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The dilatancy of marine sands highly depends on the complex cyclic stress paths 
caused by waves. A series of the axial-torsional coupling cyclic loading tests 
are performed on the saturated marine sands under isotropically consolidated 
condition by using the Hollow Cyclic Apparatus (HCA). The dilatant behavior 
of saturated sands is investigated under complex stress paths, as well as the 
correspondent mathematical model. The results are summarized as follows: The 
volumetric strain of sands is composed of a completely reversible component 
and an irreversible component. The cyclic stress path has significant effects on 
the development of volumetric strain. The equivalent cyclic stress ratio (ESR), 
which is defined as the ratio of the mean value of the maximum stress in a 
loading cycle to the initial effective confining pressure can be used as an index 
to quantitatively characterize the cyclic stress paths of the soil sample under 
wave-induced axial-torsional loading. The accumulated volumetric strain (εvd,ir) 
increment may be uniquely correlated to the applied ESR, which accumulates 
linearly with the increase of ESR. By introducing ESR, A stress-dependent 
normalized εvd,ir incremental model of the saturated sands under complex 
cyclic loading was presented. Retrospective simulation of a laboratory test using 
the proposed model shows good agreement, calibrating the reliability of the 
model. However, the modified Byrne model significantly underestimates the 
volumetric strain accumulation of the saturated marine sands under the axial-
torsional coupling cyclic loading, which was built on the data of direct shear 
tests. The proposed model provides a practical tool for estimating the long-
term accumulation of volumetric strain and consequent settlement in offshore 
foundation soils, such as those supporting wind turbines or pipelines, under the 
action of complex storm-wave loading.

KEYWORDS

complex cyclic stress path, continuous rotation of the principal stress direction, cyclic 
stress path, dilatancy, equivalent cyclic stress ratio 
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1 Introduction

With the intensification of global marine resource exploitation, 
the oceans have emerged as crucial elements in international 
port engineering, offshore energy facilities, cross - sea corridors, 
and island infrastructure development (Juan et al., 2025). The 
foundations of these large - scale projects are exposed to 
long - term cyclic wave loads, and their dynamic response 
characteristics directly impact the long-term safety and stability 
of superstructures (Chen et al., 2024). Saturated marine sand, as the 
primary constituent of these foundations, demonstrates volumetric 
deformation behavior under wave loads, which is a key factor 
in controlling the development of cumulative deformation and 
settlement. The cyclic stresses induced by waves are characterized 
by variable amplitudes, involve the rotation of the principal 
stress axis, and follow complex stress paths (Yue et al., 2023). At 
present, the soil dynamics theory based on conventional continental 
sand reveals significant limitations when applied to this special 
geological material. For instance, conventional models derived 
from triaxial tests on continental sands often neglect the effects of 
continuous principal stress axis rotation and the coupled variation 
of axial and shear stresses, which are inherent to wave-induced 
loading. Furthermore, empirical parameters calibrated for simple 
stress paths (e.g., uniaxial compression) may lead to significant 
underestimation of volumetric strain when applied to the complex 
elliptical paths experienced by marine sands. Therefore, there is 
a substantial theoretical necessity and engineering urgency to 
investigate the variable characteristics of saturated marine sand
under wave loads.

Ishihara and Towhata (1983) initially observed the phenomenon 
of continuous rotation of the principal stress axis of seabed soil 
induced by travelling waves. They derived the analytical solution 
for the alternating shear and deviatoric stresses generated by surface 
waves with equal - wavelength harmonics in an elastic seabed. Their 
findings indicated that the principal stress axis rotates continuously 
through 180°, while the deviatoric stresses remain invariant. Based 
on the analytical solution of the dynamic response of a seabed 
with finite thickness under the action of linear regular waves, 
Wang et al. (2017) demonstrated that the stress path of a finite 
- thickness elastic seabed under the influence of linear regular 
waves takes the form of a non - standard ellipse. Drawing on the 
analytical solution of the dynamic response of a finite-thickness 
seabed under the action of standing waves, Zhou et al. (2021) 
deduced the dynamic stress paths of soil elements within the 
seabed. They concluded that for a soil element located at the 
wave node, its dynamic stress path is a line segment on the 
longitudinal axis; for one located at the wave antinode, it is a line 
segment on the transverse axis; and for those situated between 
the wave node and the wave antinode, the dynamic stress path 
assumes a non-standard elliptical shape. These aforementioned 
elliptical stress paths share the characteristics of continuous 
rotation of the principal stress axis and continuous variation of 
the dynamic stress amplitude. Consequently, it is necessary to 
simultaneously account for the coupling effect of vertical and
shear forces.

Under both drained and undrained cyclic shear conditions, 
the volume variations in saturated sandy soil and the response of 
pore - water pressure manifest an inherently consistent physical 

mechanism. The volumetric strain (εv) generated by drained cyclic 
shear corresponds to the growth characteristics of the excess pore -
water pressure (ue) induced by cyclic shear under undrained 
conditions, suggesting that both stem from the same physical 
process. Moreover, when the excess pore water pressure generated 
during undrained cyclic loading dissipates, the resulting soil 
deformation can be mainly ascribed to the compaction effect of 
sand under drained conditions. Experimental findings demonstrate 
that there is a coupling effect between the shear behavior and 
the volume compression response in saturated sandy soil, where 
cyclic shear induces plastic volumetric strain. The pore - pressure 
models established by Martin et al. (1975), Dobry et al. (1985), and 
Chen et al. (2019) all share a common premise: in strain-controlled 
constant amplitude cyclic tests, there is a quantitative relationship 
between the increment of volumetric strain produced by one cycle 
under drained conditions and the increment of pore pressure caused 
by the same strain - amplitude cycle under undrained conditions, 
and this ratio is a constant modulus independent of the testing 
method. Zhang (2000) found that the shear-induced volumetric 
change in sandy soils consists of reversible and irreversible 
volumetric strain components through is consolidated drainage 
cycle torsional shear tests. Notably, the shear - compression coupled 
pore - pressure model developed by Chen et al. (2019) based 
on the CTD (Compressive Tensile Test) experiment significantly 
underestimated the cumulative strain εvr in cyclic axial - torsional 
composite shear tests. This phenomenon indicates that both cyclic 
loading patterns and stress - path configurations significantly 
influence the cumulative strain behavior of saturated sand under 
cyclic loading conditions.

While the aforementioned studies provide valuable insights into 
soil behavior under principal stress rotation, most are conducted 
under idealized or simplified stress paths (e.g., pure rotation, 
fixed amplitude). A critical gap remains in quantitatively linking 
the full spectrum of elliptical stress path parameters (amplitude, 
shape, inclination) to the volumetric strain accumulation of 
marine sands under conditions that more faithfully simulate the 
multi-directional nature of real wave loading. A multitude of 
studies (Duku et al., 2008; Yee et al., 2014; Wu et al., 2020; 
Symes et al., 1988; Miura et al., 1986; Gutierrez et al., 1991; 
Yuan et al., 2024; Xiong et al., 2016) have demonstrated that 
the volumetric deformation characteristics during drainage shear 
are notably influenced by factors such as the initial effective 
consolidation stress, relative density, and the magnitude of cyclic 
shear stress. Qin et al. (2024) conducted drainage experiments with 
varying cyclic stress paths to systematically investigate the effects 
of relative density (Dr), cyclic stress path, and stress level on strain 
characteristics (εv) in saturated coral sand bodies. The experiments 
demonstrated that cyclic stress paths significantly influence the 
accumulation rate of εv within the stress loop, while the peak 
volume strain (εvp) increases in an arctangent function pattern with 
repeated cycles. Moreover, the experimental results indicated that 
pure principal stress axis rotation leads to bulk shrinkage in soil. 
The plastic strain increment of sand shows inconsistency between 
the principal stress axis and the plastic strain axis, which implies 
remarkable non - coaxial behavior. Tong et al. (2010) conducted 
pure principal stress axis cyclic rotation drainage tests, keeping the 
amplitude of the effective principal stress acting on the specimen 
constant while cyclically rotating the principal stress axis between 
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0° and 180°. Their research findings disclosed that pure principal 
axis rotation can generate plastic deformation of the same order of 
magnitude as that of fixed principal stress axis monotonic shear. The 
intermediate principal stress coefficient exerts a significant influence 
on the deformation characteristics of sand under this stress path. 
These studies offer valuable perspectives for comprehending the 
drainage shear behavior of marine sand under complex dynamic 
stress paths induced by complex wave loads.

The drainage shear characteristics of marine sandy soils, 
being one of their essential mechanical properties, occupy a 
prominent position in the theoretical framework of soil dynamics 
ontology (Zhang and Wang, 2024). As reviewed above, although 
significant progress has been made in understanding cyclic soil 
behavior, predictive models for volumetric strain accumulation 
often rely on parameters calibrated from tests with fixed principal 
stress directions or simple shear modes (e.g., Martin et al., 1975; 
Byrne, 1991; Chen et al., 2019). A robust framework that 
can incorporate the defining features of wave-induced stress 
paths—variable amplitude, principal stress rotation, and coupled 
axial-shear components—is still lacking for marine sands. To 
overcome the limitation of CSR in characterizing complex 
stress paths with continuous principal stress rotation, this study 
introduced the Equivalent Cyclic Stress Ratio (ESR), which 
physically represents the average intensity of cyclic shear stress 
experienced by a soil element over a complete loading cycle. 
To examine the drainage shear characteristics of marine sand 
under wave-induced elliptical dynamic stress paths, a series of 
isotropic consolidation axial-torsional coupled cyclic loading 
tests were carried out on saturated fine sand from the Bohai Sea 
using a hollow cylindrical torsion-shear apparatus (HCA). By 
introducing characteristic parameters that quantify both the shape 
and magnitude of elliptical stress paths, this research explores the 
dilatancy behavior of saturated marine sand under wave-induced 
complex stress paths and establishes a quantitative approach for 
assessing volumetric strain. 

2 Test materials and methods

2.1 Test apparatus and specimen stress 
conditions

The tests employed the Hollow Cylinder Apparatus (HCA) 
manufactured by GDS Instruments Ltd., UK, to conduct drained 
coupled axial-torsional cyclic loading tests. The HCA facilitates 
coupled cyclic loading in both the axial and torsional directions. 
Axial and torsional loads are applied at the base of the specimen. 
Force transducers for measuring axial force and torque are located 
at the specimen top, while displacement transducers for measuring 
axial displacement and angular rotation are positioned at the 
specimen base. The maximum dynamic axial and torsional loads 
are 10 kN and 30 Nm, respectively, with a maximum loading 
frequency of 5 Hz for both modes. Confining pressures (outer 
cell pressure and inner cell pressure) and back pressure are 
applied and measured using standard pressure/volume controllers, 
with a maximum capacity of 2 MPa. Back pressure is applied 
at the specimen base, and pore pressure is measured at the 
specimen top. A detailed description of the HCA testing accuracy 

and the data processing procedures employed can be found in 
references (Chen et al., 2016; Zienkiewicz et al., 1980; Prasanna and 
Sivathayalan, 2021).

Figure 1a illustrates the stress state of a thin-walled specimen 
element in the HCA. The instrument’s control and loading 
parameters indicated in the figure are as follows: ri, ro = inner 
and outer radii of the specimen, respectively; ui, uo = inner radial 
displacement and outer radial displacement of the specimen during 
shearing, respectively; pi = inner cell pressure, po = outer cell 
pressure; W = axial force; MT = torque. The stress components acting 
on the thin-walled specimen element are depicted in Figures 1b,c: 
σz = axial stress; σr = radial stress; σθ = hoop (circumferential) stress; 
τzθ = shear stress in the plane perpendicular to the radial direction; 
σ1, σ2, σ3 = major, intermediate, and minor principal stresses of the 
element, respectively; α = orientation angle of the major principal 
stress; θ = torsional displacement (angle of twist) generated in the 
specimen during shearing. The relationships between these stress 
components are presented in Figure 1d.

2.2 Test materials, preparation, saturation 
and consolidation

All the marine sand was sourced from the site of the China Three 
Gorges New Energy Jiangsu Dafeng H8 - 2# 300 MW offshore wind 
farm project, which is situated in the southwestern part of the Yellow 
Sea, north of Maozhusha in Dafeng District, Yancheng City, Jiangsu 
Province. Specific details are presented in Figure 2. The offshore 
distance from the center of the site is 72 km, and the theoretical 
water depth ranges from 7.5 to 20.9 m. The sand predominantly 
consists of chalky sand with a shallow depth of 30 m. The sand 
exhibits a grey color, is saturated and loose, and contains quartz, 
feldspar, and a small quantity of clay in the surface layer. The primary 
minerals are quartz and feldspar, with occasional traces of shell 
debris and a small amount of clay particles. A significant amount of 
silt is mixed in the surface layer of some machine sites. The particles 
are angular, with a particle specific gravity (Gs) of 2.70, an average 
particle size of 0.15 mm, an inhomogeneity coefficient of 2.11, a 
coefficient of curvature of 0.97, a maximum porosity ratio (emax) of 
1.29, and a minimum porosity ratio (emin) of 0.63. The gradation 
curve is depicted in Figure 3. The in - situ CPTu test revealed a 
cone tip resistance of 5.67 MPa, a sidewall friction resistance of 
35.98 kPa, and a pore water pressure of 12.5 kPa. The in-situ shear 
wave velocity was approximately 150 m/s, and there seems to be an 
error in the repeated statement “the in-situ shear wave velocity was 
about 1.5 kPa” which is ignored as it likely contradicts the previous 
velocity value.

The specimen was a hollow cylinder with an outer diameter of 
100 mm, inner diameter of 60 mm, and height of 200 mm. To ensure 
uniformity of specimen preparation, the layer-by-layer vibration 
compaction method was employed. The specimen was compacted 
in five layers. For each layer, the required mass of particles for 
each grain size fraction was calculated according to the gradation, 
weighed separately, uniformly mixed, and then slowly poured into 
the mold. Subsequently, each layer was compacted to the target layer 
height using a compaction hammer. The drop hammer had a mass of 
1 kg and a free fall height of 15 cm. Saturation of the specimen was 
achieved through a three-step procedure: 1) CO2 flushing: carbon 

Frontiers in Earth Science 03 frontiersin.org

https://doi.org/10.3389/feart.2026.1738337
https://www.frontiersin.org/journals/earth-science
https://www.frontiersin.org


Wu et al. 10.3389/feart.2026.1738337

FIGURE 1
Stress state and stress calculation formulas for hollow cylindrical specimen: (a) loads on hollow cylindrical specimen; (b) stress components on an 
element; (c) principal stresses on an element; and (d) equations representing all stresses.

FIGURE 2
Geographical locations of the sampling (Huanghai Sea, off the coast of Dafeng District, Yancheng City, Jiangsu Province, China).

dioxide (CO2) was percolated through the specimen for 15 min to 
displace the air. 2) De-aired water percolation: de-aired water was 
then flushed from the bottom to the top of the specimen until 
no air bubbles were observed exiting the top. 3) Stepwise back-
pressure saturation: back pressure was applied incrementally in 
stages. Following the stepwise back-pressure saturation, the pore 
pressure coefficient B was measured. A specimen was deemed 
saturated if the measured B-value exceeded 0.95. The saturated 
specimen was then subjected to isotropic consolidation under an 
initial effective confining pressure σ3c' of 100 kPa. 

2.3 Test program

The controlled loading path traces an ellipse in the [τzθ, (σz-
σθ)/2] stress space. This path achieves a stress variation pattern 
characterized by continuous rotation of the principal stress axes, 
where the normal deviatoric stress, shear stress, and resultant 
generalized deviatoric stress (composed of both components) all 
undergo cyclic variations. As illustrated in Figure 4, the shape of this 
elliptical stress path is primarily defined by three key parameters: 
the major axis (b), the ratio of minor axis to major axis (a/b), and 
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FIGURE 3
Particle grading curves of marine sands.

FIGURE 4
Schematic illustration of the typical loading path in testing. (a) τzθ/(σz − σθ)/2. (b) W/(qyc(γθ

2−γ1
2))/T. (c) MT/(qyc(γθ

3−γ1
3))/T.

the inclination angle (β). Once these three characteristic parameters 
are specified, the stress path is uniquely defined. When a = 0, the 
ellipse degenerates into an inclined straight line. When a = b, the 
ellipse evolves into a circle.

To systematically investigate the influence of density state and 
stress path on the dilative behavior of saturated Nanjing fine 
sand, the relative density (Dr) of the sand was categorized into 
three levels: 35%, 50%, and 70%, corresponding to loose, medium-
dense, and dense states, respectively. For specimens sharing the 

same Dr value, cyclic elliptical stress paths with different cyclic 
stress ratio (CSR = qcyc/σ3c'), a/b, β were applied. The loading 
frequency was maintained at 0.1 Hz. The loading frequency was 
maintained at 0.1 Hz. This frequency was selected for three 
primary reasons to ensure both representativeness and experimental 
validity: 1) It falls within the central range of typical wave loading 
frequencies (0.05–0.2 Hz) observed in offshore environments, 
thereby representing common storm-wave conditions; 2) It ensures 
fully drained conditions throughout the cyclic tests, allowing pore 
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TABLE 1  Drained bi-direction cyclic loading test scheme.

Specimen ID Dr = 35% Specimen ID Dr = 50% Specimen ID Dr = 70%

a/b β/° CSR a/b β/° CSR a/b β/° CSR

E-35-1.0-45-0.15 1.0 45 0.15 E-50-1.0-45-0.15 1.0 45 0.15 E-70-1.0-45-0.15 1.0 45 0.15

E-35-1.0-45-0.20 1.0 45 0.20 E-50-1.0-45-0.20 1.0 45 0.20 E-70-1.0-45-0.20 1.0 45 0.20

E-35-1.0-45-0.25 1.0 45 0.25 E-50-1.0-45-0.25 1.0 45 0.25 E-70-1.0-45-0.25 1.0 45 0.25

E-35-1.0-45-0.30 1.0 45 0.30 E-50-1.0-45-0.30 1.0 45 0.30 E-70-1.0-45-0.30 1.0 45 0.30

E-35-0.5-30-0.15 0.5 30 0.15 E-50-0.5-30-0.15 0.5 30 0.15 E-70-0.5-30-0.15 0.5 30 0.15

E-35-0.5-45-0.15 0.5 45 0.15 E-50-0.5-45-0.15 0.5 45 0.15 E-70-0.5-45-0.15 0.5 45 0.15

E-35-0.5-60-0.15 0.5 60 0.15 E-50-0.5-60-0.15 0.5 60 0.15 E-70-0.5-60-0.15 0.5 60 0.15

E-35-0.5-30-0.20 0.5 30 0.20 E-50-0.5-30-0.20 0.5 30 0.20 E-70-0.5-30-0.20 0.5 30 0.20

E-35-0.5-45-0.20 0.5 45 0.20 E-50-0.5-45-0.20 0.5 45 0.20 E-70-0.5-45-0.20 0.5 45 0.20

E-35-0.5-60-0.20 0.5 60 0.20 E-50-0.5-60-0.20 0.5 60 0.20 E-70-0.5-60-0.20 0.5 60 0.20

E-35-0.5-30-0.25 0.5 30 0.25 E-50-0.5-30-0.25 0.5 30 0.25 E-70-0.5-30-0.25 0.5 30 0.25

E-35-0.5-45-0.25 0.5 45 0.25 E-50-0.5-45-0.25 0.5 45 0.25 E-70-0.5-45-0.25 0.5 45 0.25

E-35-0.5-60-0.25 0.5 60 0.25 E-50-0.5-60-0.25 0.5 60 0.25 E-70-0.5-60-0.25 0.5 60 0.25

E-35-0.5-30-0.30 0.5 30 0.30 E-50-0.5-30-0.30 0.5 30 0.30 E-70-0.5-30-0.30 0.5 30 0.30

E-35-0.5-45-0.30 0.5 45 0.30 E-50-0.5-45-0.30 0.5 45 0.30 E-70-0.5-45-0.30 0.5 45 0.30

E-35-0.5-60-0.30 0.5 60 0.30 E-50-0.5-60-0.30 0.5 60 0.30 E-70-0.5-60-0.30 0.5 60 0.30

E-35-0.0-45-0.15 0.0 45 0.15 E-50-0.0-45-0.15 0.0 45 0.15 E-70-0.0-45-0.15 0.0 45 0.15

E-35-0.0-45-0.20 0.0 45 0.20 E-50-0.0-45-0.20 0.0 45 0.20 E-70-0.0-45-0.20 0.0 45 0.20

E-35-0.0-45-0.25 0.0 45 0.25 E-50-0.0-45-0.25 0.0 45 0.25 E-70-0.0-45-0.25 0.0 45 0.25

E-35-0.0-45-0.30 0.0 45 0.30 E-50-0.0-45-0.30 0.0 45 0.30 E-70-0.0-45-0.30 0.0 45 0.30

water to freely flow without generating excess pore pressure, 
which is crucial for accurately isolating the mechanical response 
of the soil skeleton; and 3) It is compatible with the dynamic 
performance characteristics of the HCA system and aligns with 
the study’s focus on long-term cumulative deformation rather than 
transient dynamic response. Where qcyc = √τ2 + (σv − σθ)

2/4|max is 
the cyclic deviatoric stress amplitude. In coupled axial-torsional 
cyclic loading tests, qcyc is conventionally employed to represent 
the deviatoric stress amplitude, describing the variation in the 
magnitude of the deviatoric stress. Its physical meaning corresponds 
to the major axis length of the elliptical stress path. The specific 
experimental program is summarized in Table 1. Specimen ID 
were designated according to the following naming convention:
E-Dr-a/b-β-CSR. 

3 Test results and discoveries

3.1 Analysis of typical test results subjected 
to complex cyclic loading

To elucidate the mechanism of volumetric strain accumulation 
under complex cyclic loading, a detailed analysis of the stress-strain 
response is first presented. The following typical results not only 
demonstrate the apparatus’s capability to replicate prescribed stress 
paths but also provide the foundational data for understanding the 
subsequent decomposition of volumetric strain into reversible and 
irreversible components, as well as the influence of stress path.

Figure 5 presents typical test results of marine sand under cyclic 
elliptical stress paths, including: comparison of measured versus 
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FIGURE 5
Typical results of the drained bi-directional cyclic loading test. (a) τzθ/(σz − σθ)/2. (b) Axial strain, εz/%/The number of cycle, N; Shear strain, γzθ/%/The 
number of cycle, N. (c) Excess pore water pressure, ue/kPa/The number of cycle, N. (d) Axial stress, σz/kPa/Axial strain, εz/%. (e) Shear stress, 
τzθ/kPa/Shear strain, γzθ/%. (f) Volumetric strain, εvd/%/The number of cycle, N.

theoretical stress paths in the [τzθ, (σz-σθ)/2] stress space; time 
histories of axial strain (εz), shear strain (γzθ), and excess pore water 
pressure (ue); hysteretic loops of σz versus εz; hysteretic loops of 
τzθ versus γzθ; time history of volumetric strain (εvd). The following 
observations can be drawn from Figure 5: (a) The HCA instrument 
demonstrated its capability to accurately simulate the prescribed 
coupled cyclic stress paths; (b) The σz-εz relationship exhibited 
distinct hysteretic loops, these loops were initially unclosed, 
indicating significant plastic deformation occurred during the early 
loading cycle; (c) as the number of cycles (N) increased, the 
hysteretic loops transitioned from unclosed to closed, and their 
enclosed area progressively decreased. This evolution signifies the 
soil approaching a critical state; (d) throughout the test, the εz
development with increasing N comprised two distinct phases: a 
phase of rapid growth followed by a phase of stable accumulation. 
This behavior is primarily attributed to changes in the irreversible 
dilative component during the initial N ; (e) during the coupled axial-
torsional cyclic loading, the ue value of the specimen consistently 
remained within the range of 0 ∼ 1 kPa. No significant accumulation 
of ue was observed, indicating that pore water could freely flow into 
or drain out of the specimen.

The observed stress-strain responses, particularly the evolution 
of hysteretic loops and the development of axial strain, are direct 
manifestations of the underlying “intrinsically consistent physical 
mechanism” mentioned in the introduction, which couples shear 
deformation with volumetric change. The following decomposition 
of total volumetric strain into reversible and irreversible components 
allows for a more direct examination of this coupling effect under 
complex stress paths. The cyclic volumetric strain is defined as half 
the difference between the maximum and minimum volumetric 

strain (εvd) values within a single cycle (Xu et al., 2025), and the 
accumulated volumetric strain is defined as the average of the 
maximum and minimum εvd values within a cycle. As evident 
in Figure 5, εvd comprises a reversible cyclic strain component 
(εvd,re) and an irreversible accumulated strain component (εvd,ir). 
This decomposition aligns with the experimental findings of Zhang, 
(2000), Duku et al. (2008), and Wichtmann et al. (2005). The 
reversible component (εvd,re) is elastic in nature and does not induce 
changes in the effective stress state of the soil. For soil dynamics 
characteristics, the focus is often on permanent deformations and 
accumulated pore water pressure, which are intrinsically linked to 
the irreversible accumulated strain component (εvd,ir). Therefore, 
the primary investigation centers on the influence of density state 
and stress path on εvd,ir for the saturated sand. Key experimental 
findings as following: 1) εvd,ir is irrecoverable, representing plastic 
deformation. εvd,ir consistently manifested as monotonic volume 
compression; 2) By convention, εvd,ir is defined as negative during 
dilation and positive during contraction; 3) The increasing rate 
of εvd,ir was highest during the initial stages of cyclic loading. 
Furthermore, the maximum rate of change within each half-cycle 
consistently occurred at the point of shear stress reversal; 4) The 
increasing rate of εvd,ir progressively diminished with increasing N, 
asymptotically approaching zero as the soil reached the critical state.

To further investigate the differences in εvd increments of 
saturated marine fine sand under various cyclic stress paths induced 
by wave loading, supplementary tests were conducted on saturated 
marine fine sand with Dr = 50%. These included pure cyclic 
compression-tension loading test and pure cyclic torsional loading 
test, both controlled at a CSR of 0.20. Figure 6 presents the 
relationships between εvd and N for the specimens under pure 
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FIGURE 6
Volumetric strain time-histories of the saturated sands under different cyclic stress paths.

compression-tension loading, pure torsional loading, and coupled 
axial-torsional loading. The following key observations are drawn 
from the figure: consistent with the behavior observed under 
coupled axial-torsional loading, εvd,ir under both pure compression-
tension loading and pure torsional loading increased with N.
Furthermore, the increasing rate of εvd,ir first decrease rapidly as N
increases, and then gradually approach 0. At an identical CSR, the 
development of εvd,ir with increasing N was essentially consistent 
between the two simple stress paths (pure compression - tension and 
pure torsion). The magnitude of εvd,ir developed under the complex 
stress path (coupled axial-torsional loading) was significantly greater 
than that developed under either simple stress path. This finding 
indicates that previous experimental studies based solely on simple 
stress paths (either pure compression-tension or pure torsion) 
underestimated the development of εvd,ir in saturated marine sand. 
Additionally, εvd,re under pure compression-tension loading was 
slightly greater than that observed under coupled axial-torsional 
loading. The value of εvd,re under pure torsional loading remained 
essentially zero. This behavior arises because εvd,re is induced by 
the periodically varying mean effective stress, which is present in 
pure compression-tension loading but absent in pure torsion (where 
mean effective stress remains constant).

3.2 Volumetric strain accumulation 
characteristics and influencing factors

Conventionally, in the estimation of site settlement induced by 
earthquake ground motions, the accumulated volumetric strain at 
N = 15, denoted as (εvd,ir)15, is used to approximate the settlement 
for an earthquake magnitude of M = 7.5 (Duku et al., 2008). 
This convention provides a well-established and widely understood 
reference point for characterizing strain accumulation under cyclic 
loading. Beyond its seismic origin, the parameter (εvd,ir)15 has 
proven to be an effective and stable normalization benchmark in 

various cyclic loading studies, as it captures a representative stage 
of strain development while minimizing the influence of early-
cycle variability. Furthermore, in view of the effectiveness and 
applicability of (εvd,ir)15 in the normalizing the volumetric strain 
accumulation characteristics of soil subjected to cyclic loading 
(Duku et al., 2008; Yee et al., 2014; Tokimatsu and Seed, 1987), the 
accumulated volumetric strain at the 15th cycle (εvd,ir)15 is analyzed 
herein to investigate the εvd,ir development in marine sand subjected 
to wave-induced complex cyclic loading. Figure 7 presents the 
relationship curves between the (εvd,ir)N/(εvd,ir)15 and N for various 
test conditions. The results demonstrate that: for specimens with 
identical Dr, the (εvd,ir)N/(εvd,ir)15 values under different complex 
stress paths are distributed within a relatively narrow band as N 
increases. This observation indicates that the influence of stress path 
on (εvd,ir)N/(εvd,ir)15 is relatively minor. Consequently, the analysis 
can focus primarily on the relationship between (εvd,ir)N/(εvd,ir)15
and N. The (εvd,ir)N/(εvd,ir)15 be reasonably and simply expressed as 
a logarithmic function of N: 

f(N) = (εvd,ir)N/(εvd,ir)15 = C2 ln [C1N+ 1] (1)

where C1 and C2 are fitting parameters.
As can be seen from the above, for the given Dr, (εvd,ir)15 is the 

key parameter characterizing the volumetric strain accumulation 
characteristics of saturated marine sands. Figure 8 presents the 
relationship between (εvd,ir)15 and CSR for saturated marine sands. 
The figure reveals that CSR significantly influences the development 
of (εvd,ir)15. For specimens with given a/b, β, and Dr, (εvd,ir)15
increases rapidly with increasing CSR. However, for specimens 
sharing the same Dr, identical CSR, and identical β, the magnitude 
of (εvd,ir)15 increases with increasing a/b. Furthermore, the influence 
of a/b cannot be normalized into a unified pattern across the CSR vs. 
(εvd,ir)15 relationship curves. This behavior stems from the fact that 
CSR solely characterizes the variation in deviatoric stress amplitude 
(represented by the semi-major axis length of the ellipse) but fails 
to adequately capture changes in the shape of the stress path, such 
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FIGURE 7
Correlation between the (εvd,ir)N/(εvd,ir)15 and N for all tests.

FIGURE 8
Relationship between (εvd,ir)15 and CSR.

as the minor-to-major axis ratio (a/b). The deformation of the 
specimen is essentially induced by the coupled action of the axial 
stress amplitude and the shear stress amplitude. For coupled axial-
torsional cyclic loading tests sharing the same b value but differing in 
a/b, the applied stress paths differ, consequently leading to distinct 
shearing effects (e.g., differences in non-coaxiality).

Figure 9 illustrates the influence of β on (εvd,ir)15 at a constant 
CSR. As shown, β has no significant effect on (εvd,ir)15; that is, 
once CSR falls below a specific threshold value, (εvd,ir)15 becomes 
virtually independent of β. For marine sand across different 
Dr values, this threshold CSR value is approximately 0.20. This 
finding aligns with Xu et al. (2014), who likewise observed no 
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FIGURE 9
Relationship between (εvd,ir)15 and β

significant influence of the elliptical inclination angle β on the cyclic
resistance.

The preceding experimental results demonstrate the limitations 
of CSR when used to analyze coupled cyclic loading tests, specifically 
its inability to adequately represent the effective stress level 
experienced by soil elements undergoing continuous principal stress 
rotation. To address this, (Huang et al., 2015). [29] proposed 
the term Equivalent cyclic stress ratio (ESR) to characterize the 
magnitude of cyclic stress under complex stress paths, ESR serves as 
a more comprehensive index than CSR, as it integrates both the axial 
and shear stress amplitudes over the entire elliptical path, thereby 
better representing the effective cyclic stress level under conditions 
of principal stress rotation. ESR is defined as Equation 2: 

ESR = qequ/σ
′
3c

qequ =
1
T

T

∫
0

|q(t)|dt = 1
T

T

∫
0

√τ2 +(
σv − σθ

2
)

2
dt

(2)

Where, T represents the cyclic loading period, |q(t)| denotes the 
distance from any point on the stress path to the origin. Thus, qequ
physically represents the average intensity of cyclic loading, defined 
as the mean value of the maximum cyclic shear stress experienced 
by the soil element. For elliptical stress paths, the equivalent cyclic 
stress q(t) and qequ can be explicitly expressed as Equation 3: 

q(t) = √(τd · sin(
2π
T

t))
2
+(

σd

2
· cos(2π

T
t+φ))

2

qequ =
1
T

T

∫
0

|q(t)|dt = (0.64 ∼ 1)qcyc

(3)

Where, τd is the cyclic shear stress amplitude, σd is the cyclic 
axial stress amplitude. For elliptical stress paths where qequ cannot be 
obtained through direct integration, numerical integration methods 
may be employed for its evaluation.

Figure 10 illustrates the relationship between (εvd,ir)15 and 
ESR for specimens with various Dr. For given Dr, regardless 
of whether the stress paths are identical, the (εvd,ir)15 values of 
saturated sand with different ESR values are distributed within a 
narrow band. Moreover, (εvd,ir)15 increases linearly with rising ESR, 
demonstrating a strong correlation. This indicates that ESR can serve 
as a characteristic parameter to effectively describe complex stress 

paths involving principal stress axis rotation. At the same Dr, ESR 
can ideally characterize the (εvd,ir)15 under different stress paths: 

(εvd,ir)15 = C3(ESR−ESRt) (4)

where C3 are fitting parameter. In addition, as shown in Figure 10, 
saturated marine sand exhibits a distinct volumetric threshold 
cyclic stress ratio ESRt, When ESR is below ESRt, no εvd,ir
develops; once ESR exceeds this threshold, the εvd,ir increases 
rapidly with further increases in ESR. The pore pressure ratio 
under undrained conditions shares the same physical basis as 
the volumetric strain under drained conditions. Therefore, ESRt
is of significant importance for understanding and addressing 
geodynamic problems induced by cyclic loading, such as seismic 
excitation, ocean wave action, and pile-driving vibrations. Ivsic 
(2006) and Park et al. (2015) suggested that the threshold cyclic stress 
ratio can be determined based on the threshold shear strain (γtv). For 
saturated sand, the γtv ranges from 0.014% to 0.023%, corresponding 
to ESRt = 0.05 to 0.06.

4 A new stress-dependent 
accumulated volumetric strain 
incremental model

Under cyclic loading, the accumulated volumetric deformation 
of cohesionless soil under fully drained conditions shares the same 
physical mechanism as the generation of excess pore pressure 
under undrained conditions. An accurate and efficient accumulated 
volumetric strain incremental model represents a key scientific 
issue for the investigation of dynamic response characteristics 
and stability assessment of marine engineering structures—such 
as offshore wind turbines, oil platforms, and subsea pipelines and 
cables—in complex multi-hazard environments involving waves, 
tsunamis, storm surges, or earthquakes. By combining Equations 1, 
4, it can be obtained: 

(εvd,ir)N = C3 ·C2 ln [C1N+ 1] · λ (5)

Differentiating Equation 5 with respect to N yields the 
parametric expression for volumetric strain increment: 

Δεvd,ir

λ
= C1C2C3 · exp(− 1

C2C3

εvd,ir

λ
) (6)
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FIGURE 10
Correlation between (εvd,ir)15 and ESR

In Equation 6 letting k1 = C1C2C3 and k2 = 1/(C2C3), it can be 
obtained that: 

Δεvd,ir

λ
= k1 · exp(−k2

εvd,ir

λ
) (7)

Where: 

λ = ESR−ESRt (8)

The model requires only two parameters k1 and k2. Analysis 
reveals that k1 and k2 exhibit strong dependence on Dr. To establish 
a more precise relationship between k1, k2 and Dr, three additional 
tests were conducted on saturated marine sand at Dr = 60%, with 
specific test conditions detailed in Table 2. Figure 11 presents the 
relationship curves between k1, k2 and Dr. As illustrated, both k1 and 
k2 demonstrate rapid increase with growing Dr. For the tested sand, 
k1 and k2 can be expressed as power functions of Dr: 

k1 = 2.143(Dr)
2.904 + 0.469,R2 = 0.975 (9)

k2 = 3.419(Dr)
3.982 + 0.358,R2 = 0.993 (10)

Therefore, combine Equations 7–10, a stress-dependent model 
can be established to characterize the accumulated volumetric strain 

TABLE 2  Cases of supplementary test.

Specimen ID Dr/% a/b β/° CSR

E-60-0.0-45-0.20 60 1.0 45 0.15

E-60-0.5-45-0.20 60 1.0 45 0.20

E-60-1.0-45-0.20 60 1.0 45 0.25

development characteristics of saturated marine sands subjected to 
wave-induced complex cyclic loading.

Byrne (1991) modified the strain-dependent accumulated 
volumetric strain increment model originally proposed by 
Martin et al. (1975) into an exponential function form. This 
refined model contains only two parameters with more explicit 
physical significance, and has been extensively applied in 
effective stress dynamic analysis methods (Azadi et al., 2010; 
Long et al., 2013; Zhao et al., 2017). 

Δεvd

γ
=m1 · exp(−m2

εvd

γ
) (11)
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FIGURE 11
Relationships between k1, k2 and Dr.

FIGURE 12
Comparison between the measured and predicted volumetric strain time-histories based on different models.

Based on Byrne model (Equation 11) and incorporating results 
from strain-controlled drained/undrained multistage and single-
stage cyclic triaxial tests, Chen et al. (2019) developed a modified 
Byrne model suitable for saturated continental sand subjected to 
conventional cyclic loading, the modified strain-dependent Byrne 
model is expressed as follows: 

Δεvd

(γ− 0.02)0.125 =m1 · exp[−m2
εvd

(γ− 0.02)0.125 ] (12)

Where m1 = 7.05(Dr)
−0.5, m2 = 0.15/m1.

The modified strain-dependent volumetric strain increment 
model proposed by Chen et al. (2019) (Equation 12) and the 

stress-dependent accumulated volumetric strain incremental 
model (Equations 5, 7 and 8) established in this study were 
respectively employed to predict the accumulated volumetric 
strain development of saturated mairne sand (Dr = 60%) under 
complex cyclic loading conditions. The comparative results are 
presented in Figure 12. As shown, the predictions from the modified 
Byrne model underestimate the experimental measurements, 
whereas the stress-dependent model established in this study 
demonstrates significantly better agreement with the experimental 
data. This discrepancy arises because the modified Byrne model 
was developed based on direct shear test data, which cannot 
adequately capture the coupled effects of axial stress amplitude 
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TABLE 3  Quantitative error analysis of model predictions.

Test case (specimen ID) Proposed stress-dependent 
model

Modified byrne model

R2 RMSE (×10-3) R2 RMSE (×10-3)

E-35-1.0-45-0.20 0.978 1.05 0.885 2.98

E-35-0.5-60-0.25 0.981 1.12 0.901 2.76

E-50-0.0-45-0.15 0.983 0.92 0.908 2.15

E-50-1.0-45-0.30 0.972 1.34 0.879 3.22

E-50-0.5-30-0.20 0.985 0.89 0.915 2.08

E-70-0.5-45-0.25 0.989 0.74 0.924 1.95

E-70-1.0-45-0.20 0.991 0.68 0.931 1.82

Mean (all cases) 0.983 0.95 0.907 2.42

Standard deviation 0.007 0.22 0.018 0.45

and shear stress amplitude variations on soil volumetric strain
development.

To comprehensively evaluate the predictive accuracy and 
robustness of the proposed stress-dependent model, its performance 
was compared with the modified Byrne model across multiple 
representative test conditions. These conditions were selected to 
cover a range of relative densities (Dr), stress path shapes (a/b), 
inclination angles (β), and cyclic stress ratios (CSR). The coefficient 
of determination (R2) and the root mean square error (RMSE) were 
calculated for each case. The results are summarized in Table 3.

As summarized in Table 3, the proposed stress-dependent model 
consistently achieves superior predictive accuracy across all test 
conditions. It exhibits higher R2 values (closer to 1) and significantly 
lower RMSE values compared to the modified Byrne model. The 
proposed model’s performance is also more stable, as indicated by 
its lower standard deviations for both R2 (0.007 vs. 0.018) and 
RMSE (0.22 × 10−3 vs. 0.45 × 10−3). This comprehensive quantitative 
assessment confirms the robustness and reliability of the proposed 
model for predicting volumetric strain accumulation under a wide 
spectrum of wave-induced complex cyclic loading conditions. 

5 Conclusion

This study systematically conducted axial-torsional coupled 
cyclic shear tests on saturated marine sand under wave-induced 
complex cyclic loading to investigate its cumulative volumetric 
strain behaviour, and a corresponding stress-dependent incremental 
cumulative volumetric strain model was established, the conclusion 
is as follows: 

1. This study elucidated the physical mechanism governing 
volume strain accumulation in saturated marine sand under 
complex stress paths induced by wave action. Experimental 
findings demonstrated that conventional models based on 

uniaxial loading significantly underestimate actual volume 
strain accumulation due to their failure to account for 
the continuous rotation of principal stress axes and stress 
coupling effects.

2. Research has revealed that when cumulative strain is 
normalised to the strain value at week 15, the normalised 
strain under different stress paths converges towards a unified 
logarithmic function relationship with the progression of cycle 
counts. This normalisation pattern exhibits minimal influence 
from stress paths, providing direct justification for simplifying 
engineering models with complex wave load histories and 
predicting long-term deformation.

3. To overcome the limitations of the conventional cyclic 
stress ratio (CSR) in characterising coupled amplitude-path 
behaviour, this study proposes the equivalent cyclic stress ratio 
(ESR). By integrating stress ellipse strength, ESR provides 
a unified characterisation of volume strain accumulation 
patterns across different ellipse shapes (a/b) and inclination 
angles (β), while identifying a stress threshold for volume 
strain accumulation (ESRt ≈ 0.05–0.06).

4. Based on ESR, this study established a stress-dependent 
volumetric change increment model requiring only two 
parameters related to relative density. Validation demonstrated 
that this model significantly outperforms the modified Byrne 
model based on direct shear tests in predicting volumetric 
change development under coupled loading, providing a more 
reliable tool for assessing long-term settlement of marine 
engineering foundations.
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