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The subsurface media in reality are often electrically anisotropic, thus it is necessary to investigate the response characteristics of surface-borehole Azimuthal induced polarization (SBIP) in principal axis anisotropic media. This paper presents a 3D forward modeling of SBIP in principal axis anisotropic media by incorporating tensor conductivity of anisotropic formations into the secondary potential method and equivalent resistivity theory, with numerical implementation through the finite element method. The accuracy of the forward algorithm was validated using an isotropic spherical model in borehole-surface configuration. By constructing multiple sets of three-dimensional (3D) principal-axis anisotropic models, we analyze the response characteristics of apparent resistivity and apparent polarizability under varying excitation azimuths. The simulation results demonstrate that the apparent resistivity and apparent polarizability exhibit the highest sensitivity to anisotropic variations along the Z-axis of the anomalous body, followed by the X-axis, while the Y-axis shows the least sensitivity. This study is not only helpful to improve the theoretical basis of azimuthal induced polarization method when the formation is electrically an-isotropic, but also has certain reference value for subsequent data processing and interpretation.
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1 INTRODUCTION
The borehole induced polarization method places the source or receiver in the borehole, fully utilizing the advantages of the induced polarization method (Pan et al., 2009). Unlike conventional surface-induced polarization (IP) methods, where either the source or receiver (or both) is deployed on the surface, this approach positions one or both components within the borehole. This configuration substantially enhances the effective exploration range in practical applications, particularly in scenarios where surface-based methods exhibit limited efficacy. Such cases include near-borehole environments, blind ore bodies at the borehole bottom, and deeply concealed mineralization. The borehole induced polarization method demonstrates significant advantages in such exploration scenarios, particularly for metallic ore deposits. Notably, in prospecting weakly magnetic or non-magnetic mineral deposits, SBIP exhibits distinct technical superiority over conventional geophysical exploration methods (Spitzer and Chouteau, 2003; Osiensky et al., 2006; Pan, 2013; Li, 2016; Xue et al., 2020). In the early 1960s, researchers classified the operational modes of borehole induced polarization (IP) methods into three types based on the spatial configuration of the source and receiver: surface-borehole, borehole-surface, and borehole-borehole methods (Cai et al., 1983).
The surface-to-borehole azimuthal induced polarization (IP) method demonstrates significant advantages including high signal-to-noise ratio observations, enhanced resolution, and operational convenience of electrode deployment, exhibiting superior exploration efficacy for detecting blind orebodies adjacent to boreholes (Spitzer and Chouteau, 2003; An et al., 2018). In recent years, numerous scholars worldwide have conducted extensive research on the surface-to-borehole azimuthal induced polarization (IP) method, yielding significant advancements in both theoretical frameworks and practical applications (Su et al., 2012; Shen et al., 2017; Chen et al., 2019; Zhou et al., 2020; Chen, 2022; Mao et al., 2023). Wilkinson and Chambers successfully achieved three-dimensional resistivity imaging of mine stratigraphic structures employing surface-to-borehole 3D electrical resistivity tomography (ERT) technology (Chambers et al., 2007; Wilkinson et al., 2008). Lv Yuzeng and collaborators demonstrated the unique advantages of surface-to-borehole azimuthal induced polarization (IP) method for target localization and spatial characterization through systematic 3D forward modeling of canonical geoelectric models (e.g., cuboids, sheet-like bodies) and comprehensive analysis of multi-azimuth electrical response characteristics (Lv, 2008; Lv et al., 2012; Zhang et al., 2013; Wang et al., 2018). Li Jinghe et al. pioneered the surface-to-borehole vertical electromagnetic Walkaway profiling method. Utilizing a 3D integral equation numerical modeling platform, they systematically simulated and analyzed the quantitative relationships between target body resistivity responses, geometric parameters (size/burial depth), and spatial positions (offset from borehole) under variable surface-to-borehole offset configurations. This work established a novel technical approach for combined surface-borehole exploration in oilfield development (Li and He, 2012). Guo et al. conducted systematic investigations on the induced polarization (IP) response characteristics of spherical and sheet-like geological bodies using the analytical projection method, thereby establishing optimal survey design criteria for surface-to-borehole azimuthal IP configurations (Guo et al., 2015). Wang performed finite element modeling (FEM) of low-resistivity, high-polarization step models for borehole-surface, surface-borehole, and cross-borehole configurations, and evaluated the inversion performance of different array types using model-constrained Occam’s inversion algorithm (Wang, 2018). Currently, the forward and inverse theory research on surface-borehole induced polarization is well-developed, but it is mostly based on the assumption of isotropic media.
The above-mentioned research on surface-borehole azimuthal IP was conducted under the assumption of isotropic media, but as research deepened, it was found that the electrical characteristics of actual strata exhibit anisotropy (Mann, 1965). In recent years, scholars have conducted extensive exploration into the electrical anisotropy characteristics of underground media (Chlamtac and Abramovici, 1981; Li and Pedersen, 1991; Wang, 2002; Hou and Mallan, 2006; Yan et al., 2014; Liu et al., 2018; Yu, 2018; Liu, 2020; Zhu et al., 2021; Sun et al., 2024). Studies have shown that electrical anisotropy can increase the difficulty of subsequent data processing and interpretation. Therefore, this paper first develops a three-dimensional forward modeling algorithm for surface-borehole induced polarization considering electrical anisotropy using the finite element method and performs forward simulations by constructing geological models with different directional electrical anisotropy. The study specifically analyzes the apparent polarizability and apparent resistivity response characteristics of these models. This research is of great significance for the processing and interpretation of surface-borehole IP data when facing electrical anisotropy issues in practical exploration.
2 METHODS
2.1 Theory of anisotropic media
The difference between anisotropic and isotropic media in electrical characteristics manifests in their mathematical representations: the conductivity and polarization in anisotropic media are expressed as tensors, whereas these parameters in isotropic media typically take scalar forms (Equation 1):
ρ=σ−1,σ=σxxσxyσxzσyxσyyσyzσzxσzyσzz,η=ηxxηxyηxzηyxηyyηyzηzxηzyηzz(1)
In the actual derivation and calculation process, the general conductivity tensor σ can be obtained by applying three Euler rotations to the principal axis conductivity tensor σ0 (Equation 2). Similarly, any polarization tensor η can be derived by applying Euler rotations to the principal axis polarization tensor (Yin, 2010).
σ0=σx000σy000σz(2)
The specific derivation process is as follows: First, the principal axis conductivity tensor σ is rotated counterclockwise by an angle α around the z-axis, which is perpendicular to the x-y plane in the Cartesian coordinate system. Then, the new coordinate system is rotated counterclockwise by an angle β around the x1 axis. Finally, a third coordinate system is obtained by rotating counterclockwise by an angle γ around the z2 axis. At this point, the general conductivity tensor can be obtained (Equation 3) (Liu et al., 2018):
σ=Dσ0D−T(3)
where D=D1D2D3 is the rotation matrix of three counterclockwise rotations (Equations 4–6).
D1=cos⁡α−sin⁡α0sin⁡αcos⁡α0001(4)
D2=1000cos⁡β−sin⁡β0sin⁡βcos⁡β(5)
D3=cos⁡γ−sin⁡γ0sin⁡γcos⁡γ0001(6)
The angles α, β, and γ are the anisotropic strike angle, anisotropic dip angle, and anisotropic declination angle, respectively (Pek and Santos, 2006).
2.2 Anomalous potential method
In previous studies, we know that for the resistivity method, U represents the total potential value, which is often the most important parameter. In actual research, U is composed of two parts (Equation 7): the normal potential u0 and the anomalous potential u (Xu, 1994):
U=u0+u(7)
In the actual numerical calculation process, the anomalous potential, generated by the anomaly body, is significantly influenced by the point source. By using the anomalous potential method, the influence of the point source can be avoided. The specific derivation process is as follows (Figure 1).
[image: Diagram shows that the area is composed of a ground boundary Γs and an underground boundary Γ∞. When abnormal bodies appear in the σ₁ medium, set their electrical conductivity σ₂. The electrical conductivity of the surrounding rock medium is σ₀ = σ₁, σ₀ represents the electrical conductivity of the medium at the location of the power source, Ω₁, Ω₂, n₁, n₂ represents the areas occupied by σ₁ and σ₂ and the outward direction.]FIGURE 1 | Uneven geoelectric cross section (Xu, 1994). (A: the point source; σ1: the conductivity of the background medium; σ2: the conductivity of the anomalous body; ΓS: the surface boundary; Γ∞: the infinite boundary; Ω1: the region filled by σ1; Ω2: the region filled by σ2; n1: the outward direction of Ω1; n2: the outward direction of Ω2).Let the region Ω consist of the ground boundary Γs and the subsurface boundary Γ∞. When an anomalous body with conductivity σ2 appears in the σ1 medium, the conductivity of the surrounding medium is set as σ1 = σ0. σ0 is the conductivity of the medium where the power supply is located. Ω1, Ω2, u1, u2 represent the areas where σ1, σ2 are located and the anomalous potential.
The relationship between the potentials u1 and u2 at two points infinitely close on both sides of the regions Ω1 and Ω2 is (Equation 8):
u1=u2(8)
At the interface, the normal component of the current density perpendicular to the interface is equal (Equation 9).
σ1∂u1∂n=−σ2∂u2∂n(9)
Where n represents the normal direction of the interface.
On the ground surface, the normal component of the potential is zero (Equation 10) (Lv, 2008).
∂u∂n=0∈Γs(10)
At the infinite boundary Γ∞, the mixed boundary conditions are satisfied (Equation 11) (Lv, 2008).
∂u∂n+cosr,nru=0∈Γ∞(11)
In the above equation, r represents the distance between A and the spatial boundary, and n denotes the outward normal direction of the spatial boundary.
This leads to the differential equation for u and its boundary conditions (Equation 12) (Wang, 2015):
∂u∂n=0∈Γsu1=u2∈Γσ1∂u1∂n1+σ2∂u2∂n2=−σ2∂u0∂n1+σ2∂u0∂n2∈Γ∂u∂n+cosr,nru=0∈Γ∞∇·σu=−∇·σ′u0(12)
In the equation, σ represents the electrical conductivity of the underground space, while σ′ represents its residual conductivity value.
By transforming it into a variational problem, we obtain (Equation 13) (Wang, 2015):
Fu=∫Ω1/2σ∇u2+σ′∇u0·∇udΩ+∫Γ∞σu2⁡cosr,n2r+σ′u0u⁡cosr,nrdΓσFu=0(13)
2.3 Equivalent resistivity method
According to Seigel’s theory (Seigel, 1959), in forward simulation, the primary field potential is solved first. Then, using the equivalent resistivity method, the original model’s anisotropic resistivity ρ is replaced by the equivalent resistivity ρ*, and a second calculation is performed to obtain the total field potential (polarization field potential). The secondary field potential is obtained by subtracting the primary field potential from the total field potential.
Where ρ*s represent the equivalent apparent resistivity, ρs represent the apparent resistivity, η represent the anisotropic polarization rate, ηs represent the apparent polarization rate, and K represent the device coefficient.
The corresponding theoretical expressions are as follows (Equations 14–17):
ρ*=ρ1−η(14)
ρs=KΔU1I(15)
ρs*=KΔUI(16)
ηS=ΔU2ΔU×100%=ΔU−ΔU1ΔU×100%=ρs*−ρsρs*×100%(17)
2.4 Three-dimensional forward modeling theory of SBIP
In Figure 2, the potentials at the vertices of the tetrahedron are represented, and the potential at any point inside the tetrahedron can be obtained as u (Equation 18):
u=∑i=14Niui(18)
Ni is the shape function, which represents the volume ratio of the two tetrahedrons.
[image: A schematic diagram of a tetrahedron labeled with vertices 1, 2, 3, and 4. In the figure, dashed blue lines extend from vertex 1 to vertices 2, 3, and 4, respectively, intersecting at point P inside the tetrahedron.]FIGURE 2 | Tetrahedral structure.The element matrices are assembled into the global matrix. By integrating the four terms in the variational formation of the anomalous potential method (Equation 13), the following can be obtained (Equation 19):
Fu=∑σ2uTK1eu+σ′uTK1eu0+σ2uTK2eu+σ′uTK2eu0=12uTKu+uTK′u0(19)
Setting the variation of the above equation to zero, the following is obtained (Equation 20):
Ku=K′u0(20)
Equation 20 is solved using the improved symmetric successive over-relaxation preconditioned conjugate gradient iteration algorithm (SSOR-PCG) (Lin, 1998). For Ax = b, matrix A is set as an n - order symmetric positive definite matrix, and the preconditioning matrix M is represented as (Equation 21):
M=2−ω−1Dω+LDω−1Dω+LT(21)
For the above equation: D is the diagonal matrix of A; L is the lower triangular matrix of A; ω is the relaxation factor, which is a constant between 0 and 2.
Assuming the source is a point on the surface, and the subsurface conductivity σ = σ0, the normal potential u0 is (Equation 22):
∇·σ0∇u0=−2IδA(22)
The normal potential u0 can be calculated analytically from Equation 23, while the anomalous potential is obtained by solving Equation 20. The sum of both gives the total potential value (Equation 23).
u0=ρI4πR(23)
Where R represents the distance between the receiver point and the source point. It is important to note that ρ is in tensor form at this point.
3 ALGORITHM VALIDATION
3.1 Isotropic sphere model
This paper validates the accuracy of the surface-borehole induced polarization algorithm by constructing a uniform isotropic low-resistivity spherical model. The constructed spherical model is shown in Figure 3, where the surrounding rock has a resistivity of 100 Ω m (high-resistivity surrounding rock), and the anomaly is a 10 Ω m low-resistivity sphere (radius 1 m). The anomaly is buried at a depth of 10 m, with its center located 2 m from the borehole. The source is set 10 m from the borehole entrance on the surface, and the measurement line is located inside the borehole with 30 measurement points, spaced 1 m apart. The measurements were conducted using a three-electrode array configuration. The error analysis is performed by comparing the three-dimensional forward modeling results in this paper with the analytical solution to verify its accuracy (Lv, 2008).
[image: The diagram illustrates a 3D isotropic surface-to-borehole spherical model in the X-Z direction. The source is located on the surface (A), and the borehole is at a distance L from the source. M and N are downhole measurement electrodes with a spacing of 1 meter. A total of 30 measurement points were surveyed. There exists a low-resistivity spherical body with a resistivity of 10 Ω.m and a radius of 1 meter. The center of the sphere is buried at a depth of 10 meters and is located 2 meters away from the receiving borehole. The resistivity of the half-space is 100 Ω.m.]FIGURE 3 | Schematic diagram of a three-dimensional complex isotropic Surface-borehole spherical model.The comparison results are shown in Figure 4. The three-dimensional forward modeling results in this paper fit very well with the analytical solution, with the maximum absolute error being only 1.2%, indicating that the azimuthal surface-borehole induced polarization forward modeling algorithm proposed in this paper has good accuracy and effectiveness.
[image: The graph illustrates the relationship between potential and survey station, featuring three curves: a solid line representing the analytical solution, a dashed line indicating the relative error, and red circles denoting the numerical solution. The potential decreases from 1.6V to approximately 0.5V. The relative error initially rises, drops sharply around station 11, and then stabilizes, with the maximum relative error being less than 1.8%.]FIGURE 4 | Comparison of numerical and analytical solutions.4 THE RESPONSE OF BSIP
The forward simulation of the SBIP method, considering electrical anisotropy, was implemented using the geoelectric model shown in Figure 5 (other azimuthal surface-borehole models are designed according to different distances from the borehole entrance). The source A0 is set at the coordinates (0, 0, 0), which is also the location of the borehole. The anomaly is set at a depth of 610 m underground, 70 m from the borehole (measurement line), and the specific size of the anomaly is 100 m × 100 m × 50 m. The measurement line is arranged in a vertical downward direction, with the first measurement point located 450 m from the borehole entrance and the last measurement point 750 m from the borehole entrance. The distance between measurement points MN is 2 m. The measurements were conducted using a three-electrode array configuration.
[image: The diagram illustrates a surface-to-borehole induced polarization model in the X-Z direction. The source is located at the wellhead(A0). M and N are down-hole measurement electrodes with a spacing of 2 meters. Measurements were conducted from a depth of 450 meters down to 750 meters below the surface, comprising a total of 151 measurement points. The size of the anomalous body is 100 meters × 100 meters × 50 meters. The top boundary is buried at a depth of 585 meters. The left boundary is located 20 meters away from the well. An anisotropic conductivity matrix formula is presented in the lower left corner of the model.]FIGURE 5 | Schematic diagram of Surface-borehole induced polarization model.The surface source azimuth distribution is shown in Figure 6, where the azimuth A0 is located at the borehole entrance, A1 (200,0,0) is the primary azimuth, A2 (-200,0,0) is the reverse azimuth, and the other two azimuths, A3 (0,200,0) and A4 (0, −200,0), are auxiliary azimuths. The distance L from the azimuth to the borehole entrance is 200 m.
[image: The diagram illustrates the surface power source layout for the azimuth surface-to-borehole induced polarization method. Points A0, A1, A2, A3, and A4 represent different current-injection azimuths, connected by lines to form a cross-shaped distribution. Among them, point A0 is located at the wellhead, point A1 serves as the primary azimuth, point A2 as the opposing azimuth, and the remaining two points, A3 and A4, are auxiliary azimuths. The distance L from each point to the wellhead is 200 meters.]FIGURE 6 | Schematic diagram of the azimuth distribution of Surface-boreholes (A0 (0,0,0), A1 (200,0,0), A2 (-200,0,0), A3 (0,200,0), A4 (0,-200,0)).This paper uses a free tetrahedral mesh to discretize the model. To improve accuracy, local mesh refinement is applied at the source, measurement line, and anomaly locations. The number of mesh divisions for different azimuth models is shown in Table 1. The mesh discretization is shown in Figure 7 (Azimuths A3 and A4 have the same azimuth characteristics relative to the anomaly, and the observation results are consistent; therefore, only the A3 model is shown).
TABLE 1 | Mesh generation results in different directions.	Mesh generation result
	Model type	Total number of complete grid cells	Total number of nodes
	A0	302,237	51,635
	A1	302,251	51,624
	A2	303,562	51,866
	A3	303,038	51,790


[image: The diagram illustrates the mesh discretization schematic of the azimuthal surface-to-borehole model. Subfigures (a), (b), and (c) present cross-sectional views in the X-Z direction, each depicting the excitation source, measurement points, and anomalous body within a turquoise matrix, labeled sequentially as A0, A1, and A2. Subfigure (d), labeled A3, displays a three-dimensional perspective view showing the distribution of the excitation source, measurement points, anomalous body, and borehole, with the x, y, and z coordinate axes clearly indicated.]FIGURE 7 | Azimuth Surface-borehole model meshing diagram (a) A0 azimuth model meshing map; (b) A1 azimuth model meshing map; (c) A2 azimuth model meshing map; (d) A3 azimuth model meshing map.4.1 Principal axis isotropic media
Before conducting the study of electrical anisotropy characteristics, it is necessary to perform a preliminary analysis of the response characteristics under isotropic conditions. Therefore, an isotropic surrounding rock and anomaly are set for the surface-borehole five-azimuth model, with the isotropic conductivity tensors set as follows: σ=0.010000.010000.01S·m−1, σ=100010001S·m−1
The polarization tensor of the anomaly’s principal axis with isotropic polarization rate is: η=0.50000.50000.5. The polarization rate of the surrounding rock is not considered, and the current is 50 A.
Figures 8, 9 show the forward modeling results of the surface-borehole azimuthal induced polarization model under isotropic conditions. Analyzing the surface-borehole azimuthal IP response helps understand the characteristics of the observed anomaly curves. The anomalous field caused by a horizontal plate-like body can be considered as the result of the combined effect of multiple dipole fields (Lv et al., 2012). From the anomaly curves, we can see the response characteristics of sources in different directions to anomalous bodies. When observing A0 azimuth, the influence of anomalous body can be regarded as the function of vertical electric dipole field, and the abnormal curves of apparent resistivity and apparent polarizability are symmetrically distributed. At the center of anomalous body, the direction of anomalous field is opposite to that of normal field, and both apparent resistivity and apparent polarizability will have extreme values. Near the upper and lower boundaries of the anomalous body, the direction of the anomalous field is the same as that of the normal field, and the anomalous curve as a whole shows the opposite characteristics of high resistance and low polarization. When observed in A1 azimuth, the influence of the anomaly can be regarded as the action of an inclined electric dipole field, and the anomaly curve is not symmetrical. Above the center of the anomaly, the anomaly field is opposite to the normal field, resulting in low resistance and high polarization anomaly. Near the center of the anomaly, the apparent resistivity is the smallest and the apparent polarizability is the largest. Near the lower boundary of the anomalous body, the anomalous field is in the same direction as the normal field, and there are high resistance and negative polarization. When observed in A2 azimuth, the response of anomalous body is opposite to that in A1 azimuth. When observing in A3 and A4 directions, the influence of the anomaly can be equal to that of the vertical electric dipole field, so it is basically consistent with the result of A0 response.
[image: The line graph showing apparent resistivity (rho_s in ohm meters) against depth in meters. The graph features four lines with different symbols: circles (A0), squares (A1), diamonds (A2), and triangles (A3, A4). Depth ranges from 400 to 800 meters. The apparent resistivity reaches its minimum value near the anomalous body.]FIGURE 8 | Anomalous curve of apparent resistivity in isotropic media.[image: The line graph illustrates the variation of apparent polarizability with depth. Different symbols represent different current-injection azimuths: circles denote A0, squares denote A1, diamonds denote A2, and triangles denote A3 and A4. The apparent polarizability reaches its maximum value near the anomalous body.]FIGURE 9 | Anomalous curve of apparent polarizability in isotropic media.4.2 Anomalous body with isotropic polarizability and anisotropic conductivity in principal axes
First, the polarization axis of the anomaly is set to be isotropic, while its conductivity characteristics are set to be anisotropic. In this case, the conductivity tensor of the anomaly in the surface-borehole azimuthal model is represented by σ=0.0200010001S·m−1, σ=10000.020001S·m−1, σ=100010000.02S·m−1. While, its polarization tensor is set as: η=0.50000.50000.5. It should be noted that the surrounding rock is isotropic, with electrical properties as follows: the conductivity is 0.01S·m−1 and the polarization is 0. The current is 50 A. A comparative analysis is conducted on the apparent resistivity and apparent polarization response characteristics when the conductivity is anisotropic in different azimuths.
Figure 10 shows the apparent resistivity and apparent polarization curves of the principal axis anisotropy of the anomalous body conductivity when the source is in the A0 direction. From the apparent resistivity curve on the left side of Figure 10, it can be seen that the response characteristics are almost identical to the isotropic response, with little change in the primary field. Only when the anomalous body conductivity is anisotropic in the x-axis direction, the apparent resistivity response shows slight differences compared to the isotropic anomalous body. From the apparent polarization curve on the right side of Figure 10, it can be seen that when the anomalous body apparent polarization is anisotropic in the x-axis direction, the apparent polarization changes significantly compared to the isotropic case. At the center of the anomalous body, the apparent polarization increases, exhibiting high polarization anomalies, while above the anomalous body, the apparent polarization slightly decreases. When the anomalous body conductivity is anisotropic in the z-axis direction, the response change in the apparent polarization is the most significant. At the center of the anomalous body, the apparent polarization undergoes a noticeable jump, reaching up to six times that of the isotropic anomalous body, showing a high polarization anomaly. Moreover, the apparent polarization also exhibits significant deviation below and above the anomalous body. Therefore, when the anomalous body conductivity is anisotropic in the z-axis direction, the response effect on the apparent polarization is the most significant, because the anisotropic high resistance direction is consistent with the current diffusion direction, followed by the x-axis direction, while the y-axis direction has little effect. This is because the anisotropy in the horizontal direction has little influence on the current that diffuses vertically downward. The anisotropy of each principal axis does not significantly affect the apparent resistivity. The reason is that the A0 direction is closest to the anomalous body, and there is no good coupling relationship between the current diffusion direction and the anisotropy direction of the three principal axes, so the anisotropy of the principal axes has no great influence on the apparent resistivity.
[image: The two figures respectively illustrate the variations of apparent resistivity and apparent polarizability with depth under different principal-axis conductivity anisotropy conditions at the A0 azimuth. The left figure presents four curves (circles, squares, diamonds, and triangles) showing the variation of apparent resistivity with depth under different principal-axis conductivity σ conditions. The right figure displays a similar representation for apparent polarizability. Both figures include legends specifying the specific conditions represented by each symbol.]FIGURE 10 | A0 azimuth conductivity anisotropy anomaly plot (Left: apparent resistivity, right: apparent polarizability).Figure 11 shows the apparent resistivity and apparent polarization curves of the anomalous body conductivity anisotropy when the source is in the A1 direction. In the apparent resistivity anomaly curve, the anisotropy response characteristics in different directions show significant differences. When the anomalous body conductivity is anisotropic in the y-axis direction, there is no obvious change in the apparent resistivity curve. When the anomalous body conductivity is anisotropic in the x-axis direction, the apparent resistivity curve shows some changes, with a slight increase in resistivity above the anomalous body and a slight decrease below it. The fundamental reason is that the x-axis anisotropy is basically parallel to the current diffusion direction. When the anomalous body conductivity is anisotropic in the z-axis direction (high resistivity in the z-axis), the apparent resistivity shows significant changes. At the center of the anomalous body, there is a large increase in resistivity, and the peak value shifts upward. Above the anomalous body, the resistivity decreases, and below the anomalous body, the resistivity first slightly increases and then decreases. Similarly, the anisotropy in the z-axis direction is basically parallel to the current diffusion direction. In the apparent polarization anomaly response curve, the anisotropic conductivity of the anomalous body in the x-axis and z-axis directions shows significant differences compared to the isotropic case, with a clear second-field response change. At the center of the anomalous body, the apparent polarization significantly increases, showing high polarization anomalies. Below the anomalous body, the apparent polarization decreases, showing low polarization anomalies, and the decrease is more significant in the z-axis direction than in the x-axis direction. Above the anomalous body, the apparent polarization increases in the x-axis direction, while it decreases in the z-axis direction. This shows that the high resistance of anomalous body in z-axis direction is basically parallel to the diffusion direction of current, so it has the greatest influence and the response effect is the most obvious.
[image: The two figures respectively illustrate the variations of apparent resistivity and apparent polarizability with depth under different principal-axis conductivity anisotropy conditions at the A1 azimuth. The left figure presents four curves (circles, squares, diamonds, and triangles) showing the variation of apparent resistivity with depth under different principal-axis conductivity σ conditions. The right figure displays a similar representation for apparent polarizability. Both figures include legends specifying the specific conditions represented by each symbol.]FIGURE 11 | A1 azimuth conductivity anisotropy anomaly plot (Left: apparent resistivity, right: apparent polarizability).Figure 12 shows the apparent resistivity and apparent polarization curves of the anomalous body conductivity anisotropy when the source is in the A2 direction. In the apparent resistivity anomaly curve, the apparent resistivity response shows noticeable changes when the anomalous body conductivity is anisotropic in the x-axis direction. At the center of the anomalous body, the resistivity slightly increases. Above the anomalous body, the resistivity decreases, and below it, the resistivity increases, with the low resistivity peak shifting slightly upward. When the anomalous body conductivity is anisotropic in the z-axis direction, the change in apparent resistivity compared to the isotropic anomalous body is the most significant. At the center of the anomalous body, the resistivity increases noticeably, and the depth corresponding to the lowest resistivity value is deeper than that at the center of the anomalous body. Above and below the anomalous body, the resistivity decreases compared to the isotropic case. In the apparent polarization anomaly curve, when comparing A1 and A2 orientations, it is consistent that the electrical anisotropy in the y-direction does not cause significant changes in apparent polarization. However, the anisotropy in the x-axis and z-axis directions is more prominent, with apparent polarization increasing at the center of the anomalous body, showing high polarization anomalies. The changes in the z-axis direction are stronger than those in the x-axis direction. Above and below the anomalous body, the anisotropy in the x-axis and z-axis directions affects the apparent polarization differently. In the x-axis direction, the apparent polarization above the center suddenly decreases, and below the center, it slightly increases. In the z-axis direction, the apparent polarization decreases both above and below the center, showing small minimum values. As far as apparent resistivity and apparent polarizability are concerned, the response laws of A2 azimuthal anisotropy and A1 azimuthal anisotropy are basically the same. So the mechanistic analysis will not be elaborated herein.
[image: The two figures respectively illustrate the variations of apparent resistivity and apparent polarizability with depth under different principal-axis conductivity anisotropy conditions at the A2 azimuth. The left figure presents four curves (circles, squares, diamonds, and triangles) showing the variation of apparent resistivity with depth under different principal-axis conductivity σ conditions. The right figure displays a similar representation for apparent polarizability. Both figures include legends specifying the specific conditions represented by each symbol.]FIGURE 12 | A2 azimuth conductivity anisotropy anomaly plot (Left: apparent resistivity, right: apparent polarizability).Figure 13 shows the apparent resistivity and apparent polarization curves of the anomalous body conductivity anisotropy when the source is in the A3 and A4 directions. In the apparent resistivity anomaly curve, the anisotropy in the x-axis and y-axis directions does not show significant features, but when the anomalous body conductivity is anisotropic in the x-axis direction, there are slight differences above and below the anomalous body. The response changes most significantly when the anomalous body conductivity is anisotropic in the z-axis direction. At the center of the anomalous body, the resistivity increases significantly compared to the isotropic case, and above and below the anomalous body, the resistivity decreases compared to the isotropic case. In the apparent polarization anomaly curve, by comparing the apparent polarization anomaly curves of A3, A4, and A0 orientations, it can be found that the anomaly curves are almost unchanged. Therefore, the anomalous body conductivity anisotropy in the A3 and A4 orientations has the same impact characteristics as in the A0 orientation.
[image: The two figures respectively illustrate the variations of apparent resistivity and apparent polarizability with depth under different principal-axis conductivity anisotropy conditions at the A3 and A4 azimuth. The left figure presents four curves (circles, squares, diamonds, and triangles) showing the variation of apparent resistivity with depth under different principal-axis conductivity σ conditions. The right figure displays a similar representation for apparent polarizability. Both figures include legends specifying the specific conditions represented by each symbol.]FIGURE 13 | A3. A4 azimuth conductivity anisotropy anomaly plot (Left: apparent resistivity, right: apparent polarizability).4.3 Anomalous body with anisotropic polarizability and isotropic conductivity in principal axes
When the conductivity principal axis of the anomalous body is isotropic and the polarization principal axis is anisotropic, the polarization tensor of the anomalous body in the surface-borehole azimuthal model is represented as η=0.20000.50000.5, η=0.50000.20000.5, η=0.50000.50000.2. Here, its conductivity tensor is set to σ=100010001S·m−1. The other conditions remain the same as previously mentioned. In actual research, it is clear that the polarization anisotropy characteristics of the subsurface anomalous body are not related to the forward calculation of apparent resistivity. Therefore, only the analysis of the anomalous body’s apparent polarization response is considered here.
Figure 14 shows the apparent polarization curves of the anomalous body under different azimuth sources. Figure 14a shows the apparent polarization curve under A0 azimuth source. From the figure, it can be seen that when the polarization anisotropy is along the x-axis, an apparent polarization extreme value appears at the center of the anomalous body, with the maximum value decreasing to some extent compared to the isotropic anomalous body. Also, the apparent polarization slightly increases above the anomalous body and slightly decreases below it. When the polarization anisotropy is along the y-axis, the apparent polarization response is almost the same as when it is isotropic, with only a slight increase at the position of the maximum value. When the polarization anisotropy is along the z-axis, the effect on the apparent polarization is the greatest, leading to a significant decrease in the maximum apparent polarization at the center of the anomalous body, and an increase in apparent polarization to some extent above and below the anomalous body.
[image: These four figures present the curves of apparent polarizability versus depth for the anomalous body under conditions of varying principal-axis polarizability anisotropy, excited by current sources at varying azimuths. Distinct symbol markers (circles, squares, diamonds, and triangles) represent different combinations of principal-axis polarizability parameters. Each subplot includes a legend indicating the corresponding excitation azimuth and the specific conditions denoted by each symbol.]FIGURE 14 | Polarizability anisotropy apparent polarizability anomaly plot (a) A0 azimuth; (b) A1 azimuth; (c) A2 azimuth; (d) A3. A4 azimuth.Figure 14b shows the apparent polarization curve under A1 azimuth source. From the figure, it can be observed that the polarization anisotropy along the principal axis of the anomalous body in the A1 azimuth results in the most significant changes in the apparent polarization curve. The polarization anisotropy along different principal axes causes the maximum value of the apparent polarization curve to shift upwards. The shift is most pronounced along the z-axis, followed by the y-axis, while the shift along the x-axis is not obvious. Although the shift of the extreme value along the z-axis is relatively large, the magnitude of the extreme value does not change significantly. However, for anisotropy along the x and y-axes, the extreme value increases substantially, with the increase being most notable for the y-axis, resulting in a high polarization anomaly. Above the anomalous body, the anisotropy along the y and z-axes causes a considerable increase in the apparent polarization, while below the anomalous body, anisotropy in all three directions leads to the appearance of an apparent polarization minimum.
Figure 14c shows the apparent polarization curve under A2 azimuth source. From the figure, it can be seen that the anisotropy along the y-axis does not result in significant changes. When there is polarization anisotropy along the x-axis, the maximum value of the apparent polarization decreases, and the position of the maximum value shifts slightly upwards. The apparent polarization increases above the anomalous body and decreases below it. When there is anisotropy along the z-axis, the change in the apparent polarization curve is most significant, with the maximum value decreasing substantially, and the position of the maximum value shifting significantly downwards. Below the anomalous body, the apparent polarization increases, while the change above the anomalous body is not significant.
Figure 14d shows the apparent polarization response curve under A3 and A4 azimuth sources. From the figure, it can be seen that the effect of polarization anisotropy on the apparent polarization curve is minimal for A3 and A4 azimuths. The effect is only noticeable when there is anisotropy along the z-axis, where the extreme value of the apparent polarization decreases significantly, and the apparent polarization slightly increases below the anomalous body. Anisotropy along the x and y-axes only leads to a slight decrease in the extreme value of the apparent polarization.
4.4 Anomalous body with anisotropic polarizability and anisotropic conductivity in principal axes
When the principal axis of the conductivity of the anomalous body is anisotropic and the principal axis of the polarization is also anisotropic, the conductivity tensor of the anomalous body in the surface-borehole azimuth model is represented by σ=0.0200010001S·m−1, σ=10000.020001S·m−1, σ=100010000.02S·m−1. And the polarization tensor of the anomalous body in the azimuth borehole model is represented by η=0.20000.50000.5, η=0.50000.20000.5, η=0.50000.50000.2, and the surrounding rock and source emission information remain consistent with the previously mentioned models. Similarly, only the analysis of the response of the apparent polarization is considered here.
Figure 15a shows the response curve of the apparent polarization when the principal axes of the anomaly body’s conductivity and polarization are anisotropic during A0 azimuth source. From the figure, it can be seen that the anisotropy in the x-direction causes an increase in the maximum value of the apparent polarization, while the apparent polarization shows a minimum value at the upper and lower positions of the anomaly body. The anisotropy in the z-direction results in a decrease in the maximum value of the apparent polarization compared to isotropic conditions, while the apparent polarization slightly increases at the upper and lower positions of the anomaly body. Figure 15b shows the response curve of the apparent polarization when the principal axes of the anomaly body’s conductivity and polarization are anisotropic during A1 azimuth source. It can be seen from the figure that in both the x and z directions, the maximum value of the apparent polarization when the conductivity and polarization are anisotropic is greater than in the isotropic case, with the z-direction anisotropy showing a larger increase. However, the anisotropy in the z-direction causes a decrease in the apparent polarization above the anomaly body. Figure 15c shows the response curve of the apparent polarization when the principal axes of the anomaly body’s conductivity and polarization are anisotropic during A2 azimuth source. Similar to the A1, in the x and z directions, the maximum value of the apparent polarization when conductivity and polarization are anisotropic is larger than in the isotropic case, with a greater increase in the z-direction. However, different from the A1, the anisotropy in the x and z directions causes a decrease in the apparent polarization above the anomaly body, resulting in a minimum value, which is shown as a low polarization anomaly. Below the anomaly body, the z-direction anisotropy causes a decrease in the apparent polarization, with no obvious effect from the x-direction anisotropy. Figure 15d shows the response curve of the apparent polarization when the principal axes of the anomaly body’s conductivity and polarization are anisotropic during A3 and A4 azimuth sources. From the figure, it can be seen that for both A3 and A4, when the conductivity and polarization are anisotropic in the x and z directions, the maximum value of the apparent polarization is greater than in the isotropic case, with the z-direction anisotropy showing a larger increase. However, the difference is that the anisotropy in both the x and z directions cause a decrease in the apparent polarization above and below the anomaly body, with the minimum value being smaller in the z-direction anisotropy. It is worth noting that for any orientation of the anomaly body, the response curve of the apparent polarization under anisotropy in the y-direction for conductivity and polarization is almost identical to that of the isotropic anomaly body. It is because the anisotropy in the y-axis direction has little influence on the vertical downward diffusion current, the anisotropy in the x-axis has a greater influence than the anisotropy in the y-axis, and the anisotropy in the z-axis has the same high resistance as the current diffusion direction, so it has the greatest influence.
[image: These four figures present the curves of apparent polarizability versus depth for the anomalous body under different excitation azimuths and combined conditions of principal-axis resistivity and polarizability anisotropy. Distinct markers (circles, squares, diamonds, and triangles) represent various combinations of resistivity and polarizability anisotropy along the principal axes. Each subplot includes a legend indicating the excitation azimuth and the specific conditions represented by each symbol.]FIGURE 15 | Conductivity, polarizability, anisotropy apparent polarizability anomaly plot (a) A0 azimuth; (b) A1 azimuth; (c) A2 azimuth; (d) A3. A4 azimuth.5 CONCLUSION
This paper is based on the anomalous potential method and the equivalent resistivity theory. By introducing the tensor conductivity of principal axis anisotropic media, a three-dimensional forward modeling of the borehole-surface induced polarization method for principal axis electrical anisotropic media is implemented using the finite element method. The correctness of the algorithm is verified using a uniform isotropic borehole spherical model. Considering the cases where both the conductivity and polarizability of the anomalous body are anisotropic, the response characteristics of apparent resistivity and apparent polarizability under different azimuth sources are analyzed.
	1. When the anomalous body exhibits principal-axis electrical anisotropy in conductivity and isotropy in polarizability, the apparent resistivity curve at azimuth A0 is essentially consistent with that of the isotropic case, except that the minimum value of the curve is slightly higher than the isotropic case when the anomalous body is anisotropic along the x-axis. In contrast, the apparent polarizability curve is most significantly affected when the anomalous body is anisotropic along the z-axis, followed by the x-axis anisotropy, both leading to an increase in the peak value of the apparent polarizability. However, anisotropy along the y-axis has almost no influence. At azimuth A1, when the anomalous body exhibits x-axis anisotropy, the minimum value of the apparent resistivity curve is slightly higher than that in the isotropic case. Meanwhile, the apparent polarizability curve first reaches a maximum before decreasing to a minimum. In contrast, y-axis anisotropy has negligible influence on both the apparent resistivity and apparent polarizability curves. When z-axis anisotropy is present, the apparent resistivity curve first reaches a minimum followed by a maximum, while the peak value of the apparent polarizability curve increases significantly (by multiple times). At azimuth A2, both the apparent resistivity and apparent polarizability curves exhibit characteristics generally similar to those observed at A1, but with notable distinctions. Specifically, x-axis anisotropy in the anomalous body causes the apparent polarizability curve to first reach a minimum before rising to a maximum, reversing the trend seen at A1. Meanwhile, z-axis anisotropy leads to an apparent resistivity curve that initially peaks at a maximum before decreasing to a minimum, demonstrating an inverse pattern compared to the A1 response. These variations highlight the azimuth-dependent behavior of anisotropic media in borehole-surface IP surveys. At azimuths A3 and A4, the characteristics of apparent resistivity and apparent polarizability curves are essentially similar to those at azimuth A0, but z-axis anisotropy of the anomalous body causes an increase in the minimum value of the apparent resistivity curve.
	2. When the anomalous body exhibits isotropic conductivity along principal axes but anisotropic polarizability, at azimuths A0 and A2, both x-axis and z-axis anisotropies of the anomalous body lead to a reduction in the peak values of the apparent polarizability curves. Notably, the z-axis anisotropy results in a more pronounced decrease in the maximum value of the apparent polarizability curve compared to x-axis anisotropy. When the anomalous body exhibits y-axis anisotropy, the apparent polarizability curve remains consistent with that of the isotropic case. At azimuth A1, both x-axis and y-axis anisotropies of the anomalous body lead to an increase in the maximum values and a decrease in the minimum values of the apparent polarizability curves. Notably, the y-axis anisotropy induces more significant variations in both the maximum and minimum values of the apparent polarizability curve compared to x-axis anisotropy. In contrast, z-axis anisotropy causes an upward shift in the extreme values of the apparent polarizability curve. At azimuths A3 and A4, the x-axis, y-axis, and z-axis anisotropies of the anomalous body all result in a reduction of the maximum values in the apparent polarizability curves. Notably, the z-axis anisotropy produces the most significant reduction in the curve’s peak value. The apparent polarizability curves for x-axis and y-axis anisotropies completely overlap, with their maximum values being lower than those observed in the isotropic case.
	3. When the anomalous body exhibits principal-axis electrical anisotropy in both conductivity and polarizability, at azimuth A0, x-axis anisotropy increases the maximum value of the apparent polarizability curve while z-axis anisotropy decreases it. At azimuths A1, A2, A3, and A4, both x-axis and z-axis anisotropies increase the maximum values of the apparent polarizability curves, with z-axis anisotropy producing larger maximum values. Under all source configurations, the apparent polarizability curves for y-axis anisotropy remain identical to those in the isotropic case.

This study clearly defines the forward response characteristics of the surface-borehole azimuthal induced polarization method under electrical anisotropic conditions. The findings can serve as a theoretical foundation to aid research on borehole electromagnetic methods in anisotropic media.
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