Point Theorem (Khalil, 2001)).
Let f: Un ↦ Un be a continuous mapping and D ⊂ Un be a compact
convex set. Then, if f(x) is a self-mapping (i.e., f(x) ∈ D for any
x ∈ D), then there is a x

∗
∈ D such that f(x

∗
) = x

∗
.

Lemma 2: LetMn denote the set of all n × nmatrices. If for allA,B ∈
Mn, the following two properties are satisfied (Molitierno, 2016):
(1)‖A‖ ≥ 0 and ‖A‖ = 0 if and only if A = 0; (2)‖AB‖ ≤ ‖A‖‖B‖, then
the function ‖⋅‖: Mn → ℂ is a matrix norm.

Based on the characteristics of power flow distribution in the
EPS model, NGS model, and DHS model in ISES, the power flow
equation of ISES is determined. First, the mathematical model of
ISES is shown in Figure 1.

2.2 EPS model

In the EPS model used in this paper, there are n + 1 buses,
including l balanced bus, g distributed generation buses, and l
load buses, corresponding to l balanced node, g generator nodes,
and l load nodes, with l = n − g. The EPS is set as a voltage
regulation source, and the phase angle of the balance bus is fixed.
Without loss of generality, it is assumed that the balance bus has
a voltage of VS = 1.05∠0°. The distributed generation buses are
numbered G = {1, … ,g}, and the load buses are numbered L =
{g + 1, … ,n}, with l, n and g all being integers.The topology of
the EPS is shown in Figure 2.

For PQ buses, the injected power is si = Pi + jQi, ∀i ∈
{G, L}.Considering the classification of nodes, the admittance
matrix is introduced as shown in Equation 1 (Wang et al., 2017).

[

[

YSS YSL

YLS YLL

]

]
⋅ [

[

VS

VL

]

]
= [

[

IS

IL

]

]
(1)
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FIGURE 2
The topology of EPS.

where IS ∈ ℂ1 represents the current vector of the balance bus, I =
ID + jIQ ∈ ℂn represents the current vectors of the generator buses
and load buses, and V ∈ ℂn is the vector of generator and load
voltages. Therefore, the power flow equation of the EPS can be
expressed as Equation 2.

s =
n

∑
i=1

YiViVi,∀i ∈ {G, L} (2)

Further, Equation 2 can be written in a compact form,
resulting in Equation 3.

[[V]]YV = −s (3)

The reference direction of the current is opposite to the
reference direction of the voltage, hence the negative sign on the
right side of Equation 3.

2.3 NGS model

According to Ma et al. (2024), for an N-node NGS, the network
equation describing the gas flow is given by Equation 4.

Ygpg = Gg (4)

where Yg is the N-order generalized node admittance matrix,
representing the network structure and parameters;pg is the
N-dimensional node pressure vector; Gg is the N-dimensional
generalized node injection vector. Similar to the boundary
conditions given for power flow calculations in electric power
systems, all nodes are divided into pressure-defined nodes and
injection-defined nodes as shown in Table 1, thus providing N state
variables to solve the remaining N state variables. Based on this
classification, the network equation describing the gas flow for an
N-node NGS is given by Equation 5.

[

[

Yg,gg Yg,gp

Yg,pg Yg,pp

]

]
⋅ [

[

pg,g

pg,p

]

]
= [

[

Gg,g

Gg,p

]

]
(5)

where Gg,g is the injection of injection-defined nodes;pg,p is the
pressure of pressure-defined nodes, both are known boundary

conditions; pg,g is the pressure of injection-defined nodes; Gg,p is
the injection of pressure-defined nodes, both are unknown state
variables; Y is the generalized node admittancematrix. According to
Equation 4, the pressure of injection-defined nodes and the injection
of pressure-defined nodes can be solved as shown in Equation 6.

{
{
{

pg,g = Y−1
g,gg (Gg,g − Yg,gppg,p)

Gg,p = Yg,pgpg,g + Yg,pppg,p

(6)

When there are pressure-defined nodes in the natural gas
network, the node admittance matrix Yg,gg corresponding to
injection-defined nodes is non-singular, i.e.,Yg,gg ≠ 0.

2.4 DHS model

The steady-state calculation of DHS is divided into hydraulic
steady-state calculation and thermal steady-state calculation, where
the hydraulic steady-state power flow calculation is completely
analogous to the steady-state power flow calculation of NGS.

2.4.1 Hydraulic steady-state model
According to Ma et al. (2024), as shown in Equation 7, this

equation is consistent with the mathematical form of the power
grid equation and is suitable for solving hydraulic flow in radial or
looped networks.

Yhph = Gh (7)

where Yh is the N-dimensional hydraulic node admittance matrix,
phpis the N-dimensional node pressure vector, and Gh is the N-
dimensional node injection vector. Similar to NGS, for convenience
of solution, Ma et al. (2024) divides the DHS nodes into injection-
defined nodes and pressure-defined nodes as shown in Table 2.

Based on this classification, the network equation describing the
hydraulic is shown by Equation 8.

[

[

Yh,gg Yh,gp

Yh,pg Yh,pp

]

]
⋅ [

[

ph,g

ph,p

]

]
= [

[

Gh,g

Gh,p

]

]
(8)

where Gh,g is the injection of injection-defined nodes; ph,p is
the pressure of pressure-defined nodes; ph,g is the pressure of
injection-defined nodes; Gh,p is the injection of pressure-defined
nodes; Y is the generalized node admittance matrix. Therefore,
the hydraulic state variables of DHS shown by Equation 9 can be
solved from Equation 7.

{
{
{

ph,g = Y−1
h,gg (Gh,g − Yh,gpph,p)

Gh,p = Yh,pgph,g + Yh,ppph,p

(9)

When there are pressure-defined nodes in DHS, the node
admittance matrix Yh,gg corresponding to injection-defined nodes
is non-singular. Finally, the branch state variables are calculated
from the node state variables and the hydraulic branch equation,
as shown in Equation 10.

Gh,b = yh (GT
hph − Eh,b) (10)

where Gh,b is the branch injection vector; Yh,b is the branch
admittance matrix; ah is the node-branch incidence matrix; GEh,b
is the column vector composed of water pressure source parameters
for each branch.
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TABLE 1 Classification of nodes in NGS.

Actual node Node type Node pressure Node injection

Pressure Source Pressure-defined Node Given To be determined

Injection Source Injection-defined Source To be determined Given

Load Injection-defined Source To be determined Given

Intermediate Node Injection-defined Source To be determined Given (zero)

TABLE 2 Classification of nodes in DHS (hydraulic energy flow).

Actual node Node type Node pressure Node injection

Export Pressure Source Pressure-defined Node Given To be determined

Other Heat Sources, Load Injection-defined Source To be determined Given

Intermediate Node Injection-defined Source To be determined Given

2.4.2 Thermal steady-state model
According to Liu et al. (2022), the network equation for the

thermal steady-state of DHS is given by Equation 11.

YtTt,t = ht (11)

where Yt includes the heat transfer coefficient matrix and the
node-branch incidence matrix, representing the network structure
and parameters; ht includes the node injection temperature and
the temperature difference of the heat exchanger working fluid,
representing the network operation boundary conditions; Tt,t
represents the state variables of the network, i.e., the terminal
temperature of the branches. Since Yt is non-singular, the terminal
temperature of the branches Tt,t can be obtained from Equation 11.
After obtaining the terminal temperature of the branches, the initial
temperature of the branches can be determined according to the
thermal branch equation, as shown in Equation 12.

Tt, f = K−1
t Tt,t (12)

2.4.3 Combined water-thermal network model
It should be noted that in practical DHS, the thermal load

power is usually known, and fluctuations in the thermal load
simultaneously affect both the hydraulic and thermal circuits.
According to the power flow calculation method of electric power
systems, the network equation of DHS in terms of node thermal
power is obtained, as shown in Equation 13.

ϕi = cp (Tsi − Toi)(
n1

∑
j=1

yhijAhijphij −
n1

∑
j=1

ybjEbj) (13)

where ϕi is the injection thermal power (MW) of node i, Tsi and
Toi are the supply temperature and load output temperature (°C) of
node i respectively,Yhij is the element in the i-th row and j-th column
of the generalized node admittance matrix of the supply network
(m ⋅ s), phj is the pressure of node j in the supply network (MPa),ybj
is the admittance (m ⋅ s) of branch j, Ebj is the water pressure source

parameter (Pa) of branch j,Ahij is the element in the i-th row and j-th
column of the node-branch incidence matrix of the supply network.

2.5 Coupling units

2.5.1 CHP unit model
Combined heat and power (CHP) units are electric-thermal

coupling elements, which are special thermal power units that can
generate electricity and provide heat to users (e.g., urban centralized
heating) by utilizing waste steam (steam that has completed its work
in turbines). During operation, the units exhibit the characteristic of
“determining electricity by heat,” i.e., adjusting the electricity output
according to changes in heat output. The mathematical model is as
follows shown by Equation 14:

PCPH = ΦCPH/cm (14)

where PCPH and ΦCPH represent the electric and thermal output
power of the CHP unit, respectively; cm is the unit heat-to-
electricity ratio.

2.5.2 Gas turbine model
Gas turbines are electric-gas coupling elements, usually acting

as loads in the natural gas network to convert and output electricity,
serving as sources in the power grid. The gas turbine model is as
follows shown by Equation 15 (Liu et al., 2022):

VGA
f = a1P

2
GA + a2PGA + a3 (15)

where a1, a2, and a3 are fitting coefficients; PGA is the electric power
of the gas turbine (MW); VGA

f is the gas consumption of the gas
turbine (m3/h). In unified energy flow theory, gas flow is generally
measured in kg/s. When the density of natural gas is 0.7174 kg/m3,
the unit conversion for gas flow is as follows shown by Equation 16:

1kg/s = 3600/0.7174m3/h (16)
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Gas turbines act as sources in the power grid and loads in the
gas network, connecting the PV nodes of the power grid with the
injection-defined nodes of the gas network. Assuming that the heat
source S1 in the thermal network operates under constant outlet
pressure and constant outlet temperature, and the balance node is
numbered n1, the thermal power of the connected CHP unit is
determined by the state variables of the thermal network (Liu et al.,
2022), as follows shown by Equation 17:

ϕi = cp (Tsi − Toi)(
n1

∑
j=1

yhijAhijphij −
n1

∑
j=1

ybjEbj) (17)

where Tsn1
represents the supply temperature of the balance node

(°C); n1 and m1 are the number of nodes and branches in the
thermal network, respectively. The electric power of the unit is
determined by the characteristic of “determining electricity by heat”
as shown by Equation 18:

ϕi = cp (Tsn1
− Trn1

)(
n1

∑
j=1

yhijAhijphij −
m1

∑
j=1

ybjEbj)/cn (18)

2.6 Power flow equations of ISES

Combining the mathematical models of the various
subsystems in ISES and the energy coupling relationships of
the coupling elements, the power flow equations of ISES can be
represented by Equation 19.

F =

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{
{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{
{

si −
n

∑
i=1

ȲiViV̄

si + cp (Tsn1 − Trm1
)(

n1
∑
j=1

yhjjAhijphi −
m1

∑
j=1

ybjEbj)/cm −
n

∑
i=1

ȲiViV̄

si + PGA −
n

∑
i=1

YiViV̄i

Ggi −
n2
∑
j=1

Ygijpgj

Ggi − VGA
f −

n2
∑
j=1

Ygijpgj

ϕi − cp (Tsi − Toi)(
n1
∑
j=1

yhijAhijphi −
m1

∑
j=1

ybjEbj)

Ghi − (
n1
∑
j=1

yhjAhijphij −
m1

∑
j=1

ybjEbj)

(19)

Then, using the coupling elements as bridges, the network
equations of NGS and DHS can be combined with the network
equations of EPS. Their power flow can be equivalently represented
as active power P substituted into Equation 2 to obtain the
equivalent power flow equations of ISES.

S = PCHP
m + PGA

k + s =
n

∑
i=1

YiViVi,∀i ∈ {(1,…,n)} (20)

where, PCHP
m represents the equivalence of the natural gas flow of

NGS to the active power of EPS at the gas turbine. PGA
k represents

the equivalence of the thermal energy of DHS to the active power of
EPS at the combined heat and power unit. S represents the equivalent
load power in ISES.The natural gas transported by NGS, after being
processed through the gas turbine model, is equivalent to a power

source in EPS, with the coupling node in the power system set
as m. Therefore, in ISES, there is electrical coupling at node m,
converting the gas consumption in NGS into generation power at
the coupling node. Similarly, the combined heat and power unit
adjusts the generation power based on changes in heating power,
which is equivalent to the load of EPS. Therefore, in ISES, there
is electrothermal coupling at node k, converting thermal load into
electrical load.

3 Sufficient analytical conditions for
the existence of ISES equilibrium

In this section, we will apply Brouwer’s fixed-point theorem
to the power flow equations of ISES to derive the static voltage
stability criterion of ISES. First, taking the conjugate of both sides
of Equation 3 gives Equation 21.

[[VL]]YV = −S (21)

Equation 21 can be expanded based on Equation 1 and written
in the form of Equation 22.

−[[VL]]−1S = YLLVL + YLSVS (22)

Multiplying both sides of the equation by [[VL]] gives Equation 23.

[[VL]]YLLVL + [[VL]]YLSVS + S = 0 (23)

Note that the admittance matrix YLL in Equation 23 is not
the complete matrix constructed for all buses of the network,
but a submatrix obtained after removing the slack bus. This
submatrix is non-singular and therefore invertible Equation 10.
By left-multiplying both sides by Y−1

LL[[VL]]−1, Equation 23 can be
rewritten in the form of Equation 24, where V

∗
= − Y−1

LLYLSVS.

VL = V∗ − Y−1
LL[[VL]]−1S (24)

For an n-dimensional quadratic equation with n unknowns
(MDQE), solving it is quite challenging.The key lies in transforming
the power flow equations into a form that constructs a mapping, and
then obtaining the solution of the equations by analyzing the fixed
points of the mapping.

To construct themapping, wemultiply both sides of Equation 24
by [[V

∗
]]−1 and define x = [[V

∗
]]−1VL, thus obtaining Equation 25.

x = 1n −
[[V∗]]−1Y−1

LL[[V∗]]−1 [[S]]

x
(25)

Let A = [[V
∗
]]−1V−1

LL[[V
∗
]]−1[[S]], where S = PCHP

m + Pn + Q.
Thus, the mapping form of the power flow equations of ISES can
be obtained as follows shown by Equation 26.

x = γ (x) = 1n − A1
x

(26)

Therefore, the solvability of Equation 23 is equivalent to the
existence of a fixed point of the function γ(x). For this purpose,
an iterative algorithm for the multi-energy flow equations is
constructed. According to Lemma 1, what we need to prove is that
γ(x) is a self-mapping on its domain of definition, where the domain
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FIGURE 3
The domain of γ(x).

of γ(x) is two-dimensional, i.e., Sr(x) ≔ {x|‖x − 1n‖∞ ≤ r}. Since
Sr(x) ∈ ℂn, r > 0, we can substitute x = a + jb into Sr(x), obtaining
‖a − 1+ jb‖∞ ≤ r. Next, based on the properties of the norm, we get
{x|(a − 1)2 + b2 ≤ r2}, which represents a circle with center (1,0) and
radius r, as shown in Figure 3. We obtain min |xi| = 1− r. On the
other hand, according to Lemma 2, we get Equation 27.

‖A
x

‖
∞

≤ ‖A‖∞‖1
x

‖
∞

= ‖A‖∞
1

min |xi|
(27)

Therefore, we can express the range as Equation 28.

Sr (γ (x)) = {γ (x) |(1n − ‖A‖∞
1

1− r
) ≤ γ (x) ≤ 1n (28)

According to Brouwer’s fixed-point theorem, if there exists
a non-empty compact set Sr such that γ(x) is a self-mapping,
i.e., Sr(γ(x)) ⊆ Sr(x), then there exists a unique solution γ(x

∗
) =

x
∗
. Based on this idea, a sufficient solvability condition for

Equation 23 is obtained. For any x ∈ Sr, when Sr (γ(x) ⊆ Sr(x) is
satisfied, we obtain Equation 29.

γ (x) ≥ 1n − ‖A‖∞
1

1− r
≥ 1− r (29)

After rearranging, we can obtain the static stability criterion for
ISES, which is Equation 30.

4‖A‖∞ ≤ 1 (30)

In fact, the static voltage stability of both is fundamentally
based on the existence of solutions to the power flow equations
or multi-energy flow equations. Due to the coupling effects of
multi-energy flows, the multi-energy flow equations are more
complex than the power system flow equations. In this study,
we modeled the Combined Heat and Power (CHP) components
as pivotal connections among the Electric Power System (EPS),
Natural Gas System (NGS), and District Heating System (DHS).
Specifically, we consider the natural gas flow from the NGS as an
input, while the outputs are the electrical energy from the EPS
and thermal energy from the DHS. This approach allows us to
integrate parameters such as gas flow and thermal energy into the
power flow equations of the EPS (as illustrated in Equations 19, 20),

FIGURE 4
IEEE-30 node standard test case diagram.

enabling the derivation of the power flow equations for the ISES.
Consequently, the analytical static voltage stability criterion for the
ISES is proposed in Equation 30.

4 Cost optimization

Under the conditions of static voltage equilibrium, an
optimization problem is set up with the objective function
as shown by Equation 31:

MinimizeC = Cgen + Ctrans + Ccons (31)

Where Pgen = Pload ensures that the power generated by the system
matches the load demand, Qgen = Qload ensures that the thermal
energy generated by the system is consistent with the demand, and
Vmin ≤ Vi ≤ Vmax ensures that the voltage remains within specified
limits, respectively. Considering the output volatility of renewable
energy sources, setting minimum and maximum output ranges can
be established.

5 Simulation and experimental study

Based on the MATLAB/Simulink simulation platform, an IEEE
30-bus system as shown in Figure 4 is constructed. The blue nodes
represent the slack buses, the red nodes represent the PV buses,
and the purple nodes represent the PQ buses. The black line
segments between the nodes represent the cables. The relevant
parameters are shown in Table 3 and Table 4. Node 2 realizes
electrical energy conversion through a gas turbine, nodes 5 and 8
achieve electrothermal energy conversion through CHP coupling
elements, and nodes 11 and 13 are EPS power nodes.

By calculating the various power flow data of ISES using the
thermal-to-electrical conversion method, including the load power
of EPS, four test cases are designed to verify the static stability of
the system. Let 4‖A‖∞ = τ. In this simulation, the electrothermal
coupling modules, i.e., nodes 5 and 8 of the CHP units operating in
thermal-to-electrical mode, consume 0.4316 pu of thermal energy,
equivalent to Pl = 0.2878pu according to Table 5. The electrical
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TABLE 3 EPS node parameters.

Index Type V
(pu)

Pg(pu) Qg(pu) Pl(pu) Ql(pu)

1 1 1.05 — — 0 0

2 2 1.045 0.576 0.024 0.217 0.127

3 3 — — — 0.024 0.012

4 3 — — — 0.076 0.016

5 2 1.01 0.246 0.223 0.942 0.19

6 3 — — — 0 0

7 3 — — — 0.228 0.109

8 2 1.01 0.35 0.323 0.3 0.3

9 3 — — — 0 0

10 3 — — — 0.058 0.02

11 2 1.05 0.179 0.176 0 0

12 3 — — — 0.112 0.075

13 2 1.05 0.169 0.250 0 0

14 3 — — — 0.062 0.016

15 3 — — — 0.082 0.025

16 3 — — — 0.035 0.018

17 3 — — — 0.09 0.058

18 3 — — — 0.032 0.009

19 3 — — — 0.095 0.034

20 3 — — — 0.022 0.007

21 3 — — — 0.175 0.112

22 3 — — — 0 0

23 3 — — — 0.032 0.016

24 3 — — — 0.087 0.067

25 3 — — — 0 0

26 3 — — — 0.035 0.023

27 3 — — — 0 0

28 3 — — — 0 0

29 3 — — — 0.024 0.009

30 3 — — — 0.106 0.019

coupling module, the gas turbine, consumes 8,898.3 m3/h of natural
gas, equivalent to Pg = 0.3586pu according to Table 5.
Case 1: Nodes 2, 11, and 13 are source nodes, and all other loads are
EPS loads with no load nodes converted from thermal loads.
Case 2: Nodes 2, 11, and 13 are source nodes, and nodes 5 and
8 are load nodes converted from thermal loads. All other loads
are EPS loads.

Example 1: In the per-unit system, Vs is the reference voltage.
Therefore, V1 = 1.05∠0°, and the line cable impedance is shown in
Table 5. For Case 1: when the load power is scaled up to 1.5 times
that of Table 3, τ1 = 0.9759 < 1; for Case 2: when the load power is
scaled up to 2.5 times that of Table 3, τ1 = 1.5865.

Example 2: In the per-unit system, Vs is the reference voltage.
Therefore, V1 = 1.05∠0°, and the line cable impedance is shown in
Table 5. For Case 1: when the load power is scaled up to 1.52 times
that of Table 3, τ1 = 0.9812 < 1; for Case 2: when the load power is
scaled up to 2.3 times that of Table 3, τ1 = 1.4694.

Example 3: The reference voltage V
∗
and the line cable impedance

are the same as in Case 1; only the complex power of the load is
changed. For Case 1: when the complex power is scaled up to 1.6
times that of Table 3, τ2 = 0.9954 < 1. For Case 2: when the load
power is scaled up to 2 times that of Table 3, τ = 1.3972 > 1.

The iterative process of the algorithm (Example 1) is shown in
Figure 5. Figure 5 illustrates that x(n+1) = γ(xn) has a solution when
τ2 < 1; otherwise, it may not have a solution.

Example 4: A Simulinkmodel is established. In this case, the actual
power of the load is involved in the calculation, set p = 0.18 MW,
Q = 0 Var, V

∗
= 380V, and the line cable impedance is set to R =

0.2Ω,X = 2−3H, τ3 = 0.9972 < 1.

Example 5: Increase the DHS load power, set to p = 0.20 MW,
Q = 0Var, V

∗
= 380V, and the line cable impedance is the

same as in Example 4. τ4 = 1.1082 > 1.
The results of Figures 5A, C, E indicate that if the static voltage

stability criterion, i.e., Equation 30, is satisfied, then the proposed
iterative algorithm converges to the solution; Figures 5B, D, F show
that if the static voltage stability criterion is not satisfied, the
proposed algorithm may diverge, and the power flow equations
may have no solution. Furthermore, by comparing Case 1 and 2 in
Figure 5, when DHS nodes are converted to electrical load nodes
and added to the system, the system load increases, and the system’s
stability margin decreases, meaning the system is more likely to lose
its equilibrium point. Figures 5G, H show the results of the fixed-
point algorithm’s iteration for Examples 4 and 5, respectively. In
Figure 5G, the fixed-point algorithm converges, and the system has
a solution; in Figure 5H, the fixed-point algorithm diverges, and the
system may have no solution.

Simulation Examples 4, 5: In the case of Example 4, the three-
phase voltage waveform in Figure 6A varies between ± 311 V.When
the load is 0.18 MW, it satisfies the static voltage stability criterion.
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TABLE 4 EPS line parameters.

Node1 Node2 R X Node1 Node2 R X

1 2 0.019 0.058 15 18 0.107 0.219

1 3 0.045 0.165 18 19 0.064 0.129

2 4 0.057 0.174 19 20 0.034 0.068

3 4 0.013 0.038 10 20 0.094 0.209

2 5 0.047 0.198 10 17 0.032 0.085

2 6 0.058 0.176 10 21 0.035 0.075

4 6 0.012 0.041 10 22 0.073 0.150

5 7 0.046 0.116 21 22 0.012 0.024

6 7 0.027 0.082 15 23 0.1 0.202

6 8 0.012 0.042 22 24 0.115 0.179

6 9 0 0.208 23 24 0.132 0.27

6 10 0 0.556 24 25 0.189 0.329

9 11 0 0.208 25 26 0.254 0.38

9 10 0 0.11 25 27 0.109 0.209

4 12 0 0.256 28 27 0 0.396

12 13 0 0.14 27 29 0.220 0.415

12 14 0.123 0.256 27 30 0.320 0.603

12 15 0.066 0.130 29 30 0.240 0.453

12 16 0.094 0.199 8 28 0.063 0.2

14 15 0.221 0.200 6 28 0.017 0.060

16 17 0.052 0.192 — — — —

TABLE 5 Fitting coefficient and thermoelectric ratio.

Index a1 a2 a3 cm

— 0 248.14 0 1.5

The power waveform in Figure 6B does not exhibit distortion,
indicating that the system has an equilibrium point. This verifies
the correctness of the proposed solvability condition. In the case of
Example 5, the voltage waveform in Figure 6C oscillates at t = 0.92 s,
and the power waveform in Figure 6D is distorted. At this time, the
system is overloaded and does not satisfy the static voltage stability
criterion, resulting in system instability.

In the coupled network, theNGS is coupled with the EPS through
the gas turbine at node 2, making node 2 another power source node
for the EPS.The DHS is coupled with the EPS through the combined
heat and power units at nodes 5 and 8, making nodes 5 and 8 two

load nodes for the EPS. NGS and DHS, as sources or loads for EPS
through coupling equipment, will certainly affect the original power
flow distribution of the EPS.Therefore, we will analyze the changes in
the static voltage stability criterion and the equilibrium point of the
systemby separately increasing thenatural gas consumption, electrical
load, and thermal load in the IEEE 30-bus system.Through this data,
we will infer the impact of natural gas consumption, electrical load,
and thermal load on the stability of the IEEE 30-bus system.

Figure 7A shows that increasing natural gas consumption can
increase the system’s stability margin to a certain extent. When the
gas consumption increases to 20000m3 ⋅ h, the static voltage stability
criterion decreases by 15.8%. As shown in Figure 7B, when the
load power of EPS is increased to S = 0.04 pu, the static voltage
stability criterion rises significantly. When S = 0.07 pu, the system
stability margin is only 0.15, and this data is derived solely under
the condition of electrical load. Next, we analyze the variation of
the static voltage stability criterion with the change in thermal load
when thermal load is added to the system. The CHP at the DHS
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FIGURE 5
The iteration processes of the proposed algorithm: x(n+1) = γ(xn). (A) Example 1 (1). (B) Example 1 (2). (C) Example 2 (1). (D) Example 2 (2). (E) Example 3
(1). (F) Example 3 (2). (G) Example 4. (H) Example 5.

node acts as a load at EPS node 5, meaning that changes in thermal
load also reflect changes in the grid load. As shown in Figure 7C,
when the thermal load increment reaches 70 MW, the static voltage

stability criterion reaches 0.92, greatly reducing the system stability
margin. When the DHS load power increment reaches 90 MW, the
system stability margin approaches 0. Furthermore, comparing the
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FIGURE 6
Simulation results of Case 3, 4. (A) Three-phase load voltage, for
Example 3. (B) Load power, for Example 3. (C) Three-phase load
voltage, for Example 4. Load power, for Example 4.

load variations in Figures 7B, C, it can be seen that electrical load,
as the main load of the IEEE 30-bus system, has a greater impact on
the system’s stability.

As shown in Figure 8A, when the gas consumption increases,
the equivalent generator at node 2 can supply more active power

FIGURE 7
Static voltage stability criteria var ISES with the increase in gas
consumption and load. (A) Variation of the static voltage stability
criterion with increasing natural gas consumption. (B) Variation of the
static voltage stability criterion with increasing electrical load. (C)
Variation of the static voltage stability criterion with increasing
thermal load.
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FIGURE 8
Equilibrium varies with the increase in gas consumption and thermal
load. (A) Variation of the static voltage stability criterion with
increasing natural gas consumption. (B) Variation of the equilibrium
point with increasing thermal load.

FIGURE 9
The node voltage of 30-bus system.

to the system, and the node voltage can be maintained within
an appropriate range, thus preserving the equilibrium point.
Conversely, as shown in Figure 9, the voltage magnitude of the IEEE
30-bus system decreases after the addition of DHS load. This is
because the DHS nodes are connected to the grid through CHP,
and the thermal load adds an extra load to the system, increasing

FIGURE 10
Flow diagram.

the demand for active power, which leads to a voltage drop. When
the thermal load increment reaches 100 MW, the node voltage
magnitude drops to 1.001 pu, as shown in Figure 8B, which is 4.67%
less than the equilibrium node voltage magnitude.

6 Conclusion

Based on the characteristics of the power flow distribution
in the EPS, NGS, and DHS models within ISES, this paper
determines the power flow equations of ISES as shown in Figure
10. Using Brouwer’s fixed-point theorem, the power flow equations
are algebraically transformed to obtain the corresponding algebraic
equation mapping expressions. By constructing a self-mapping
for the algebraic equation mapping expressions, the steady-state
criterion for ISES is obtained. According to the relevant parameters
and the steady-state criterion of ISES, it is determined whether ISES
has a steady state. This paper successfully converts the solvability
problem of ISES power flow equations into the existence problem
of mapping fixed points.The derived static voltage stability criterion
can quickly and accurately determine whether ISES has a steady
state, providing support for subsequent state estimation, security
analysis, and optimization control of ISES.
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