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Graduate teaching assistants (GTAs) play a critical role in undergraduate mathematics 
education, yet their advanced mathematical knowledge does not always translate 
into effective, student-centered instruction. This case study, situated within the 
Pathways Precalculus Curriculum and Professional Development (PPCPD) project, 
explores shifts in a GTA’s instructional practices across two consecutive semesters 
of teaching with Pathways materials at a large U.S. University. The study focuses on 
changes in the GTA’s use of quantitative and covariational reasoning, his efforts to 
engage students in these reasoning skills, and his evolving approach to teaching 
constant rate of change (CROC). Data sources included video-recorded lessons 
and two semi-structured interviews. Findings show the GTA became increasingly 
effective, spontaneous, and fluent in supporting students in constructing meaningful 
function formulas and graphs. We discuss how specific features of the PPCPD 
intervention may have contributed to these shifts. Implications for avenues for 
future research are offered.
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1 Introduction

Mathematics graduate teaching assistants (GTAs) as future faculty play a critical role in 
undergraduate mathematics education (Ellis et al., 2016; Speer et al., 2005). However, studies 
have revealed that GTAs’ advanced degree in mathematics or having completed many 
mathematics courses do not ensure their enactment of a high-quality instruction (e.g., Bas-
Ader and Carlson, 2022; Carlson et  al., 2022b; Musgrave and Carlson, 2017). They lack 
knowledge of teaching and hold novice beliefs about effective teaching practices (Ellis et al., 
2016). Moreover, despite efforts to support GTAs in focusing their instruction on student 
thinking, they are slow to adopt student-centered instructional strategies (Bas-Ader and 
Carlson, 2022).

A national survey of mathematics departments’ instruction reported that a well-structured 
professional development (PD) program for GTAs is a distinguishing feature of departments 
that demonstrate success in calculus instruction with regard to student retention and 
progression (Ellis, 2015; Ellis et al., 2016). This collection of findings indicates a need for GTA 
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professional development that supports graduate student instructors’ 
adoption of practices that engage their students’ mathematical thinking.

One research project that is investigating approaches for 
supporting GTAs in focusing their instruction on advancing students’ 
mathematical thinking is the Pathways Precalculus Curriculum and 
Professional Development (PPCPD) project (Carlson et al., 2024b). The 
overarching goal of this longitudinal project is to foster university 
precalculus students’ deep engagement with foundational 
mathematical ideas that are critical for success in calculus. In the 
context of this innovation, a research-based conceptually oriented 
curriculum, Pathways Precalculus, was developed, revised and refined 
over the course of 15 years (Carlson et al., 2022a). With the aim of 
supporting precalculus instructors’ effective utilization of the pathways 
materials—that is, supporting their using the materials in a way that 
aligns with PPCPD’s research-based learning goals, the project leader 
(the third author) and her team provide yearly two- or three-day 
professional development workshops for new Pathways instructors. A 
local Pathways faculty1 member leads ongoing weekly seminars for 
new and continuing Pathways instructors throughout the academic 
year (Carlson et  al., 2024b). The seminars engage the GTAs in 
discussing the learning goals and conceptual scaffolding for the 
in-class investigations they will use with their students during the 
upcoming week.

This case study was conducted in the context of the 
aforementioned PPCPD innovation. Our purpose was to investigate 
shifts in a GTA’s instructional practices from his first time teaching 
with the materials in the fall semester to his second time teaching with 
the materials in the spring semester at a university where the PPCPD 
innovation was implemented. This study was guided by the following 
research questions:

	 1	 What are the shifts in a graduate teaching assistant’s use of 
quantitative and covariational reasoning and efforts to support 
their students’ engagement in quantitative and 
covariational reasoning?

	 2	 What are the shifts in a graduate teaching assistant’s way of 
thinking about teaching the idea of constant rate of change 
(CROC) in the context of using research-based and 
conceptually oriented instructional materials and participating 
in ongoing weekly PD seminars?

This study extends and deepens existing research on 
undergraduate mathematics education, GTAs’ instructional practices 
in particular, through several novel contributions. We first emphasize 
our contributions to undergraduate mathematics teaching, especially 
considering the limited research in this area (Speer et  al., 2010). 
Secondly, we investigate shifts in a GTA’s instructional practices in the 
context of a specifically designed research-based curriculum and PD 
program in the PPCPD innovation. Hence, this study will contribute 
to the growing body of research on the professional development of 
GTAs designed to enhance their instructional practices. In this study, 
we narrowed our focus to the teaching of the idea of CROC, one of the 
most important mathematical ideas in Precalculus. We also present a 

1  The local Pathways leader values Pathways learning goals and has taught 

using the Pathways materials at least two times.

conceptual analysis of CROC to provide the reader with detailed 
insights into the meaning of the idea from our perspective. Narrowing 
our focus enabled us to investigate a GTA’s instructional practices 
related to a specific idea more deeply, which is another novel aspect of 
this study.

2 Professional development of 
graduate teaching assistants

GTAs play a central role in undergraduate education (Ellis et al., 
2016; Musgrave and Carlson, 2017; Speer et al., 2005). However, many 
GTAs begin their teaching careers with minimal formal preparation 
(Ellis et al., 2016; Speer et al., 2005). Recent research emphasizes the 
critical importance of structured PD programs to enhance GTA 
teaching effectiveness (e.g., Carlson et al., 2024b; Ellis, 2015; Ellis et al., 
2016). Hence, there is a growing body of research on professional 
preparation and development of GTAs (e.g., Carlson et al., 2024b; Ellis 
et al., 2016; Harris et al., 2009; Speer et al., 2005).

Harris et al. (2009) examined a range of professional development 
initiatives for graduate teaching assistants (GTAs) across 
U.S. universities, noting shared emphases on departmental culture, 
peer mentoring, and minimal disruption to disciplinary study. 
Building on these models, they introduced a mathematics-specific 
course that engaged GTAs in videotaped microteaching, case-based 
discussions, and collaborative reflection. They reported that the 
program helped GTAs develop greater instructional confidence, 
pedagogical awareness, and the capacity to promote more meaningful 
classroom communication. Ellis et  al. (2016) offered a broader 
institutional perspective by analyzing national trends in PDs designed 
and implemented for GTAs across mathematics departments in the 
United States. The study emphasized the need for institutional change 
strategies that align with departmental culture and long-term 
instructional goals. These initiatives adopt a dual approach: 
understanding department-level change and fostering shared vision 
and reflective teaching practices among GTAs.

Over the past 15 years Carlson and her colleagues developed a 
research-based curriculum and professional development innovation 
designed to support mathematics instructors, including GTAs, 
lecturers, and secondary teachers in rethinking what is entailed in 
understanding, learning and teaching precalculus ideas (e.g., rate of 
change, function, exponential growth, trigonometric functions). The 
research and design project is known as the Pathways Precalculus 
Curriculum and Professional Development (PPCPD) project (Carlson 
et  al., 2024b). The Pathways materials and aligned professional 
development represent a comprehensive educational innovation that 
integrates a theoretically grounded and empirically informed 
curriculum, Pathways Precalculus Curriculum (Carlson et al., 2022a) 
with a research-based professional development model targeting 
advances in the instructors’ understanding of the course’s ideas and 
how they are learned.

The curriculum design was informed by qualitative studies in 
which the authors investigated student learning of precalculus ideas 
(e.g., Carlson, 1998; Carlson et al., 2002). This was followed by their 
conducting teaching experiments (Steffe and Thompson, 2000b) in 
which students were video recorded as they completed cognitively 
scaffolded lessons designed to support students’ development of 
coherent meanings that reach beyond the learning goals of most 
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curriculum (e.g., Bowling, 2014; O’Bryan, 2018; Strom, 2008). It 
consisted of a set of materials for student use, including an online 
textbook with embedded, conceptually focused videos and interactive 
applets. The materials include cognitively scaffolded in-class 
investigations that engage students in quantitative and covariational 
reasoning as cross-cutting ways of thinking, for understanding and 
representing specific function types using formulas and graphs.

PPCPD also includes teacher resources and professional 
development for Pathways instructors preparing to use the materials 
with their students. Teacher versions of each investigation describe the 
understandings that are targeted in the investigation, including 
productive reasoning that supports students’ solutions. They also 
include (i) written learning goals for each investigation, (ii) 
conceptually focused solutions that explain the thinking associated 
with solution steps, and (iii) conceptually focused questions scaffolded 
to support students in constructing strong meanings for the ideas 
central to a lesson. Powerpoint slides with the investigation questions 
include model explanations designed to support instructors’ 
development of fluency in providing conceptually focused 
explanations and solutions.

The companion Pathways professional development supported 
instructors in preparing to teach with the Pathways curriculum (Carlson 
et al., 2024b; Musgrave and Carlson, 2017). An intensive workshop prior 
to their teaching and 90 min weekly professional development seminars 
focused on advancing Pathways instructors’ understanding of Pathways 
learning goals. The Pathways professional development leader engaged 
the instructors in discussing and explaining their solutions with other 
Pathways Precalculus instructors, with discussions also addressing 
anticipated ways of thinking relative to specific problems. As an example, 
the curriculum has an over-arching focus on developing and advancing 
students’ quantitative and covariational reasoning as a foundation for 
developing algebraic and graphic function models that are meaningful 
to the student, regardless of the function type being studied. The seminar 
leader also consistently supported Pathways instructors in enacting the 
Pathways conventions for quantitative reasoning (e.g., Carlson et al., 
2022b) when developing and interpreting algebraic and graphic function 
models. In particular, they too were expected to: (i) identify the 
quantities in a problem context; (ii) construct a quantitative drawing to 
represent how the quantities in the problem context are related and vary 
together; (iii) be explicit in defining their variables by describing the 
measurement being represented, the starting point and direction of the 
measurement, and units used for measuring; (iv) always reference the 
quantities being represented when constructing and referencing terms 
and expressions; (v) explain the quantitative relationships depicted in a 
function graph as the graph is being constructed.2 Other activities 
included sharing instructional strategies, analyzing student reasoning, 
and in some cases, recording and reflecting on their own teaching 
(Carlson et al., 2024b; Musgrave and Carlson, 2017).

Studies of teachers using the Pathways materials (e.g., O’Bryan, 
2018; Rocha, 2023; Tallman, 2015) suggest that effective PD training 
for GTAs must go beyond basic orientation and include ongoing 
training that is interactive, reflective, and discipline specific. Programs 

2  For more information about the research that led to the development and 

impact of the Pathways conventions for quantitative reasoning, refer to Carlson 

et al.’s (2022b) book chapter.

that integrate pedagogical theory with practical application, promote 
peer learning, and align with departmental goals are most successful 
in fostering meaningful instructional development. The PPCPD 
project provides a model for supporting instructors in transitioning 
to use research-based curriculum. As a last point of emphasis, Carlson 
et  al. (2024b) report that new instructors’ participation in the 
workshop and weekly professional development was essential for their 
development of confidence and competence in using the Pathways 
materials with their students. It was in the context of their using the 
Pathways cognitively scaffolded tasks, instructional resources, and 
weekly seminars that GTAs in this program improved their ability to 
support students’ concept development and quantitative reasoning.

2.1 A framework for the development of a 
teacher’s way of thinking about teaching 
an idea

Carlson et al. (2024a) conceptualized an idea of a way of thinking 
about teaching an idea. This scheme for teaching necessarily includes ways 
of thinking about students’ ways of learning an idea. In particular, they 
characterize a way of thinking about teaching an idea as an image of 
teaching that consists of: (i) the teacher’s first-order model, i.e., the 
teacher’s meanings and ways of thinking about the idea, (ii) the teacher’s 
second-order model of students’ thinking about and learning that idea—if 
the teacher has engaged in decentering relative to students’ thinking about 
that idea, and (iii) images of students’ generalized ways of thinking about 
learning that idea (i.e., epistemic students).

They introduced a theoretical model that describes the mechanism 
for the development of a way of thinking about teaching an idea (see 
Figure 1). In particular, the model portrays the symbiotic relationship 
between the teacher’s first-order models, second-order models, images 
of epistemic students, and decentering (decentering both in the 
moment and in retrospect). In what follows, we first briefly define 
these constructs and then we  describe the symbiotic relationship 
between them according to the model.

First-order models refer to “the hypothetical models the observed 
subject constructs to order, comprehend, and control his or her 
experience (i.e., the subject’s knowledge)” (Steffe et al., 1983, p. xvi). 
In the context of mathematics, these models reflect how a person 
conceptualizes and reasons about mathematical ideas or problems 
(Carlson et al., 2024a). When a teacher designs a lesson based on her 
own understanding of a mathematical concept, for example, she is 
relying on her first-order model to inform the structure and content 
of the lesson (Bas-Ader and Carlson, 2022).

However, effective teaching also requires teachers to engage with 
students’ thinking beyond their own perspective. When a teacher 
actively seeks to understand a student’s reasoning and uses that 
understanding to guide her instructional decisions—a process referred 
to as decentering—she is engaging in reflective practice. The result of 
this reflection is a second-order model, which represents the teacher’s 
conceptualization of the student’s thinking. Second-order models are 
defined as “the hypothetical models observers may construct of the 
subject’s knowledge in order to explain their observations (i.e., their 
experience) of the subject’s states and activities” (Steffe et al., 1983, p. 
xvi). These models can then be used to inform future instructional 
actions, allowing the teacher to respond more effectively to students’ 
learning needs (Bas-Ader and Carlson, 2022; Carlson et al., 2024a).
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Thompson (2002, 2008) introduced the notion of an epistemic person 
as a way of thinking about a particular idea. Epistemic students can 
be understood as generalized models of students’ mathematical thinking. 
For example, a teacher’s images of students’ generalized ways of thinking 
(i.e., epistemic students) relative to an idea emerge from their one-on-one 
interactions with individual students (Carlson et al., 2024a).

The notion of adopting another’s perspective was first introduced by 
Piaget (1955), who referred to this cognitive process as decentering. Steffe 
and Thompson (2000a) and Thompson (2000, 2013) extended this notion 
to characterize communication in terms of the degree to which 
individuals express “thoughts that are directed at another” (Thompson, 
2013, p.  63). However, Carlson et  al. (2024a) proposed a nuanced 
distinction concerning the construct of decentering. They asserted that a 
teacher is decentering as they “separate one’s own understanding from the 
hypothetical understanding of the learner,” thereby emphasizing a form of 
decentering that can occur outside of direct teacher–student interaction 
(p. 298). This perspective differs from decentering as characterized by 
Thompson (2000, 2013), which involves the teacher constructing a 
second-order model of a student’s thinking during direct interaction. In 
Carlson and her colleagues’ broader view, decentering can occur 
throughout all phases of instruction, including planning, enacting, and 
reflecting on teaching. During lesson planning, for example, teachers may 
decenter by anticipating students’ thinking. In reflecting on the outcomes 
of instruction, teachers can decenter by considering how students might 
have experienced and made sense of the lesson (retrospective decentering).

According to the framework presented in Figure 1, a teacher’s first-
order model of a mathematical idea (i.e., the teacher’s mathematical 
meaning for an idea) impacts the nature of the teacher’s decentering 
actions and their teaching practices, in general. Firstly, their first-order 
model influences what they notice and how they respond to what they 

notice when interacting directly with students in the moment of teaching 
(i.e., decentering in the moment). In addition, the teacher’s first-order 
model influences their decentering actions that occur when the teacher 
reflects on the results of specific classroom interactions (i.e., decentering 
in retrospect). Decentering actions both in the moment of teaching and 
when reflecting on their interactions with students, support the 
construction of second-order models of students’ thinking about and 
learning that idea. These second-order models can also impact the 
teacher’s first order model of the mathematical idea.

As the teacher engages in decentering and model-building 
processes and reflects on the acts of decentering, their second-order 
models become more stable. These second-order models can also lead 
to the development and refinement of images of students’ generalized 
ways of thinking relative to the idea (i.e., epistemic students). The 
images of epistemic students become incorporated into the teacher’s 
first-order model such that the first-order model then contains 
multiple ways of thinking about the idea.

The teacher’s images of the various ways that students think 
about an idea, and their conceptions of how to support students in 
learning an idea, advance while teaching with the research-based 
materials and attending the aligned professional development. 
These shifts impact the teacher’s instructional choices, including the 
curriculum tasks and sequencing, and how the teacher responds to 
students’ questions.

The teacher’s way of thinking about teaching an idea is continually 
updated as the teacher repeatedly teaches an idea and reflects on the 
impact of their instructional actions on a student’s thinking. Lastly, it 
is worth noting that the constructs and processes in the framework are 
interdependent and cyclical. Thus, there is no single entry-point to 
thinking about the symbiotic interaction between them.

FIGURE 1

A framework for the development of ways of thinking about teaching an idea (Carlson et al., 2024a, p. 316).
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3 Conceptual analysis of the idea of 
constant rate of change (CROC)

Two quantities are related by a constant rate of change if the ratio 
of corresponding changes in the values of the two quantities remains 
constant as the values of the two quantities vary together (Byerley and 
Thompson, 2017; Tallman et  al., 2024). We  can express this 
algebraically by considering variables x and y that represent the 
corresponding values of Quantity A and Quantity B. The multiplicative 
comparison of the corresponding changes in their values is expressed 

as 
y y y
x x x

2 1

2 1

∆ −
=

∆ − , representing the relative size of y∆  in terms of x∆  

(Lock, 2023). We say that Quantity A is varying at a constant rate of 
change with Quantity B if the ratio of the corresponding changes in y 
and x, 

y
x

∆
∆

, remains constant as the values of x and y vary together. 
We can express this relationship as, ∆ =

∆
y m
x

. It then follows that 
y m x∆ = ⋅∆ , which means that for any amount of change away from 

an x-value in the relationship, the change away from the corresponding 
value of y in the relationship will be m times as large as the change 
away from x. Stated another way, we can say that Quantity A and 
Quantity B are varying together at a constant rate of change if the 
corresponding changes in their values is proportional (Tallman et al., 
2024; Thompson and Carlson, 2017). As an example, if a runner is 
moving at a constant rate of change of 11 meters per 2 s, then the 
runner will travel 33 meters in 6 s since 33 is 3 times as large as 11, the 
amount of time to run 33 meters must be 3 times as large 2 s or 6 s. 
As another illustration of this proportional relationship, the runner 
will travel 11/4 meters in ½ of second since ½ of a second is ¼ times 
as large as 2 s, they will travel ¼ times as far as 11 meters or 
11/4 meters.

As another example, consider a rectangular shaped container 
being filled with water. Here, the volume of the water and the height 
of the water level change together at a CROC. Suppose V

h
5lt / cm∆

=
∆

 
(For a mature conception of the CROC as an intensive quantity, the 
unit has a special importance). This quantitative relationship 
between the change in the volume of water and the change in the 
water’s height in the container (

V
h

5lt / cm∆
=

∆
) indicates that for any 

change in the water’s height, the volume of water in the container 
changes by 5 times as much. If the height rises by 0.1 cm, for 
instance, the volume increases by 0.5 liters ( ⋅ =5 0.1 0.5 ). As this 
example illustrates, conceptualizing CROC requires quantitatively 
coordinating the changes in two quantities, expressed as V h5∆ = ⋅∆  
(i.e., the changes in the two quantities are related by a 
constant multiple).

A productive meaning for CROC also entails conceptualizing 
continuous and smooth covariation between the two quantities 
(Tallman et  al., 2024; Thompson and Carlson, 2017). From this 
perspective, students recognize that any change in height results in a 
change in volume that is 5 times as large, without needing to fix the 
height change at a constant or unit increment. This reasoning allows 
students to extend the concept to infinitesimally small changes, 
understanding that even the tiniest change in height produces a 
proportional change in volume.

Conceiving of constant rate of change graphically involves seeing 
that, if they know one pair of values ( )1 1,x y  in the relationship (on the 
line in a rectangular coordinate system), they can determine any new 
pair ( )2 2,x y  in the relationship, if the croc m is known and an amount 

of change away from x1, call it ∆x , then the corresponding value of 
the change in y, y m x∆ = ⋅∆ .

3.1 Unproductive ways of thinking about 
CROC

An individual’s meaning for the idea of CROC might consist of 
the calculation for the slope of a line, 

y ym
x x
2 1

2 1

−
=

− , with no regard for 
the fact that the calculation −2 1y y  represents how much the value of 
y changes, as the value of x increases from 1x  to 2x . The individual may 
not view the statement as a means of representing a restriction on how 
two quantities’ values change together—that is, the values of two 
quantities are changing together in such a way that the ratio of the 
change in one quantity and corresponding change in the other 
quantity remains constant, when considering the changes between the 
corresponding values of any two quantities in the relationship.

Another unproductive way of reasoning involves chunking the 
changes in two quantities without recognizing smooth covariation or 
proportionality (Thompson, 2013). In this approach, an individual 
may think in terms of discrete increments, such as associating a 1 cm 
increase in height with a 5-liter increase in volume or a 3 cm increase 
with a 15-liter increase. While this reasoning does coordinate changes 
in both quantities, it does not require a conception of the continuous 
and proportional nature of the relationship. Individuals with this 
perspective often default to keeping the independent variable’s changes 
at fixed or unit increments and observing the corresponding change 
in the dependent variable.

4 Method

4.1 The research setting

This study was conducted as part of the third author’s Pathways 
Precalculus Curriculum and Professional Development (PPCPD) 
project. The Pathways instructors (i.e., GTAs) all used the project’s 
conceptually focused Precalculus: Pathways to Calculus student 
curriculum (Carlson et  al., 2022a). Prior to using the Pathways 
materials GTAs attend a 2–3 day workshop led by Pathways authors 
or professional development leaders. GTAs also attend a weekly 
90-min professional development (PD) seminar during each semester 
they teach with the materials. This weekly seminar was led by a 
departmental faculty member who values Pathways learning goals and 
has taught with the Pathways materials at least two times. The leader 
engaged the team of 9 Pathways GTAs in discussing the reasoning 
they used to respond to select tasks from the investigations they would 
be using during class in the upcoming week.3 The seminar leader also 

3  Pathways learning goals targeted deep conceptual understandings and 

reasoning abilities that were generated by fine-grained investigations of 

knowing and learning precalculus ideas. As a result, these learning goals are 

novel to most instructors and graduate students in mathematics, and developing 

coherent meanings for these ideas required Pathways instructors to first engage 

in completing the tasks and reflecting on the thinking they used when 

completing the Pathways tasks they planned to use with their students.
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posed questions they conjectured would support the GTAs in 
advancing their understanding of precalculus ideas and how they are 
learned. If time permitted the seminar leader discussed and invited 
more experienced Pathways GTAs to share strategies for supporting 
students’ learning of ideas central to the upcoming lessons.

4.2 Participant of the study

The participant of this study was a 24-year old mathematics 
graduate teaching assistant (GTA) in his second year of a PhD 
program in mathematics. Daniel is a white male who volunteered to 
teach precalculus using the Pathways Precalculus Curriculum at a large 
public university in the United States. He taught the course for three 
semesters during our data collection process. He had no teaching 
experience prior to becoming a graduate student. His mathematics 
coursework (during the time when the data were collected) was not 
related to the ideas that are the focus of the Pathways Precalculus 
curriculum. He attended a 2–3 day workshop and weekly 90-min PD 
seminars during each semester he taught.

Daniel was purposefully selected as the participant of this study. 
We wanted our subject to be a PhD student in Mathematics since our 
prior research revealed that GTAs’ pursuing a PhD in mathematics did 
not always express strong meanings for fundamental ideas (Musgrave 
and Carlson, 2017); nor were they experienced in engaging their 
students’ thinking (Bas-Ader and Carlson, 2022). Lastly, data from 
Daniel’s classroom teaching in a prior study (Bas-Ader and Carlson, 
2022) had revealed shifts in his teaching over multiple semesters of 
teaching with the Pathways materials. This piqued our interest in 
investigating these shifts more broadly.

4.3 Data collection

The main data sources for this study are Daniel’s lessons when 
teaching the idea of CROC, and two 90-min semi structured 
interviews. The video-lessons were recorded in the second and third 
weeks of successive semesters in the 2016–2017 academic year. Two 
lessons were video-recorded during the fall semester and three lessons 
were video-recorded during the spring semester; all when Daniel was 
teaching the idea of CROC (e.g., representing CROC algebraically and 
graphically and solving related tasks). These particular lessons were 
chosen because they most directly addressed the research questions, 
enabling an investigation of shifts in Daniel’s teaching of CROC and 
related concepts (quantity and variable) over time. The dataset is 
comprehensive in that all lessons devoted to CROC were video-
recorded, with no relevant sessions excluded. Although the study 
could have been strengthened by drawing on additional data sources, 
including students’ work, we deliberately narrowed our focus to data 
on Daniel’s teaching to gain a deeper understanding of shifts in his 
instructional conceptions and practices.

The interviews were conducted at the end of the 2017–2018 fall 
semester. During the first interview Daniel was prompted to provide 
verbal and written responses to several questions designed to reveal 
his mathematical meaning (i.e., first-order model) for the idea of 
CROC. The purpose of the second interview was to gain insights into 
the thinking that influenced Daniel’s instructional choices, with some 
questions targeting explanations for actions (e.g., what do you think 

about your way of using arrows for explaining covariation?) that 
we had identified as noteworthy during our video analysis. During the 
interview, Daniel was asked to watch specific video excerpts and 
review transcripts from his conversations with students that 
we conjectured would provide insights about both his learning goals 
and/or instructional choices related to teaching CROC and his 
perspective on what is entailed in understanding CROC. When 
watching a video, he was also encouraged to pause the video himself 
and share his thoughts about the teaching actions he had just viewed. 
The interviews were both audiotaped and video-recorded.

4.4 Data analysis

Prior to conducting data analysis, we developed a coding scheme 
for analyzing Daniel’s teaching video and interview data; this data 
included his comments about his current and prior ways of thinking 
about teaching the idea of CROC. The coding scheme consisted of two 
general dimensions and a total of 5 sub-themes related to Pathways 
learning goals for students.4 These research-based learning goals are 
the criteria we used to measure shifts in Daniel’s teaching. The project 
leader (the third author) and her research team (Carlson et al., 2022b) 
introduced instructional conventions that they had identified in prior 
research (e.g., Carlson et al., 2010, 2015; Clark et al., 2008; Moore and 
Carlson, 2012; O’Bryan, 2018; Strom, 2008) to be highly effective in 
supporting students in constructing coherent images of quantitative 
relationships and strong meanings for precalculus ideas. In this study, 
we adopted two of the Pathways conventions as constructs for coding 
our data. These are conventions for: (i) communicating effectively, 
referred to as—speaking with meaning and (ii) constructing function 
graphs from a student’s conceptualization of how two quantities vary 
together—this approach referred to as emergent shape thinking assures 
that the graph is meaningful to the one constructing it. Speaking with 
meaning refers to communication that is grounded in underlying 
concepts, where individuals describe quantities and their relationships 
using logical, coherent arguments that reflect a conceptual orientation 
(Clark et  al., 2008). Emergent shape thinking, on the other hand, 
describes a specific way of reasoning about and constructing graphs 
that are deeply rooted in conceptualizing how two quantities’ values 
vary together (Carlson et al., 2022b; O’Bryan, 2018). It represents a 
shift from a superficial, static view of graphs to a dynamic, relational 
understanding. We  also integrated our theoretical conception of 
productive meanings for CROC (presented in a previous section) into 
our coding scheme.5 We continually reviewed and refined this coding 
scheme through team discussions to ensure consistency and clarity. 
Our eventual coding scheme is presented in supplementary material.

The first step of our data analysis was to transcribe both the videos 
of Daniel’s teaching and the videos of the clinical interviews. We then 
independently coded one of the teaching videos and the first part of one 
of the interview videos. The two coders (the first and second authors) 

4  Recall that the Pathways materials targeted research-based learning goals 

that had been revealed in qualitative studies to be  essential for learning, 

understanding and using precalculus ideas.

5  Our coding scheme reflects our conceptualization of shifts in Daniel’s 

instruction and way of thinking about teaching over time.
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agreed on their assigned codes 85% of the time, with coding 
disagreements discussed and resolved until a consensus was reached. 
Following refinements to the coding scheme, data analysis proceeded 
through an iterative process involving both collaborative and individual 
open coding. After coding the data individually, the two coders met to 
discuss, refine, and consolidate the results of our coding (Strauss and 
Corbin, 1990). Following the coding process, we identified emerging 
themes aligned with our coding schemes.

5 Results

The thematic categorization of codes revealed shifts in Daniel’s 
teaching of CROC in three broad categories. We identified shifts in 
Daniel’s: (i) mathematical meaning for teaching ideas of quantity, 
variable, and constant rate of change; (ii) ability to support students’ 
engagement in quantitative and covariational reasoning in a CROC 
context; (iii) effectiveness in teaching the idea of constant rate of change. 
The results section was structured according to these themes, with the 
second and third sections including data that revealed shifts in Daniel’s 
ways of thinking about teaching ideas of quantity, variable and constant 
rate of change. We  elaborated on these findings using illustrative 
excerpts drawn from both his classroom video recordings and 
interview data.

5.1 Shifts in Daniel’s mathematical meaning 
for teaching and teaching the ideas of 
quantity and variable

During his teaching in the Fall semester, Daniel made vague 
references to quantities and was not precise in defining variables. 
When defining variables, he failed to specify what is being measured, 
where/when the measurement begins, and the units used in the 
measurement even though the seminar leader and instructor resources 
had emphasized the importance of specifying these details. Over two 
semesters Daniel shifted from defining a variable with a one-word 
description (e.g., d  = distance) to being precise in describing the 
quantity being measured, where the measurement begins, and the 
direction and units of the measurement (e.g., d = the distance (in feet) 
Bob has run north of the starting line since the beginning of the race).

He also began to remind his students to include these details when 
defining variables. The following excerpt from his teaching during the 
second (spring) semester illustrates his expectation that students 
refine their imprecise references to a quantity to include the starting 
point and units used for the measurement:

Excerpt 1:

Daniel: Ok so, what are the two important varying quantities that 
we are keeping track of in this situation?

Student: Distance and time?

Daniel: Yeah, those are… Technically what you  just gave me are 
poorly defined variables. But I know what you mean. I want you to 
keep them in mind. We are keeping track of Jane’s distance in feet 
from her house and the time in seconds is going by since she starts 
to walk.

Daniel’s noticing the imprecision of the student’s variable 
definitions, and his subsequent reminder for the student to state the 
starting points and units for both variables, suggests that he saw value 
in requiring that his students be precise when defining variables.

Our data further revealed a shift in Daniel’s meaning for the ideas 
of quantity and variable. In particular, during the fall semester Daniel 
initially referred to a variable as the name for a quantity and only when 
consulting the teacher notes did he accurately state that the variable, x, 
referred to the quantity’s value. In one instance during class Daniel wrote 
the textbook’s definition of constant rate of change on the board, “There 
exists a constant rate of change between two varying quantities A and B 
if: (the change in the value of B) = (a constant) times (the change in the 
value of A).” His explanation (excerpt 2) of the definition suggests that 
he was conflating the name of a quantity with the quantity’s value:

Excerpt 2:

Daniel: This does not look like mathy, right? What if I gave a 
variable name to A and B, so like let us say, let x be the value of A 
and y be  the value of B then a constant rate of change exists 
when…So in terms of x and y, what does this mean? How do 
you say this? [he is showing “the change in the value of B” on the 
board] So now, I’m changing B to y and A to x. Remember, how 
do we write down the change in variable, what symbol do we use?

Daniel’s statement, “What if I gave a variable name to A and B” 
suggests that he initially conceptualized the variable x as the name of 
the quantity A. After consulting the teacher notes, he then stated that 
x can be the value of quantity A and y can be the value of quantity 
B. However, immediately after reading the statement, he followed by 
saying, “so now I’m changing B to y and A to x,” suggesting again that 
his meaning for variable was that of a label or name of a quantity; and 
that a variable and a quantity’s name are interchangeable.

During his instruction in the spring semester Daniel more frequently 
described a variable as a representation of all possible values that a varying 
quantity can assume, and he rarely regressed back to using vague language 
when referencing or defining a variable. The following excerpt from the 
recording of his spring semester class further illustrates that he viewed a 
variable as a means of representing the value of a varying quantity. 
He began class by writing the following statement on the whiteboard: “two 
varying quantities are covarying if their values are changing together and 
there is some relationship between them.” He followed by providing a 
verbal elaboration of his written statement (excerpt 3):

Excerpt 3:

Daniel: Okay, so functionally what this means is that if we decide 
to represent the values of these quantities using variables like x 
and y, the fact that there is a relationship between them means that 
we can write a formula for one variable in terms of the other.

In this explanation, Daniel referred to variables x and y as 
representations of the values that two covarying quantities assume. 
He  further noted that variables are useful for writing formulas that 
describe how two variables are related. He  was also consistent in 
referencing a variable as a representation of the value that some quantity 
assumes, as illustrated in him saying, “let us say that the variable d 
represents the distance in miles from your house, right? Let us say the 
variable t represents the time in hours since you have been driving.” His 
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consistency in being precise when referencing a quantity suggests a shift 
in his first-order model of the ideas of quantity and variable, and his 
valuing that his students were able to identify quantities precisely; and that 
they conceptualized variables as representing the values that a quantity 
assumes. His attention to these ideas when teaching suggests that his way 
of thinking about teaching ideas of quantity and variable included the goal 
that his students first conceptualize the two varying quantities to be related 
in a problem context, that variables need to be defined precisely, and that 
defining variables is useful for defining formulas.

When the interviewer probed Daniel’s meaning for CROC in the 
context of the fish tank problem (see Figure  2), he  responded by 
providing a precise description of the two covarying quantities to 
be  related. He  responded by saying, “our relevant quantities in this 
situation are the number of gallons in the fish tank and the number of 
weeks since it was filled.”

He continued by elaborating his meaning for variable when he stated 
that, “a variable is a symbol that represents any possible value of a varying 
quantity. For example, if I said let ‘g,’ represent the number of gallons in 
the fish tank, that symbol ‘g,’ represents any number between 0 and 60, 
including 0 and 60.” This spontaneous elaboration of these ideas suggests 
that his way of thinking about teaching the ideas of quantity and variable 
had undergone a permanent shift.

5.2 Shifts in Daniel’s effectiveness in 
engaging students in covariational reasoning 
in a CROC situation

A shift in Daniel’s focus on covariational reasoning in his teaching of 
CROC is evident when comparing his instruction across the fall and 
spring semesters. In the fall semester, he frequently referred to the “(two) 
varying quantities” separately, without explicitly highlighting the 
interdependence of the changes in their values (i.e., how the two quantities 
varied together) while explaining the meaning of CROC.

For example, in the following excerpt from Daniel’s teaching in the 
Fall semester, the class was engaged with the candle burning task (see 
Figure 3).

The task prompts students to consider how the candle’s remaining 
height and the amount of time since the candle was lit vary together. The 
following excerpt illustrates Daniel’s explanation when responding to a 
request to, “represent ‘an increase in the time spent burning of 2 h’ as a 
vector from the given point on the graph.”

Excerpt 4:

Daniel: So in the first one they want us to represent an increase in the 
time spent burning two hours as a vector from the given point on the 

graph. So what that is really saying is that I know what this point [he 
is showing the point (3.5, 8.3) given on the graph]. We moved the time 
forward two hours, ignoring the height of the candle. So let us say the 
candle stopped burning and the time increased by two hours. What 
would happen to this point? Someone comes up with a 
drawing for me.

In this excerpt, Daniel deviated from the questions in the 
investigation by posing a hypothetical scenario and asking students to 
imagine that “the candle stopped burning.” He then inquired about a 2-h 
increase in time, with the candle not burning. Since t was defined to 
be the number of hours since the candle started burning, it did not make 
sense to ask students to imagine the candle not burning unless his intent 
was to point out that t would not increase when the candle wasn’t burning.

In contrast, during the spring semester, Daniel’s attempts to 
emphasize covariation of the quantities when teaching CROC were 
noteworthy. He explicitly referenced the variation in two quantities as 
they varied together in applied contexts and made reference to “covarying 
quantities” and “two quantities changing together” when considering the 
variation in the dependent quantity over intervals of the independent 
quantity’s domain. It is also noteworthy that he repeatedly attempted to 
engage his students in conceptualizing continuous and smooth 
covariation. An example of this instructional progress is presented in the 
section, “Shifts in Daniel’s conception and teaching of constant rate of 
change,” in excerpt 10 particularly.

5.2.1 Development of a way of thinking about 
teaching covariational reasoning in a CROC 
context

Analysis of data from follow-up interviews revealed shifts in 
Daniel’s way of thinking about teaching (or supporting) his 
students’ engagement in covariational reasoning. As one example, 
he proposed focusing on the idea of “corresponding change” as an 
approach to support his students in thinking about the two 
quantities’ values varying together continuously (excerpt 5). 
He  further proposed to introduce function notation before 
teaching constant rate of change since function notation makes 
“the corresponding change” apparent:

Excerpt 5:

Daniel: “Corresponding change” is a detail that kind of confuses 
them a little bit and my thought actually next semester what 
I am gonna to do kind of deal with that is do function notation 
before doing CROC, because then, the corresponding change, it’s 
built into the notation pretty much. I am hoping that it will reduce 
that confusion.

FIGURE 2

The fish tank problem.
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His comment that he plans to teach function notation before 
introducing the idea of constant rate of change during the 
upcoming semester provides evidence that Daniel reflected on the 
results of his prior instruction (retrospective decentering). His 
plan to adapt his teaching of constant rate of change reveals a shift 
in his way of thinking about teaching constant rate of change. 
We  also observe a shift in his awareness of the usefulness of 
covariational reasoning when representing constant rate of change 
relationships of two quantities varying together.

Excerpt 6:

Daniel: I do not like this notation with “deltas.” This notation is 
not good enough (he is pointing at 

y c
x

∆
=

∆ ). Like, because we do 
constant rate of change before we do function notation and my 
issue with that is that we have no symbol for the corresponding 
change in the output. We write down, like…to me there should 
be no reason why these “x’s” and “y’s” should be related here (he is 
pointing at 

∆
=

∆
y c
x ) without first relating them by a formula, right? 

You know what I mean? In this context we interpret delta x as: the 
change in the input that corresponds to this (he is pointing at delta 
y) specific change in the output, right?

As the interview continued, he elaborated the shortcomings of 
using variables to define constant rate of change (excerpt 6). He then 
proceeded to represent a constant rate of change relationship using 
function notation (Figure 4), while explaining how much clearer it is 

to represent corresponding changes in the value of a function’s input 
quantity and its output quantity using function notation (excerpt 7):

Excerpt 7:

Daniel: For me, a better notation for, let us say we had a constant 
rate of change of 2− , and let us say instead of a constant rate of 
change relationship, we have a function relationship that has a 
CROC of 2− , by definition what that would mean is that [he is 
writing down ( ) ( ) ( )x x f x f x2 1 2 12− − = − ], so this is how 
we would write down an arbitrary change in input, and then your 
function notation gives you, “okay, what is the corresponding 
change in the output.” Okay, well, function notation gives 
you notation for that for free. It’s built like that; it’s this (he is 

writing down 
( ) ( )f x f x

x x
2 1

2 1
2

−
= −

− ). And at least to me, that is so 

much clearer that this is the change that specifically corresponds 

with the change in the input. Because you plug it in, right? This is 

imprecise (he is pointing at 
y y y
x x x

2 1

2 1

∆ −
=

∆ − ) and this is better (he is 

pointing at 
( ) ( )f x f x

x x
2 1

2 1

−

− ).

His proposed changes for his teaching and the Pathways 
curriculum support that Daniel had reflected on the confusion 

FIGURE 3

The candle burning question, which involves analyzing the change in the length of a candle over time, under the condition that the rate of change of 
the candle’s height with respect to time is constant (Carlson et al., 2022a).
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students exhibit when using variables to define constant rate of 
change (retrospective decentering). This reflection appears to have 
resulted in revisions to his way of thinking about teaching the idea of 
constant rate of change so that students are better supported in 
reasoning about the interdependence in the values of the input and 
output quantities as they vary together in a CROC context. He also 
appears to have made substantial advancements in his use of both 
quantitative and covariational reasoning as ways of reasoning that 
support students in constructing and representing constant 
functional relationships that are meaningful to the one 
constructing them.

5.3 Shifts in Daniel’s conception and 
teaching of constant rate of change

Our examination of Daniel’s teaching of constant rate of change 
during the fall and spring semesters revealed dramatic shifts in his 
explanations and questions, toward more conceptually focused and 
coherent explanations and questions focused on advancing his 
students’ thinking. His instruction in the fall included vague (and 
sometimes confusing) explanations and a focus on teaching 
procedures, such as calculating a rate of change using a formula. In 
contrast, his instruction in the spring semester focused on students’ 
understanding of the constant rate of change as representing a 
proportional relationship between the changes in two quantities’ 
values as their values vary together.

On the final day of Daniel’s fall semester instruction on the 
idea of constant rate of change, he wrote the definition y c x∆ = ⋅∆  
on the board. He followed by saying that when this relationship 
exists you know you have a constant rate of change (excerpt 8). 

He  also wrote the equivalent statement, 
y c
x

∆
=

∆ , and asked 

students if they see why c is a constant rate of change. Without 

elaborating, he prompted students to explain the phrase “in terms 
of.” After asking this question, he told his students that the question 

was suggested by the curriculum notes, and he moved on when no 
student was able to answer. Since an answer and explanation were 
provided in the teacher notes, this suggests that he  had not 
reviewed these before teaching. He followed by asking his class to 
explain what “the rate of change of y over the rate of change of x is 
5” means? We notice that this statement is not meaningful and 
contains a common student error of referring to the rate of change 
of just one quantity. A specific student then responded with an 
incorrect answer by saying, “the statement means that the change 
in x is 5.” Even though this answer had no conceptual basis, he told 
the student that her answer was “close,” suggesting that he had no 
interest in understanding the student’s thinking. He followed by 
saying that 5 represented the change in y over the change in x, a 
correction from his prior incorrect statement that the CROC 
represents the “rate of change of y over the rate of change of x.” 
He further elaborated that the 5 meant that “every time I move x 
by 1, y moves by 5.” This explanation is not aligned with the 
Pathways learning goals; rather, his reference to “move” x and y 
suggests he was imagining how he might locate a new point on a 
linear graph when the constant rate of change of y with respect to 
x is 5. Furthermore, he only explored a change of 1 in x, suggesting 
he  did not have a goal that students use the proportional 
relationship between the change in x and change in y to locate 
other values in the relationship; nor did he discuss the continuity 
in this relationship. It appears that Daniel did not consult the 
instructor materials or consider what is entailed in understanding 
constant rate of change prior to leading this lesson. This resulted 
in him conveying weak meanings to his students.

Excerpt 8:

Daniel: So, when this relationship (he is pointing at “ y c x∆ = ⋅∆ ” 
that was written on the board) exists between two variables, that is 
when you know you have a constant rate of change. What is another 
way that I could write this?

Student 1: Isn’t it, uh, delta y over delta x?

Daniel: Exactly. So, this is equivalent to saying 
y c
x

∆
=

∆  (he is writing 

“
y c
x

∆
=

∆ ” on the board). Does everyone see why the number c gives 
you your rate of change of y in terms of x. Now what do I mean, 
what do those words “in terms of” mean? What do I mean when 
I say that? Anyone? How about you, what does “in terms of” mean?

Student 2: Me?

Daniel: Yeah, you.

Student 2: Ok, umm.

Daniel: So if I say the rate of change in y in terms of x is 5, what does 
that mean? Going by what we just wrote up on the board. You know, 
c’mon, we just like broke it down piece by piece. I’m saying that the 
rate of change of y over the rate of change of x is 5. What does 
that mean?

Student 2: Umm, the change in x is 5?

FIGURE 4

Daniel’s use of function notation to clearly represent the idea of 
CROC.
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Daniel: Close. So, since I’m putting this in a fraction, right, the 
change, if I’m saying the change in y divided by the change in x is 5 
what that essentially means is that every time I move x by 1, y will 
move by 5, right? Because you can reduce, remember reducing 
fractions into least terms, right like you  can always think of a 
fraction as like some number divided by 1 more or less and umm 
so every time I move x by 1, y will move by c. Does that make sense 
to you guys?

Excerpt 9:

Daniel: Okay, so let us talk about, kind of graphically, what 
we just did. So, in this situation we have a point (3, 5) okay? [He 
is drawing a coordinate plane on the board and plotting the point 
(3, 5) on it] And we are told that this point and another point (x, 
y) satisfy this relationship [he is pointing at “ y x2.4∆ = ⋅∆ ” that 
was written on the board]. So that means that, any other point 
that would satisfy this relationship along with (3, 5), that means 
if I go up…if I go over, sorry, by 1 in x [he is just moving his 
board marker right by one unit to track the change in x instead of 
drawing an horizontal vector], then y is going up by 2.4 [he is 
moving his marker up by three units to track the change in y and 
plotting the point (4, 7.4) on the coordinate plane]. Then if 
we calculate delta y over delta x here [he is pointing at the points 
(3, 5) and (4, 7.4)], you will see that it is 2.4. And then since 
we know that it has to be proportional, we know that all those 
points will satisfy that relationship [he is pointing at the graph on 
the board, in Figure 5].

Daniel continued by attempting to explain how to represent a 
CROC relationship between two quantities in a graphical context 
(excerpt 9). He began by plotting the point (3, 5) on a coordinate 
plane and stated “this point and another point (x, y) satisfy this 
relationship.” This explanation did not convey the meaning of a 
point on a graph as representing the simultaneous values of two 
quantities. When illustrating how to use the CROC (i.e., 2.4) to 
determine another point on the graph [i.e., (4, 7.4)] he said, “if I go 
up…if I go over, sorry, by 1 in x, then y is going up by 2.4.” However, 
he did not emphasize the meaning of the formula “ y x2.4∆ = ⋅∆ ” 
and how he used this relationship (i.e., the chance in y is always 2.4 
times as large as the change is x) to determine any other y value that 
corresponded to an arbitrary change in x from a known point on 
the graph.

In Figure 5, Daniel did not use horizontal and vertical vectors to 
represent the changes in the input and output variables on the 
coordinate plane (as a Pathways convention for meaningful graphing 
activity). Rather, he moved his board marker right by one unit to track 
the change in x and then moved it up by three units to track the 
change in y to plot another point that satisfies the relationship. He then 
provided a procedural explanation for using the two points to calculate 
and confirm the value of the CROC. He ended the discussion by 
mentioning that a proportional relationship exists, but his explanation 
did not say what two quantities were related proportionally; nor did 
he illustrate how to use this proportional relationship to determine 
other values in the relationship. In addition to not discussing the 
proportional relationship in the two quantities’ values he also failed to 
discuss what a point on the graph represents, thus limiting his ability 
to support students in understanding why a CROC relationship is 

represented by a graph of linear function, even though it was the main 
goal of the lesson.

In the Spring semester, Daniel demonstrated a more conceptual 
and coherent explanation of CROC (excerpt 10). When responding to 
the question involving distance with respect to time ( = 50d t ), 
he referenced the two quantities related by a CROC and explained 
what a point on the graph represents in terms of illustrating the 
simultaneous values of two quantities. He also illustrated how to use 
the proportional relationship between the changes in the two 
quantities’ values to explain how to find new points in the relationship 
and illustrated why the graphical representation of CROC is a line.

Excerpt 10:

Daniel: We know that this [vertical] axis is supposed to be d, the 
distance in miles from your house, this [horizontal] axis is 
supposed to be t, the time in hours since you have been driving. 
And we know that at time zero, I am telling you that we know 
that we have started keeping track of the distance when we are at 
the house. So, we know that, at t equals zero d equals zero. In 
other words, if we graph d with respect to t on axes, (0, 0) should 
be on the graph. Okay, well, how might we figure out other points 
that should be on the graph? The only information we know is 
that the CROC is 50 miles per hour, which means that the change 
in d is always 50 times as large as the change in t. Okay, so if 
I change t by 1 h, my d should change by 50, right, because the 
change in t is 1 and I know that the change in d should be always 
50 times as large as the change in t. This is equivalent to saying, 
okay, how far away am I from my house after one hour of driving. 
Okay, so I know that there is another point on the graph right 
here [he is plotting (1, 50) on the graph]. How about if I change t 
by 2 h, then I know that my change in d is equal to 50 times as 
large as my change in t, so if I change t by 2, then my change in d 
should be 100. So then I know that my change in d should be up 
here. But there is another way that I could have got this point, 
instead of looking at the change from 0; I could have looked at 
the change from 1. So, if I change t by 1 h, after an hour has 

FIGURE 5

Daniel’s graphical representation of CROC during his instruction in 
the fall semester.
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passed, then d changes by 50. And that is equivalent to saying 
okay, 1 h after I started driving, I am 50 miles away, an hour later 
I am gone 50 more miles away. How many total miles away from 
my house, 100. So, I can just keep asking questions like this, if 
I change t by how much, how much is d changed by? By asking 
those kinds of questions I can get every point on this line [he is 
drawing the line on the graph, in Figure 6].

Daniel was careful to explain what a quantity’s measures were 
represented on each axis. He was also precise in defining variables by 
stating the measurement’s direction and where the measurement 
begins. He conveyed a productive meaning for CROC by saying “the 
change in d is always 50 times as large as the change in t” and 
supported students in engaging in proportional reasoning when 
determining the change in the dependent variable for specific integer 
changes in the independent variable away from a point in the 
relationship. It is also noteworthy that he illustrated the covariation of 
the two quantities’ values graphically by constructing corresponding 
changes using vectors.

After posing several questions to determine new points using the 
proportional relationship between the changes in the two quantities’ 
values (for any change in x, the change in y is 50 times as large), 
he stated, “So, I can just keep asking questions like this, if I change t 
by how much, how much is d changed by? By asking those kinds of 
questions I can get every point on this line.” This question reveals his 
conception of the continuous nature of the linear relationship and its 
proportional structure. Specifically, he  prompted students’ 
understanding of how any variation in time corresponds to a 
predictable and proportionate variation in distance, instead of a focus 
solely on isolated intervals.

These examples reveal that Daniel’s conception of constant rate of 
change shifted dramatically from when he taught CROC in the fall 
semester to when he taught CROC using the same materials in the 
spring semester. His discussions and questions further reveal a shift in 
his teaching the idea of CROC. We  explore the development of 
Daniel’s way of thinking about teaching the idea of CROC in the context 

of Daniel discussing the “candle burning” task during the 
clinical interview.

5.3.1 Development of a way of thinking about 
teaching the idea of CROC

In the previous section, we  described some shifts in Daniel’s 
teaching of the idea of CROC from fall to spring semester. We focused 
on shifts in his quantitative reasoning and use of covariational 
reasoning to examine the concurrent variation in two quantities’ 
values in a CROC context. In this section, we present some evidence 
related to the development of his way of thinking about teaching the 
idea of CROC on the basis of his reflections on his previous teaching 
from the fall semester (i.e., his first attempt to teach the idea) while 
watching his teaching video in the follow-up interview.

In the following excerpt from Daniel’s teaching (excerpt 11), the 
students were engaged with the “candle burning” task. The candle 
burning task and a segment of his teaching episode were presented 
and discussed in a prior section (5.2), “Shifts in Daniel’s effectiveness 
in engaging students in covariational reasoning in a CROC situation.” 
In this section, we  present several additional excerpts from him 
watching and reflecting on the video of him discussing the candle 
burning task with his students. Daniel’s discussion of his current 
thinking about teaching the idea of CROC provided evidence of 
advances in his way of thinking about teaching this idea.

Excerpt 11:

Daniel: Alright, we have this candle that’s burning, and we are told 
that it is burning at 2.2 inches per hour. We’re also given that the 
candle has been burning for 3.5 h and is currently 8.3 inches long. 
And they represent this by a point on the graph. So, what is special 
about this point? How many pieces of information does a point 
give us?”

The beginning of the video depicted him explaining the candle 
burning task (excerpt 11). He then prompted students to think about 
the given point (3.5, 8.3) by asking questions such as, “what is special 
about this point?” and “how many pieces of information does a point 
give us?” After a student responded to this question by saying “two,” 
Daniel asked students to express what the first and second number in 
the point represent. Even though these questions encourage students 
to think more deeply about points on a graph, they are insufficient in 
terms of emphasizing the covariation of the two quantities’ values and 
thus do not help students to conceptualize a point as representing the 
simultaneous values of two quantities (a multiplicative object) that are 
varying together. In the follow-up interview, Daniel explained that his 
motive for asking these questions was based on his awareness of 
students’ procedural approach to graphing:

Excerpt 12:

Daniel: I wanted to talk about graphs. This is something that still 
surprises me is how mechanical they [students] are with graphing 
things. They’ve played the “graph these points” game a lot, and not 
“what do those points mean” game, they have not played that one 
really at all. I  did not do this here but now I  think that it is 
important to talk about a lot more explicitly that if you draw a 
point you are relating a value of an input to a value of an output.

FIGURE 6

Daniel’s graphical representation of CROC during his instruction in 
the spring semester.
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Daniel’s discussion about graphs (excerpt 12) suggests a shift in 
his way of thinking about teaching the meaning of a point on a graph. 
Daniel’s questions during his fall teaching suggest that he was aware 
of the importance of supporting students’ understanding of the 
meaning of a point on a graph. This awareness might have led to him 
being alert to students’ ways of thinking about this idea during 
instruction. His reflections on the results of his interactions with 
students (retrospective decentering) appear to have resulted in him 
constructing a generalized image of a student’s common way of 
thinking about graphing a point. These reflections in concert with 
gradual improvements in his own way of thinking about this idea 
(i.e., his first-order model) likely led to him adopting a new way of 
thinking about how to support students in conceptualizing points 
on a graph.

After discussing the meaning of the given point, Daniel asked a 
student to represent an increase in the time spent burning of 2 h as a 
vector from the given point on the graph, indicating a shift in his 
attention to developing students’ covariational reasoning. He then 
posed a hypothetical scenario, asking students to imagine that the 
candle stopped burning for 2 h, as presented earlier in Excerpt 4. After 
watching this part of the video, in the interview, Daniel’s first reaction 
was to criticize himself for this explanation by saying “I do not like my 
explanation here. I do not know why I am telling them to imagine the 
candle stopped burning.” This reaction illustrated that Daniel was 
perturbed about his teaching move and had trouble with making sense 
of it at first glance.

Then he continued with watching the video, in which a student 
came to the board and drew a horizontal arrow from the given point 
to represent an increase in the time spent burning of 2 h (Figure 7). 
After watching this, Daniel suddenly reacted “Ohh! I see, okay…I get 
the point I was trying to make here” and started to explain his way of 
thinking at that moment that led to his teaching move (excerpt 13):

Excerpt 13:

Daniel: So the reason I said, “imagine that the candle stopped 
burning and we increased the time by 2 h,” this was a dumb way 
to get students to draw this arrow [he is drawing the horizontal 
arrow in the graph in Figure 8] moving forward 2. Because if the 
candle stopped burning and we increased the time by 2 h, this 
point would just slide along like this [he is pointing at the 
horizontal arrow]. And then what I think I was going for was, 
“okay, now imagine if the candle did not stop burning and we still 
increased the time by 2 h,” we would still get this [horizontal] 
arrow but we would also… the point would also move down [he 
is drawing the vertical arrow in the graph in Figure 8.] So, I want 
them to be thinking, “okay, so it’s moving over and down at the 
same time.” So first just imagine the time changing and now 
imagine the time changing and the length changing at the same 
time. That would cause it [the point] to move diagonally down, 
right? Then you get a line like this [he is drawing the diagonal 
arrow in the graph in Figure 8.]

Daniel’s teaching in the spring semester and his reflections on 
the rationale for his instructional moves while watching the video 
revealed that his way of thinking about teaching students to engage 
in covariational reasoning had shifted dramatically since the fall 
semester. His explanations revealed novel thinking about 

instructional strategies for supporting students in conceptualizing 
and representing the simultaneous and continuous change in two 
quantities’ values. In particular, his explanation that his rationale for 
asking a student to draw the vectors was to support students in 
visualizing the candle’s burning time and remaining length changing 
continuously and simultaneously, was remarkable. It demonstrates 
him reflecting about instructional moves for advancing his students’ 
thinking and him effectively implementing an instructional strategy 
for supporting students in viewing graphing as constructing an 
emergent trace of two quantities’ values varying together.

His explanations show that Daniel was able to engage in 
emergent shape thinking when representing the smooth and 
continuous covariation in a CROC situation on a graph. However, 
his first attempt to support his students’ engagement in emergent 
shape thinking when teaching did not go smoothly. It is likely that 
viewing the video of his teaching and reflecting on the rationale for 
his instructional moves led to him refining his thinking about 
teaching emergent shape thinking in the context of teaching the idea 
of CROC.

FIGURE 7

A student’s use of a horizontal arrow to represent a 2-h increase in 
time.

FIGURE 8

Daniel’s diagonal arrow showing simultaneous changes in time and 
length.
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In the teaching video, Daniel continued by explaining the 
second question in the task, “how much will the length of the candle 
(in inches) change when the time spent burning increases by 2 h?” 
First, he attempted to use a similar scenario to explain the question: 
“Okay, now let us imagine that time is paused and the candle is 
suddenly…[a short pause] actually yeah…let us represent the 
decrease…sorry…how much will the length of the candle change 
in that 2.2…sorry…2-h period?” This excerpt illustrates him 
abandoning his scenario and reverting back to the question 
statement in the book. It appears that he decided at that moment 
that imagining “time is paused” while the candle has been burning 
would not be a productive way of thinking in the given situation. 
Moreover, his momentary hesitation related to his way of thinking 
impacted his explanation. After watching this part of the video, 
Daniel reacted by saying, “so this is me tripping over my own 
language there.”

In response to the second question in the task, “How much will 
the length of the candle (in inches) change when the time spent 
burning increases by 2 h? Represent this as a vector on the graph,” 
another student came to the board and drew a vertical arrow 
beginning from the end of the horizontal arrow to represent the 
decrease in the length of the candle when the time spent burning 
increases by 2 h (Figure 9). Daniel then directed the student to draw 
the arrow beginning from the given point instead of beginning from 
the end of the horizontal arrow. Thus, the student changed his drawing 
in a way that is seen in Figure 10. After watching this part of the video, 
in the interview (excerpt 14), he said:

Excerpt 14:

Daniel: I’m just frustrated with myself. He drew exactly the right 
thing and I’m going to tell him to change it. I do not like that I had 
him make that change. He has good imagery, and I’m screwing it 
up for him, which is why I’m frustrated. I have reasoning for it, 
but I do not agree with my own reasoning anymore.

Daniel was critical of his instructional move to direct the student 
to draw the (vertical) arrow beginning from the given point to 
represent the change in the length of the candle. His way of thinking 
about the graphical representation of covariation (i.e., first-order 
model) at that moment likely influenced his instructional decision. 
Moreover, he did not try to understand the student’s way of thinking 
and he guided the student toward his way of thinking. In contrast, 
when analyzing the video of his teaching episode, he considered the 
student’s perspective and thought about his imagery (retrospective 
decentering). He  also expressed dissatisfaction with his 
instructional move.

In the interview, the interviewer prompted Daniel to elaborate on 
his previous way of thinking (i.e., previous first-order model). His 
explanations in excerpt 15 show that Daniel was able to conceptualize 
the two quantities’ values varying simultaneously and continuously. In 
other words, he had a conception of a graph as a record of how the two 
quantities’ values vary in tandem. However, he also implied that his 
way of thinking affected his teaching negatively by saying “this is my 
physics thinking poisoning my teaching.” Although he thought that 
his imagery about the graphical representation of covariation was 
productive, he expressed that it is a hard way of thinking for students 
to represent the graph of CROC relationship.

Excerpt 15:

Daniel: The way I read this diagram [the graph in Figure 8] is that 
this point [the point on the graph in Figure 8] is being pushed right 
and down at the same time. I  was a physics major in my 
undergrad. So, this is my physics thinking poisoning my teaching. 
When I see an arrow I think like a push, like a force, like a vector. 
I  read this graph as a point is being pushed horizontally and 
vertically at the same time, which produces a diagonal push. I like 
to think about it this way, like to me, this is a really nice way to 
think about lines. But it’s a hard way to think about it.

Excerpt 16:

Daniel: Now, I would not do it this way anymore. If I’m lecturing 
now, I will always go with this [he started to draw the graph in 
Figure 11]. If we move over the time by 2 h how much does the 
length increase or decrease? Well, it would decrease by this much 
and then I would draw a point there. And you can say, “okay let us 

FIGURE 9

A student’s vertical arrow showing the decrease in length.

FIGURE 10

The student’s revised arrow placement following Daniel’s instruction.
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fill it in, what if we only moved by an hour?” then you get this 
point, right? You repeat this process a bunch of times with a bunch 
of different values of delta t. This is probably the more clear way 
of getting at this idea, as long as when you draw this diagram 
you say that “as time changes this much, the length changes by this 
much.” The “as” is very important.

Then he  explained his current way of thinking about a 
meaningful graphing activity for representing CROC (excerpt 16). 
As can be seen in Figure 11, he expressed that he used a horizontal 
vector to represent the change in time and a vertical vector to 
represent the change in the length of the candle on the coordinate 
plane. He added that this process should be repeated for different 
values of the change in time, which shows his conceptualization of 
continuous and smooth covariation between two quantities in a 
CROC situation. It is also noteworthy that, although Daniel 
believes that the sliding imagery (in Figure 8) precisely represents 
the continuous and smooth covariation, he argues that the power 
of the convention for graphing CROC in Figure 11 can be increased 
by verbalizing the covariation by using “as” while drawing the 
graph. This highlights his intent for students to conceptualize the 
two quantities’ values varying together.

To sum up, Daniel’s analysis of his previous teaching from fall 
semester and his explanations related to his current way of thinking 
about teaching CROC revealed some shifts in his way of thinking about 
teaching the idea, especially his way of thinking about teaching graphing 
of CROC functions. His previous way of thinking about teaching was 
primarily based on his own imagery (his first-order model) expressed 
in excerpt 13 and in Figure 8. Over time, however, his attempts to 
consider students’ perspective (in-the-moment decentering) and his 
retrospective reflections about the results of interactions with students 
(retrospective decentering) supported by PD seminars might have 
fostered shifts in his way of thinking about teaching the idea. His 
interactions with curriculum materials, and the instructional resources, 
that included detailed, conceptually focused solutions and explanations, 
might have been another source of the shifts in his approach.

6 Discussion and conclusion

This study explored a GTA’s ways of thinking about teaching 
CROC and compared shifts in his conception and teaching of CROC 
over two semesters, while using Pathways research-based materials 
and attending the aligned Pathways professional development. It seeks 
to advance both the existing research on mathematics teaching and 
the emerging body of research on professional preparation and 
development of GTAs in undergraduate education (e.g., Carlson et al., 
2024b; Ellis et al., 2016; Harris et al., 2009; Speer et al., 2005). The 
results revealed that, over time, Daniel was more focused on 
supporting students’ use of quantitative and covariational reasoning 
to construct a coherent image of how quantities in an applied setting 
are related and vary together. Our data also revealed how Daniel 
became more spontaneous and fluent in making instructional moves 
aimed at supporting a student in constructing meaningful function 
formulas and graphs.

In the fall semester, Daniel’s instruction was dominated by vague 
and occasionally confusing explanations, accompanied by an emphasis 
on procedures rather than understanding key precalculus concepts. 
These findings corroborated prior studies’ findings that possessing an 
advanced degree in mathematics do not guarantee the enactment of 
high-quality instruction (e.g., Bas-Ader and Carlson, 2022; Carlson 
et  al., 2022b; Musgrave and Carlson, 2017). Moreover, Daniel’s 
teaching videos from the fall semester revealed that he  rarely 
attempted to adopt a student’s perspectives when interacting with 
students. This finding is consistent with Bas-Ader and Carlson’s (2022) 
findings that it was uncommon for GTAs to engage in decentering 
actions when teaching. It also aligns with Carlson et  al.’s (2022b) 
observations, based on their work with instructors over the past 
15 years, that university precalculus instructors are primarily 
concerned with covering topics in a standard curriculum rather than 
understanding and advancing students’ thinking.

In contrast, in the spring semester, Daniel’s instructional practices 
were more aligned with pedagogical conventions that were introduced 
by the PPCPD project leaders (Carlson et al., 2022b). Specifically, 
he began to define quantities more precisely and emphasized variables 
as representations of the values that varying quantities can assume. 
He also began to frame covariation as involving a continuous change 
in two quantities’ values, rather than only considering how two 
quantities’ values changed over discrete intervals of one variable. 
These shifts align closely with PPCPD’s emphasis on the conventions 
of engaging in quantitative reasoning (Carlson et  al., 2022b) and 
“speaking with meaning” (Clark et al., 2008), practices that had been 
documented to support instructors in being consistent in using 
pedagogical practices that foster shifts in their students’ 
conceptualization of quantities in a problem context, and using 
formulas and graphs to represent how these quantities are related and 
vary together. Moreover, Daniel’s conceptualization of graphs as tools 
to represent dynamic quantitative relationships embodies the PD’s 
focus on covariational reasoning and representational fluency. His 
strategic use of a vector to represent a change in a quantity’s value and 
his emphasis on the role of the coordinate axes in depicting a quantity’s 
value suggest a conceptual re-orientation toward helping students 
perceive a CROC value as emerging from exploring the multiplicative 
relationship between the changes in two quantities’ values. In this way, 
the PPCPD appears to have supported Daniel in moving beyond 
formulaic instruction, enabling him to create learning environments 

FIGURE 11

Daniel’s revised diagram for illustrating changes in time and length.
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in which students can reason about relationships, not just perform 
computations—precisely the kind of learning gains the Pathways PD 
model is designed to foster (Carlson et al., 2024b).

Our findings illustrated that Daniel’s instructional practices (e.g., 
in the context of candle burning problem) were influenced by his 
mathematical meanings for the idea of CROC (i.e., his first-order 
models) as previously reported (e.g., Carlson et al., 2024a; Rocha, 
2023; Thompson, 2013). The shifts in his instructional practices 
appeared to be driven by changes in his mathematical meanings and 
ways of thinking about teaching the idea of CROC over time. Our 
findings also revealed that, during the second semester of teaching 
with the Pathways materials, Daniel constructed some generalized 
ways of thinking (i.e., epistemic students) that we conjecture emerged 
from his reflections on the results of his interactions with students 
(retrospective decentering), teaching with the Pathways materials, and 
participating in the Pathways professional development (Rocha, 
2023). These images of epistemic students along with the advancement 
of his first-order model over the two semesters likely fostered advances 
in his ways of thinking about teaching the idea of CROC, as 
highlighted in the framework (see Figure 1) introduced by Carlson 
et al. (2024a).

6.1 Conditions associated with shifts in the 
GTA’s teaching: features of the intervention

There exists a limited number of approaches that focus 
specifically on preparing GTAs as future instructors (Carlson et al., 
2024b; Ellis et al., 2016; Harris et al., 2009; Speer et al., 2005). In 
essence, these distinct projects and studies underscore the need for 
PD for GTAs and mathematics instructors to be research-informed, 
sustained, centered on deep conceptual understanding and student 
centered pedagogy, while being responsive to the challenges of 
shifting established teaching practices. They collectively affirm that 
systemic, data-driven support for instructor growth is key to 
improving undergraduate mathematics education. Among these, 
the PPCPD project is distinguished from more general GTA 
professional development initiatives through its provision of a fully 
integrated, continuously refined, research-based curriculum, 
coupled with ongoing professional development. This design 
actively engages instructors, including GTAs, in reconceptualizing 
core mathematical ideas and how they are learned, and in 
transforming their instructional practices to engage their students’ 
thinking and advance their understandings. Furthermore, its 
commitment to long-term institutional change, driven by data-
informed refinement and ongoing collaborative professional 
learning, further distinguishes the Pathways Precalculus innovation.

The shifts in Daniel’s instructional practices appear to 
be influenced by various features of the PPCPD project. Although 
our research design prevented us from drawing definitive 
conclusions about the factors driving specific shifts, discussing the 
possible role of specific features of the PPCPD innovation is 
still valuable.

Pathways curriculum materials support instructors in fostering 
productive reasoning patterns in their students that research has 
revealed to be essential for students’ construction of meaningful 
function formulas (e.g., Moore and Carlson, 2012; Thompson, 1988, 
1993) and graphs (e.g., Carlson et al., 2002; Moore and Thompson, 

2015). Similarly, these materials might have supported the progress 
in Daniel’s instructional practices over time. The structured 
cognitively scaffolded nature of the Pathways tasks might have 
played a pivotal role by functioning not only as tools for student 
learning but also as supports for Daniel’s own conceptual and 
pedagogical development. These tasks are intentionally designed to 
support students’ reasoning and understanding of core conceptual 
ideas central to the PPCPD—such as conceptualizing quantities and 
how they are related, defining variables precisely and using them 
meaningfully to represent quantitative relationships with formula 
and graphs, and differentiating between the relationship among 
quantities and the relationship among their changes. As Daniel 
prepared to use these tasks when teaching, he  was guided in 
supporting his students’ engagement in quantitative reasoning. This 
led to him gradually reshaping his instructional discourse and 
decision-making to have this focus. Rather than relying on 
procedural shortcuts or superficial explanations, Daniel began to 
foreground the structure and meaning of quantitative relationships, 
helping students trust and use their reasoning to make sense of 
function behavior in context. This was particularly evident in his 
use of graphs, where his instruction shifted from emphasizing 
point-plotting to interpreting graphs as representations of covarying 
quantities across intervals—a hallmark of the covariational 
reasoning emphasized in PPCPD (Carlson et al., 2024b). Through 
this repeated engagement with conceptually scaffolded tasks, Daniel 
appeared to develop a more coherent instructional approach, 
aligning more closely with the pedagogical conventions outlined by 
Carlson et  al. (2022b). The tasks acted as a lever for disrupting 
procedural habits and cultivating new instructional habits grounded 
in reasoning and meaning making. Our study suggests that when 
instructors consistently engage with such well-structured, educative 
materials, they are not merely transmitting content; rather their 
image of what is entailed in understanding and learning ideas 
advances, leading to their explanations and questions fostering their 
students’ reasoning about relationships between quantities, a shift 
that is essential for high-quality precalculus instruction. The 
PPCPD project distinguishes itself by embedding research-based, 
cognitively scaffolded investigations and tasks for students; and 
research-informed teacher resources and professional development, 
whereas Ellis et  al. (2016) describe more general instructional 
practices that were found to enhance precalculus instruction.

The instructor solutions and notes included in the PPCPD 
scaffolded investigations and homework might have influenced 
shifts in Daniel’s instructional practices, by functioning as tools for 
professional learning. These notes likely helped Daniel move 
beyond viewing tasks as isolated exercises in procedural fluency to 
viewing them as a means of supporting him in providing 
conceptually focused explanations and solutions. This shift in 
perspective might have also led to him adopting more student-
centered approaches in his teaching (e.g., encouraging students to 
construct a drawing to represent how quantities in a problem 
statement are related, precisely defining and referencing the 
quantities’ values represented by variables, terms and expressions). 
The exemplar student solutions and descriptions of common 
student conceptions might have contributed to his interest in 
understanding his students’ thinking. Furthermore, as Daniel 
engaged with these notes over time—particularly in the context of 
collaborative PD—he appeared to become more reflective about his 
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instructional decisions. He  also became more intentional in 
aligning his teaching with the broader goals of developing students’ 
mathematical thinking and conceptual understandings. Thus, 
instructional notes might contribute to Daniel’s pedagogical and 
conceptual growth.

Daniel attended 90-minute weekly professional development 
seminars concurrent with his teaching. An over-arching goal of the 
weekly seminars was to engage the instructors in completing the 
tasks they would use in their teaching during the upcoming week, 
while raising their awareness of the role and importance of the 
quantitative reasoning conventions (e.g., constructing a drawing of 
the quantities, defining variables precisely) in supporting their 
students’ conceptualization of quantitative relationships and how 
two quantities vary together. As elaborated elsewhere (e.g., Carlson 
et al., 2002; Moore and Carlson, 2012), it was through sustained 
research on student learning of precalculus and calculus ideas that 
the Pathways leaders became aware of quantitative reasoning as a 
cross-cutting way of thinking for understanding growth patterns in 
two quantities’ values as a foundation for constructing meaningful 
algebraic and graphic function models. As a result, the PD seminar 
leader was deliberate in posing questions to raise the GTAs’ 
awareness of mechanisms for engaging their students in using 
quantitative reasoning.

During the Pathways seminar the week before Daniel began 
his first CROC lesson, he  and the other GTAs completed and 
collaboratively examined the CROC-related tasks under the 
guidance of the professional development leader. These seminars 
might have been instrumental in helping Daniel develop a deeper 
understanding of and ability to implement pedagogical principles 
aimed at fostering students’ quantitative reasoning. However, the 
findings suggest that a single seminar is not sufficient; meaningful 
shifts in Daniel’s teaching practices emerged only after his weekly 
participation across two consecutive semesters in which 
he appeared motivated to align his teaching with the Pathways 
research-based learning goals. Thus, supporting GTAs in valuing 
Pathways learning goals and developing a shared vision of what 
effective mathematics instruction entails necessitates engaging 
instructors in tasks that support reflecting on understanding and 
learning precalculus ideas, while including opportunities for 
instructors to share their thinking and pedagogical strategies with 
their peers (Carlson et al., 2024b). We believe that the authors’ and 
seminar leader’s sustained focus on operationalizing these 
research insights into the Pathways professional development and 
curriculum were impactful in improving Daniel’s 
teaching practices.

Speer et al. (2010) point out that most collegiate mathematics 
professional development (PD) is not grounded in empirical 
research but instead relies on the “collective wisdom” of experienced 
instructors. While they call for a research-informed foundation to 
guide the design of PD, the PPCPD project puts this vision into 
practice by integrating empirical findings into both its curriculum 
materials and the structure of its PD activities.

7 Implications and limitations

This study revealed that shifting a GTA’s instruction to 
be more effective in implementing research-based learning goals 

is possible in a context where the instructor is using cognitively 
scaffolded materials and supported with ongoing professional 
development that is effective in helping him implement research-
based goals in his instructional practices. Our findings further 
revealed that during the first semester of using the materials 
Daniel’s instruction was sometimes incoherent and inconsistent 
with the Pathways research-based learning goals. Further 
research is needed to understand the teachers’ experiences during 
the initial workshop and their first semester of teaching with 
the materials.

We documented shifts in Daniel’s understanding of constant 
rate of change, his way of thinking about teaching constant rate of 
change, and his interactions with students when teaching the idea 
of constant rate of change. We  hypothesize that the scaffolded 
lessons, aspects of the instructor resources, and his participation in 
the weekly seminar contributed to the shifts.

By studying only one instructor we were able to perform a fine-
grained analysis of his use of quantitative reasoning and conception 
of the idea of constant rate of change and related instructional 
practices over two semesters of teaching with the Pathways 
materials. As a result, we  cannot assume that other instructors 
would make the same progress as Daniel when using the Pathways 
materials and attending the Pathways professional development 
over two semesters. We recommend that researchers continue to 
examine how using research-based precalculus materials impacts 
other precalculus instructors.

It would also be useful to investigate student thinking and 
learning over the first few years (3–4 semesters) of using the 
Pathways materials. We  can report that Daniel’s students had 
significant learning gains relative to their understanding and 
using precalculus ideas, and that more generally, Pathways 
precalculus students’ learning gains are significantly better than 
when the same instructor was using a different curriculum 
(McNicholl et  al., 2021). When designing future research, 
we  recommend studying teachers with diverse mathematical 
backgrounds and/or when teaching other precalculus ideas. 
We  have provided a general description of the instructional 
resources6 Daniel used but did not investigate how Daniel used 
them or how they impacted his conceptions and teaching. A fine-
grained study that focuses on Daniel’s planning and resource use 
is needed to investigate these questions.

This study was conducted in the context of a sustained 
research project in which the research-based student materials, 
instructor resources, and professional development strategies had 
been repeatedly studied and refined in small-scale qualitative 
studies. We  believe Daniel’s shifts and his successful 
implementation of the research-based materials could be partially 
attributed to the cognitive scaffolding and research insights 
embedded in the Pathways materials. In addition, it is noteworthy 
that all materials had been repeatedly studied and revised to 
assure their accessibility to Pathways students and usability for 
Pathways teachers. These features of the Pathways materials made 
it possible for teachers to be  successful in using the materials 
during their first semester of using the materials. As a result, 

6  A more detailed description can be found in Carlson et al. (2024b).
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we caution others to refine and pilot their instructional resources 
to assure their usability, coherence, and logical scaffolding prior 
to studying their impact on a teacher’s conceptions and 
instruction and their students’ learning.
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