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Perceptual constancy refers to the fact that the perceived geometrical and physical
characteristics of objects remain constant despite transformations of the objects
such as rigid motion. Perceptual constancy is essential in everything we do, like
recognition of familiar objects and scenes, planning and executing visual navigation,
visuomotor coordination, and many more. Perceptual constancy would not exist without
the geometrical and physical permanence of objects: their shape, size, and weight.
Formally, perceptual constancy and permanence of objects are invariants, also known in
mathematics and physics as symmetries. Symmetries of the Laws of Physics received a
central status due to mathematical theorems of Emmy Noether formulated and proved
over 100 years ago. These theorems connected symmetries of the physical laws to
conservation laws through the least-action principle. We show how Noether’s theorem
is applied to mirror-symmetrical objects and establishes mental shape representation
(perceptual conservation) through the application of a simplicity (least-action) principle.
This way, the formalism of Noether’s theorem provides a computational explanation of
the relation between the physical world and its mental representation.

Keywords: perceptual constancy, invariance and symmetry, Noether’s theorem, least-action principle,
conservation laws, human perception

We begin with a perceptual illustration that will motivate the rest of this paper. Consider the 2D
image of a transparent cube, shown in Figure 1A. When one looks at this Figure, one sees a 3D
object, a transparent cube. A cube is a highly symmetrical object: it is characterized by reflectional,
rotational, and central symmetries. The symmetry of an object is defined as the invariance of the
object under transformations. For example, rotating a cube by a multiple of 90 degrees around
an axis that connects the centers of two parallel faces results in the same cube in the same 3D
position and orientation. Similarly, reflecting the cube about a plane that splits the cube into two
identical halves, results in the same cube. It is now known that the symmetry of 3D objects is of
fundamental importance in seeing 3D objects as 3D (Pizlo et al., 2014). Next, look at Figure 1B,
which is a 2D image of a 3D polygonal line. This 3D polygonal line connects the eight vertices
of a cube shown in Figure 1A in random order. The cube in Figure 1A is symmetrical, but the
3D polygonal line in Figure 1B is not symmetrical. It turns out that, when only one 2D image is
available and a 3D object has no trace of symmetry, this object is not perceived as 3D (see the
polygonal line stimuli in experiments by Edelman and Biilthoff, 1992; Pizlo and Stevenson, 1999;
Chan et al., 2006; Li and Pizlo, 2011. See also the bent wire stimuli in Rock et al., 1981, 1989; Rock
and DiVita, 1987). However, when the 3D object is symmetrical, human observers always perceive
it as 3D and they perceive it veridically (Pizlo and Stevenson, 1999; Chan et al., 2006; Li and Pizlo,
2011; Jayadevan et al., 2018). By “veridically” we mean that observers perceive the 3D shape the
way it is out there. In other words, the perceived shape matches, or nearly matches the physical
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the object. We know, based on theorems of projective geometry,
as well as on numerous computational tests, that the minimum
of the cost functional E corresponds to veridical (correct) 3D
shape recovery, where by shape we mean an invariant of rigid
motion plus uniform size scaling (Li et al., 2011; Sawada et al,,
2011; Michaux et al., 2016, 2017; Jayadevan et al., 2018). In the
absence of noise and uncertainty, minimizing the cost function
E leads to closed-form formulas (Equations 8, 9) for 3D shape
recovery that can be thought of as being analogous to the EL
equation in mechanics. Specifically, the minimum of the integral
along the entire path connecting midpoints of pairs of symmetric
points is mathematically equivalent to a spatially local operation
performed one pair of points a time.

Is this theory empirically testable? The answer is yes: such a
test was performed by the first author (Li and Pizlo, 2011). Li
and Pizlo (2011) used a shape constancy task in which the subject
was asked to discriminate whether two successively presented 3D
stimuli had identical shapes (i.e., whether they were identical up
to a 3D rigid motion and size scaling). When the 3D shapes were
identical, they were shown from viewing directions that were
90 deg apart. So, this experiment tested shape perception as a
perceptual invariant (see Figure 3).

Six types of 3D objects with different constraints were used
(see Figure 6). Stimulus (Figure 6A) was a mirror-symmetrical
polyhedron. Stimulus (Figure 6B) (vertices) was generated by
removing all edges in stimulus (Figure 6A) and showing only
vertices. Stimulus (Figure 6C) (polygonal line) was generated by
randomly connecting the vertices in stimulus (Figure 6B). These
three types of stimuli were generated using the same method;
the differences were related to how (if at all) the vertices were
connected. Stimulus (Figure 6D) was a symmetric and partially
non-planar polyhedron. It had a plane of symmetry, but its
six lateral surfaces were not planar. Stimulus (Figure 6E) was a
planar and asymmetric polyhedron. It was generated by taking a
half of a stimulus (Figure 6A). Stimulus (Figure 6F) was a non-
planar and asymmetric polyhedron. For each type of stimuli,
there were two viewing conditions: the 3D shapes were viewed
binocularly (disparity condition) or monocularly (no disparity).
The stereoscopic images of these six types of stimuli are shown in
Figure 6.

If, contrary to our theory, perceptual 3D shape recovery is
not based on the constraint of symmetry of objects, one expects
binocular performance to be equally reliable across all 6 types
of stimuli. At the same time, monocular performance should be
at chance level for all 6 types of stimuli. Binocular performance
is expected to be better than monocular performance because
binocular disparity is known to be an effective depth cue. If,
on the other hand, perceptual 3D shape recovery is based on
the constraint of symmetry of objects, as predicted by our
theory, both monocular and binocular performance should be
better with symmetrical stimuli than with asymmetrical ones.
Figure 7 shows the three subjects’ performance (d’), as well as
their averaged performance. The discriminability measure d’
represents the detection ability in Signal Detection Theory. It is
estimated from hits and false alarms for the two types of trials,
same vs. different shapes. Chance performance is represented by
d’ = 0. Higher d’ represent better performance. We focus here

FIGURE 6 | Stereoscopic images (crossed fusion) of the six types of stimuli
used in Li and Pizlo (2011) study. (A) Polyhedron with one symmetry plane and
planar surfaces. (B) 16 vertices which were obtained by removing the edges
from the stimulus of type (A). (C) Polygonal line. The 16 vertices were
connected randomly. (D) Partially non-planar and symmetric polyhedron. (E)
Planar and asymmetric polyhedron. (F) Non-planar and asymmetric
polyhedron.

on comparing performance in the “polyhedron” and “polygonal
line” conditions: polyhedron stimulus was symmetrical and
polygonal line stimulus had no trace of symmetry. The vertices
of these two types of stimuli were generated the same way
and the only difference was how the vertices were connected.
Performance with the symmetrical polyhedron was reliable
(d significantly greater than zero) with both monocular and
binocular viewing, while performance with polygonal lines was
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close to chance level with both monocular and binocular viewing.
These results provide support to the claim that the visual system
uses the geometrical theorem describing how a 3D symmetrical
shape can be recovered from a 2D image. These results do
not prove that the visual system uses the actual computations
described in this theorem, but they clearly show that 3D
symmetry is essential in shape constancy.

There are two implications of our theory. First, we started
with a mirror-symmetrical property of an object, which refers
to a reflection group in which there is only one transformation,
identity. After we applied the simplicity (least-action) principle,
we recovered a 3D shape, which is invariant under a larger
group of transformations, called similarity. As pointed out in
the previous paragraph, the similarity group includes rigid
translations, rigid rotations, reflections, and uniform size scaling.
The fact that a symmetry group never gets smaller as things
develop in Nature is called symmetry principle and has been
established by Pierre Curie in 1894. Specifically, what this
principle says is that the symmetries of the cause are always
present in the effect. In our case, the 3D physical symmetrical
object is the cause, and the 3D mental representation of the shape
of the object is the effect. As a result, 3D mirror symmetry allows
the observer to identify individual 3D objects in the environment
just by looking at them, a step that has conventionally been called
a figure-ground organization (Michaux et al., 2016). Second, the
fact that our cost functional (action) is symmetric (invariant) to
some transformation (here, reflection), implies a conservation
law, by an argument analogous to Noether’s theorem. Indeed,
a veridical mental representation of a 3D shape of a physical
object is a conservation of the mapping from the physical world
to mental—see Figure 3. When we look at a wooden chair, our
mental representation is characterized by the same 3D shape
as the shape of the chair. But our mental representation of a
wooden chair is not made of wood. So, many, if not most, of the
chair’s physical characteristics are lost during the transformation
between the physical world and mental. But not everything is
lost. The 3D shape is invariant (conserved). This is similar to the
situation when two cars collide. After the collision, the vehicles
are damaged or destroyed. So, cars are not invariant. But the total
linear momentum is invariant.

From this second implication, we conclude that the parity
of a 3D symmetrical object and its 3D perceived shape are
conjugate variables the same way spatial position and linear
momentum are conjugate variables. So, the claim that symmetry
is the sine qua non of shape, a conjecture stated by one of us
Li et al. (2013), now has a deeper mathematical meaning that
is a consequence of Noether’s theorem. This means that if an
object has no trace of symmetry, its shape cannot be perceived.
When depth cues, such as binocular disparity, motion parallax,
texture or shading are available, a 3D object will be perceived as
3D, but its 3D shape will not be recovered by the visual system
and shape constancy will fail. This fact has been demonstrated
repeatedly, starting with Rocks experiments. Multiple papers
reported the same result, namely, that with amorphous wire
objects and random star shapes that have no trace of symmetry,
shape constancy completely fails (Rock et al., 1981, 1989; Rock
and DiVita, 1987; Edelman and Biilthoff, 1992; Farah et al., 1994;

Pizlo and Stevenson, 1999; Chan et al., 2006; Li and Pizlo, 2011).
Rock and his colleagues thought that their result applied to all
objects. It does not. When an object is mirror-symmetrical, shape
constancy is perfect, or nearly so (Pizlo and Stevenson, 1999;
Chan et al.,, 2006; Li and Pizlo, 2011; Li et al., 2011; Jayadevan
etal., 2018).

6. SUMMARY AND DIRECTIONS FOR
FUTURE RESEARCH

Our paper’s title is a slight modification of Ernst Cassirer’s
seminal 1944 paper’s title (Cassirer, 1944). Cassirer emphasized
the role of group invariants in explaining perceptual constancy,
but he missed the point that a 3D-2D perspective projection is
not, in the general case, a group and does not have invariants.
Cassirer was not a psychologist, and he did not perform any
experiments on perception that could verify his conjectures.
He was also apparently unaware of the fundamental relevance
of invariance in physics, including Noether’s paper. J.J. Gibson
picked up the invariance concept in his 1950 book (Gibson cited
Cassirer’s article). Gibson, a psychologist, built his career around
the concept of invariance, introducing his theory of “direct
perception.” However, Gibson’s theory of direct perception, in
which he assumed that the 3D interpretations are available in
the 2D retinal image and that no computations are needed, never
went beyond verbal statements. Nevertheless, Gibson’s emphasis
on dealing with 3D stimuli did have a lasting impact, and his
theory of direct perception was modified by Marr’s group to
became a theory of 3D reconstruction. This included the use
of motion, texture gradient, as well as projective invariants. We
are in an excellent position to extend and reformulate Cassirer’s
and Gibson’s ideas because we are writing 75 years after Cassirer
published his paper and 40 years after Gibson published his last
book. We extended Cassirer’s observations by showing how the
invariance and redundancy aspects of symmetry lead to a theory
that explains veridical 3D shape perception. In our approach,
a 3D visual representation of the physical environment results
from solving an ill-posed inverse problem. Contrary to Gibson’s
claim, the 3D veridical representation is not “picked up” from the
retinal image or the environment.

Most importantly, we established, for the first time, a close
connection between the mathematical formalism of 3D shape
perception and the formalism used in Physics. This allowed us
to explain perceptual constancy as a conservation law resulting
from applying a simplicity principle to the symmetries of
physical objects. Finally, formulating perception in the context
of group invariants proved to have important implications for
how experiments on perceptual constancies should be designed.
Since perceptual constancies refer to permanent characteristics
of objects, which themselves are group invariants, a perceptual
constancy experiment must employ the entire relevant group.
This has rarely been done, which probably explains the
multiple confusions and contradictory results that permeate the
subject’s history.

We conclude by discussing several implications of our theory
for future research, both empirical and theoretical.
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FIGURE 7 | Three subjects’ performance and the averaged performance (d') across the six types of objects in Li and Pizlo (2011) study.
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First, consider the area called intuitive physics, which refers to
the fact that humans, including infants, understand many physics
concepts and phenomena without ever taking physics classes
(Spelke, 1990; Spelke et al., 1994; Spelke and Kinzler, 2007). The
fact that the visual system has at least qualitative knowledge
about the three pillars of Physics, symmetry, least-action, and
conservation, suggests that the phenomenon called “intuitive
physics” resides in the core of the visual system, rather than at
later stages of cognitive processing. But note that contrary to
much of the existing literature on intuitive physics, we emphasize
the concepts included in Noether’s theorem rather than Newton’s
concepts. The main difference between the two is that Newton’s
formulation is vectorial, whereas Noether’s work is grounded on
analytical mechanics. Furthermore, Noether’s theorem links the
least-action principle to symmetries and conservation laws. This
connection between those three fundamental concepts did not
exist before Noether proved her theorem.

It is easy to see that humans have a good understanding of the
concept of invariance and symmetry. This is particularly obvious
when we consider the rigidity of human-made objects, which
is an invariant of Euclidean transformations, or the piecewise
rigidity of animal bodies, which can be viewed as a topological

invariant. Furthermore, humans have good intuition about the
invariance of the laws of Physics. If we try to convince a student
that dropping an object onto the floor in one corner of a room
will lead to the same outcome as dropping an object onto the
floor in the opposite corner of the room, the student probably
will wonder whether there is anything unusual in this invariance,
simply because this invariance is intuitively so evident that it
seems trivial. The student would feel the same about dropping
an object onto a floor today and tomorrow.

The invariance of physical laws in the presence of spatial and
temporal translations is fundamental, and it has equally crucial
implications in the form of conservation laws. Not surprisingly,
some examples of the conservation laws are also intuitively
obvious, at least qualitatively. Take the intuition that an object
dropped from a higher elevation relative to the ground will cause
a bigger impact because greater potential energy will translate to
greater kinetic energy, consistent with energy conservation laws.
Or, when a running person bumps into a standing one, the latter
is likely to fall in the direction of the former’s movement, which
is consistent with conservation of momentum. If, instead of two
people colliding, an elastic collision between two billiard balls on
a pool table is considered, the higher speed of the first ball will
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translate to a higher speed of the second ball after the collision,
which is consistent with the conservation of kinetic energy.

Humans not only understand invariants and conservations,
but they also understand the least-action principles. Everyone
knows what it means to complete an action in the shortest
amount of time or travel from point A to point B by using the
shortest path. We routinely observe and understand the least-
effort or least-energy principle, such as the case of a bobsled run,
where the bobsled’s trajectory follows the shape of the bobsled
slide. The least-action principle has been called a "simplicity" or
"likelihood" principle in perception and cognition. Mach (1914)
was the first to describe the simplicity and likelihood principles
in perception [some consider von Helmholtz (1924/1886),
remark in his handbook that familiarity with objects and events
disambiguates the visual input as a precursor of Mach’s likelihood
principle]. The simplicity principle has been a key concept in
perception ever since the Gestalt Psychologists adopted and
elaborated it (Wertheimer, 1923; Koffka, 1935). The popularity of
Gestalt’s simplicity principle can be attributed to being intuitively
so obvious. When two smooth curves intersect, forming an
X, it is nearly impossible to see this intersection as two Vs,
one upright and the other upside down. An X interpretation is
more straightforward!

After listing all these examples of intuitions about invariance,
conservations, and least-action, it is surprising how skeptical
cognitive psychologists are about intuitive physics (see
McCloskey, 1983). Our explanation of this situation is that
cognitive psychologists focused on Newtonian physics rather
than on Noetherian concepts. Cognitive psychologists have
never compared these two probably because our Elementary
and High School Physics education has been entirely restricted
to Newton’s approach. We have the temerity to suggest that the
time has come to change both Physics Education and Cognitive
Research on Intuitive Physics.

Second, we think that it is essential to reflect that the three
concepts from Noether’s theorem do generalize outside the
context in which the theorem has been formulated. Noether,
herself, could not have anticipated this kind of generalization.
But this generalization offers, probably for the first time, a
possibility of a unified approach to Natural Sciences that
include Physics, Cognitive Psychology, and possibly Biology.
It should be evident to the reader that Newton’s three laws
of motion do not offer such a generalization. Specifically, no
one ever proposed using Newton’s second law, F ma,
to explain human visual perception. To be sure, Newton’s
laws of motion do not contradict Noethers theorem. But
the concepts used by Noether in her theorem offer much
greater generalizations because they are more abstract. Physical
objects are characterized by symmetries. Perceptual and cognitive
representations can be treated as conservations. The intermediate
stage between the physical and mental worlds, namely the
brain’s neurophysiological processes, is the stage where the least-
action principle is implemented. Poggio et al. (1985) made this
suggestion first, and we included references to several papers
that explicitly talked about using neural structure to explain
perceptual, motor, and cognitive inferences through solving
optimization problems. Perceptual inferences are so fast, and
they use so little energy, that the physical least-actions are the

most likely mechanisms. How exactly is this accomplished? Does
the brain have one cost function for all 3D shapes? Do the
cost functions change depending on the sensory input? How are
the 3D shapes represented in the visual cortex that is mostly
a 2D surface? Visual neuroscience has focused for a long time
on describing neurons as feature detectors. With our theory, it
makes sense to talk about neural structures as circuits solving
optimization problems.

Third, are all inferences likely to be veridical, as long as they
satisfy our theory? Specifically, let’s assume that we identified a
symmetry in the physical environment and formulated a cost
function that leads to a unique interpretation. Is it always the
case that the resulting interpretation will be a conservation rule,
in the sense that it will represent something permanent in the
environment? It is tempting to think that this might be the
case, not only in perception but also in cognition. Can language
comprehension be explained that way? Colloquial language is
characterized by ambiguities, but humans are extremely good
at resolving them. The scientific language is less ambiguous.
Can this fact provide clues for how to make the next steps in
understanding linguistic communication?

Fourth, it is worth noting that symmetry has a long history
in visual arts and esthetics, much longer than the history
of symmetry in math and physics. The main difference is that
symmetry in art is usually treated as redundancy, whereas
symmetry in physics and math is treated as a group invariant.
Can visual arts shed additional light on symmetry and contribute
to the mathematical formalisms, the way perspective paintings in
the fifteenth century stimulated projective geometry in the 17th
and 19th centuries?

Fifth, can symmetry be used explicitly in explaining mental
representations of objects and concepts? When you look at a
chair with a broken leg, you are likely to call it just that, rather
than stating that you have never seen such a strange object.
Humans tend to form categories around the concept of symmetry
and by relation to symmetrical objects. When departures are
noticed, they could be explicitly included in the representation
as exceptions or treated as noise. This would resemble how the
Minimum Description Length principle is used. The mind can
use more complex models with less noise to account for a given
representation or simpler models with more bits of information
devoted to explaining remaining characteristics. This is not a
new idea in perception and cognition (see Griinwald et al., 2005;
Feldman and Singh, 2006; Griinwald, 2007).

Sixth, the standard topic in vision called “shape from X”
can now be treated as part of our theory of “shape from
symmetry.” The key step that allows veridical 3D shape recovery
from a single 2D retinal image is the redundancy inherent
in a mirror-symmetrical object (Pizlo, 2019). But redundancy
can be inherent in the sensory data, as well. This is obvious
when rigidity constraint has been used by Ullman (1979) in
his structure from motion theorem. Rigidity is the invariant
of rigid motion, and having two or more views of a rotating
object allows for unique shape recovery. Binocular vision is no
different. Having two views of the same object is like having
two views of a rotating object, except that it is simpler. With
a binocular observer, we only have to assume that both eyes
look at the same object—rigidity is not invoked. Shape from
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texture and shading are similar. Gibson’s examples of texture
gradient are nothing more than translational symmetry of
identical texture elements. Without symmetry (redundancy) in
the stimulus, there would be no texture gradient and no 3D
percept. Multisensory perception integrating vision, audition,
and haptics can and should be treated the same way. Different
sensors provide redundant (symmetrical) information about the
same object or event. By bringing the concept of symmetry to
the existing models of “shape from X, we are not suggesting
that computations should be done differently. We think that
what we are proposing is similar to Newtonian physics’s change
to the physics captured by Noether’s theorem. The phenomena
are the same, but the formalism is more abstract and potentially
more powerful.

If our perception approach is accepted, the conventional
material in sensation and perception textbooks can be presented
differently. The textbooks will not be split into individual visual
cues that have to be integrated when a hypothetical binding
problem is solved for each symmetrical object and when multiple
objects are organized into a scene. Such a perception textbook will
be a coherent presentation that can be titled “perception from
symmetry,” the same way a modern physics textbook is titled
“physics from symmetry” (Schwichtenberg, 2018). Our proposal
should not be surprising if we remember that perception is
a cognitive capacity to acquire information about the physical
world, rather than an analysis of sensory cues isolated from the
physical environment.
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