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The spatiotemporal learning rule (STLR) can reproduce synaptic plasticity in the hippocampus. Analysis of the synaptic weights in the network with the STLR is challenging. Consequently, our previous research only focused on the network's outputs. However, a detailed analysis of the STLR requires focusing on the synaptic weights themselves. To address this issue, we mapped the synaptic weights to a distance space and analyzed the characteristics of the STLR. The results indicate that the synaptic weights form a fractal-like structure in Euclidean distance space. Furthermore, three analytical approaches—multi-dimensional scaling, estimating fractal dimension, and modeling with an iterated function system—demonstrate that the STLR forms a fractal structure in the synaptic weights through fractal coding. These findings contribute to clarifying the learning mechanisms in the hippocampus.
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1 Introduction

In the brain, the hippocampus plays a crucial role in forming episodic memories by storing spatiotemporal contexts (Kovcs, 2020). This process requires real-time, online learning, where patterns must be processed sequentially as they arrive, rather than being stored in a buffer for offline batch training (Melchior et al., 2024). However, current artificial neural networks often suffer from catastrophic forgetting, making online learning significantly more challenging than offline learning (McCloskey and Cohen, 1989). One reason for this limitation is their common reliance on Hebbian-type learning rule (Hebb, 1949). Hebbian-type learning, based on classical conditioning, updates synaptic weights according to the correlation between inputs and outputs. In contrast, the spatiotemporal learning rule (STLR) (Tsukada et al., 1996), discovered through physiological experiments in the hippocampus, differs fundamentally from Hebbian-type learning. The STLR updates synaptic weights based on correlations among inputs.

The STLR was proposed to model the synaptic plasticity in the CA1 region (Tsukada et al., 1996) as a specific learning rule for the hippocampal neurons. The CA1 region, as the output area of the hippocampus, encodes inputs from CA3 (Guardamagna et al., 2023) to set up associatively learned backprojections to the neocortex, allowing subsequent retrieval of information to the neocortex (Rolls, 2010). In this paper, the single-layer feedforward neural network with STLR synapses models this CA1 region.

Furthermore, it has been reported that networks utilizing the STLR demonstrate superior separation performance in tasks that are difficult for Hebbian learning rules (Tsukada and Pan, 2005). In this network, the synaptic weight values are updated using the coincidence among the inputs to the neuron connected through the STLR synapses. The network learns slight differences in similar spatiotemporal patterns inputted from CA3 to CA1. These spatiotemporal patterns are time series consisting of binary spatial vectors with small Hamming distances (Tsukada and Tsukada, 2021a). After learning them, a histogram of the synaptic weight values shows a multimodal distribution reflecting the temporal order of the input spatial vectors (Tsukada and Tsukada, 2021a). In other words, the network learned slight differences in the temporal order of the constituent spatial patterns of the spatiotemporal inputs, which is not possible with the Hebbian learning rule. A histogram of the Hamming distances between the outputs also shows a multimodal distribution obtained by applying a specific readout pattern to the network (Tsuji et al., 2023a). Additionally, an order-nested structure is observed in the output space using a two-dimensional distance map created according to the temporal order of the input spatial vectors, and this structure has been analyzed in detail in our previous study (Tsuji et al., 2023a). The order-nested structure in the output space strongly suggests that the STLR formed a fractal structure in the synaptic weight space.

A fractal structure in the CA1 region by fractal coding has been previously discussed in the literature (Fukushima et al., 2007). The hippocampus uses fractal properties such as self-similarity and scale-invariance (Husain et al., 2022) to facilitate efficient information compression and processing (Bieberich, 2002; Werner, 2010; Tsuda, 2001; Kuroda et al., 2009). For example, fractal coding embeds high-dimensional spatiotemporal information into a low-dimensional synaptic weight space. Consequently, the hippocampus can efficiently use limited resources, such as the number of neurons and synaptic connections. This feature is also useful for engineering applications, such as edge devices (Orima et al., 2023). One example of fractal coding is a contraction-mapping system (Tsuda, 2001), which memorizes information as an attractor, driven by chaotic signals. Another example is a feedforward neural network (Yamaguti et al., 2011), which learns and recalls patterns generated by a Cantor set using Hebbian learning rule (Hebb, 1949) synapses. However, in these models, learning itself was not the primary mechanism for generating the fractal structure.

In this study, we confirm that the STLR can form a fractal structure solely through learning. Furthermore, we demonstrated that the order-nested structure in the output space is a reliable and practical indicator of the fractal structure in the synaptic weight space. The following three analysis methods were employed, as it was difficult to theoretically prove the formation of a fractal structure: The first method involved multi-dimensional scaling (MDS) (Torgerson, 1952) to qualitatively confirm the fractal structure in the synaptic weight space. Second, the box-counting (Mandelbrot, 1982; Sarkar and Chaudhuri, 1994), lacunarity (Mandelbrot, 1994; Smith et al., 1996), and mass-radius (Landini and Rippin, 1993) methods were used to quantitatively evaluate the fractal dimension and structure in the synaptic weight space. Third, modeling with an iterated function system (IFS) was employed for mathematical analysis. The following section briefly describes the STLR, neurons, network configuration, and initialization processes used in this study.



2 Materials and methods


2.1 Synapse with STLR

A single-layer feedforward neural network with the STLR synapses that models the connection from CA3 to CA1 (Tsukada and Pan, 2005) is shown in Figure 1. In this figure, large circles and small triangles represent neurons and synapses, respectively; x(t) and y(t) are the input and output column vectors of the network at discrete time t, respectively; xj(t) and yi(t) are the jth element of x(t) and ith element of y(t), respectively; M and N are the number of inputs and neurons, respectively; and wij(t) is the synaptic weight connected from the jth input to the ith neuron.


[image: Diagram of a neural network model showing input vector x(t) leading to output vector y(t) through a network. The network structure includes neurons labeled from 1 to N in the CA1 section, receiving inputs x1(t) to xM(t) from the CA3 section. Connections between inputs and neurons are indicated by synapses with weights wij(t). The diagram illustrates the layered architecture of neural connections.]
FIGURE 1
 Single-layer feedforward neural network. This network models a connection from CA3 to CA1. The large circles and small triangles represent neurons and synapses, respectively. Synapses are updated based on the STLR. The input vector x(t) and output vector y(t) consist of M elements (enclosed by the dotted line) and N elements (enclosed by the dashed line), respectively.


The value of wij(t) is updated based on the STLR (Tsukada et al., 1996) using the following equations:

wij(t+1)=wij(t)+Δwij(t),      (1)

Δwij(t)={η(qij(t)>θLTP),0(θLTD≤qij(t)≤θLTP),−η(qij(t)<θLTD),      (2)

where η, θLTP, θLTD, and qij(t) are the learning constant, long-term potentiation (LTP) threshold, long-term depression (LTD) threshold, and time history of the coincidence among the inputs to the ith neuron from the jth synapse (hereafter referred to as the input coincidence), respectively. The time history qij(t) is defined as follows:

qij(t)=∑t′=0tcij(t′)exp(-t-t′τQ),      (3)

cij(t)=wij(t)xj(t)∑j′=1,j′≠jMwij′(t)xj′(t),

              =wij(t)xj(t)(pi(t)-wij(t)xj(t)),      (4)

where τQ, pi(t), and cij(t) are the time constants, the internal state of the ith neuron, and the input coincidence of the ijth synapse, respectively. The network learns the spatial and temporal structures of the input spatiotemporal patterns through cij(t) and qij(t), respectively.



2.2 Neuron

For simplicity, we employ an analog neuron model in the network shown in Figure 1 (Tsukada and Tsukada, 2021a). The internal state and output of the ith neuron in the network are expressed as

pi(t)=∑j=1Mwij(t)xj(t),      (5)

yi(t)=f(pi(t))={1(pi(t)≥θ),0(pi(t)<θ),      (6)

where pi(t) and yi(t) denote the internal state and output of the ith neuron, respectively; f(·) is the output function of the neuron (step function); and θ is the firing threshold of the neuron.



2.3 Network configuration

The network shown in Figure 1 consists of the synapses and neurons, as described in Sections 2.1 and 2.2. The network learns the input spatiotemporal patterns that are slightly different (Section 2.4). We initialize the synaptic weights to the same initial values for all of the input spatiotemporal patterns. After learning each spatiotemporal pattern, the synaptic weights of the network are fixed, and a common readout pattern is input (Section 2.5).

In the following sections, we describe the procedure for generating spatiotemporal patterns and the details of the numerical simulation experiments.



2.4 Input spatiotemporal patterns

Input spatiotemporal patterns, each composed of a time series of binary spatial vectors with small Hamming distances from one another, are used to facilitate detailed analyses. The procedure for generating a spatiotemporal pattern X is as follows:

X=(x(1),⋯,x(t),⋯,x(T)),      (7)

x(t)=[x1(t),⋯,xj(t),⋯,xM(t)]⊤,      (8)

where (·) and [·] denote a vector time-series and vector, respectively, ⊤ denotes transposition, and T is the length of X (in this study, T = 5).

At time t, one of the spatial vectors is input as

x(t)∈{z1,⋯,zk,⋯,zK},      (9)

where {·}, K, zk, and k denote a set, the number of spatial vectors, the spatial vector, and its index of the spatial vector, respectively. In the present study, the three different spatial vectors (K = 3) are randomly generated under the following constraints:

zk=[z1k,⋯,zjk,⋯,zMk]⊤, 1≤k≤3,      (10)

zjk∈{0,1},∑j=1Mzjk=M2,      (11)

z1≠z2,z2≠z3,z3≠z1.      (12)

Some elements of zk are bit-flipped such that the Hamming distance between them is 10 (Tsukada and Tsukada, 2021a).

HD(z1,z2)=HD(z2,z3)=HD(z3,z1)=10,      (13)

where HD(x, y) is the Hamming distance between the vectors x and y. The total number L of spatiotemporal patterns is KT = 35 = 243, which are generated using z1, z2, and z3 as follows:

X∈{(z1,z1,⋯,z1),(z1,z1,⋯,z2),⋯,(z3,z3,⋯,z2),                                                                            (z3,z3,⋯,z3)}.      (14)

Finally, the generated spatiotemporal patterns are labeled using k and arranged in increasing order. The labels of the spatiotemporal patterns are shown in Table 1. In this table, ktl denotes the index of the spatial vector at t in the lth spatiotemporal pattern.

TABLE 1 Labels of the spatiotemporal patterns.




	Label
	Spatiotemporal pattern





	1
	(z1, z1, ⋯ , z1)



	2
	(z1, z1, ⋯ , z2)



	⋮
	⋮



	l
	(zk1l,⋯,zktl,⋯,zk5l)



	⋮
	⋮



	242
	(z3, z3, ⋯ , z2)



	243
	(z3, z3, ⋯ , z3)





Each pattern consists of a sequence of three spatial vectors. The notation ktl represents the index (1, 2, or 3) of the spatial vector zk at a time t in the lth spatiotemporal pattern. The patterns are labeled in increasing order. These labels correspond to the arrangement of the horizontal and vertical axes in the distance maps shown in Figure 2.






2.5 Numerical simulation experiment

A numerical simulation experiment, consisting of a learning phase, a reading phase, and an evaluation, is subsequently conducted.

First, for the learning phase, we set the initial values of the network and define a synaptic weight matrix. Additionally, we conduct experiments where white noise is applied to the input. The amplitude of the white noise is based on the standard deviation of the internal state of a neuron in the noise-free condition (for detailed statistics, such as the standard deviation of the internal state without noise, see Supplementary Section 1).

Second, for the reading phase, we define an output vector obtained by inputting the readout signal. The firing threshold of neurons is adjusted so that information embedded in the synaptic weights is exposed in the output.

Finally, for the evaluation, we create two-dimensional distance matrices using synaptic weight matrices and output vectors obtained in the learning and reading phases. To investigate the relationship between the synaptic weight and output structures, we calculate the similarity between the two-dimensional distance matrices. We further confirm the fractal structure of the synaptic weights using the MDS method and estimate the fractal dimensions using the box-counting, lacunarity, and mass-radius methods. We also analyzed the synaptic weight structure using Isomap (Tenenbaum et al., 2000) and UMAP (McInnes et al., 2020), which are common dimensionality reduction methods (for detailed results, see Supplementary Section 6). Additionally, based on the results of the MDS analysis, we mathematically demonstrate that a fractal structure is formed in the synaptic weight space through modeling with an IFS.


2.5.1 Learning phase

The network learns the L spatiotemporal patterns generated in Section 2.4. First, the initial values of the synaptic weights are set as follows:

wij(0)~U(-1,1),      (15)

where U(a, b) denotes a uniform random number ranging from a to b. The other variables are initialized to zero, as Δwij(0) = qij(0) = cij(0) = xj(0) = pi(0) = yi(0) = 0.

Second, the network learns one lth of the 243 spatiotemporal patterns. At t = 1, (zk1l,⋯,zktl,⋯,zk5l) is the input to the network, and the states of the neurons are updated using Equations 5 and 6. The synaptic weight values are then updated using Equations 1–4. Similarly, ktl are input to the network at t = 2, 3, ⋯ , T and the neuron states and synaptic weight values are updated at each time. At t = T+1, the update of the synaptic weight values is stopped and the synaptic weight matrix is defined as

Wl(T+1)=[w11l(T+1)⋯w1jl(T+1)⋯w1Ml(T+1)⋮⋱  ⋮wi1l(T+1) wijl(T+1) wiMl(T+1)⋮  ⋱⋮wN1l(T+1)⋯wNjl(T+1)⋯wNMl(T+1)].      (16)

Numerical simulations are also performed when noise is applied to the input. In such cases, the noise amplitude is varied relative to the standard deviation of the internal state σp at t = 1 under noise-free conditions. For details on statistics of the network at t = 1, such as σp, see Supplementary Section 1.



2.5.2 Reading phase

To read out the information memorized in the synaptic weights, the readout pattern zread is input to the network with fixed synaptic weights, where zread satisfies the following equation:

zread≠z1,zread≠z2,zread≠z3,      (17)

HD(zread,z1)=HD(zread,z2)=HD(zread,z3)=10.      (18)

The synaptic weight values of the network are fixed to Wl(T+1), zread is input to the network (e.g., x(T+1) = zread), and the states of the neurons are updated using Equations 5 and 6.

The output vector is obtained as follows:

Yl(T+1)=[y1l(T+1),⋯,yil(T+1),⋯,yNl(T+1)]⊤,      (19)

where θ in Equation 6 is adjusted to ensure that the N/2 neurons are fired.



2.5.3 Evaluation

First, we investigate the relationship between Wl(t) and Yl(t) in distance space. To analyze the structure of Wl(t), the Euclidean distances between the synaptic weight matrices are calculated using the following equation:

ED(Wl(t),Wl′(t))=∑i=1N∑j=1M(wijl(t)-wijl′(t))2.      (20)

The distance matrix in the synaptic weight space Dw(t) is defined using ED(Wl(t), Wl′(t)) by arranging the rows and columns in increasing order using l as follows:

Dw(t)=[ED(W1(t),W1(t))⋯ED(W1(t),Wl′(t))⋯ED(W1(t),WL(t))⋮⋱  ⋮ED(Wl(t),W1(t)) ED(Wl(t),Wl′(t)) ED(Wl(t),WL(t))⋮  ⋱⋮ED(WL(t),Wl(t))⋯ED(WL(t),Wl′(t))⋯ED(WL(t),WL(t))].      (21)

In contrast, the distance matrix in the output space Dy(t) obtained from the Hamming distance HD(Yl(t), Yl′(t)) between the output vectors is defined by

Dy(t)=[HD(Y1(t),Y1(t))⋯HD(Y1(t),Yl′(t))⋯HD(Y1(t),YL(t))⋮⋱  ⋮HD(Yl(t),Y1(t)) HD(Yl(t),Yl′(t)) HD(Yl(t),YL(t))⋮  ⋱⋮HD(YL(t),Y1(t))⋯HD(YL(t),Yl′(t))⋯HD(YL(t),YL(t))].      (22)

We further create two-dimensional distance maps using Dw(t) and Dy(t) and qualitatively confirm the structural similarity between the synaptic weight space and the output space. Furthermore, the cosine similarity is calculated to quantitatively analyze the structural similarity between Dw(t) and Dy(t) as follows:

CS(t)=Dw(t)·Dy(t)||Dw(t)||||Dy(t)||,      (23)

where · and ||D|| are the sum of the Hadamard product and Frobenius norm of matrix D, respectively, and are calculated as

Dw(t)·Dy(t)=∑l=1L∑l′=1LED(Wl(t),Wl′(t))

HD(Yl(t),Yl′(t)),      (24)

||Dw(t)||=∑l=1L∑l′=1LED(Wl(t),Wl′(t))2,      (25)

||Dy(t)||=∑l=1L∑l′=1LHD(Yl(t),Yl′(t))2.      (26)

Second, the MDS method is used to clearly visualize the structure of Dw(t) as it is an appropriate method for expressing the distances between the synaptic weight matrices in low dimensions. A reasonable compressed dimension n (1 ≤ n ≤ L) is estimated to reduce the dimensions to a lower-dimensional space without losing as much high-dimensional information as Dw(t). The dimension-compressed distance matrix in the synaptic weight space Gw(t) is defined as

Gw(t)=[g1(t),⋯,gl(t),⋯,gL(t)]⊤∈ℝL×n,      (27)

gl(t)=[g1l(t),⋯,gml(t),⋯,gnl(t)]∈ℝn,      (28)

where gl(t) (1 ≤ l ≤ L) is a coordinate in the distance space compressed into n-dimensions, and x(1)=zk1l is the mth element in gl(t). To estimate n, double centering is used to calculate a symmetric matrix zk2l,zk3l,⋯,zkTl as follows:

Gw(t)Gw(t)⊤=-12(I-1LJ)Dw(t)(I-1LJ),      (29)

where I and J ∈ℝL×L are defined as

I=[10⋯001⋯0⋮⋮⋱⋮00⋯1],J=[11⋯111⋯1⋮⋮⋱⋮11⋯1].      (30)

The right-hand side of Equation 29 contains L eigenvalues. The sum of L eigenvalues gml(t) is used as a criterion for estimating n, where λm is the mth eigenvalue and m is an index when the eigenvalues are sorted in descending order. In the left-hand side of Equation 29, the sum of the eigenvalues Gw(t)Gw(t)⊤ of ΛL=∑m=1Lλm is calculated using n eigenvectors obtained from the right-hand side of Equation 29. If Λn ≥ 0.5ΛL, n is a reasonably compressed dimension. The dimension-compressed position gl(t), which is compressed into n-dimensions, is labeled r according to the temporal order in X and is classified into Cluster r. By applying the MDS method to each Cluster r, the structure within the Cluster r was analyzed in greater detail. This operation is repeated T−1.

Third, we evaluate the fractal dimension and structure of Gw(t) using the box-counting (Mandelbrot, 1982), lacunarity (Mandelbrot, 1994), and mass-radius (Smith et al., 1996) methods. However, it is difficult to apply these methods to Gw(t) because Gw(t) loses the high-dimensional information of Dw(t). Therefore, Gw(t) is adjusted to compensate for the lost information of Dw(t), and an adjusted distance matrix in the synaptic weight space Λn=∑m=1nλm is derived. As an adjustment method, the center of the Cluster r is defined as CCr and adjusted using the eigenvalues obtained from Equation 29. This adjustment compensates for the lost high-dimensional information, such as the distance between the clusters. The center CCr of the Cluster r is adjusted to

CCradj=αnCCr,      (31)

ρn=ΛnΛL,      (32)

αn=1ρn,      (33)

where Gw(t)Gw(t)⊤, ρn, and αn are the adjusted CCr, the cumulative contribution ratio, and correction coefficient, respectively. The information loss rate is represented by 1−ρn. For example, when ρn = 0.8, 20% of the high-dimensional information is lost. Therefore, in Dw(t), the distances between the clusters are larger. To compensate for the lost information, CCr is multiplied by αn. After adjusting the centers of all clusters, the box-counting, lacunarity, and mass-radius methods are applied to Gwadj(t) to estimate the fractal dimension.

Finally, based on the results obtained from numerical simulation experiments, we reproduce the fractal structure formed in the synaptic weight space using an IFS. In numerical experiments, the input patterns increase exponentially with the number of spatial vectors K and their length T; thus, it is difficult to simulate and observe the detailed structure of the distance between the synaptic weights. Therefore, an IFS is used to reproduce the time evolution of distances between the synaptic weights obtained from the numerical simulation experiments, enabling observation of fine-scale structures and confirming that the STLR forms a fractal structure. We describe an IFS that operates on g(t), the two-dimensional representation of the synaptic weights W(t) obtained through the MDS method as

W(t)∈ℝN×M→MDSg(t)∈ℝ2,      (34)

g(t+1)=⋃kKFk(g(t)),      (35)

Fk(g(t))=g(t)+γk(t)[0  1]

                             [cos(ϕk(t))sin(ϕk(t))-sin(ϕk(t))cos(ϕk(t))],      (36)

where Fk is a mapping function when zk is input. γk(t) and ϕk(t) is an expansion coefficient and a phase angle based on g(t) at k = 1, ϕ1(t) = 0, respectively. Furthermore, the vector [0 1] is multiplied to keep the mapping symmetric with respect to the y-axis. The IFS is constructed such that the geometric relationships in the low-dimensional space g(t) reflect the distance in the high-dimensional synaptic weights space W(t). For instance, if mapping functions F1 and F2 transform g(t), the resulting Euclidean distance between g1(t+1) and g2(t+1) corresponds to the Euclidean distance between the updated weights W1(t+1) and W2(t+1).





3 Results

In the following numerical simulations, the parameter values are set as N = 120, M = 120, η = 2, θLTP = 4, θLTD = −2, and τQ = 2.23. These parameter values are the best learning performance in the previous studies (Tsuji et al., 2023a). Furthermore, these parameter values satisfy the necessary conditions for the network's synaptic weights to be updated (for details, see Supplementary Sections 1, 2, and 9).


3.1 Two-dimensional distance maps and cosine similarity analysis

The two-dimensional distance maps created using Dw(T+1) and Dy(T+1) are shown in Figures 2a and 2b, respectively. In Figures 2a and 2b, the vertical and horizontal axes represent the labels of the input spatiotemporal patterns.


[image: Two-dimensional distance labeled A and B show data comparisons with the synaptic weight and output space. A ranges from yellow to blue, representing values 0 to 500, labeled ED(W^{l}(T + 1),W^{l′}(T + 1)). B ranges from yellow to blue, representing values 0 to 50, labeled HD(Y^{l}(T + 1), Y^{l′}(T + 1)). The vertical and horizontal axes represent the learning pattern numbers.]
FIGURE 2
 Structures in the distance space of the synaptic weights and the outputs after the network has learned 243 spatiotemporal patterns. The horizontal and vertical axes represent the labels of the input spatiotemporal patterns, and the color bars represent the distances. (a) Two-dimensional distance map using Dw(T + 1). The color of each point (l, l′) represents the Euclidean distance ED(Wl(T + 1), Wl′(T + 1)) between the final weight matrices learned from patterns l and l′. The color scale indicates that warmer colors (yellow) represent greater distances. The distinct squares along the diagonal reveal a clear hierarchical and self-similar clustering, which we identify as a fractal-like structure. (b) Two-dimensional distance map using Dy(T + 1). The color represents the Hamming distance HD(Yl(T + 1), Yl′(T + 1)) between the corresponding output vectors. This map exhibits a similar hierarchical clustering, which we term an order-nested structure, reflecting the temporal order of the input patterns. The high structural similarity between (a) and (b) suggests that the output space reflects the fractal-like structure of the synaptic weight space.


In Figure 2a, the color bar represents ED(Wl(T + 1), Wl′(T + 1)). The higher values indicate the higher dissimilarity. When the network learns the same spatiotemporal pattern (i.e., l = l′), ED(Wl(t), Wl′(t)) = 0. By contrast, in Figure 2b, the color bar represents HD(Yl(T + 1), Yl′(T + 1)).

In Figure 2a, a yellow area appears at ED(Wl(T + 1), Wl′(T + 1))>400 when the network learns the different first spatial vectors in the input spatiotemporal patterns (i.e., when CCradj). In contrast, three green rectangles appear at ED(Wl(T + 1), Wl′(T + 1))≈350 when the network learns the same first spatial vectors in the input spatiotemporal patterns (i.e., when Gwadj(t)). Moreover, when the spatial vectors up to the second are the same (i.e., when k1l≠k1l′ and k1l=k1l′), 32 = 9 light-blue rectangles appear at ED(Wl(T + 1), Wl′(T + 1))≈200. Consequently, a fractal-like structure is confirmed in the distance space of the synaptic weights, which reflects the temporal order of the spatial vectors in the input spatiotemporal patterns.

Figure 2b further shows an order-nested structure similar to that observed in Figure 2a. This finding suggests that the output space structure represents that of the synaptic weight space. In other words, the outputs of the network can be used to evaluate the synaptic weights.

In Figure 2, the cosine similarity in Equation 23 is used to quantitatively analyze the similarity between the structures of the synaptic weights and outputs in the distance space, resulting in CS(T + 1) = 0.959. The average and variance of the cosine similarity are 0.959 and 3.73 × 10−5, respectively, when the initial values of the synaptic weights are changed 1,000 times (Supplementary Figure S1), suggesting that the synaptic weights and outputs have similar structures in the distance space. Furthermore, even when the network parameter values are changed, the similarity between the synaptic weights and outputs in the distance space is high (for details, see Supplementary Section 3).



3.2 MDS analysis of fractal structures

The MDS method (Torgerson, 1952) is applied to visualize Dw(t) in a low dimension. A reasonable compression dimension n = 2 is obtained when Λn ≈ 0.5ΛL (Supplementary Figure S5). Figure 3 shows the time evolution of Gw(t) obtained by compressing Dw(t) into two dimensions.


[image: Three-dimensional scatter plot with axes labeled “ED dim1,” “ED dim2,” and “Discrete time t.” Data points are color-coded and distributed across the grid, with values ranging from -300 to 300 on ED dimensions and 0 to 5 on the time axis. This represents the temporal evolution of synaptic weights obtained by inputting each learning pattern. The horizontal and vertical axes represent the relative distance in synaptic weight space. ]
FIGURE 3
 Time evolution of Gw(t). EDdim1 and EDdim2 represent the distances in the dimension-compressed distance space. The vertical axis represents the discrete time t. The red × represents the initial state of Gw(0) = 0 because all Wl(0) are the same initial value. At times t = 1, 2, 3, 4, and 5, Gw(t) are represented by blue, orange, yellow, purple, and green, respectively. As the network learns the spatiotemporal patterns, these states branch out sequentially at each time step, forming a hierarchical structure. This branching process visually demonstrates how the STLR progressively separates patterns, leading to the formation of a self-similar structure.


In Figure 3, the two horizontal and vertical axes represent the distances of Gw(t) and the discrete time t, respectively. In the horizontal axes, EDdim1 and EDdim2 represent the first and second distances in the dimension-compressed distance space, respectively. At time t = 0, red × indicates the initial positions of the synaptic weights in the dimension-compressed distance space. For the 243 spatiotemporal patterns, the initial values of the synaptic weights are set to the same values, and all positions of Gw(0) are (EDdim1, EDdim2) = (0, 0). Subsequently, at time t = 1, the red × branches to the three blue points in the figure because three different spatial vectors exist in the spatiotemporal pattern. Furthermore, branching occurs at t ≥ 2. Assuming that this branching occurs repeatedly, this suggests that a self-similar structure is formed in the distance space. In other words, we propose that a fractal structure is formed in the synaptic weight space.

We further analyze the structure shown in Figure 3 in detail using the MDS method, repeatedly applying it according to the temporal order of the input spatiotemporal patterns. Figure 4a shows Gw(t) at t = 5 from Figure 3.


[image: Four scatter plots labeled A, B, C, and D, each showing cluster distributions on axes labeled ED_dim1 and ED_dim2. Plot A shows three clusters labeled 1, 2, and 3. Plot B displays clusters 11, 12, and 13 within Cluster 1. Plot C shows the same clusters within Cluster 2. Plot D displays clusters 31, 32, and 33 within Cluster 3. Each cluster is indicated with different colored dashed circles.]
FIGURE 4
 Recursive analysis of the final learned structure at t = 5, revealing its self-similar and scale-invariant properties. (a) A two-dimensional view of the final state from Figure 3. The data points are grouped into three clusters based on the first spatial vector in their respective input sequences (Cluster 1, 2, and 3). The center of each cluster is marked. (b–d) are applied the MDS to the Cluster 1, 2, and 3 in Figure 4a, respectively. Figures 4b–d reveal that the internal structure of a cluster is itself composed of three smaller sub-clusters, formed in a similar triangle. These sub-clusters are formed based on the second spatial vector in the input sequences. The repetition of the same geometric pattern at a smaller scale is a clear demonstration of the fractal properties of self-similarity and scale-invariance.


In the figure, gl(t) is labeled as r according to k1l=k1l′. In other words, Clusters r = 1, 2, and 3 when the network learns X = (z1, ⋯ ), (z2, ⋯ ), and (z3, ⋯ ), respectively. In Figure 4a, ○, ◇, and □ indicate the centers of each cluster, where (EDdim1, EDdim2) = (−171, −100), (0, 196), and (171, −96), respectively. We apply the MDS method to Clusters 1, 2, and 3. The results are shown in Figures 4b–d. In Figure 4b, ○ represents the center of Cluster 1 in Figure 4a. Similarly, in Figures 4c and 4d, ◇ and □ represent the centers of Clusters 2 and 3 in Figure 4a, respectively. In Figures 4b–d, gl(t) is labeled according to k2l=k2l′. For example, Cluster r = 13 in Figure 4b represents the case when the network learns X = (z1, z3, ⋯ ).

Based on the above results, the spatiotemporal pattern of the input is memorized as a self-similar structure in the synaptic weight space. Additionally, scale-invariance can be confirmed because the triangular structure shown in Figure 4a also appears in Figures 4b–d. As a result, we qualitatively confirm that the STLR forms a fractal structure on the synaptic weight space.

Additionally, we analyzed the structure in the distance space between synaptic weights using the Isomap (Tenenbaum et al., 2000) and UMAP (McInnes et al., 2020) methods. The results are shown in Supplementary Figures S6 and S7, respectively. The Isomap and UMAP methods map high-dimensional information to a low-dimensional space while preserving as much of the original information as possible. These methods utilize kNN-nearest neighbors, and by adjusting the value of kNN, it is possible to investigate structures from local to global. However, even using these methods, it was not possible to reveal in detail the local and global structures shown in Figure 6. This is because of the significant difference in distance scales between local and global clusters.

Figure 5 shows the time evolution and the structure of Gw(t) when a white noise signal of amplitude σp is applied to the input (for results when the amplitude is changed to values other than σp, see Supplementary Section 7). Figures 5a, c show the time evolution and the resulting structure at t = 5, respectively, when θLTP = 4. Similarly, Figures 5b, d show the results when θLTP = 2. When noise is high, decreasing θLTP enhances the network's ability to handle noisy inputs, improving the pattern separation accuracy of the clusters, which mitigates the cluster overlap seen in Figure 5c, as shown in Figure 5d. A decrease in θLTP caused an increase in the number of updated synapses. As a result, a noisy spatial vector is complemented. Therefore, it can be suggested that the ability to separate spatiotemporal patterns with noise is improved. The relationship between θLTP and the number of updated synapses is detailed in Supplementary Section 2.


[image: Scatter plot depicting three triangular clusters labeled Cluster 1, Cluster 2, and Cluster 3. Each cluster is subdivided into three smaller clusters. Cluster 1 contains Clusters 11, 12, and 13; Cluster 2 contains Clusters 21, 22, and 23; Cluster 3 contains Clusters 31, 32, and 33. Axes are labeled as \( ED_{\text{adj}} \, \text{dim1} \) and \( ED_{\text{adj}} \, \text{dim2} \), with scales extending from -2 to 2, multiplied by \( 10^3 \). Dotted lines outline the subclusters.]
FIGURE 5
 MDS analysis of the synaptic weight space under noisy input conditions. This figure demonstrates the network's robustness to noise and the role of the LTP threshold. White noise with an amplitude of σp is added to the inputs during learning. (a) and (c) Results for θLTP = 4. Figure 5a and 5c show the time evolution of the structure and the final state at t = 5, respectively. Figure 5c indicates the significant overlap between clusters. (b) and (d) Results for θLTP = 2. The time evolution (b) and final state (d) show that lowering the threshold results in better-defined, more clearly separated clusters. This suggests that a lower θLTP enhances the network's ability to handle noisy inputs, allowing it to improve the overall separation accuracy.




3.3 Estimation of fractal dimension

To estimate the fractal dimension in Figure 4, Gw(t) is adjusted using ρn. The centers of each Cluster r are adjusted using Equation 33. For example, in Figure 4a, k1l, where n = 2; r = 1, 2, 3; ρn = 0.46; and αn = 2.2. That is, k2l, CCradj=2.2CCr, and CC1adj are (−374, −220), (0, 430), and (374, −210), respectively. Gw(t) is adjusted to CC2adj using αn as shown in Table 2.

TABLE 2 Correction coefficients used for adjusting cluster coordinates in the MDS visualization.




	Cluster label r
	αn





	1, 2, 3
	2.2



	11, 12, ⋯ , 33
	1.6



	111, 112, ⋯ , 333
	1.4



	1111, 1112, ⋯ , 3333
	1.3



	11111, 11112, ⋯ , 33333
	1





The correction coefficients applied to adjust the cluster center coordinates for the visualization presented in Figure 6. These coefficients are calculated as the inverse of the cumulative contribution ratio of the eigenvalues obtained from the MDS analysis at each cluster. The “Cluster label r” denotes the hierarchical depth, with “1, 2, 3” representing the top-level clusters and “11, 12, ..., 33” representing the sub-clusters at the next level.




Figure 6 shows CC3adj at t = 5. In Figure 6, a fractal structure similar to a Sierpinski gasket is confirmed, which could not be observed in Figure 4. The fractal dimension is determined to be 1.415 by applying the box-counting method to Gwadj(t) shown in Figure 6 (Supplementary Figure S14). Similarly, the average of the coefficient of variation and the averag of local fractal dimension are 0.6048 and 1.321 by applying the lacnarity and mass-radius methods, respectively (Supplementary Figures S15 and S17). These results quantitatively confirm that a fractal structure is formed in the synaptic weight space through the STLR.


[image: Four panels illustrating data clustering. Panel A and B show 3D scatter plots with points colored by value across discrete time on axes ED_dim1 and ED_dim2. Panels C and D display 2D plots with data points and dashed ellipses representing clusters labeled Cluster 1, Cluster 2, and Cluster 3.]
FIGURE 6
 Fractal structure in Gwadj(t) at t = 5 using ρn obtained from the MDS. Clusters are classified according to the temporal order of spatial vectors up to the second in the input spatiotemporal patterns. Gwadj(t) and Gwadj(t) represent the distances in the adjusted distance space. The adjustment geometrically arranges the clusters according to their true distances in the high-dimensional space. The resulting visualization reveals a clear and detailed fractal structure, closely resembling a Sierpinski gasket. This adjusted representation allows for a more accurate estimation of the fractal dimension and confirms the hierarchical self-similarity of the memory structure.




3.4 Reproduction of fractal structure using IFS

We utilize the IFS to reproduce the fractal structure in the distance space between the synaptic weights. The initial values and parameter values for the IFS in Equations 35 are as follows: g(0) = [0 0], γk(0) = 1200, γk(t + 1) = 0.424γk(t), ϕ1(t) = 0, ϕ2(t) = 2π/3, and ϕ3(t) = −2π/3, respectively. These parameter values are obtained from the branching behavior observed in the network simulation as shown in Figure 3 (for details, see Supplementary Section 10). Functions F1, F2, and F3 are selected with a 1/3 probability using uniform random numbers. Equation 35 is repeated for 0 ≤ t ≤ 5. Figure 7 shows the results of g(t) at t = 5 after repeating the above procedure 2,000 iterations. The resulting structure's striking resemblance to the fractal structure shown in Figure 6 provides strong evidence that the learning process of the STLR can form a fractal structure. This provides a mathematical basis for the fractal coding being performed through the STLR.


[image: The scatter plot illustrates a triangular pattern arrangement of points when Figure 6 is represented as an iterated function system. The X-axis is labeled Dim1 and the Y-axis is labeled Dim2, both scaled by a factor of 1000. The pattern exhibits a fractal structure similar to the Sierpinski gasket.]
FIGURE 7
 Fractal structure generated by an iterated function system. The simulation results are plotted g(t) at t = 5 after 2,000 iterations of the mapping 0 ≤ t ≤ 5 using Equation 35. The parameters for the IFS (expansion coefficient and phase angles) are estimated from the branching behavior observed in the network simulation (Figure 3).


In conclusion, a single-layer feedforward neural network with the STLR synapses memorizes the input spatiotemporal patterns as the fractal structure in the synaptic weight space.




4 Discussion


4.1 Fractal structure in the STLR

In Section 3.3, we analyzed the fractal structure in the distance space between the synaptic weights using the box-counting, lacunarity, and mass-radius methods (Supplementary Figures S14–S17) by the MDS method, as shown in Figure 4. The coefficient of variation and the distribution of the local fractal dimension shown in Supplementary Figures S15 and S17, respectively, suggest that the fractal structure is inhomogeneous.

However, the rigorous multifractal formalism established by Halsey et al. (1986) analyzes the scaling properties of a measure defined on that set, rather than the geometric distribution of the set itself. Our analysis focused only on geometric information, and a strict multifractal analysis has not yet been performed. This points to a critical issue for future research.

By deriving the generalized dimensions and the singularity spectrum within the rigorous multifractal formalism, it is possible to characterize the STLR's learning properties. The value of the generalized dimension allows for the analysis of different parts of a measure. A crucial future task is to quantitatively discuss how the memory structure formed by the STLR balances these conflicting functions of pattern completion and separation, as shown in Figure 5, by analyzing the shape of its multifractal spectrum.



4.2 Fractal coding through the STLR

Fractal coding encodes information into hierarchical self-similar structures as shown in Figure 4. The spatiotemporal patterns are encoded into a static synaptic weight space through the STLR and read out in the output space by inputting a specific signal in a single shot. Therefore, fractal coding through the STLR enables highly efficient compression and processing of information. On the other hand, for the Cantor coding proposed in the literature (Tsuda, 2001; Yamaguti et al., 2011), the spatiotemporal patterns are dynamically encoded into the state space of a network and read out as a time-series by inputting a specific signal. However, fractal coding using the STLR also dynamically encodes and reads out information by introducing recurrent connections into the network (Tsukada and Tsukada, 2021b).

The pattern separation ability of the STLR significantly contributes to the fractal coding. The STLR can learn slight differences in the similar spatiotemporal patterns. Therefore, clusters and hierarchical structures were formed based on the spatial and temporal differences in the spatiotemporal patterns using the STLR, respectively. Consequently, the spatiotemporal patterns were memorized as a fractal structure.

For the pattern separation ability of the STLR, we suggest that the learning rate η, the firing rate of the input spatial vectors (the ratio of 0s to 1s), the time constant τQ, LTP threshold θLTP, and LTD threshold θLTD are important parameters from preliminary experiments. In the present study, these parameter values were obtained from (Tsuji et al., 2023a), where the order-nested nested structure in the output is clearly observable through an exhaustive search. However, these parameter values should be determined in accordance with physiological findings (Tsukada et al., 1996) to reproduce physiological experiments. In particular, θLTP and θLTD are important for learning the spatial structure of the spatiotemporal patterns.

From a physiological perspective, the balance between these thresholds is hypothesized to be related to the concentration of neuromodulators such as acetylcholine. The relationship between the thresholds controls the trade-off between pattern completion and pattern separation. Under the condition θLTD≪θLTP≈μq, the learning of common features within an input sequence becomes dominant, strengthening the characteristics of pattern completion and contributing to the convergence to an attractor through fractal structuring. Conversely, under the condition θLTD≈μq≪θLTP, the learning of common elements is canceled out, and the system becomes dominated by the learning of orthogonal elements, thereby strengthening pattern separation. This suggests that the hippocampus forms memories based on an appropriate balance between these two abilities, a balance that may be modulated by acetylcholine. Furthermore, this suggestion aligns with the results of the noise-added experiments in Section 3.2. This perspective is important as it has implications for physiological experimental research.

Based on the conditions derived in Supplementary Section 2, if θLTP is too large and θLTD is too small, the synaptic weight values are hardly updated (i.e., the network does not learn the spatiotemporal patterns) and clusters are not formed. Additionally, τQ significantly affects the learning of the temporal structure of the spatiotemporal patterns. If τQ is too small, learning the temporal structure is difficult owing to the influence of the initial values of the synaptic weights. Therefore, it is necessary to determine these parameter values based on the results of physiological experiments. Numerical simulations using these parameter values enabled analyses that are difficult to perform in physiological experiments. Furthermore, a theoretical approach is required to elucidate the learning mechanisms of the STLR in detail.



4.3 Interrelationship between the structures in the synaptic weight and output spaces

The relationship between the fractal structure in the synaptic weight space and the order-nested structure in the output space is crucial, as the output space provides a physiological link to an organism's behavior. We propose that the sensory memory structure of a recognition system is encoded as a fractal structure in the synaptic weight space, and this structure can be expressed in the output space as needed to inform behavior.

In a previous study, we identified the order-nested structures formed in the distance space of the network's outputs with the STLR synapses (Tsuji et al., 2023a). Figure 2 confirms that the distance map created from synaptic weight values has a fractal structure. To clarify the interrelationship between these structures, we performed numerical simulations by changing the initial values of the synaptic weights 1,000 times when T = 3 (see Supplementary Figure S2). Additionally, even when the network parameters are changed, the similarity between the synaptic weights and outputs in the distance space is high (for details, see Supplementary Section 3).

Histograms and distance maps of the synaptic weights, internal states, and outputs were created, respectively, for each initial value (Supplementary Figure S4). Consequently, a fractal structure was observed in the synaptic weight space for all the initial conditions. By contrast, the order-nested structures were not always observed in the internal state and output spaces. In other words, the fractal structure in the weight space does not always appear in the output space. There are two possible reasons for this. The first is the dimensional compression from the input to the internal state. The inputs are multiplied by the weights and spatially summed and averaged in the internal state. Consequently, the information embedded in the synaptic weight space is compressed from ℝM×N to ℝN. The second is the binarization of the internal state at the output through thresholding. This further compresses information in the internal state (i.e., ℝN → {0, 1}N). If the firing threshold is not properly adjusted, synaptic weight information is further reduced. Conversely, our simulations showed that when an order-nested structure appears in the output space, a fractal structure is always found in the synaptic weight space. This is because synaptic weights always form a fractal structure (Supplementary Section 9) when the parameter values satisfy the conditions derived in Supplementary Section 2. Consequently, we concluded that the order-nested structure in the output space guarantees a fractal structure in the synaptic weight space. However, the fundamental reason why the order-nested structure does not emerge in the output space remains unexplained. We suggest that the initial values of the synaptic weights have a significant influence on this issue. As mentioned in Supplementary Section 10, this network exhibits chaotic behavior, and this is due to its characteristic sensitivity to initial conditions. Therefore, future research will analyze the chaotic behavior of synaptic weights and the conditions under which the order-nested structure appears in the output.



4.4 Hardware implementation

Recently, neural-network-based artificial intelligence (AI) has been applied to a variety of fields (Maslej et al., 2024). However, several problems have arisen in this regard. For example, the large-language models consume a large amount of power and data for learning, causing serious social problems (Team, 2025). This indicates that current AI models are not suitable for applications where energy, area, and training data are restricted, such as edge-devices.

In contrast, a neural network based on the STLR can learn contexts embedded in the spatiotemporal sequences with a small number of examples. Furthermore, the STLR uses only local information around each synapse; thus, a small area is sufficient for hardware implementation. Additionally, because the STLR is inherently asynchronous (Orima et al., 2023), it is suitable for spiking neural networks (Tsuji et al., 2024), which drastically reduces power consumption. From a hardware perspective, fractal coding achieves hierarchical spatiotemporal information compression, resulting in highly efficient memory usage. Therefore, the STLR is a good candidate for the integrated circuit implementation of small-sized, efficient, and high-performance spiking neural networks with one-shot learning capability (Orima et al., 2023). Furthermore, we investigated circuit precision requirements for hardware implementation and found that the original STLR model can be reproduced even with approximately 8-bit circuit implementation (Tsuji et al., 2023b). Based on this result, we are developing a dedicated hardware emulator for designing analog integrated circuits (Tsuji et al., 2024). Using this emulator, we are investigating parameter values for the implementation of analog integrated circuits and verifying the robustness of the system, considering device variations.

However, it is hard to measure the synaptic weight values from an integrated circuit because the state of each synaptic circuit/device is usually inaccessible, and if possible, the number of synapses is unpractically large. Therefore, evaluating the learning characteristics based on the synaptic weight space is difficult. That is, the fractal structure in the synaptic weight space resulting from the STLR, which was evaluated using simulations, could not be experimentally observed from the integrated circuit measurements. However, as discussed in Section 4.3, an order-nested structure in the output space provides a good measure of the fractal structure in the synaptic weight space. Consequently, the outputs of the network, which are easily measurable, can be used to evaluate fractal coding through the STLR in integrated circuit systems.
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