
feduc-11-1756297 April 3, 2026 Time: 11:19 # 1

TYPE Original Research
PUBLISHED 08 April 2026
DOI 10.3389/feduc.2026.1756297

OPEN ACCESS

EDITED BY

Maria Cutumisu,
McGill University, Canada

REVIEWED BY

Patrick Kyeremeh,
St. Joseph’s College of Education, Ghana
Jennifer Dröse,
University of Paderborn, Germany

*CORRESPONDENCE

Eva Schultheis
eva.schultheis@ph-freiburg.de

RECEIVED 28 November 2025
REVISED 13 February 2026
ACCEPTED 18 February 2026
PUBLISHED 08 April 2026

CITATION

Schultheis E, Leuders T, Reinhold F and
Loibl K (2026) Modeling and assessing
multiplicative operation
sense—validation of a test instrument
for 5th grade.
Front. Educ. 11:1756297.
doi: 10.3389/feduc.2026.1756297

COPYRIGHT

© 2026 Schultheis, Leuders, Reinhold
and Loibl. This is an open-access article
distributed under the terms of the
Creative Commons Attribution License
(CC BY). The use, distribution or
reproduction in other forums is
permitted, provided the original author(s)
and the copyright owner(s) are credited
and that the original publication in this
journal is cited, in accordance with
accepted academic practice. No use,
distribution or reproduction is permitted
which does not comply with these terms.

Modeling and assessing
multiplicative operation
sense—validation of a test
instrument for 5th grade

Eva Schultheis1*, Timo Leuders2, Frank Reinhold2 and
Katharina Loibl1

1Institute of Psychology, University of Education Freiburg, Freiburg, Germany, 2Institute of
Mathematics Education, University of Education Freiburg, Freiburg, Germany

Introduction: A considerable number of students enter secondary school

with fundamental gaps in basic mathematical skills, particularly in their

understanding of operations related to multiplication and division. The

conceptual understanding of operations - operation sense - is the ability to

relate situations (e.g., word problems) to mathematical-symbolic notations (e.g.,

calculations, equations) and vice versa and it is crucial for further learning in

mathematics. In order to provide adaptive support for operation sense, the

understanding or the lack thereof must be systematically assessed. Therefore,

a sensitive assessment instrument specifically tailored to the operations of

multiplication and division is needed, which can be used for a focused diagnosis

and for evaluation of specific interventions in this domain. Thus, we developed

an instrument for assessing multiplicative operation sense, which represents

theoretically grounded levels of understanding operations in multiplicative

situations.

Methods: The test was empirically validated in a pilot study (N = 66). Item

responses were analyzed using general linear mixed models to investigate

differences in solution rates across levels and to estimate the proportion of

variance in item difficulty explained by the theoretically derived levels. Based

on the pilot results, three items were revised and additional shortcomings of the

study design were addressed in a main study (N = 464).

Results: In the pilot study, general linear mixed models showed that - as

expected - the estimated solution rate decreases with increasing level and that

86% of the variance in item difficulty can be explained by the four theoretically

derived levels of multiplicative operation sense. The main study showed 94%

explained variance and significant mean differences between all levels.

Discussion: These findings support the validity of the instrument for assessing

multiplicative operation sense and its usefulness for both research and practice.

KEYWORDS

competence model, formative assessment, multiplicative operation sense, test
development, test validation
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1 Introduction 

Research shows that a considerable number of students in many 
countries still show substantial gaps in basic arithmetic knowledge 
and skills (Kasper et al., 2020; Mullis et al., 2020; Mullis et al., 2009; 
Sowder et al., 1998). In particular, the conceptual understanding 
of the basic arithmetic operations—or short: operation sense—is 
not suÿciently developed (Mullis et al., 2012), especially in the 
area of multiplication and division (Brown et al., 2010; Ehlert 
et al., 2013; Schulz et al., 2020). Operation sense can—in its widest 
sense—be defined as the ability to relate situations (e.g., word 
problems) to mathematical-symbolic notations (e.g., arithmetic 
calculations or equations) (Schulz et al., 2020). From a cognitive 
perspective adopted in this article, operation sense comprises 
the construction of situation models mentally representing the 
structure of the situation and the activation of mental models of 
mathematical operations that represent operations as reversible 
transformations on quantities. 

In our region of Germany, elementary education ends with 
Grade 4, after which all students transit to secondary schools. 
Consequently, fifth-grade teachers encounter entirely new classes 
characterized by high student diversity, which can be challenging to 
assess and to address eectively (Gröhlich et al., 2009). Mathematics 
is a cumulative subject, and gaps in conceptual understanding can 
substantially hinder—or even prevent—further learning (Lamon, 
2006; Wartha and Güse, 2009). 

Understanding multiplication and division, for instance, plays 
a crucial role for further mathematical learning, for instance, when 
learning fractions, proportionality, percentages, or reasoning with 
functional relations (Baroody et al., 1999; Hackenberg and Tillema, 
2009; Moss and London McNab, 2011; Slavit, 1998). Students 
who lack substantial understanding of multiplicative operations 
are, without a compensatory support, unlikely to achieve the 
requirements of mathematics instruction in secondary school 
(Hulbert et al., 2017; Schulz et al., 2017). Therefore, foundational 
skills, such as multiplicative operation sense, should be regularly 
assessed in Grade 5, with opportunities for reinforcement, 
consolidation, or, where necessary, a complete re-establishment 
of core concepts. 

Because mathematics education is subject-specific, the 
diagnosis of missing knowledge in the understanding of 
multiplicative operations cannot simply be inferred from other 
areas, such as addition, which underscores the need for a dedicated 
diagnostic instrument targeting multiplicative operation sense at 
the transition to Grade 5. 

Yet diagnostic instruments for operation sense are rather 
tailored to broadly screen proficiency among all arithmetic 
operations (Schulz et al., 2020) by written tests or they utilize 
individual diagnostic interviews (Moser Opitz et al., 2010) which 
cannot economically be employed for class assessments. Therefore, 
our aim is to develop a time-eÿcient sensitive test that specifically 
and reliably assesses dierent levels of students’ multiplicative 
operations sense in a classroom setting. We consider such an 
instrument with its theoretically and empirically substantiated 
criteria as a prerequisite for evidence-based formative assessment 
and adaptive instruction. 

For this purpose, a sensitive test specifically for multiplicative 
operation sense was developed and validated. Since a solid 
evidence-based validity argument is a prerequisite for the use of 

such an instrument and for any intervention that may follow, 
the development and validation process of this instrument is 
described and evaluated in this article. Finally, possible applications 
in practice and research are discussed. 

2 Theoretical and empirical 
foundation 

As operation sense is understood as the ability to translate 
situations in real contexts (given as a picture, oral description, or 
text) into mathematical representations (i.e., numbers, arithmetic 
operations, expressions, equations, results) and vice versa (Schulz 
et al., 2020) it manifests itself in students’ ability of solving word 
problems (Gravemeijer, 1997). 

We deliberately choose the term “operation sense” (following 
Schulz et al., 2020) and not the terms “conceptual understanding” 
(Scheibling-Sève et al., 2020) or “multiplicative reasoning” (e.g., 
Jitendra et al., 2023) to emphasize the focus of our narrow 
conceptualization of the construct on the ability of solving 
multiplicative word problems. 

2.1 Cognitive processes during the 
solution process of multiplicative word 
problems 

Mathematical word problem solving requires the processing 
of linguistic information and numerical-mathematical operations. 
To capture this complexity, various cognitive models have 
been proposed that describe the processes involved in solving 
mathematical word problems. These models dier in how they 
conceptualize the interplay between linguistic and mathematical 
processes as well as the nature, role, and number of the mental 
representations assumed to underlie word problem solving (e.g., 
Reusser, 1989; Verschael et al., 2000; Borromeo Ferri, 2006; 
Verschael et al., 2020). 

These models assume that solving word problems requires the 
construction or activation of two main internal representations 
which we focus on in our test development (see Figure 1): (1) 
the construction of a situation model, which specifies all objects, 
quantities and relations relevant for further processing, and (2) the 
activation of a mental model representing the appropriate operation 
and thereby facilitates the mathematization of the situation model. 

First, a mental representation of the situation is built based 
on the textual basis: the so-called situation model. A viable 
situation model comprises an internal representation of all 
important elements and their relations. Constructing a situation 
model from the text provided in a word problem can be 
described by the processes typical for text comprehension (Kintsch 
and Greeno, 1985; Schnotz and Bannert, 2003): That is, one 
first has to understand the text sentence by sentence (local 
coherence building) (called textbase by Kintsch and Greeno, 
1985), followed by the construction of an internal representation 
of the situation. This representation includes elements of the 
situation and their relations as described in the text. Some 
elements and relations are already given at the sentence level; 
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FIGURE 1 

Process model highlighting the two main internal representations comprising operation sense in solving word problems. 

others must be inferred from the semantics of the whole text 
(global coherence building). Such inferences draw on prior 
knowledge of the world and on schemata from long-term 
memory; schemata can be considered as generalized situation 
knowledge stored in long-term memory that are applied to the 
existing situation and generate further information (Anderson, 
2018; McVee et al., 2005; Nesher and Hershkovitz, 1994; Piaget, 
1976) 

Second, the activation of an appropriate mental model of the 
operation is required. Having activated an appropriate mental 
model allows students to formulate a mathematical procedure 
or description, which can be enacted mentally or represented 
symbolically, e.g., by writing down the calculation as arithmetic 
expression for a division or a multiplication or by expressing this 
calculation verbally. 

In mathematics education, mental models of operations are 
referred to by dierent terminologies and varying definitions 
(Fischbein et al., 1985; Jitendra et al., 2023; Marshall, 1995; 
Vom Hofe and Blum, 2016)—for the purpose of this study we 
follow the idea that basic arithmetic operations can model the 
numerical structure of situations (Greer, 1994; Verschael et al., 
2000). Each arithmetic operation can be recontextualized in a 
variety of situations and can, vice versa, be used to mathematize 
a variety of situations (Schulz et al., 2020). Some of these dierent 
situations share the same generalized basic situation that requires 
a common operation. These generalized basic situations for an 
operation can be interpreted as a distinguishable mental model 
for the specific operation. A mental model can be understood 
as a coherent interpretation of a phenomenon or concept that 
typically encompasses a set of rules and constraints. The process 
of determining the operation required to solve a problem does 
not occur directly; instead, it is mediated by the model that is 
activated in response to the situation (Fischbein et al., 1985 as 
cited in Schulz et al., 2020, p. 429). In this article, we use the term 
mental model with this narrow meaning, similar to the concept of 
“Grundvorstellungen” (cf. Prediger, 2008; Schulz et al., 2020; Vom 
Hofe and Blum, 2016) in the German tradition.1 The mental models 
relevant for our research, can be found in the literature (Greer, 
1994, 1997; Schulz et al., 2020) as follows: 

Mental models pertaining to the operation of multiplication are 
equal groups (static and dynamic), multiplicative (or proportional) 
comparisons, and Cartesian product (for more details and 
explanations on mental models see the table in Supplementary 

1 This differs from an alternative usage in cognitive science, where mental 
models are considered internal ad hoc representations of a situation as, e.g., 
Johnson-Laird (1983). A mental model in our sense is closer to schemata, 
described by Marshall (1995) and Jitendra (2019). 

Appendix). Mental models pertaining to the operation of division 
are those for partitive division (“sharing”) and for quotative 
division (“grouping”); partitive division corresponds to dividing 
by the multiplier, quotative division corresponds to dividing by 
the multiplicand. 

The notion of conceptual field (Vergnaud, 1994) provides a 
framework for linking and coordinating these mental models: 
the more dierent typical situations a learner associates with 
appropriate mental models, the more stable their understanding 
of the underlying mathematical structure becomes. We consider 
multiplication and division not to be strictly distinct, but aspects 
of a common more complex integrated conceptual field for 
multiplicative situations (Vergnaud, 1994). Each multiplicative 
situation is determined by three values: the total quantity, the 
number of portions, and the size of a portion. Depending on 
what is required in each situation, a multiplication or a division 
must be calculated (Schulz and Wartha, 2021). Thus, multiplication 
and division as inverse operations are connected in the children’s 
multiplicative conceptual field. Accordingly, with understanding of 
multiplicative operations or multiplicative operation sense we refer 
to the application of mental models in both types of situations: 
multiplication and division. 

When solving word problems, students often struggle because 
they are unable to identify the appropriate mental model of the 
operation required by the given situation, or use superficial and 
incorrect solution strategies, such as relying on keywords. Such 
superficial strategies indicate that students either did not build a 
situation model at all, or that their situation model is incorrect 
or restricted (Mayer and Hegarty, 1996; Verschael et al., 2000). 
Therefore, children’s responses to word problems are considered 
to reveal their understanding of operations, i.e., their level of 
operation sense. 

2.2 Development of a test: difficulty 
generating dimensions of multiplicative 
word problems 

To eectively promote operation sense and to be able to 
make reliable statements about the eect of any intervention, it is 
important and not at all trivial to have a sensitive and economic 
test instrument. 

Existing instruments are either designed to be administered 
in an individual interview setting and have students explain their 
reasoning (e.g., The Diagnostic Interview from the New Zealand 
“Numeracy Project” by the Ministry of Education, 2008), which 
are not scalable to whole classrooms, or they test the construct 
of multiplicative operation sense as a subdomain of more 
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general mathematical competencies such as BASIS-MATH 4– 
8 (Moser Opitz et al., 2010) or the Booker Screening Test 
(Booker, 2011). These well-established test instruments may 
be used as a screening or baseline measure, they oer the 
possibility of individually locating learners on an arithmetic-related 
performance scale, indications of dyscalculia and supplementary 
qualitative analyses. However, they do not provide suÿciently 
dierentiated information on students’ developmental levels and 
learning needs in multiplicative operation sense to inform 
subsequent interventions. Other instruments focus only on a 
specific subdomain of multiplicative operation understanding 
(Royar, 2013) or go new ways by seeking to assess multiplicative 
reasoning by using visual models as items without using 
canonical representation of multiplication and division (Kosko, 
2019). Considering these specific strengths and boundaries of 
existing instruments, we see the need for an instrument that 
can be administered in whole classrooms and that provides 
precise information on students’ skills that can guide subsequent 
instructional support. We seek an instrument which allows testing 
dierent levels of multiplicative operation sense to be relevant and 
easy applicable in the diagnostic practice at school. 

In our development, we drew on a screening instrument for 
basic arithmetic operation sense (Schulz et al., 2020). This screening 
instrument can be conducted in a class setting. It assesses operation 
sense in an overarching way covering all four basic operations 
and was developed and extensively validated based on statewide 
student data. Given its broad nature, covering all four basic 
operations within 15 items, the screening instrument by Schulz 
et al. (2020) is, however, not designed to distinguish dierences 
in the multiplicative operations sense sensitively. By focusing on 
multiplicative operation sense only, we intend to develop a more 
sensitive and focused assessment of these specific skills. 

In the model for the cognitive processes for solving 
multiplicative problems described above (cf. Figure 1), we 
can systematically identify crucial dimensions that contribute to 

the diÿculty of solving a multiplicative word problem as displayed 
in Figure 2. This allows us to define levels of operation sense based 
on a cognitive analysis of task features and solution processes. 

In general, word problems that require a multi-step solution 
are assumed to be more diÿcult than problems with single-
step solution procedures (Ehlert et al., 2013; Mayer and Hegarty, 
1996; Muth, 1992). The more pieces of information that need 
to be processed, the harder the construction of the situation 
model. Moreover, in multi-step tasks, multiple mental models of 
operations must be activated and connected appropriately. Thus, 
one dimension that explains the level of diÿculty of a word problem 
is the dimension “single-step versus multi-step word problems.” 
Since this dimension aects the construction of the situation 
model and the activation of the mental model of the operation, 
we assume that this dimension highly influences the diÿculty 
of word problems. 

There are further factors which primarily influence the 
construction of a viable situation model: These include the order 
in which information is presented (Stern, 1998) and the level 
of abstraction of the situation, which can be influenced e.g., 
by the presence or absence of keywords (Mayer and Hegarty, 
1996; Verschael et al., 2000). If the word problem is arranged 
sequentially, then all information is presented in the order in which 
it needs to be processed. If the information is not presented in 
the order in which it must be processed, the arrangement is a 
hierarchical and mental pre-structuring is required for constructing 
an appropriate situation model. This additional requirement 
increases the level of diÿculty (Franke and Ruwisch, 2010; Stern, 
1998). Also, word problems which describe more abstract situations 
concerning relations between quantities or numbers appear to be 
more diÿcult, in particular when the keywords indicating a specific 
operation are missing or even misleading (Mayer and Hegarty, 
1996; Verschael et al., 2000). Building on these findings a second 
dimension that explains the level of diÿculty is “simple/sequential 
versus abstract/hierarchical problem structure.” 

FIGURE 2 

Difficulty generating dimensions of multiplicative word problems and their aggravating impact on the construction of specific internal 
representations. 
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For multiplicative word problems there is furthermore 
a certain hierarchy of the underlaying mental models of the 
operation. This means that some mental models of an arithmetic 
operation (definitions and example tasks for the mental models 
of multiplication and division are provided in Supplementary 
Appendix) seem to be more diÿcult to understand for students 
than others. In general, multiplication word problems seem to be 
easier than division word problems (Ehlert et al., 2013; Schulz 
et al., 2020; Schulz and Wartha, 2021). The easiest mental model 
of multiplication are equal groups (static/spatial-simultaneous 
and dynamic/temporal-successive) with direct reference to 
concrete action experiences (Schulz and Wartha, 2021). More 
diÿcult are multiplicative comparisons and proportions/ratios 
(Mulligan and Michelmore, 1997). Problems with Cartesian 
products appear to involve particular diÿculties and can only be 
solved by children in later grades (Verschael et al., 2007). 

Based on these findings, we developed the grid displayed in 
Table 1 for classifying cognitive processes underlying multiplicative 
operation sense (the “cognitive model” in the framework of 
educational assessment, Pellegrino et al., 2001). This grid allows for 
categorizing word problems regarding their level of diÿculty: By 
assigning level 1 and 2, we distinguish between one-step problems 
versus multi-step problems. We considered this dimension as 
having the most influence on task diÿculty because it involves the 
construction of a more complex situation model and the activation 
and connection of multiple mental models of operations. Thus, 
in multi-step problems more cognitive processes are needed, and 
more mistakes can be made. Second, within each of the two 
levels, we distinguish between a simple, sequential structure of the 
situation (levels 1a and 2a) versus an abstract, hierarchical structure 
of the situation (levels 1b and 2b). An abstract or hierarchical 
structure of the situation requires mental pre-structuring to 
construct a viable situation model. 

Building on this grid, we developed a test instrument 
for multiplicative operation sense with tasks on each sub-
level (forming the “interpretation model” in the framework of 
educational assessment, Pellegrino et al., 2001). We have taken 
the dierent levels of diÿculty of the specific operations into 
account by including the more diÿcult operations (e.g., division 
situations as deemed to be more diÿcult than multiplication; 
Ehlert et al., 2013) and the more diÿcult mental models of the 
operations (e.g., multiplicative comparisons as deemed to be more 
diÿcult than multiplicative situations on equal groups; Mulligan 
and Michelmore, 1997) only in tasks classified as 1b or higher, 
because when a word problem addresses a more diÿcult operation 
or mental model of the operation, the situation which needs to be 
translated also gets more abstract. 

Since the Cartesian product is proven to be latest to be 
successfully solved arithmetically (Verschael et al., 2000), we 
considered applying the mental model of Cartesian product to 
require a higher level of each dimension and is thus placed in 
level 2b. To fulfill the dimension of the multi-step-characteristic we 
decided to choose Cartesian products with two factors. 

The grid in Table 1 leads to a four-level competence model for 
multiplicative operation sense, presented in more details in Table 2. 
It is consistent with the more coarsely described model of Schulz 
et al. (2020). 

The resulting levels require students to have dierent 
competences in order to meet these requirements of the distinct 

TABLE 1 Difficulty generating dimensions as a foundation for the 
competence levels. 

Simple/sequential 
structure of the 

situation 

Abstract/hierarchical 
structure of the 

situation 

Single-step 

problems 
1a 

Equal groups 
(static/dynamic) 

1b 

Multiplicative comparison 

quotative and partitive division 

Multi-step 

problems 
2a 

Connection of dierent 
mental models of 

multiplication and division 

2b 

Cartesian product 

In italics: the first appearance of the required mental models of the operations. 

levels: To solve items at level 1a students need to understand 
simple multiplicative operations in manageable situations (simplest 
mental model of multiplication). Items at level 1b require the 
understanding of multiplicative operations in more abstract 
situations as well as understanding word problems requiring 
multiplicative comparison or a division operation. In addition, 
students at this level must overcome superficial strategies to not get 
lost when the keyword might be misleading or missing. 

At level 2a, the students must master sequentially constructed 
multi-step word problems (including all mental models of the 
operations multiplication and division). To solve such tasks, 
students must be able to link dierent mental models of operations 
sequentially (Schulz et al., 2020). For the construction of a viable 
situation model, all relevant elements and their relations need to be 
detected and kept in working memory. Sequential linking means 
that the linking of operations can be taken directly from the text and 
calculated sequentially “along the text.” Step-by-step processing of 
individual pieces of information is, thus, possible. 

At level 2b a solution “along the text” is no longer possible. 
On this level students need to understand hierarchical multi-
step operations and solve items with Cartesian products. Word 
problems on this level can only be understood by students if the 
hierarchical situation has been mentally pre-structured. Often, all 
necessary information must be considered simultaneously. 

Based on this model, we developed 22 items (cf. Supplementary 
Appendix), which were assigned to the four levels. To minimize the 
complexity of the language demands and to limit the dierences in 
item diÿculty to the described dimensions, the items use simple 
language, syntax and grammar (e.g., mostly one-clause sentences 
or simple connected main sentences). The size of the numerical 
material was deliberately chosen in the higher number range of 
11–28 to avoid solutions by automated reproduction of operation 
facts. We restricted the number material on natural numbers 
only since in our population—unlike in the curricula of other 
European countries—rational numbers are only taught from grade 
6 onwards. Only one response format was implemented: Students 
are asked to write down the calculation approach (in cases of a 
multi-step problem the use of a placeholder is suggested). The 
result is explicitly not required to be calculated (the “observation” 
in the framework of educational assessment, Pellegrino et al., 
2001). 

We named our test instrument to assess the multiplicative 
operation sense MOvE, which is a German acronym for 
Mulitplikative Operationsverständnis Erfassung (i.e., multiplicative 
operation sense assessment). 
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TABLE 2 Four level competence model of multiplicative operation sense (based on Schulz et al., 2020). 

Level Competence Difficulty generating factors concerning the Sample item 

Situation model Mental model of the 
operation 

1a Understanding simple 

single-step multiplicative 

operations within simple 

situations 

Always consistent keywords. 
Numbers are presented in the 

order of their processing. 
Situation is directly graspable. 

Multiplication: 
equal groups (static/dynamic) 

Lissi reaches into the gummy bear bag 

twelve times. Each time she takes 7 gummy 

bears. How many gummy bears does she 

have in total? 

1b Understanding single-step 

multiplicative operations 
within more abstract/not 
clearly structured situations 
and understanding division 

operations 

Numbers are not reliably 

presented in the order of their 

processing. Still one-step solution 

processes. Not necessarily 

consistent keywords, mental 
structuring of the situation and 

information is required. 

Multiplication: 
comparisons and 

proportions/rates 
Division: 
partitive (by multiplier), 
quotative (by multiplicand) 

Tim has 100 Euros. He has five times more 

than Michael. How many Euros does 
Michael have? 
Philipp, Dilara and Jonas raised 84 euros 
together at the flea market. They want to 

share the money fairly. How much money 

does everyone get? 

2a Understanding sequential 
multiplicative multi-step 

operations 

Solution can be constructed by 

stepwise information processing 

of given information along the 

text. 

Combination of dierent mental 
models of the operation 

A student company produces 160 cereal 
bars. These are packed 4 at a time. One 

pack is sold for 8 euros. How much money 

can the student company earn this way? 

2b Understanding hierarchical 
multiplicative multi-step 

operations 

Solution cannot be reconstructed 

by stepwise information 

processing of discretely 

considered parts of given 

information. 

Combination of dierent mental 
models of the operation 

Multiplication: 
Cartesian product 

Martin threw 12 points in the basketball 
game. Thomas scored four times as many 

points. How many more points than 

Martin did Thomas throw? 
Sabine has 3 skirts and 4 T-shirts and 5 

scarves. How many dierent outfits can she 

combine? 

3 The present studies 

The validity of an assessment instrument is crucial when 
drawing inferences about students’ knowledge and skills. Validity 
is not a fixed property of a test but an ongoing process 
concerning the interpretation and use of test scores (Kane, 
2013; Messick, 1995). Building on the theory-driven development 
of an assessment instrument for multiplicative operation sense, 
as previously described (following Pellegrino et al., 2001), this 
study seeks to provide empirical evidence for its validity. The 
developed test is intended to allow inferences about the degree 
of multiplicative operation sense, and therefore, in two studies, 
we examine whether empirical findings support the theoretical 
predictions of the competence model regarding item diÿculties. 

In the pilot study (PS), a smaller sample was drawn to pilot 
the developed test items, identify potential problems, and test our 
main assumptions. The main study (MS) aimed to examine the 
stability of these assumptions while addressing the shortcomings 
of the pilot study. To strengthen the validity argument of the test 
and its underlying competence model, we addressed the following 
research questions in both studies: 

RQ1 (PS and MS): is the empirical scaling with respect to item 
diÿculty aligned with the theoretical prediction according to 
the model of multiplicative operation sense? 

Our hypothesis is that the empirical item diÿculty of items 
on level 1a is lower than that of items on level 1b, 2a, and 2b. 
Accordingly the empirical item diÿculty of items on level 1b is 
lower than that of items on level 2a and 2b and the empirical item 
diÿculty of levels of 2a is lower than items on level 2b. 

RQ2 (PS and MS): to what extent do the a priori defined, 
theoretically grounded competence levels account for the 
variance in item diÿculty? 

Our hypothesis is that variance between the items can be 

explained to a large extend by their a priori defined competence 

level. We hypothesize that a substantial portion of the variance 

in item diÿculty can be explained by the items’ predefined 

competence levels. 

RQ3 (PS and MS): are the levels of the model of multiplicative 
operation sense significantly distinct and clearly hierarchical 
ordered as predicted? 

We conceptualized the primary dimension of item diÿculty 

as the distinction between single-step and multi-step problems, 
which defined levels 1 and 2. At a subordinate level, within each 

of these two categories, we further dierentiated item diÿculty 

along a second dimension: the distinction between sequential and 

abstract problems. This created a hierarchical structure of diÿculty 

levels. In short, our hypothesis on the item diÿculty of each level 
is: 1a < 1b < 2a < 2b. These assumptions appear plausible with 

respect to the theory and findings described above, but of course, it 
must be put to an empirical test. 

In the main study we additionally investigated: 

RQ4 (MS): are reading comprehension and basic arithmetic 
operation sense predictors for students’ multiplicative 
operations sense? 
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Since word problems are presented in text form, and the 
first step in our model involves constructing a viable situation 
model through accurate reading, we expect reading comprehension 
to predict performance on the MOvE assessment. Furthermore, 
because our test measures multiplicative operation sense, which 
builds on basic arithmetic operation sense (including addition and 
subtraction), we also expect this mathematical prior knowledge to 
be a predictor of test performance. 

4 Pilot study: methods and materials 

4.1 Participants and procedure 

66 German 5th graders participated in this study. In Germany, 
5th graders usually are 10–11 years old. Multiplication and division 
are taught from the beginning of 2nd grade in primary school and 
should—regarding to the curriculum—be well understood by the 
end of primary school. Therefore, it can be assumed that all children 
had suÿcient learning opportunities to acquire the basic mental 
models related to multiplication and division with natural numbers. 
Note that rational numbers in our population are only taught from 
grade 6th onwards. 

The data was collected in a whole-class paper-pencil setting. 
Participants were class-wise assigned to the test versions 1 and 2. 
Test versions 1 and 2 contained the same items, but in dierent 
order (see below). The test was conducted by the mathematics 
teachers of each class, who were instructed by the first author and 
received an instruction manual with specific wording instructions. 
The students were asked to write down their calculation approach 
for each test item (without the need to calculate the result). 

4.2 Material: MOvE - assessment of 
multiplicative operation sense 

Two diÿculty-generating dimensions for multiplicative word 
problems were derived from theories of text comprehension 
and research on word problems, resulting in a two-by-two 
grid (Table 1). This grid served as the basis for a four-level 
competence model (Table 2), for which items were designed 
for each theoretically derived level. To examine whether the 
developed items could be reliably assigned to these levels, two 
rounds of expert validation were conducted. In the first round, 
a validation manual with a decision tree was provided, outlining 
the theoretical and empirical foundations of the test construction. 
Two experts in mathematics education and educational psychology 
(authors 2 and 4) independently assigned each of the 23 items 
to one of the levels. Expert validation showed agreement on 20 
of the 23 items. The random-adjusted Cohen’s Kappa agreement 
measure was k = 0.67, which can be regarded as substantial 
agreement (Landis and Koch, 1977). The three items without 
agreement were discussed and finally agreed on a common 
assignment. In addition to this validation, a group discussion 
with six experts in mathematics education was conducted after 
which one item was excluded (because of using inappropriate 
easy number material) and two others were assigned to dierent 
levels (Level 1a: 5 items; Level 1b: 6 items; Level 2a: 4 

items; Level 2b: 7 items) for the following reasons: When the 
keyword is very clear even a multiplicative comparison can be 
on level 1a (item 1a.5) and even without a clear keyword a 
situation can be imagined as a temporal-successive situation (item 
1a.4). 

All 22 items are fully described in Supplementary Appendix. 
The items were distributed across two test booklets, administered 
in four waves, ranging from easier tasks (level 1a) to more diÿcult 
tasks (level 2b). To control item order eects (Nagy et al., 2016) 
and to ensure that each item was attempted by a balanced number 
of students, the order of items was varied across the two booklets. 

To rate an item as solved the right written calculation approach 
(even without the calculation of the result) was enough. 

4.3 Data and statistical analyses 

All responses were scored dichotomously (1 = correct, 
0 = incorrect) based on the correctness of the solution approach. 
Correctly solved items were those for which a complete and 
correct mathematical approach was provided. The correctness of 
the numerical result was considered irrelevant, as the test focused 
on conceptual rather than procedural skills. Correct results without 
a written calculation were also coded as correct, assuming that the 
student had applied the appropriate basic operations. 

The test was designed for completion within one 45-min lesson. 
For each student, we identified the last item started. Missing values 
before this item were coded as incorrect, assuming that these 
tasks were considered but not solved. Missing values after the last 
attempted item were coded as missing, assuming that they were not 
started due to time restrictions. 

About 50% of the data was coded by a second rater using a 
coding manual. The degree of agreement was determined using 
Cohen’s kappa. With k = 0.926 almost perfect intercoder reliability 
was obtained for the whole test. Substantial intercoder reliability 
was obtained with k ≥ 0.716 for each item (Landis and Koch, 1977). 

There are two types of dependencies in our dataset: on the one 
hand, the same students answer dierent items, and, on the other 
hand, the same items are answered by dierent students. While 
only one of these two dependencies can be handled in a classical 
model, generalized linear mixed models (GLMM) can account 
for variance in both dimensions. GLMMs allow explicit tests of 
theoretically derived fixed eects (e.g., levels of the competence 
model), model comparisons between a theory-informed model and 
a baseline null model, and the decomposition of variance at both 
the person and item level. This directly tests the alignment between 
empirical item diÿculty and the model’s theoretical level structure, 
strengthening the evidence for construct validity. For a detailed 
discussion about the advantages of GLMMs compared to other 
statistical methods see Brauer and Curtin (2018). 

To examine how well the variance in item diÿculty could 
be explained by the theoretical levels, we applied generalized 
linear mixed models. The full model included fixed eects for 
the predictor variable level, corresponding to the a priori assigned 
theoretical levels 1a, 1b, 2a, and 2b of the competence model, and 
allowed for random intercepts for students and items. 

We report both marginal and conditional R2 
GLMM (Nakagawa 

and Schielzeth, 2013) as estimates for variance explained by the 
fixed eects only [i.e., R2 

GLMM(m)] and the entire model including 
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random eects [i.e., R2 
GLMM(c)]. Eect sizes are given as odds ratios 

(ORs) which represent the relative increase (or decrease) in the 
estimated solution probability for one item if the corresponding 
predictor increases by 1. In addition, we report the proportion 
change in variance (PCV) on the item random intercept (Nakagawa 
and Schielzeth, 2013) as estimates for the variance explained by 
unique fixed eects, i.e., how the inclusion of specific predictors 
changes variance on the item random intercept. More specifically, 
we would regard the results of the study in line with our hypotheses, 
if integrating a fixed eect for level as a predictor would show 
a significant relation to the estimated solution probability and 
lower the random item intercept (implying a shift in variance from 
“assumed random” to the fixed eect representing the theoretical 
level the item belongs to). All analyses were conducted in R (R 
Development Core Team, 2008) using the lme4 package (Bates 
et al., 2015). Plots were generated using the packages sjPlot 
(Lüdecke, 2018) and ggplot2 (Wickham, 2016). 

To evaluate if the sample size was at all big enough to confirm 
our hypotheses, we conducted two post hoc power analyses for the 
full model. We therefore report post hoc power analyses for those 
eects between item levels, calculated via Monte Carlo Simulation 
with the simr package (Green and MacLeod, 2016). 

5 Pilot study: Results 

The easiest item reached a solution probability of 89.4% 
(item1a.4), the hardest item a solution probability of 0.01% 
(item2b.5). Estimated solution probabilities with 95% CI for all 
single items and their assignment to the levels 1a to 2b are shown 
in Figure 3. 

The maximum number of correct answers per student 
was 20, the minimum was 0. There was a high number 
of missing values (351 of 1452, 25%). In this pilot study 
missing values were not included in the analysis. Since 
we were interested in item characteristics not person 

characteristics, we were interested in meaningful processing 
of the items and not in items that could not be completed 
due to time limit (s. the description of this procedure on in 
section 4.1 Materials). 

RQ1: is the empirical scaling with respect to item diÿculty 
aligned with the theoretical prediction according to the model 
of multiplicative operation sense? 

Items that are easier to solve have a higher estimated solution 
rate. Thus, the estimated solution rate can be interpreted as 
the empirical item diÿculty. If the items are scaled according 
to the model of multiplicative operation sense, then the data 
should reveal that the estimated solution rate of all items of 
level 1a is higher than the solution rate of all items of levels 
1b, 2a, and 2b. All items of level 1b should have a solution 
rate lower than all items on level 1a, but higher than all 
items on levels 2a and 2b, etc. Thus, our hypothesis is that 
the empirical item diÿculty of items of level 1a is lower than 
that of items of level 1b, 2a, and 2b—and for the other levels 
accordingly. 

The analysis of the data shows a good dispersion of all levels 
beginning with an estimated solution rate of 89.4% and ending 
with 0.01%. So almost the whole possible span is covered (cf. 
Figure 3). Most of the items are scaled according to the model of 
multiplicative operation sense, with a decreasing solution rate with 
increasing level. 

But results indicate that there are three items which seem to 
be empirically less diÿcult as their theoretical categorization would 
suggest. These items are item2a.1, item2a.2 and item2b.1. Possible 
reasons for this misfit, resulting in the unexpected ordering, 
will be discussed. 

RQ2: to what extent do the a priori defined, theoretically 
grounded competence levels account for the variance in item 
diÿculty? 

FIGURE 3 

Estimated solution probability for each item with 95% CI. 
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TABLE 3 Parameter estimates for the generalized linear mixed models predicting the item difficulty by level assignment. 

Null model Full model Null model (slopes) Extended model 

Fixed effects OR p OR p OR p OR p 

Intercept 0.39 4.21 ** 0.40 * 4.21 ** 

Level 1b 0.22 ** 0.22 ** 

Level 2a 0.07 *** 0.07 *** 

Level 2b 0.01 *** 0.01 *** 

Random effects Var. Var. PCV Var. PCV 

Student 2.107 2.0877 1.94 2.05 

Item 4.037 0.5686 86% 3.58 0.58 83% 

Model fit indices Index Index Index Index 

R2GLMM(m) 0 0.333 0 0.314 

R2GLMM(c) 0.651 0.631 NA 0.629 

AIC 1069.9 1041.3 1082.6 1056.2 

BIC 1085.0 1071.3 1142.7 1131.2 

1,101 observations, 66 students, 22 items; Pairwise between level comparisons are given as post hoc Tukey estimated marginal means. Estimates are given as odds ratios. PCV, Proportion change 
in variance on the student random intercept; R2 

GLMM , Marginal and Conditional estimates for variance explained (see Nakagawa and Schielzeth, 2013). Levels of significance: *p < 0.05, 
**p < 0.01, ***p < 0.001. Value in bold indicates the PCV on the item random intercept between the null model and the full model. 

To answer this research question, three GLMMs were 
compared. The null model included only student ability and 
item diÿculty as random eects. The full model (considering 
the levels) included the levels of the competence model as 
a categorical fixed eect. Furthermore, an extended model 
additionally included the student performance as random 
slopes, testing potential dierential eects. This extended 
model was applied to test whether the complexity levels 
induce diÿculty to the same extent for each student, e.g., to 
rule out that level 1a is more diÿcult to some students than 
2a, even if the overall eect of item level is in line with the 
hypothesis. Our hypothesis is that variance between the items 
can be explained to a large extend by their a priori defined 
competence level. 

A Likelihood ratio test between the null model (AIC = 1069.9) 
and the full model (AIC = 1041.3) showed that the full model 
better fitted the data than the null model which did not consider 
the levels of the competence model, χ2(3, N = 66) = 34.62, 
p < 0.001. Moreover, the proportion change in variance 
(PCV) on the item random intercept between the null model 
and the level considering full model was 86%, revealing that 
the four corresponding competence levels (to which the 
items were a priori assigned to) substantially explain the 
estimated item diÿculty. Table 3 presents all estimates in 
detail. 

Finally, the extended model reveals a slightly lower 
proportion change in variance in comparison with the null 
mode (slope) on the item level and on the student level 
an even higher variance. Thus, the best fitting and most 
economic model remains the full model and the eects of the 
levels on the item diÿculty are for all (the high and the low 
performing) students the same, which is an indicator for a fair 
test instrument. 

Aÿrming our RQ2, the level considering full model fits the data 
best: the main part (86%) of the variance of the item diÿculty is 
explained by the levels. 

RQ3: are the levels of the model of multiplicative operation 
sense significantly distinct and clearly hierarchical ordered as 
predicted? 

If the levels are ordered as predicted above, the mean solution 
probability of the items of one level would decrease with increasing 
level. To prove that they are significantly distinct the pairwise 
dierences between all levels should turn significant. 

Our hypothesis is that when item dimensions that increase 
complexity are combined with the main dimension single-step vs. 
multi-step, items are increasingly more diÿcult: 1a < 1b < 2a < 2b. 

A look at the odds ratios of the full model in Table 3 shows 
the following: All levels compared to the base level of level 1a 
are less than 1, showing that the chance of not solving the item 
correctly increases with increasing levels. To express it positively 
by considering the inverse of the odds ratio, one can state that 
items on level 1b are 4.5 times more diÿcult to solve than tasks on 
level 1a, p < 0.05, post hoc power of 88,6%, 95%CI [86.47, 90.50]. 
Tasks at level 2a are even 14-times harder than tasks at level 1a, 
p < 0.001, post hoc power of 99,9%, 95%CI (99.44, 100.00) And 
tasks at level 2b are almost 100-times harder as tasks at level 1a, 
p < 0.001, post hoc power of 100%, 95%CI (99.63, 100.00), almost 
21-times harder than tasks at level 1b, p < 0.001, post hoc power of 
100%, 95% CI (99.63; 100.00), and almost 7-times harder than tasks 
at level 2a, p < 0.05, post hoc power of 95.9%, 95% CI (94.48, 97.04). 
In short: All pairwise dierent eects that are significant show a 
post hoc power of over 85%. As shown in Table 3, all reported eects 
are significant at p < 0.05. 

Post hoc Tukey tests showed that (in the full model that includes 
the levels as predictors) the estimated mean solution probabilities 
dier significantly between item levels (p < 0.05), except from stage 
1b to 2a (p = 0.165). Confirming our hypothesis, the estimated 
solution rate decreased with increasing item level (level 1a: 80,8%, 
level 1b: 48,4%, level 2a: 23,5%, level 2b: 4,3%) as displayed in 
Table 4. 

Frontiers in Education 09 frontiersin.org 

https://doi.org/10.3389/feduc.2026.1756297
https://www.frontiersin.org/journals/education
https://www.frontiersin.org/


feduc-11-1756297 April 3, 2026 Time: 11:19 # 10

Schultheis et al. 10.3389/feduc.2026.1756297 

TABLE 4 Mean solution probabilities of the levels and pairwise differences of the levels. 

Mean solution probability Pairwise differences 

Level 1a Level 1b Level 2a Level 2b 

Probability SE OR SE OR SE OR SE OR SE 

Level 1a 0.8081 0.0647 – – 4.49* 2.27 13.68*** 7.81 93.4*** 51.05 

Level 1b 0.4843 0.0958 – – – – 3.05 1.65 20.82*** 10.61 

Level 2a 0.2354 0.0831 – – – – – – 6.83* 3.84 

Level 2b 0.0431 0.175 – – – – – – – – 

Mean Solution Probability = estimated marginal means; Pairwise between level comparisons are given as post hoc Tukey contrasts in odds ratios. SE, Standard error. Levels of significance: 
*p < 0.05, ***p < 0.001. P-value adjustment: Tukey method for comparing a family of 4 estimates, tests are performed on the log odds ratio scale. 

FIGURE 4 

Estimated marginal means of each level with the 95% CI. 

Figure 4 shows the estimated marginal means with their 95% 
CI showing that the mean solution probability of each level diers 
clearly as assumed decreasing from each level to the next higher. 
One can see that the 95% CI of level 1b (0.3069, 0.6657) overlaps 
at both ends on the upside with the 95% CI of 2a (0.1107, 0.4321) 
strongly and on the downside slightly with the 95% CI of level 1a 
(0.6503, 0.9051), which is discussed below. 

We can partly aÿrm our RQ3 stating that the levels are distinct 
and ordered in the predicted way, even though there is a problem 
with the distinction of levels 1b and 2a. Potential causes and 
remedies will be discussed in the next chapter. 

6 Pilot study: summary and 
discussion of the limitations of the 
pilot study 

Overall, the pilot study supported the hypotheses and provided 
evidence for the competence model and test items, while also 
highlighting shortcomings to be addressed. 

Three items (2a.1, 2a.2, 2b.1) emerged as outliers, showing 
higher solution rates than predicted. Items 2a.1 and 2a.2 may have 
been easier because they combined multiplicative with additive 
or subtractive mental models of operations; as addition and 
subtraction are generally less demanding (Ehlert et al., 2013; Schulz 

et al., 2020), these multi-step items were easier than expected. This 
suggests that diÿculty arises not from linking operations per se 
but from linking two demanding operations (e.g., multiplication 
and division). To align with their intended level, items 2a.1 and 
2a.2 should be revised to combine multiplication and division 
only. On level 2b this facilitating impact of less complex mental 
models of operations did not occur. Therefore, on level 2b mental 
models of all operations and their combinations (with at least 
one multiplicative structure) are included. The main dierence of 
diÿculty on level 2b seems to be the multi-stepness combined 
with a hierarchical order and not the arithmetic operations 
which are applied. 

Item 2b.1 likely appeared too easy due to simple 
number material (15:3 + 15), which enabled automated 
reproduction and guessing. In revision, more diÿcult number 
material should be used. 

An overlap in item diÿculty and the non-significant dierence 
in mean solution probabilities between levels 1b and 2a should 
be noted. One possible explanation is that items reflecting 
only one diÿculty-generating dimension (i.e., levels 1b and 
2a; 1a < 1b = 2a < 2b) are of similar diÿculty, suggesting 
that the individual dimensions contribute equally to word 
problem diÿculty. Alternatively, the small sample may have been 
insuÿcient to detect this dierence. Nevertheless, meaningful 
results were obtained, supported by the advantages of generalized 
linear mixed models. A post hoc power analysis confirmed adequate 
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power for all significant eects. In the main study, dierentiation 
between levels 1b and 2a should be improved, for example by 
increasing the complexity of multi-step problems through linking 
only demanding operations (multiplication and division), rather 
than including addition or subtraction. 

The absence of higher-achieving students from the academic 
track is a limitation of the pilot study. However, as students’ abilities 
explained only a small proportion of variance in item diÿculty (see 
Table 3, extended model), their absence is unlikely to systematically 
bias the results or threaten validity. A further limitation is the lack 
of control for reading comprehension, a factor known to influence 
word problem solving (Stephany, 2021; Vilenius-Tuohimaa et al., 
2008) which should be addressed in the main study. 

7 Main study: methods and materials 

In the main study the three critical items were revised, and a 
larger sample was recruited, to increase the distinction of levels and 
to have a broader, more representative population, that includes 
all strands of secondary education. Moreover, we assessed reading 
comprehension and basic arithmetic operation sense as prior 
knowledge to investigate their potential predicting eects for the 
test performance in the MOvE instrument. 

7.1 Participants and procedure 

464 German fifth graders from 22 classes of 11 secondary 
schools (5 Werkrealschulen, 5 Realschulen, 12 Gesamtschulen) took 
part in the present study. According to curriculum all students had 
already been taught the mathematical content dealt with in our 
study. The mean age was 11,29 years (SD 0.525); approximately 
43% were female. 

Concerning language background (operationalized by family 
language), the study involved a diverse group of participants, 
including both monolingual (46%) and multilingual learners (54%). 

The students attended either the middle (Realschule) or the 
lowest (Werkrealschule) track of Germany’s tripartite secondary 
school system or visited schools in which all students of the 
whole competence spectrum learn together (Gesamtschule). These 
dierent types of schools ensured a broad diversity in the 
sample, particularly concerning mathematical competence and 
reading comprehension. In German curricula, whole number 
multiplication and division instruction occurs in grades 2 until 
4. Unlike other countries multiplication with rational numbers is 
taught only from grade 6 onwards. 

The Ministry of Education responsible approved the study, and 
the students and their parents gave informed consent. 

The data was collected in a whole-class paper pencil setting. 
All students worked on the test of multiplicative operation 
sense (MOvE) (see Supplementary Appendix) and completed a 
questionnaire concerning demographics (age, sex, multilingual 
background). The test was carried out by the mathematics teacher, 
who received a manual of implementation instructions. Reading 
ability and basic arithmetic operation sense was separately assessed 

with two scales of Lernstand 5, a general obligatory assessment in 
grade 5 in our part of Germany. 

7.2 Material 

7.2.1 MOvE: assessment of multiplicative 
operation sense 

The items that did not fit in in the pilot study (item2a.1, 
item2a.2 and item2b.1), were (accordingly to our hypothesis 
explained in the discussion above) replaced by new ones 
that dispensed with other operations and focused solely on 
multiplication and division (item2a.1, item2a.2) or respectively 
revised using more diÿcult number material (item2b.1). In 
item1a.5 the antelope was changed into a deer. All other items 
were retained (see Supplementary Appendix). All 22 test items were 
listed in the test booklet in order of their expected diÿculty starting 
with the easiest one. 

All solutions to the items were scored dichotomously 
(1 = correct, 0 = incorrect) regarding the correctness of the 
solution approach (see above). As the items were listed in 
the order of their expected diÿculty, all missing values were 
coded as incorrect. 

About 24% of the data was coded by a second rater using 
a coding manual. The degree of agreement was determined 
using Cohen’s kappa. With k = 0.945 almost perfect intercoder 
reliability was obtained for the whole test. With k ≥ 0.661 at 
least substantial intercoder reliability was obtained for each item, 
with almost perfect agreement (k > 0.846) for 20 out of 22 items 
(Landis and Koch, 1977). 

7.2.2 Lernstand 5: math and reading covariate 

To account for individual dierences in prior knowledge and 
reading comprehension skills, we used the outcomes of two scales 
from the mandatory screening at the beginning of secondary school 
in Grade 5 in Baden-Wuerttemberg named “Lernstand 5” (Schulz 
et al., 2017, 2020; Fischer et al., 2017). It is assessed in the first weeks 
of the new school year by the teachers of Mathematics and German 
using standardized test materials provided by the Central Institute 
for Educational Analyses (IBBW) and administered uniformly 
to all students. 

The scale for basic arithmetic operation sense assesses 
understanding of the four operations across 15 items in which 
situations (presented as texts or pictures) must be translated 
into adequate basic arithmetic operations. The outcome of 
this assessment is a suitable indicator of the students’ prior 
knowledge, as the tasks in our intervention also required 
the translation of a situation into arithmetic operations 
(Schulz et al., 2017). 

The reading comprehension scale includes 35 tasks across 
four texts targeting dierent reading skills. The tasks are designed 
to assess dierent reading skills, such as the comprehension 
of texts and the interpretation of information (Fischer et al., 
2017). 
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We used the outcome measures obtained by the Central 
Institute for Educational Analyses (IBBW) as indicators for prior 
mathematical knowledge and reading comprehension, respectively. 

7.3 Data and statistical analyses 

For RQ1–RQ3, analysis was identical to the analysis in 
the pilot study. 

To examine how test outcomes (MOvE) depended on learners’ 
reading comprehension and basic operation sense, we applied 
generalized linear mixed models (GLMMs) comparing three 
models. All models included random intercepts for students and 
items. The null model contained only random eects (student 
ability, item diÿculty). The full model added fixed eects 
for predictor variable levels, and the covariate model added 
fixed eects for prior knowledge (basic operational sense) and 
reading comprehension. All predictors were mean-centered and 
z-standardized to yield interpretable intercepts. Analyses were 
conducted in R (R Development Core Team, 2008) with the lme4 
package (Bates et al., 2015). 

8 Main study: results 

The easiest item reached a solution rate of 87% (item1), the 
hardest item a solution rate of 3% (item20) (s. Figure 5). Estimated 
solution probabilities with 95% CI for all single items and their 
assignment to the levels 1a to 2b are shown in Figure 5. The 
lowest achieved sum score was 0, the highest 22. The mean sum 
score was 9.4 with a standard deviation of 4.8. The mean of prior 
knowledge was 48.205 (SD 21.987) and reading comprehension 
46.198 (SD 22.217). The minimum of prior knowledge was 0 and 
the maximum was 100; the minimum of reading comprehension 
was 0 the maximum was 97. 

For RQ 4 (prior knowledge and reading comprehension as 
predictors), we excluded missing values case wise. Unfortunately, 
there were higher values of missings (reading comprehension: 62 
missings; prior knowledge: 53 missing), because two classes did not 
return the list of Lernstand 5 results, which minimized the sample 

for this investigation to N = 367. The mean in this sample for prior 
knowledge was 47.455 (SD 21.398) and for reading comprehension 
47.000 (SD 22.089). The minimum of prior knowledge was 0 and 
the maximum was 100; the minimum of reading comprehension 
was 0 the maximum was 97. 

RQ1: is the empirical scaling with respect to item diÿculty 
aligned with the theoretical prediction according to the model 
of multiplicative operation sense? 

Investigating RQ1 with the new sample, the analysis shows 
again a very good dispersion, beginning with an estimated 
solution rate of 93.9% and ending with 1%. Thus, almost the 
whole possible span is covered (cf. Figure 5). In line with our 
hypothesis, the empirical scaling with respect to item diÿculty 
aligns completely with the theoretical prediction according to the 
model of multiplicative operation sense. 

RQ2: to what extent do the a priori defined, theoretically 
grounded competence levels account for the variance in item 
diÿculty? 

To answer the research questions, we compared again three 
GLMMs. The null model included only student ability and 
item diÿculty as random eects. The full model (considering 
the levels) included the levels of the competence model as a 
categorical fixed eect. 

A Likelihood ratio test between the null model (AIC = 8393.4) 
and the full model (AIC = 8340.0) showed that the full model better 
fitted the data than the null model, χ 2 = (3, N = 464) = 59,42, 
∗∗∗ p < 0.001. (All estimates are shown in Table 5). 

Finally, the extended model reveals a slightly higher proportion 
change in variance in comparison with the null model (slopes) 
on the item level and on the student level an even higher value 
in variance indicating that the variance has increased rather than 
decreased compared to the original null model (slope). Thus, the 
best fitting and most economic model remains the full model and 
the eects of the levels on the item diÿculty are for all (the high and 
the low performing) students the same, which is an indicator for a 
fair test instrument. Aÿrming our RQ2, the level considering full 

FIGURE 5 

Estimated solution probability for each item with 95% CI. 
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TABLE 5 Parameter estimates for the generalized linear mixed models predicting the item difficulty by level assignment. 

Null model Full model Null model (slopes) Extended model 

Fixed effects OR p OR p OR p OR p 

Intercept 0.5 8.59 *** 0.5 14.46 *** 

Level 1b 0.19 *** 0.12 *** 

Level 2a 0.03 *** 0.01 *** 

Level 2b 0.00 *** 0.00 *** 

Random effects Var. Var. PCV Var. Var. PCV 

Student 3.53 3.52 6.77 6.90 

Item 4.97 0.30 94% 5.37 0.27 95% 

Model fit indices Index Index Index Index 

R2GLMM(m) 0 0.391 0 0.377 

R2GLMM(c) 0.721 0.718 0.787 0.756 

AIC 8393.4 8340.0 8253.5 8195.6 

BIC 8415.1 8383.4 8340.4 8304.1 

10,208 observations, 464 students, 22 items; Pairwise between level comparisons are given as post hoc Tukey estimated marginal means. Estimates are given as odds ratios. PCV, Proportion 
change in variance on the student random intercept; R2 

GLMM , Marginal and Conditional estimates for variance explained (see Nakagawa and Schielzeth, 2013). Levels of significance: 
***p < 0.001. Values in bold indicates the PCV on the item random intercept between the null model and the full model. 

TABLE 6 Mean solution probabilities of the levels and pairwise differences of the levels. 

Mean solution probability Pairwise differences 

Level 1a Level 1b Level 2a Level 2b 

Probability SE OR SE OR SE OR SE OR SE 

Level 1a 0.8955 0.0251 – – 5.23*** 1.78 31.95*** 12.10 249.3*** 84.90 

Level 1b 0.6213 0.0575 – – – – 6.11*** 2.21 47.68*** 15.20 

Level 2a 0.2116 0.0489 – – – – – – 7.80*** 2.78 

Level 2b 0.0333 0.0077 – – – – – – – – 

Mean Solution Probability = estimated marginal means; Pairwise between level comparisons are given as post hoc Tukey contrasts in odds ratios. SE, Standard error. Levels of significance: 
***p < 0.001. P-value adjustment: Tukey method for comparing a family of 4 estimates, tests are performed on the log odds ratio scale. 

model fits the data the best and clarifies the main part (94%) of the 

variance of the item diÿculty is explained by the levels. 

RQ3: are the levels of the model of multiplicative operation 
sense significantly distinct and clearly hierarchical ordered as 
predicted? 

A look at the odds ratios of the full model in Table 5 shows the 

following: All levels compared to the base level of level 1a are less 
than 1, showing that the chance of not solving the item correctly 

increases with increasing levels: Items on level 1b are 5-times more 

diÿcult to solve than tasks on level 1a. Tasks at level 2a are even 

20-times harder than tasks at level 1a. And tasks at level 2b are 

100 times harder. As shown in Table 5, all reported eects are 

significant at p < 0.05. Post hoc Tukey tests showed that (at the level 
considering full model) the estimated mean solution probabilities 
dier significantly between all item levels. All estimates are shown 

in Table 6. 
Figure 6 shows the estimated marginal means with their 95% 

CI showing that the mean solution probability of each level diers 
clearly as assumed decreasing from each level to the next higher. 

We now can aÿrm our RQ3 stating that the levels are 
significantly distinct and ordered in the predicted way. 

RQ4: are reading comprehension and prior knowledge 
predictors for students’ multiplicative operations sense? 

To be able to draw conclusions about the moderating eects 
of basic arithmetic operation sense as prior knowledge and 
reading comprehension the data is analyzed using GLMMs and 
comparing the full model (including the levels as predictors as 
fixed eects) and the covariate model (including prior knowledge 
and reading comprehensions as predictors as fixed eects). Results 
show that prior knowledge and reading comprehension have a 
predicting eect (p < 0.001). Table 7 shows the models with 
their parameters. A one standard deviation increase in prior 
knowledge was associated with 2.83 higher odds of solving an 
item [OR = 2.83, 95% CI (2.36, 3.38)]. And a one standard 
deviation increase in reading comprehension was linked with 
1.38 higher odds for solving an item [OR = 1.38, 95% CI (1.16, 
1.65)]. 

The PCV on the student level is in the covariate model 
44%. That means that 44% of the variance of the student-level 
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FIGURE 6 

Estimated marginal means of each level with the 95% CI. 

TABLE 7 Parameter estimates for the generalized linear mixed models predicting the impact of prior knowledge and reading comprehension on 
test performance. 

Null model Full model Covariate model 

Fixed effects OR p OR p OR p 

Intercept 0.49 9.37 *** 9.56 *** 

Level 1b 0.18 *** 0.18 *** 

Level 2a 0.03 *** 0.03 *** 

Level 2b 0.00 *** 0.00 *** 

Prior knowledge 2.83 *** 

Reading comprehension 1.38 *** 

Random effects Var. Var. PCV Var. PCV 

Student 3.35 3.29 1.83 44% 

Item 5.59 0.37 93% 0.37 93% 

Model fit indices Index Index Index 

R2GLMM(m) 0 0.419 0.543 

R2GLMM(c) 0.731 0.727 0.726 

AIC 6539.6 6488.9 6308.6 

BIC 6560.6 6530.9 6364.5 

8,074 observations, 367 students, 22 items; Pairwise between level comparisons are given as post hoc Tukey estimated marginal means. Estimates are given as odds ratios. OR, Odds ratios; Var., 
Variance; PCV, Proportion change in variance on the student and item random intercept; R2 

GLMM , Marginal and Conditional estimates for variance explained (see Nakagawa and Schielzeth, 
2013). Levels of significance: ***p < 0.001. Values in bold indicate: (a) the PCV on the item random intercept between the null model and the covariate model, and (b) the PCV on the student 
random intercept between the null model and the covariate model. 

is explained by these two covariates, whereas item-level variance 

remained unchanged. This indicates that the level classification 

explains systematic dierences in item diÿculty independently 

of student characteristics. The stability of the item-level variance 

further suggests that item diÿculty is determined by item 

properties rather than by dierences in the composition of the 

sample, providing strong evidence for construct validity. 

9 Summary and discussion of both 
studies 

In the present article, we reported about the development of 
a test instrument for multiplicative operation sense (MOvE) and 

about its empirical validation studies. By doing so, we contribute to 

the existing research in multiple ways: 
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We validated a competence model of multiplicative operation 
sense and the test instrument which was developed based on it. 
Moreover, we contributed to the broad field of research on diÿculty 
generating factors in word problems and the influence of learner 
characteristics (reading comprehension and prior knowledge) 
on word problem solving. Based on this we derived practical 
implications and directions for further research 

9.1 Validation of a test instrument for 
multiplicative operation sense 

We based our development on research showing that even fifth-
grade students often lack multiplicative operation sense (Brown 
et al., 2010; Ehlert et al., 2013; Schulz et al., 2017), which 
constitutes a crucial foundation for further learning in mathematics 
in secondary school (Hulbert et al., 2017; Schulz et al., 2017). 
Therefore, a testing instrument is needed to identify these deficits 
and provide clear starting points for targeted instructional support. 
A review of existing instruments (e.g., Moser Opitz et al., 2010; 
Booker, 2011) revealed the need for a new instrument that can 
be quickly applied in classrooms, assess multiplicative operation 
sense in a fine-grained way, and inform subsequent adaptive 
instructional support. 

Ideally, multiplicative operation sense is developed 
conceptually and consolidated during the first 4 years of schooling 
(Gaidoschik et al., 2021). However, insuÿcient early support can 
lead to persistent deficits and intensify overtime (e.g., Gaidoschik, 
2008). As mathematics is a cumulative subject, such deficits 
need to be addressed through appropriate support measures in 
lower secondary education— even if not explicitly outlined in the 
curriculum—before further progression in the curriculum can be 
considered meaningful. 

Longitudinal research about how to build up and foster 
multiplicative operation sense eectively and long lasting from the 
very beginning would be beneficial. 

While Schulz et al. (2020) validated a broad screening for 
operation sense across all arithmetic operations, it is not sensitive 
to dierent levels of multiplicative operation sense. Our aim, 
therefore, was to develop a more fine-grained dierentiating 
instrument by focusing exclusively on multiplicative word 
problems. To this end, we refined the competence model of 
operation sense (Schulz et al., 2020) for multiplication and division, 
developed items reflecting distinct diÿculty-generating factors, 
and demonstrated empirically that the items aligned with their 
assigned levels. In doing so, we followed the recommended 
procedure for designing and evaluating formative assessments 
(Pellegrino et al., 2001). 

The main study addressed the limitations of the pilot study. 
All items now fit perfectly into the diÿculty hierarchy according 
to their level. The mean solution probabilities of the levels dier 
significantly from each other. The clear hierarchical order of the 
levels, their significant discrimination, and the explained variance 
of 94% by the a priori theoretically explained levels clearly underpin 
the structural aspect of validity of the proposed competence model 
and test instrument for multiplicative operation sense. A scoring 
model can now be derived which assigns each student to a level 
based on their test score. The test instrument can be applied in both 
educational settings and research contexts. 

As the test consisted of word problems, reading comprehension 
is essential for solving the items per design (Prediger et al., 
2015). Accordingly, the strong predictive eects of reading 
comprehension and prior knowledge were expected and are 
consistent with previous findings (e.g., Pongsakdi et al., 2020; 
Stephany, 2021; Vilenius-Tuohimaa et al., 2008). 

Notably, reading comprehension had an additional separate 
eect from prior knowledge, highlighting the importance of 
fostering both reading comprehension and basic mathematical 
skills in elementary school as foundational for later learning 
success. Our finding can, thus, be interpreted as a call for 
action for policy to intensify initiatives in this direction and for 
research to follow a dierential-psychological approach to word 
problem research. 

Gymnasium (academic track of the German tripartite school 
system) students were not part of the sample. But academic high-
achieving students were represented as students of Gesamtschulen 
(9.2% top-level reading comprehension; 11.2% top-level basic 
arithmetic operation sense). Our test targets the general lower 
secondary level (Sekundarstufe I). Including Gymnasium students 
could have caused ceiling eects and thereby compromising the 
dierentiating power of the test, as their strong performance 
in German and Mathematics would likely allow them to solve 
most items. Exclusion ensured that item analyses reflected the 
target population, supporting valid inferences about students’ 
multiplicative operation sense. 

9.2 Contribution to research of difficulty 
generating features of multiplicative 
word problems 

Moreover, our empirical results confirm and challenge some 
findings about diÿculty generating features of multiplicative word 
problems: The results support the hierarchy of the mental models of 
multiplication and division (Ehlert et al., 2013; Schulz et al., 2020) 
showing that mental models of division (item7, item8, item9) are 
harder than mental models of multiplication (item1, item2, item3, 
item4). The cartesian product (item21; item22) showed in our test 
to be the most diÿcult mental model of multiplication (Verschael 
et al., 2007). Dierences in the diÿculty between quotative and 
partitive division—like other studies report (e.g., Ehlert et al., 
2014)—were not investigated. In contrast to other studies (e.g., 
Ehlert et al., 2013; Mayer and Hegarty, 1996), our pilot study hinted 
that multi-step problems when information processing along the 
text is possible are not harder per se than single-step problems but 
that the diÿculty of the embodied mental model of the operation 
seems to be decisive. 

The inclusion of operations beyond multiplication and division 
in Level 2b, given our focus on multiplicative reasoning, requires 
further justification: Research indicates that by the beginning of 
fifth grade, addition and subtraction are typically well mastered 
(e.g., Schulz et al., 2017), so their inclusion is unlikely to introduce 
additional diÿculty, as confirmed by our results. This pattern 
suggests that, for Level 2b, the items’ multi-step nature and 
hierarchical structure were suÿcient to generate level-adequate 
challenge, independent of the specific operations involved. 

There are more diÿculty generating features in word problem 
construction (e.g., irrelevant information, language complexity), 
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TABLE 8 Scoring model for the test of multiplicative operation sense (MOvE). 

Sum score Items on level 1a Items on level 1b Items on level 2a Items on level 2b Level 
assignment 

1–4 Partly proficient Not proficient Not proficient Not proficient 1a 

5–10 Proficient Partly proficient Not proficient Not proficient 1b 

11–14 Proficient Proficient Partly proficient Not proficient 2a 

15–22 Proficient Proficient Proficient Partly proficient 2b 

which were not addressed in our model (for an overview 
see Daroczy et al., 2015). We omitted irrelevant information 
and tried to keep language complexity low and comparable 
across all levels. However, there are linguistic dierences in the 
description of multiplicative relationships when the complexity 
of the situation increased from simple to abstract on level 1a 
and 1b. Linguistic complexity may have an additional—in our 
study not examined—eect on item diÿculty (Daroczy et al., 
2015). To investigate potential eects more precisely a systematic 
manipulation of such variables (e.g., partitive vs quotative items; 
language features like passive constructions; implicit number 
material) would be promising. 

9.3 MOvE as formative assessment 

As a practical implication, the test instrument MOvE can be 
applied to test students in the sense of formative assessment. Based 
on the results of the study (scaling of items and levels aligned 
with the theoretically grounded model), a scoring model (Table 8) 
can be developed. According to Pellegrino et al. (2001) a scoring 
model supports the interpretation of observations in an educational 
assessment. 

The assignment of total test sum scores to proficiency levels 
is based on the number of items associated with each level. For 
example, a student who scores 8 points has likely solved the basic 
multiplication tasks correctly (Level 1a: Items 1–5) and is therefore 
considered proficient at Level 1a. However, this student appears 
to have encountered diÿculties with the more complex mental 
models required for multiplication and division and not solved all 
items on level 1b correctly (Level 1b: Items 6–11). Consequently, 
the student is classified as partly proficient at Level 1b and is 
therefore assigned to Level 1b. The assigned levels give information 
about the competence profile of the students, which can be used 
for targeted support that aligns with the learning needs at the 
corresponding level as follows: Students at levels 1a and 1b have 
considerable diÿculties in activating appropriate mental models 
of multiplication, and students at level 1b struggle with the more 
complex mental models of multiplication and of division. For these 
learners, targeted support aimed at developing such mental models 
is crucial (e.g., using external analog representations such as arrays, 
e.g., investigated by Bajwa et al., 2023; Malola, 2020; Abraham 
and Prediger, 2025). Learners at levels 2a and 2b, in contrast, 
tend to experience diÿculties with multi-step word problems. One 
explanation is that they do not build a viable situation model that 
contains all important elements and relations. Building heuristic 
strategies that promote focusing on the relevant quantities and 
their relations is especially necessary for these students (e.g., with 
concept maps as graphic scaolds like suggested by Dröse and 
Prediger, 2021). 

10 Conclusion 

The competence model of multiplicative operation sense 

provides a framework for advancing formative assessment and 

research. The presented test instrument allows reliable and valid 

measurement of individual dierences and can be used to 

evaluate adaptive support interventions and their dierential eects 
(Leuders et al., 2020). The focus on multiplication and division — 

operations that have been shown to be particularly problematic at 
the beginning of secondary school (Brown et al., 2010; Ehlert et al., 
2013) — together with the possibility of a more precise assessment 
of these operations that can be directly implemented in practice to 

guide adaptive support, constitutes a key strength of the presented 

test. Future work should further investigate cognitive processes 
in solving multiplicative word problems and conduct intervention 

studies to test remedial approaches in ecologically valid settings. 
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