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An atomized approach to
assessing energy problem solving
in physics using multidimensional
item response theory

André Meyer* and Gunnar Friege

Department of Mathematics and Physics, Institute for Mathematics and Physics Education, Physics
Education Group, Leibniz University Hannover, Hanover, Germany

Introduction: Problem solving is a central competence in STEM education,
yet many secondary school students struggle to coordinate the multiple skills
required for successful problem solving. Early assessment of problem-solving
skills can support individual feedback during this pivotal phase of schooling.
However, existing assessment approaches focus mainly on complete problem
solutions, which are resource-intensive and cannot adequately capture skills of
students who fail in early phases of the problem-solving process.

Methods: To address this gap, the atomized problem-solving test (APST) was
developed as a digital instrument that independently assesses four problem-
solving subprocesses: Representation, Planning, Execution, and Evaluation.
The APST was evaluated in two consecutive studies with a total of 800
German secondary school students within a web-based learning environment
on energy conservation. Multidimensional item response theory (MIRT) was
used to examine item quality and dimensional structure, complemented by
supplemental assessments of conceptual knowledge, school grades, and rubric-
based analyses of written problem solutions.

Results: The analyses supported a four-dimensional structure aligned with the
theoretical design of the APST. The items showed acceptable model fit and
reliable measurement of the intended subprocesses. All APST dimensions were
moderately associated with conceptual knowledge of energy and with school
grades in physics and mathematics, while no meaningful correlations were
found with gender or native language. Evaluation emerged as a distinctive
subprocess, showing strong associations with other subprocesses—particularly
Execution—alongside evaluation-specific skills.

Discussion: The results indicate that the APST enables valid and reliable
assessment of problem-solving subprocess skills in secondary physics
education. At the same time, the findings underscore limitations of
atomized assessments for measuring general problem-solving competence, as
independent decision making is not assessed. The prominent role of Evaluation
highlights its integrative function within the problem-solving process and points
to important implications for both assessment design and future research.
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1 Introduction

Problem solving is a complex and challenging task that is
considered to be one of the most important skills students have
to achieve in STEM education (Jang, 2016). It requires multiple
cognitive abilities (Traff et al., 2019). Especially quantitative
physics problem solving requires solid conceptual knowledge and
mathematical skills that have to be applied to unfamiliar situations
(OECD, 2023; Tong et al., 2025; Nilsen et al., 2013; Tuminaro and
Redish, 2007). Students are firstly introduced to such quantitative
considerations in secondary physics teaching. They are taught
about the principle of energy conservation in the context of
mechanics and thermodynamics. In this context, they learn how to
apply energy formulas to physics problems. This is a pivotal stage
of secondary physics education, however, a declining interest and
motivation for STEM subjects can be observed during that time
(Potvin and Hasni, 2014; Frenzel et al., 2012).

The work presented in this article was done as part of a
project that aims to develop a digital learning environment for
training these important quantitative problem-solving skills. In
order for that learning environment to be effectively adapted to
the individual needs of the students, an automatic assessment of
problem solving is essential (e.g., Plass and Pawar, 2020; Lee et al.,
2024).

In general, a distinction is made between problem solving and
routine exercises (e.g., Smith, 1991). This distinction does not
implicate that a problem task is necessarily more difficult than
a routine task, but it is made based on the necessary cognitive
processes. A problem can be defined as a task where a defined
beginning state has to be transformed into a desired end state
without an immediately apparent solution path (e.g., Martinez,
1998; Csap6 and Funke, 2017; Dérner and Funke, 2017). Solving
a problem task requires active decision making on which concepts
and principles to use (Mosier et al,, 2018; Price et al., 2022).
A routine exercise, in contrast, is a task where the solver knows
from the beginning how to get to the solution. For that reason, it
depends on the solver, whether a task poses a problem or a routine
task for them (Martinez, 1998).

For decades, various models for problem-solving processes
were defined. These models have in common that they divide
problem-solving processes into different phases of subprocesses.
For example, Pdlya (1945) defined the following four steps
of solving a mathematics problem: “understand the problem,”
“make a plan) “carry out the plan” and “look back.” Friege
(2001) defined four similar phases, that he called “problem

» «

representation,” “development or selection of a problem scheme,”
“elaboration of a solution,” and “evaluation of the solution.” The
PISA problem-solving assessment is based on a similar process
model as well, although this model uses a slightly different
division of the subprocesses. In the PISA model, there are the
subprocesses “exploring and understanding,” “representing and

» <«

formulating,” “planning and executing, and “monitoring and
reflecting” (Ramalingam et al., 2017). During the PISA assessment,
students need to answer items including multiple choice, drag and
drop, and written solution formats using computers (OECD, 2013).

The PISA problem-solving model has also been used for
qualitative analysis of written problem solutions (Kelly et al,

2016). Such qualitative analyses are very close to the process under
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examination which enables valid and reliable assessment. They can
be used to gather insights into the problem-solving process, e.g.,
to explore the sequential structure (Tschisgale et al., 2025) or to
compare expert-like and novice-like problem solutions (Docktor
et al., 2016). Rubrics like the Minnesota Assessment of Problem
Solving (MAPS) can be used to quantify the results of qualitative
analyses in order to make them accessible for comparisons to other
assessments (Docktor et al., 2015).

For deeper insights into the cognitive processes of problem
solvers, qualitative analyses of written problem solutions are
frequently supplemented with verbal data like interviews or think
aloud protocols (e.g., Chiu et al,, 2022). In interview studies, the
participants are asked to explain their solution after they wrote it
down, whereas participants in think aloud studies are prompted to
verbalize their thoughts during the process (Ericsson and Simon,
1993). These kinds of studies are considered the “gold standard”
of problem-solving process analysis (Docktor et al., 2016), but they
require a lot of effort, so it is difficult to assess large populations
using these methodologies.

Another difficulty of qualitative assessments based on problem
solutions is that students might produce incomplete data. For
example, a student that fails to devise a plan for the problem
solution will not get to the execution or evaluation phases.
Therefore, the participant’s skills in these subprocesses cannot
be analyzed using their written solution. Brandenburger (2016)
designed a test instrument that separately assesses the four
subprocesses of problem solving. This approach can overcome the
abovementioned difficulties of incomplete solutions, because the
skills for the subprocesses are assessed independently. However,
this approach does not assess the decision making necessary for
problem solving, since the participants are prompted step-by-step
to execute certain parts of the solution process. Also, the tests were
conducted using pen and paper at the university level. There is
currently no assessment tool available following this approach, that
is applicable for digital learning environments on secondary school
level and enables automatic evaluation.

For our project, we aim to develop a digital assessment tool, that
separately and independently assesses secondary school students’
skills for the different subprocesses of problem solving. We call this
an “atomized” approach. The research question for the presented
validation study is: Can the sub-dimensional structure of problem-
solving skills be assessed using an atomized test instrument?

2 Materials and methods

A problem-solving test was designed as part of a digital
learning environment about physics problem solving concerning
the conservation of energy in secondary school lessons. For
validation of this test, two consecutive studies were conducted. The
first study served as a preliminary study for item design. It was
conducted in 13 years 9 through 11 classes from three secondary
schools (German “Gymnasium”). In total, 270 students participated
of which 138 were males, 127 were females and six students with
non-binary gender identity. The mean age was 15.9 (SD 3.2) years.
The students answered one of eight test sets with eight items each.
A total of 40 different items were examined in this study. The
test sets were implemented in a web-based learning environment
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and answered using computers or tablets during a regular physics
lesson. The results were quantitatively analyzed using a Rasch
analysis and further examined qualitatively. The results from these
analyses led to several changes that are explained in further detail
in section “2.1 Design of the problem-solving tasks.”

The second study was conducted in 24 years 9 through 11
classes from 12 secondary schools [German “Gymnasium” and
“Gesamtschule (KGS)”] with a total of 530 students (253 males,
252 females, 11 divers, 14 NA). The mean age was 16.3 (SD 0.9)
years. In this study, the students answered a personal questionnaire,
a problem-solving pretest, and an energy pretest. Then, they did a
problem-solving training that is unrelated to this validation study.
Thereafter, the students answered a problem-solving posttest and
an energy posttest. The posttests were answered by 230 students.
All of these instruments were implemented in a web-based learning
environment and accessed using computers or tablets. A subsample
of participants additionally solved a problem task using pen and
paper during the lesson of the pretests or the lesson of the posttests.
The students decided voluntarily if they wanted to solve this
additional task. In total, 51 students (28 females and 23 males; age:
15.6 SD 1.1) participated in this supplemental assessment.

Frontiers in Education

2.1 Design of the problem-solving tasks

2.1.1 Initial item design based on theoretical
considerations

At first, the items for the atomized problem-solving test (APST)
were designed. For this purpose, the relevant official curriculum
and commonly used school textbooks were examined. The subject
area about quantitative energy considerations is taught between
year 9 and 11 of lower saxony’s secondary schools. During this
teaching unit, students are supposed to learn the formulas for
thermal energy, gravitational potential energy and kinetic energy.
Besides understanding the interconnections of these formulas,
students begin to engage quantitively with physics problem solving
concerning simple mechanics and thermodynamics (Ministry
of School and Culture Lower Saxony, 2015). Based on these
insights, various problem tasks were designed and discussed with
colleagues of our institute. In the end, eight problem tasks were
determined.

These eight problems were subsequently “atomized,” meaning
that each problem task was divided into four sub-tasks concerning
the phases of problem-solving processes. Accordingly, for each
problem there are tasks for Representation, Planning, Execution,
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and Evaluation. Figure 1 illustrates the resulting structure of the
APST. The complete problem solution is shown in the center of the
figure and is divided into the four subprocesses of problem solving.
The different APST atoms, displayed on either side of the figure,
contain the problem situation together with an increasing number
of subprocess solutions. For example, the Representation atom
includes only the problem situation and the Representation item,
whereas the Evaluation atom incorporates the solutions from the
Representation, Planning, and Execution subprocesses in addition
to the Evaluation item.

For designing these sub-tasks, didactical considerations were
balanced against technical constraints. The goal was to design tasks,
that reliably evaluate the phases of problem-solving processes, are
digitally accessible without requiring special equipment, and can be
assessed automatically. Task formats were inspired by the test items
of Brandenburger (2016), who used a similar approach for assessing
problem solving. But, since her test was used for assessment at
the university level and it was conducted using pen and paper,
major adjustments were necessary to design a digital test for
secondary school level. The resulting task formats are summarized
in Table 1.

For the Representation phase, students had to select the correct
drawing out of four options. Each option accurately depicted the
problem situation, but the given and searched quantities were
manipulated. A visual representation with a drawing is commonly
used in physics problem solving. From a technical perspective,
it is difficult to automatically assess students’ drawings. For that
reason, the multiple choice (MC) item with different drawings was
considered a feasible alternative.

TABLE 1 Item types for the atomized” problem-solving test (APST)
tested in study 1 and study 2.

Study 1

Representation (R) Multiple choice with drawings as options

Planning (P) Always two sub-items
PX_1: multiple choice with written plans as
options

PX_2: multiple choice with formulas

Execution (D) Freely written equations with step-by-step

instructions

Self-explanation (S) Complete problem solution that the students

need to explain in a short text

Evaluation (E) One or two questions about a complete problem

solution
Study 2

Representation (R) Multiple choice with drawings as options

Planning (P) Always two sub-items

PX_1: multiple choice with written plans as
options

PX_2: multiple choice with equations as options
(only one correct)

Execution (DS) Problem solutions with omissions that the

students fill out with equations

Evaluation (E) One or two questions about a complete problem

solution
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The items for the Planning phase already contained a correct
drawing as a visual representation of the problem situation. This
was done, because the items are supposed to assess precisely
one subprocess of problem solving independently from the other
subprocesses. With providing a correct drawing as a visual
representation, students’ success in the Planning items is less
influenced by their representation skills. The students had to
choose an appropriate approach for solving the problem in two
MC questions. The options of the first MC task were short
texts explaining approaches. In these questions, the students were
supposed to identify the physics concepts and interconnections
relevant for the problem. The MC format was used for this
question, since formulating an approach with its quantitative
manipulations without actually performing them is an unfamiliar
task for students. It requires a lot of creativity and mental flexibility
that average students might not be capable of (Tschisgale et al.,
2023). The second MC question contained various equations
and the students should decide which of them are useful
for following the selected approach. The Planning items are
designed similarly to the test instrument of Brandenburger
(2016).

The Execution phase was evaluated using two task types.
In both task types the students were provided with a correct
visual representation and a written plan appropriate for solving
the problem. In the first type of execution items (D-items),
students should follow step-by-step instructions to perform the
mathematical operations for solving the problem. This type of
item focused on mathematical competencies with the step-by-
step instructions providing the plan for the problem solution.
Based on the considerations of Pélya (1945), the “carry out the
plan” phase is characterized by a finite set of operations that
the problem solver knows to be necessary. Therefore, that phase
becomes similar to solving a routine exercise. In the other type
of items for this phase (S-items), the students were provided with
a complete mathematical solution without any comments and
were then prompted to explain the given solution. This kind of
explanations was derived from self-explanations (Chi et al., 1989)
that are known to be productive in the context of worked examples
(Atkinson et al., 2000; Dudzinska, 2020; Hilbert et al., 2008). The
self-explanation items were designed to assess the understanding of
a given problem solution.

For the Evaluation items, students were provided with a
complete problem solution containing a drawing and explaining
comments. Below the solution, they were asked questions about the
model-like considerations that were used within this solution. For
example, the students were asked, how the result would be different
under real-world conditions in order to reflect on assumptions that
were made for the given solution. As another example, there are
questions proposing changes to the problem situation like a hill,
that a car runs down, being twice as high. The students were then
asked to estimate the new result without calculating, but arguing
physically. The students needed to answer these questions in short
written texts. The idea of this kind of evaluation task was to assess
whether the students are able to identify, understand, and explain
certain model-like considerations that are frequently used in this
kind of problem solving. This is considered to be the necessary skill
for evaluating whether a problem solution is appropriate in a given
situation or not.
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2.1.2 Item revision based on empirical results
from the preliminary study

The results of 270 students each answering eight items (two
representation tasks, two planning tasks, one D-item, one S-item,
and two evaluation tasks) were used for analyses. This was only
a preliminary study and there were some issues with the overlap
of items in the different test sets. For that reason, the item
parameters were simply examined using descriptive statistics like
the proportion of correct solutions and a basic one-dimensional
Rasch analysis. Additionally, the students’ answers were inspected
qualitatively guided by item parameters like infit values that were
obtained from the Rasch analysis (e.g., Neumann, 2014). As a brief
summary, these analyses indicated the following revisions to be
appropriate.

The Representation items were answered correctly by between
75 % and 90 % of the participants, so they seem to be relatively
easy. However, besides that, they seem to adequately fit the test
instrument, because the infit values do not indicate problems for
ability estimation using these items. The infits of the items are
between 0.77 and 1.16 with an area of 0.8-1.2 being acceptable
(Bond and Fox, 2007). As a result, the Representation items were not
revised fundamentally, but the most difficult items were selected
and minor changes were made to the quality of the drawings.

The first part of the Planning items, where the students select
the written approaches, seems to be adequate as well. The ratios of
correct solutions for these subitems are between 20 % and 36 % and
the infits between 0.80 and 1.09. For the second type of subitem,
where the students had to choose equations, it was noticeable that
the students often only chose one equation even though multiple
equations were correct and useful. Even with student answers being
rated as correct, that only chose useful equations but not necessarily
all of them, the correct answer ratios are between 14% and 40%.
The infits are between 0.79 and 1.25. For that reason, the Planning
items were slightly amended so that in the second MC question,
there are now equations that mathematically represent the selected
approach as options. In this amended version, there is always
exactly one correct option.

The most substantial changes were made for the items assessing
the Execution phase. The infits of the D-items with step-by-step
instructions were relatively low between 0.69 and 0.92. Also, these
items were only answered correctly by between 5% and 29% of
the participants, so they seem to be difficult for students. The
qualitative analysis while rating the students’ answers to these
items revealed that the students did not follow the instructions
closely enough. This led to difficulties for valid rating, because
many students solved the problem, but - strictly speaking - they
did not answer the prompts for the separate steps. A similar
observation was made for the self-explanations in the S-items. Here,
the students rather described the formulas line by line without
explaining the physical meanings or plans behind them. Therefore,
many student answers were not wrong, but they also did not
meet the expectations. As a result, the self-explanation items were
excluded completely from the APST. The D-items with the step-by-
step instructions were changed to a format similar to an uncomplete
worked example (e.g., Atkinson et al., 2000; Hilbert et al., 2008).
In these new DS-items assessing the Execution phase, the students
are provided with a problem description, a correct drawing of
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the problem situation, and a commented solution with omitted
equations that the students are prompted to add.

The Evaluation items appeared to be adequate. With correct
answer ratios between 16% and 49% they are rather difficult, but
also cover a wide range of difficulties. Infit values between 0.78 and
1.14 indicate no major issues for the Rasch model. The qualitative
analysis of students’ answers revealed a large variety of correct
and incorrect evaluations. Especially the incorrect answers revealed
interestingly precise which students had misconceptions about the
conservation of energy and assumptions that are frequently made
for school-like problem solving. Thus, the Evaluation items were
not changed fundamentally and the best fitting items were used for
the further validation.

In addition to the described improvements of existing items
regarding the item types, four new problems were designed and
“atomized.” Subsequently, two test sets each containing eight items
(two per item type) were designed guided by the item parameters
from the Rasch analysis. These test sets were used for the second
study. The reworked APST was supplemented by the following
assessments for further validation.

2.2 Qualitative analysis of written
problem solutions

The problem-solving skills of a subsample of participants were
also assessed using complete written solutions to a physics energy
problem. In the problem task, the students were supposed to
determine whether a football can be kicked over a fence. For solving
the problem, the students needed to use the principle of energy
conservation and the formulas for kinetic energy and gravitational
potential energy.

The written problem solutions were analyzed by two coders
using the Minnesota Assessment of Problem-Solving (MAPS)
rubric (Docktor et al., 2016). The MAPS rubric has five different
categories: useful description, physics approach, specific application
of physics, mathematical procedures, and logical progression. For
all of the categories, a score between zero and five is assigned
to the solution. The scores are ordinally scaled with five being
the best score indicating expert-like skills regarding the category.
Additionally, the coders rated every student’s solution as either
solved correctly or not solved (correctly) leading to an additional
score of zero or one for the problem solution. The two coders
discussed cases with differing scores and defined a consensus rating.

For this article, the quantitative correlations between MAPS
scores and APST results are analyzed. Further details on problem
design and the qualitative analyses of the written solutions are
reported in (Meyer et al., 2025b).

2.3 Energy test

Conceptual knowledge is known to influence the problem-
solving skills for domain-specific problems (e.g., Friege and Lind,
2006). Since the presented assessment tool focuses on quantitative
energy problems, the conceptual knowledge about energy was
assessed. For this purpose, we used an energy test that has been
used in multiple projects of our institution before (e.g., Dudzinska,
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2020). It consists of 20 multiple choice items based on the energy
concept assessment (ECA) (Neumann et al., 2013). The items cover
four conceptions of energy: forms, transformation, conservation,
and degradation. These conceptions are known to form a learning
progression for energy in secondary physics education (Duit,
2014; Neumann et al.,, 2013). The participants of this study are
supposed to have qualitatively learned the forms and transformation
conceptions, and are in the process of learning quantitative aspects
of the energy concept like conservation and degradation.

For this study, we chose five items for each of the four
conceptions, ranging from relatively easy to relatively difficult items
based on Rasch analyses that were conducted by Neumann et al.
(2013) and within our institution. In total, the energy test items are
validated using answers from more than 2,000 students.

2.4 Personal questionnaire

Because the studies were conducted completely anonymously,
the students answered a questionnaire to provide us with personal
information. In the questionnaire, the students are asked about
their age, which gender they identify with, and if German was their
mother tongue. Additionally, they were asked about their school
career: what type of school they visit, which year they are in, and
what their last grades in physics, mathematics, and German were.

2.5 Data analysis

Different procedures were used for the quantitative analysis of
the APST items. At first, data screening was done using descriptive
statistics. Subsequently, a multidimensional item response theory
(MIRT) analysis was applied using the R-library “mirt” (Chalmers,
2012). Item response theory (IRT) is a class of various statistical
models that can be used to estimate the probability of a specific
response pattern based on a latent trait of the item and the person
answering it (Bond and Fox, 2007). In the case of educational
assessment, IRT is mostly used to determine the likelihood of a
student answering an item correctly based on their skill (latent trait
of the person) and the item’s difficulty (latent trait of the item)
(Rost, 2004). An advantage of IRT, compared to classical test theory
is, that the estimated item parameters are independent from the
population they were based on (Bond and Fox, 2007). For that
reason, an IRT-validated assessment tool can be utilized to analyze
person abilities in various populations. In the case of MIRT, the
item parameters and person abilities are estimated on multiple
dimensions.

A common-item equating to a calibrated pool design was used
for the MIRT analyses, meaning that the pretest and posttest results
from study two were combined in order to place all items on a
common scale (Kolen and Brennan, 2014, pp. 215-219). For that
purpose, a first model was calculated using only the common-items
that were part of the pretest and the posttest. The item parameters
from this model were analyzed using differential item functioning
(DIF) to examine if there are significant differences between the
calculated item parameters in the pretest group and the posttest
group. If there are significant differences for an item, this item is not
suitable as common-item, because it is unstable. Afterwards, all of
the items are used in a grouped model with the item parameters of
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the stable common-items fixed (fixed parameter calibration) (Kolen
and Brennan, 2014, pp. 182-183).

Since the basic dimensionality of the instrument was defined
by the four phases of problem-solving during the item design,
no exploratory factor analysis (EFA) was conducted before the
MIRT. A four-dimensional model following the types of items
with pairwise covariances was assumed and a 2-parameter logistic
(2PL) model (Hambleton and Swaminathan, 1985) was calculated
using the quasi-monte-carlo expectation-maximization (QMCEM)
algorithm. In a 2PL model, two item parameters are estimated: item
difficulty and discrimination. The MIRT model syntax is accessible
in the Supplementary Datasheet 1.

After MIRT modeling, a confirmatory factor analysis (CFA)
was performed using the “lavaan” package (Rosseel, 2012) in R
to examine the factor structure in further detail. The exact model
selection can be an important aspect of an instrument’s empirical
validation (Immekus et al., 2019). Three different model structures
were tested: correlated factors, higher-order, and bifactor. As
a commonality, these model structures assume that the four
dimensions of the instrument are distinct, yet related. In a
correlated factors model, the factors are simply correlated. In a
higher-order model, there is one predominant factor (e.g., problem
solving) and the four distinct factors (e.g., representation, planning,
execution, and evaluation) are subdimensions of this overriding
factor. Following this structure, every item would measure one of
the four mentioned subprocesses and together these subprocesses
are combined to the overall problem-solving process. In a bifactor
model, every item loads on one of the four distinct dimensions
and additionally on one primary factor. This can be interpreted as
every item simultaneously measuring one of the subprocesses and
problem solving in general.

For quantitative validation of the presented instrument, the
person ability scores from the MIRT analysis were utilized. Person
ability scores are a metric scale of a person’s ability for each of
the four dimensions. Since the MIRT analysis does not provide
an ability score for problem solving in general, the sum of correct
items in the APST was used. It was then analyzed whether the four
subdimension skills or the total APST scores correlate with the
conceptual knowledge about energy, the school grades, and MAPS
scores. Correlations were calculated using the “psych” package
(Revelle, 2007) in R.

3 Results

The proportion of students that answered an item correctly and
the distribution of total scores in the APST were used as descriptive
statistics. The total scores in the pretest are normally distributed
with a mean score 0of 5.9 (SD 2.9) out of 12 correct items per student.
The ratios of correct solutions per item are widely spread between
19% (item DS8) and 81% (item R5). Usually, it is recommended to
aim for a ratio between 20% and 80% when designing an assessment
tool (Rost, 2004). Items with correct answer ratios below 20% might
be too difficult and items that are answered correctly by more than
80% of participants are potentially too easy.

The test sets contained four common-items: R5 for the
Representation phase, P4 (P4_1+P4_2) for the Planning phase, DS7
(DS7_1+DS7_2) for the Execution phase, and E6 for the Evaluation
phase. These items were used for a MIRT model using grouped
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pretest and posttest data. The DIF analysis revealed significant
differences between the item parameters in the pre-test group
and the post-test group for item DS7 (DS7_1: p < 0.01; DS7_2:
p < 0.05), meaning that the item parameters for item DS7 could not
be estimated reliably. For that reason, DS7 cannot be considered a
stable common item. For the other items, no significant differences
for the item parameters were detected (p > 0.05). As a result, the
items R5, P4, and E6 were fixed as stable common-items for fixed
parameter calibration.

Subsequently, a MIRT model including all items was estimated.
Infit statistics were used to guide a qualitative analysis of the
items and students’ answers like in the preliminary study 1. Most
items showed acceptable fit; however, item P4 did not conform
to the model. Both subitems of P4 exhibited infit values of
approximately 0.4.

In MIRT analyses, infit values between 0.5 and 1.5 are generally
considered productive for measurement, whereas values below 0.5
indicate limited contribution to the assessment and values above
2.0 are regarded as degrading (Linacre, 2002). The low infit values
observed for items P4_1 and P4_2 therefore suggest that the items
contribute little information to the model.

A qualitative analysis of the corresponding problem task
supports this interpretation. The task underlying P4 required
students to calculate the energy needed by a crane to lift a weight. In
its atomized form, the solution plan consisted solely of computing
the gravitational potential energy of the load and adding a given
amount of degraded energy. This presents a routine exercise rather
than a problem task for the target population. Consequently, the
items P4_1 and P4_2 did not adequately align with the intended
construct of problem-solving subprocesses and were therefore
excluded from the final MIRT model.

The item DS7_1 exhibited an even lower infit value of 0.1,
indicating very limited contribution to the assessment. However,
the qualitative analysis of this item did not reveal an obvious
substantive reason for its lack of productivity. Nevertheless, re-
estimating the model without DS7_1 resulted in a substantial
improvement of the global fit indices. This finding indicates
that DS7_1 adversely affected parameter estimation. On this
basis, it was classified as a harmful item for measurement and
excluded from the APST.

The final MIRT model was calculated using grouped pre-test
and post-test data and the common-items R5 and E6. This model
converged normally within 0.0001 tolerance after 373 QMCEM
iterations. The model fit parameters (log-likelihood = —3576.6;
AIC = 7241.1; BIC = 7445.0) were the lowest compared to various
alternative models that were estimated during the analyses and thus
this model is the best fit for the data. Comparing different models in
order to analyze the dimensionality is a commonly used procedure
in IRT studies (e.g., Wu and Adams, 2006; Zottl et al., 2011). It
is noteworthy that these fit parameters can only be utilized for
comparing different model specifications, but they are not useful
for absolute argumentations.

3.1 Factor structure

The MIRT model was estimated using a four-dimensional
model structure based on the four phases of problem-solving that
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inspired the item design. Analyses of pairwise covariances between
all of the four factors were enabled. The factor loadings of the
items to the postulated subdimensions are between 0.47 and 0.92
which can be interpreted as moderate to high factor loadings. The
proportional variances of the four subdimensions are between 9%
for the Representation and 17% for the Execution with a total of
55% of variance being explained. The factor correlations are mostly
moderate between 0.20 (R~P) and 0.89 (D~E). In summary,
the MIRT analyses supported a four-dimensional structure. Four
further analyses, confirmatory factor analyses (CFA) were executed
like explained in the methods section.

The CFA for the bifactor model did not converge and
was therefore found inappropriate for the test structure. The
CFA of the correlated factors model [x2(98) = 104.8; p > 0.3;
CFI =0.99; TLI = 0.99; RMSEA = 0.01] and the higher-order model
[¥2(100) = 106.7; p > 0.3; CFI = 0.99; TLI = 0.99; RMSEA = 0.01]
converged with good global fit indices (Hu and Bentler, 1999).
A Chi-Squared-difference test showed no significant difference in
the global fit of these two models [A¥2(2) = 2.84; p > 0.2] and the
AIC and BIC parameters are nearly identical. So, in regard to the
global fit, the correlated factors model and the higher-order model
are equally suitable for the APST subdimensions.

As of the local fit, the higher-order model shows no significant
factor loading from the Evaluation factor to the higher-order
factor Problem Solving (B = 0.02; p > 0.9). This indicates that
the four subdimensions of the APST do not seem to load on
a single-dimensional higher-order factor Problem Solving. The
Representation, Planning, and Execution items can be summarized
by one higher-order factor. However, the Evaluation variable
cannot be explained by the same higher-order factor. Additionally,
the correlation between the higher-order factor Problem Solving
and the subdimension Evaluation is very high (p = 0.99; p < 0.001)
and the variance of the Evaluation subdimension without Problem
Solving is less than 0.02. This indicates that these two factors
seem to assess nearly the same construct and that Evaluation
skills cannot be separated from the higher-order factor Problem
Solving in the APST.

In the correlated factors model, all of the APST dimensions
show significant covariances. Especially, the covariance, between
Execution and Evaluation is very strong (p = 0.8; p < 0.001). The
covariances of Representation and Planning as well as of Planning
and Execution are weak (0.1 < p < 0.3; p < 0.05). The other
covariances are moderate (0.3 < p < 0.5; p <.01).

3.2 ltem parameters

As described above, the infit values for every item were used
as a guide for qualitative analyses and led to the exclusion of
the items P4 1, P4 2, and DS7_1. In the final MIRT model,
most of the remaining items showed infit values between 0.5
and 1.0 which is well within the accepted range of 0.5-1.5
(Linacre, 2002). Only the Planning item P10_1 is slightly out
of this range with an infit of 0.46. This item might be mildly
unproductive, but lower infit values do not indicate degrading
items. Since the qualitative analysis of item P10 did not reveal any
misfitting content, it was left in the test set. The MIRT analysis
generated difficulty and discrimination parameters for each item
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TABLE 2 Item parameters of the multidimensional item response theory (MIRT) analysis: item discriminations for the four subdimensions and

item difficulties.

R1 1.71

R5 1.74
R9 1.6
P3_1

P32

P10_1

P10_2

DS7_2

DS8

DS11_1

DS11_2

E2_1

E2_ 2

E6

E12_1

E12_2

(see Table 2). The discrimination parameters are divided into the
four dimensions of the APST, so every type of item discriminates
on a different scale. The discrimination values vary between 0.90
and 3.11. The Representation and the Execution items (DS-items)
show more homogeneous discrimination parameters between 1.4
and 2.0, whereas the Evaluation items show the greatest variety.
The Planning items show overall relatively high discriminations
between 1.93 and 3.07. This is a considerable variation in the item
discrimination.

Item difficulty in IRT analyses is a dimensionless, metric scale
that allows to compare the difficulty of items within the same
test. Like most of the other parameters, the difficulty parameters
cannot be compared through different IRT models. The APST item
difficulties vary in a range from —1.50 to 1.44. The Representation
items are on the easy end of that scale with difficulties between
—1.50 and —1.09. The other item types show reasonable variation
with some items being on the easier half of the scale and some items
on the more difficult half of the scale. Evaluation items are the most
difficult ones. The detailed results can be found in Table 2.

3.3 Person parameters and correlation
analyses

The MIRT model also estimated person ability scores for each
participant for each of the four subdimensions of the APST. Since
it was not possible to implement the higher-order structure into
the MIRT analysis, the overall problem-solving skill can only
be estimated using the number of correct items like in classical
test theory. Correlations of the estimated person ability scores
with the different covariates that were assessed during study
two were analyzed.

The MAPS rubric was used as a second problem-solving
assessment with a subsample of 51 participants. Unfortunately, 23
of these participants did not answer the APST appropriately, so

Frontiers in Education

—1.24
—1.50
—1.09
0.01
—0.26
0.7
0.71

1.44 —0.08

1.35 1.44

1.87 —0.76

2.10 —0.21

3.11 0.12

0.99 0.33

0.90 —0.83

1.83 111

1.46 —0.37

their results could not be used for analyses. For that reason, only
28 results were used for this correlation analysis, so the results
(see Table 3) are rather exploratory. Especially, the Evaluation and
Execution items show significant, moderate to strong correlations
with the MAPS scores.

For the analyses of correlations between the energy test and
APST as well as the information from the personal questionnaire
and the APST, the sample size was n = 530. This makes the results
(see Table 4) more reliable and all of the correlations are highly
significant (p < 0.01). All of the APST dimensions are moderately
correlated with the total score of the energy test and the scores for
the Conservation items from the energy test.

The correlations between the APST dimensions and the
reported school grades for mathematics and physics are weak to
moderate and negative. In Germany, school grades range from
1 to 6 with 1 being the best possible grade. So, in that case,
the negative correlation is actually a positive correlation, because
participants with better grades do also score higher in the APST.
The native language of the participants as well as their gender have
no correlations to the APST results (p < 0.1).

4 Discussion

In this study, items for a digital and atomized problem-
solving assessment, the APST, were developed. The final set of
items, including sample solutions and estimated item parameters,
is provided in the Supplementary Datasheet 2. The item design
is grounded in theoretical models of problem-solving processes
and operationalizes four subprocesses that recur across multiple
frameworks (e.g., Pdlya, 1945; Friege, 2001; Ramalingam et al,
2017).

With respect to physics content, the APST focuses on energy
conservation in alignment with the relevant secondary-school
curriculum (Ministry of School and Culture Lower Saxony, 2015).
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TABLE 3 Spearman correlation matrix for atomized” problem-solving test (APST) person abilities and Minnesota Assessment of Problem
Solving (MAPS) scores.

Solution Description Approach Physics Mathematics
Representation —0.08 0.01 —0.11 —0.17 0.03 —0.19 —0.16
Planning 0.09 0.00 0.12 0.18 0.28 0.14 0.21
Execution 0.43* 0.17 0.26 0.16 0.44* 0.19 031
Evaluation 0.57* 025 0.39* 0.16 0.44* 0.28 0.38*

*p <0.05**:p <0.01.

TABLE 4 Spearman correlation matrix for atomized” problem-solving test (APST) person abilities and energy test scores.

Conservation Degradation

Transformation

Representation 0.30** 0.33** 0.44** 0.27** 0.47**
Planning 0.26** 0.27** 0.32** 0.22** 0.37**
Execution 0.25** 0.25%* 0.39** 0.26** 0.41**
Evaluation 0.31%* 0.33** 0.43** 0.30%* 0.49**

“:p < 0.01.

As participants in the present study were not necessarily instructed
in quantitative problem solving across other physics domains,
like forces, the instrument was deliberately restricted to this
content area. In addition, the APST builds on established design
principles of an existing test instrument for problem-solving skills
(Brandenburger, 2016). Together, these arguments support the
content validity of the APST.

To examine criterion validity, conceptual knowledge about
energy and problem-solving skills were assessed using validated
test instruments. In addition, school grades in mathematics and
physics were collected as indicators of general skills concerning
these subjects. Problem solving is known to be influenced by
conceptual knowledge and the ability to apply this knowledge to
unfamiliar situations (Tuminaro and Redish, 2007; OECD, 2023).
Accordingly, conceptual knowledge can be expected to predict
problem-solving performance (Friege and Lind, 2006).

The analyses revealed significant correlations between all
APST subdimensions and all conceptions assessed in the energy
test. In particular, the Conservation conception showed stronger
associations with APST results than other conceptions of
energy. This finding is theoretically plausible, as the APST was
explicitly designed for a learning environment that emphasizes the
quantitative application of the energy conservation principle.

Moreover, the Representation and Evaluation subdimensions
show stronger correlations with conceptual knowledge than
Planning and Execution. In the Representation phase, students
are required to identify relevant physics concepts and principles
within a problem context, which presupposes well-developed
conceptual understanding. Similarly, evaluating a complete
solution necessitates situating a model-like solution within broader
physical considerations, again drawing on conceptual knowledge.
In contrast, the Planning and Execution phases rely more strongly
on procedural skills and problem schemes (Friege, 2001). Planning
additionally requires abstract thinking and imagination, as
students must anticipate a solution path without yet performing
it (Tschisgale et al., 2023), whereas Execution is characterized by
the mathematical processing of planned steps (Pélya, 1945). It
is therefore expected that these phases depend less strongly on
conceptual knowledge than Representation and Evaluation.
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The MAPS rubric (Docktor et al, 2016) was employed
as an external measure of problem-solving skills to explore
its relationship with APST scores. However, the corresponding
correlation analyses are substantially limited by the small number
of participants available due to artifacts in the data collection
process. Within these limitations, exploratory analyses indicate that
MAPS scores, primarily the mathematics rubric and the problem-
solving success, show tentative associations with the Execution
and Evaluation subdimensions of the APST. In contrast, no
statistically significant associations were observed for the Planning
and Representation subdimensions.

For the Representation subdimension, a negative trend can be
observed for the association with MAPS scores. This finding should
be interpreted with particular caution. One possible explanation
is that the R-items of the APST are comparatively easy and
therefore answered correctly by a large proportion of participants,
which may restrict variance. Alternatively, this trend may reflect
differences in the assessment approaches of APST and MAPS
rather than substantive differences in representation skills. In
the MAPS assessment, students solve problems without explicit
guidance in order to minimize interference with the problem-
solving process (Docktor et al., 2016). As a result, students are not
required to explicitly perform the representation phase. In cases
where no drawing or other representation is produced but the
solution process is otherwise correct, the highest MAPS score is still
assigned. Consequently, high MAPS scores may occur even when
representation skills are not directly assessed. In contrast, the APST
explicitly requires all participants to engage in the representation
phase as a core component of the assessment.

Given the limited statistical power of the analyses, the MAPS-
based findings should be interpreted as preliminary rather than
confirmatory. Further research is needed to adequately examine the
associations between MAPS and APST.

School grades in mathematics and physics are correlated
significantly with the APST scores, indicating that students with
stronger overall skills tend to perform better in the APST. In
contrast, no significant correlations were observed with grades
in German, native language, or gender. The absence of these
correlations suggests that no systematic language-related or gender-
related bias was observed in the APST results.
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The MIRT analyses provided support for the four-dimensional
structure assumed in the test design. Model fit is acceptable, since
the algorithms converged within the usual QMCEM tolerance
of 0.0001 and the fit parameters are within acceptable ranges.
Moderate to high factor loadings among items within each
subdimension indicate that the items consistently assess their
intended constructs. Together with the correlations between the
four subdimensions, these findings support the assumption that
the problem-solving subprocesses require distinct yet interrelated
skills.

The CFA results further support a correlated factors
structure of the APST items, indicating empirically related
yet distinguishable dimensions. Although a higher-order factor
can be statistically specified, its interpretation requires caution. In
particular, the higher-order factor shows substantial redundancy
with the Evaluation subdimension as indicated by the near-
zero loading of Evaluation on the higher-order factor, the
extremely high correlation between those two factors, and the
resulting minimal residual variance. These findings suggest
that the APST subdimensions do not constitute a general
problem-solving construct.

From a conceptual perspective, general problem solving
inherently involves decision making, such as selecting strategies,
representations, and solutions (Mosier et al., 2018; Price et al,,
2022). By atomizing the solution process and guiding participants
step-by-step, the APST excludes such decision making from the
assessment. Accordingly, the results from the higher-order factor
model suggest that problem solving is more than the sum of its
subprocesses.

On the other hand, these findings also highlight the
special role of Evaluation within the problem-solving process.
Evaluating a given solution requires understanding the problem
situation, comprehending the underlying plan, and judging the
appropriateness of the execution, in addition to evaluation-specific
competencies. This interpretation is further supported by the
observed correlations between the APST subdimensions, with
Evaluation showing moderate associations with Representation
(r = 0.31) and Planning (r = 0.36), and a strong association with
Execution (r = 0.66). Given the focus on quantitative problem
solving, the strong link between Execution and Evaluation is
theoretically plausible, as procedural and mathematical skills play
a central role in assessing solution correctness.

Taken together, these findings underscore the conceptual
distinction between assessing subprocess skills and measuring
problem-solving competence in a broader sense. While the
APST provides detailed information about students’ proficiency
in specific subprocess skills, the present results should not be
interpreted as evidence for assessment of a general problem-
solving factor. Further research is required to examine how the
subprocess skills, particularly Evaluation, relate to general problem-
solving literacy.

The item parameters of the MIRT analysis indicate that
the APST items span a broad range of difficulty levels. An
exception are the Representation items, which are consistently
easy and exhibit ceiling effects, with up to 81% of correct
responses. As a consequence, these items show limited sensitivity
to individual differences in representation skills and contribute
less to discrimination at higher ability levels. Understanding
and representing the problem situation is often a comparatively
straightforward subprocess that expert-like problem solvers tend to
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perform implicitly rather than explicitly (Friege, 2001). In addition,
the APST in its current form does not require participants to
independently construct a representation, as the multiple-choice
format already provides response options. Both aspects likely
reduce task difficulty and restrict variance in item responses.

Despite these limitations, the Representation items were
retained in the current instrument because they operationalize
a theoretically central phase of the problem-solving process and
ensure coverage of all four subprocesses assumed in the underlying
framework, while allowing for automated assessment. At the same
time, the observed ceiling effects indicate that the present items
are not optimal for assessing higher levels of representation skills.
More complex problem situations or alternative task formats, such
as prompting students to generate their own representations, may
be necessary to increase sensitivity. Future technical developments
may enable automatic assessment of such alternative task formats,
for example through artificial intelligence (AI)-based analyses of
student generated drawings (Lee and Zhai, 2025).

In conclusion, the presented study provides evidence that
the APST can assess four theoretically grounded subprocesses of
problem solving as described in established models (Pélya, 1945;
Friege, 2001). By focusing on energy conservation problems, the
APST is particularly suited for use in secondary physics education,
where quantitative problem-solving skills are still developing.
However, to what extend the assessed subprocess skills predict more
general problem-solving literacy remains an open question, and the
generalizability of the instrument to other physics concepts requires
further investigation.

A key strength of the APST in its current form is its
suitability for automatic assessment across all item types, e.g.,
using open-source Al for automatic feedback on the Evaluation
items (Meyer et al., 2025a). This enables large scale summative
assessments as well as formative assessments in everyday school
teaching. However, similar to the test instrument proposed by
Brandenburger (2016), the APST does not require active decision
making. Consequently, while it may inform students about their
skills for different subprocesses of problem solving, the APST
is not sufficient on its own to assess general problem-solving
literacy. A combined use of atomized instruments such as the
APST and assessments based on complete problem solutions,
ideally supplemented by verbal data, may therefore offer a more
comprehensive approach to evaluating problem-solving processes.
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