'." frontiers

in Computational Neuroscience

ORIGINAL RESEARCH
published: 02 March 2018
doi: 10.3389/fncom.2018.00009

OPEN ACCESS

Edited by:
Markus Diesmann,
Forschungszentrum Jilich, Germany

Reviewed by:
Maurizio Mattia,
Istituto Superiore di Sanita, Italy
Alex Roxin,
Centre de Recerca Matematica, Spain

*Correspondence:
Rodrigo F. O. Pena
rfdop@uol.com.br

"These authors have contributed
equally to this work.

Received: 29 September 2017
Accepted: 07 February 2018
Published: 02 March 2018

Citation:
Pena RFO, Vellmer S, Bernardi D,
Roque AC and Lindner B (2018)
Self-Consistent Scheme for
Spike-Train Power Spectra in
Heterogeneous Sparse Networks.
Front. Comput. Neurosci. 12:9.
doi: 10.3389/fncom.2018.00009

Check for
updates

Self-Consistent Scheme for
Spike-Train Power Spectra in
Heterogeneous Sparse Networks

Rodrigo F. O. Pena *', Sebastian Vellmer 2%, Davide Bernardi 22, Antonio C. Roque * and
Benjamin Lindner 22

! Laboratério de Sistemas Neurais, Department of Physics, 3mol of Philosophy, Sciences and Letters of Ribeirdo Preto,
University of S&o Paulo, Sdo Paulo, Brazit,Theory of Complex Systems and Neurophysics, Bernstein Ceat for
Computational Neuroscience, Berlin, Germany: Department of Physics, Humboldt Universitat zu Berlin, B&n, Germany

Recurrent networks of spiking neurons can be in an asynchrasus state characterized
by low or absent cross-correlations and spike statistics with resemble those of
cortical neurons. Although spatial correlations are negjible in this state, neurons can
show pronounced temporal correlations in their spike trais that can be quanti ed

by the autocorrelation function or the spike-train power spctrum. Depending on

cellular and network parameters, correlations display dérse patterns (ranging from
simple refractory-period effects and stochastic oscillabns to slow uctuations) and it

is generally not well-understood how these dependencies cme about. Previous work
has explored how the single-cell correlations in a homogermis network (excitatory
and inhibitory integrate-and- re neurons with nearly balaced mean recurrent input) can
be determined numerically from an iterative single-neurosimulation. Such a scheme
is based on the fact that every neuron is driven by the networkoise (i.e., the input
currents from all its presynaptic partners) but also contoutes to the network noise,

leading to a self-consistency condition for the input and otput spectra. Here we rst

extend this scheme to homogeneous networks with strong recurent inhibition and a
synaptic Iter, in which instabilities of the previous schme are avoided by an averaging
procedure. We then extend the scheme to heterogeneous netwiks in which (i) different
neural subpopulations (e.g., excitatory and inhibitory neons) have different cellular or
connectivity parameters; (ii) the number and strength of thinput connections are random
(Erdos-Rényi topology) and thus different among neurons. In alieterogeneous cases,

neurons are lumped in different classes each of which is repsented by a single neuron
in the iterative scheme; in addition, we make a Gaussian apprimation of the input

current to the neuron. These approximations seem to be juséd over a broad range

of parameters as indicated by comparison with simulation ults of large recurrent
networks. Our method can help to elucidate how network hetesgeneity shapes the

asynchronous state in recurrent neural networks.

Keywords: complex networks, stochastic models, neural noise
spike-train statistics, spike-train power spectrum

, recurrent neural networks, neural dynamics,
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1. INTRODUCTION of random spiking can be made: the total chaotic input from
the network impinging on the single cell acts as an e ectively
The autonomous dynamics of recurrent networks of spikingstochastic drive and the resulting spike-train power spectra
neurons is an important topic in computational neuroscienceexhibit in many cases a non-trivial (in particular, non- atg.,
Networks of randomly connected excitatory and inhibitory non-Poissonian) shape. Depending on cellular parameters as
integrate-and- re (IF) neurons are often used in the studfy o the reset value after spikind>(mmer et al., 201¢or on the
this problem, because this model is computationally e cient fo strength of synaptic coupling(stojic, 2014; Wieland et al.,
numerical simulations and even sometimes permits analytical015, the spectrum can change drastically (e.g., from strongly
insights (see e.gAbbott and van Vreeswijk, 1993; Brunel, peaked spectra to low-frequency dominated spectra with a
2000; Lindner et al., 2005; Richardson, 2009; Deger et al~f form). How spike-train power spectra depend on system
2019. Exploring the possible spike statistics in such networlparameters in a recurrent network is generally poorly undsoelt
models may help us to further our understanding of healthy[for some e ects of presynaptic refractoriness, slow presyapti
and pathological neural activity in di erent brain areas andrate changes, and short-term synaptic plasticity, Seg{alger
brain states. Moreover, understanding the autonomous, (i.eet al., 201} for e ects of the postsynaptic refractory period,
spontaneous) activity is also a necessary prerequisite r tlsee Bair et al., 1994; Franklin and Bair, 19P5Some progress
comprehension of the network response to external signals artths been achieved though for a related but distinct statistics
signal transmission and processing capabilities of the nétimo  at a higher modeling level, namely, the power spectrum of
general. the population activity, for which di erent approximations and
Recurrent networks of IF neurons can already show aumerical schemes have been put forwafdight, 1972; Brunel
rich repertoire of activity statesBfunel, 200) shaped by and Hakim, 1999; Spiridon and Gerstner, 1999; Mattia and
pronounced synchronization and by oscillations on which man Giudice, 2002; Lindner et al., 2005; Trousdale et al., 20&8eD
computational studies have focused (see ezag. Vreeswijk etal., et al., 2014; Schwalger et al., 201 our paper we focus
1994; Hop eld and Herz, 1995; Ermentrout et al., 2001; Timmexclusively on single spike-train power spectra.
etal., 2006; Ladenbauer et al., 200Ohe state that lacks obvious  According to early work byMari (2000) and, particularly,
collective e ects but still can show a statistically rich belor by Lerchner et al. (2006a strong theoretical argument against
is the asynchronous state with low or absent cross-cormiati the white-noise approximation is the self-consistency of the
among neurons. This state is found in many network modetsi(  uctuation statistics. If we think of a homogeneous netwark
Vreeswijk and Sompolinsky, 1996; Brunel, 2000; Renart et astatistically equivalent neurons (identical neural parteneand
2010; Helias et al., 20)Ldnd also in experimental recordings in a xed number of input connections as in the popular Brunel
di erent brain areas in the awake and attentive animab(let  network; Brunel, 200}, the output statistics of a cell should
and Petersen, 2008; Harris and Thiele, 2011 be related to the input statistics because in the network every
Although it is frequently assumed in theoretical studiesdriven cell is also a driving cell. In the simple case of curent
approximating the asynchronous activity as Poisson spikingulse-coupled IF neurons without a synaptic Iter (homogensou
with a total lack of temporal correlations is generally notBrunel network), the power spectrum of the input current
justied. Despite the characteristic absence or weakness should be proportional to the power spectrum of the spike train
spatial correlations among neurons, neural spike trains ingenerated by the neuron. As the output power spectrum of a
the asynchronous state can still show a pronounteaporal white-noise driven IF neuron is generally not at (Poissakel)
correlation: experiments have revealed non-at (i.e., non{Lindner etal., 2002; Vilela and Lindner, 20)@ad, contrary to
Poissonian) spike-train power spectra exhibiting reduced powesome claims in the literature, summing many presynaptic spike
at low frequency ftdwards et al., 1993; Bair et al., 1§Peaks trains does not remove the temporal correlations of the sing|
attained at frequencies close to the ring rate and multiplesprocess I(indner, 2009, the at white-noise spectrum cannot
(Pesaran et al., 20pdr increased power at low frequenciesbe a self-consistent solution for the network neuron, usla#
indicating slow uctuations or burstingfair et al., 1994 Some neurons are poised deep in the subthreshold uctuation-driv
of these features (but also additional ones) have been féond regime of very rare ring (rates are smaller than 1Hz).
spike-train power spectra from neurons in the sensory periphery The self-consistency of the temporal correlations of input
(Neiman and Russell, 2011; Grewe et al., YtHat lack synaptic and output in random networks is not an entirely new idea: in
input from other neurons but are subject to channel noise andstatistical physics it has been used to derive correlationtfans
other signal-unrelated uctuations. Theoretically, sofbeit not  of disordered spin system&¢mpolinsky and Zippelius, 1982;
all) of these spectral shapes can be already understood if Wéssfeller and Opper, 19%2in neuroscience, it was applied
consider simple stochastic models, e.g., a Poisson proct#ss wio random networks of coupled rate units bgompolinsky
refractory period Bair et al., 1994; Jarvis and Mitra, 2001 et al. (1988)(for various recent extensions, ségade et al.,
or, more elaborate, integrate-and- re models driven by wehit 2015; Kadmon and Sompolinsky, 2015; Mastrogiuseppe and
(Lindner et al., 2002; Richardson, 2008; Vilela and LindneQstojic, 201Y. Generally, the self-consistency condition of the
20090 or colored noise I(liddleton et al., 2003; Bauermeister asynchronous state can be employed to determine correlation
et al., 2013; Droste and Lindner, 2017 functions or power spectra without actually simulating the
Interestingly, even if completely deterministic neuron net&l network but by simulating a single element iteratively. If
are connected in a random network, corresponding obserumatio we make a Gaussian approximation for the incoming stream
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of input spikes, we may ask how correlated (“colored”) thiscell in a certain generation will be determined from all outpu
Gaussian noise has to be to evoke a neural spike train witkpectra of the previous generation.

a temporal correlation proportional to that of the driving  The third extension, illustrated inFigure 2 concerns the
noise; equivalently, we can ask about the proportionality ohumber and strength of synaptic input connections that is in
power spectra. This idea can be translated into an iterativeeality certainly not constant and xed, respectively, asttie
scheme that nds this solution numerically (if it exists)u  Brunel network studied with the iterative scheme bymmer

a scheme has rst been developed for a spin systems{eller et al. (2014)Just choosing a simple Eys-Rényi topology, yields
and Opper, 1992 in the neural context it works essentially a broad distribution of ring rates and this kind of heterogeity

as follows [(erchner et al., 2006; Dummer et al.,, 2R1A  can be captured in the iterative scheme as well if we simulate a
single neuron is driven by a Gaussian noise, the output spiksu cient number of representative neurons, i.e., a sample @f th
train is recorded, its power spectrum is estimated and servesetwork neurons (cffrigure 2).

to generate a new Gaussian noise to again stimulate the Our motivation for all these extensions of the method is
neuron in the next generation (step in the iterative scheme)twofold. For once, in cases in which the single-neuron catieh
Repeating this procedure over a few generations only, for statistics is of interest, e.g., for the emergence of slatuations
network with (nearly) balanced recurrent input and moderatein recurrent networks|(itwin-Kumar and Doiron, 2012; Ostojic,
synaptic amplitudes, yields an excellent quantitative agez¢  2014; Wieland et al., 20),50ur extended scheme provides a
with the single-cell statistics of a neuron in a large networ numerically e cient method that does not require large-matrk
(Dummer et al., 201¥(Lerchner et al., 200@sed the equivalent simulations. Hence, if the temporal correlation statistiéste
correlation function). The simplest version of the procedureasynchronous state is studied, our results permit to explbee t
fails in the case of strong inhibition and is naturally résted role of network heterogeneity in shaping those correlatidrise

to homogeneous networks, in which all neurons (excitatorysecond purpose of our study is to trigger interest in the self-
and inhibitory ones) share the same cellular and presynapticonsistent description of the Gaussian colored noise geeérat
connection parameters. Cortical neural networks are stlpng by recurrent spiking networks. Showing that the numerical
heterogeneouseunier etal., 2010; Tomov et al., 2014; Harrisonscheme works in a physiologically relevant parameter regane c
et al., 201pand, hence, an extension of the method to cases ialso be regarded as a demonstration of the colored-Gaussian-
which neural and connection parameters vary across the mtwo noise approximation's validity and may encourage looking for

is desirable. an analytical description of the network noise via Markovian
The purpose of the present study is to extend the iterativembedding Echwalger et al., 200L5
scheme in several directions. First, we develop a simpleadeth Our paper is organized as follows. Section 2 presents the

deal with the instability of the iterative scheme at stroagurrent  neuron and network models, introduces important spike-train
inhibition, which makes the scheme applicable to a much broadestatistics, shows how to stabilize the iterative procedwrehs
range of network parameters. Secondly, as sketch&ibure 1, that it works also for strong recurrent inhibition and how
we study a heterogeneous network, in which excitatory antb incorporate a synaptic Iter, and extends the scheme to
inhibitory neurons have di erent parameters (either cellular the dierent heterogeneous cases. In section 3, we consider
with respect to their connectivity) or we consider even salver rst the uctuation statistics of the spike trains in the so-
(more than two) populations, which di er in their parameters. As called “heterogeneous asynchronous state” of a homogesneou
indicated inFigure 1, every population is then represented by anetwork with strong recurrent inhibition Qstojic, 201} Here
single cell in the iterative scheme, and the input statigtbasach we demonstrate that slow uctuations emerge due to their

Network with two populations Iterative scheme: input for each neuron is generated using power spectra of the previous generation
of excitatory and inhibitory neurons
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FIGURE 1 | Heterogenous network of excitatory and inhibitory neuronsliffering in intrinsic parameters. Sketch of the networkleft) and the corresponding iterative
scheme where a single neuron is simulated to represent one gaulation (right) . The input of a neuron in the next generation is composed of Bpower spectra from the
previous generations. The power spectrum of each populatio converges after the nth generation.
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Network with randomized number and Iterative scheme: input for each neuron is generated using random weighted power spectra of the previous generation
amplitude of connections Oth generation 1st generation nth generation (n+1)th generation
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FIGURE 2 | Heterogeneous network with distributed numbers and strenths of synaptic connections (Erds-Rényi) where the number of presynaptic neurons and the
synaptic weights follow a distribution(left) and the corresponding iterative scheme where few neurons mresent the distributions(right) . For each neuron in each
generation these parameters are drawn from a distributionrad the input is composed randomly from all power spectra fronthe previous generation. The average
power spectrum over all neurons converges after the nth gemation.
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preferred ampli cation by the network. We review briey appropriate, i.e., if the neurons are statistically equivaletiich
the e ect of a synaptic Iter and then turn to the dierent isindicated byhi (ensemble average) and over time:
heterogeneous cases. All power spectra found with the iterati

scheme are compared to numerical simulations of large and 1 )
sparse networks. We conclude with a brief discussion of our D =  x(t) dt. (3)
ndings. T o

For the calculation of spectral measures, we de ne the Fourie

2. METHODS transform by

2.1. Neuron Model and Spike-Train .

Statistics ) D die? Tx(), (4)
A single neuron is described by the standard leaky integaat 0

re neuron model Gerstner et al., 20)4The membrane voltage

v evolves according to: whereT is our time window and is set in our simulations to

T D 2 sif not mentioned otherwise. In all simulations we neglect
a transient period of 1 s before extracting the statistics ¢her

mPD  vCRI®). (1) nextT D 2s. The power spectrum of a spike train is then
de ned by
Whenv(t) > vy, a spike is emitted and, after a refractory period
of r D 2 ms, the voltage is reset wt) D v;. The parameter Su(f) D R 5)

m in Equation (1) is the membrane time constant, which may T

be di erent depending on whether the neuron belongs to the ) .

excitatory or the inhibitory population. The input current (sled ~ Where R is the complex conjugate aQ We note that the
by the membrane resistang®, is denoted byRl. power spectrum saturates for in nite frequency at the ringea

The statistics inspected in this work are based on spike-d;rainfl!ilm S«(f) D

which are de ned as sums of Delta functions Two important statistical measures can be extracted from the
power spectrum. The rstis the FanoFEactEthich is de ned
X(t) D (t t), (2)  as the variance of the spike colNtD  dtx(t) over its mean,
i an expression that can be related to the power spectrum at zero
frequency:

wheret; is the time instant of theth spike. The instantaneous

ring rate is the (generally time-dependent) average of the 1N? _Su(f! 0)

spike train, D x(t), and can be determined for a specic FFD N D : 6
neuron within the network by an average over di erent runs

with randomized initial conditions. We are only interestéml The second statistical measure is the correlation time
the asynchronous state, in whichdoes not depend on time. Following Neiman et al. (2007)and Wieland et al. (2015)
In practice, we often average the rate over the population (fve consider the spike train's correlation functioe{ ) D
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X@x(tC ) x(t) x(tC ) (notethatheréhi indicatesatime where (t) is the Heaviside function ands is the synaptic Iter
average) and its continuous pat ) D o ) ( )tode nethe time. Note that in the limit s ! 0, the case without synaptic
correlation time as an integral over the squared and nornealiz Iter is recovered. If not explicitly stated otherwise, we uke t

Q) parameter values that are giveniable 1
2 ogy2 B ogm ? 2.3. Self-Consistent Scheme for a
b d g P d—a— () Homogeneous Population—Stabilization of
1

the Scheme for Strong Recurrent Inhibition

an integral which in turn can be related to an integral ovee th The iterative self-consistent scheme developetidaghner et al.

power spectrum via the Parseval theorem on the right side. ~ (2006)andDummer et al. (2014js able to reproduce the single-
spike-train power spectrum for homogeneous populations close

2.2. Network Model to the balanced regime. In this procedure, in one generation a
Di erent network compositions are studied, many of which aresingle neuron is stimulated with a colored noise over manydria
based on the work dBrunel (2000)speci cally on his Model B, a the power spectrum of its spike train is estimated, and using this
heterogeneous random network with xed in-degree. In castr  spectrum and the output ring rate, a new surrogate colored
to Brunel (2000) we use a larger number of neurons, i.e., arGaussian noise is generated which is used as the stimulus in
excitatory population siz&lg D 10 instead ofNg D 10*.  the next generation. This procedure is repeated iterativelyl un
Independently of the number of populations, there is always #éhe mean value and the spectrum of the driving noise matches
mixture of excitatory to inhibitory neurons with a ratio of:3, in a self-consistent manner approximately the ring rate and
i.e.,N; D Ngwhere D 0.25. Therefore, the total network size the power spectrum of the resulting spike train. We present

isN D NeC N;. in detail the heterogeneous iterative self-consistent seham
The" th neuron from the network has the dynamics section 2.4, for further details of the homogeneous scheme w
refer toDummer et al. (2014)
WD v CR g Clex, - ®) The version of the scheme byerchner et al. (2006and

. . Dummer et al. (2014)s unable to reproduce self-consistently
The external input current to each neuron and its membran I . . .
. Co . the statistics of single neurons in a recurrent network with
time constant depend on the population it belongs to which Y . .

strong relative inhibitiong. More speci cally, in cases where the

is here indicated by index. The "th neuron receives a xed . . > ~ " ° "
number of CE (C!)yexcitatory (inhibitory) randomly selected inhibition is high, the scheme loses stability and the meadur
ring rate  oscillates as a function of the generatiobsi(nmer

neurons connections from populationD fE, Ig The local input et al., 201} (a numerical instability in the balanced case is

Is described by: reported in Lerchner et al., 20Q6which is unrelated to the
0 ¢ instability at strong recurrent inhibition). As a resultetwork
Rlog: () D @ I, Kt D) regimes of low ring rate (such as those seen in cortex) canno
o be captured.
1 Here, we propose a method to ensure convergence even with
strong recurrent inhibition. We observed that the ring mat
g Jnoat DA K@), (9)  oscillations are around the target ring rate, therefore vem cise
iD1 the average ring rate over all pastgenerations as input to the

kD1
|

whereg is the ratio between average inhibitory and average
excitatory synaptic weights, which depends vian the target
neuron (2 E|I) The number of presynaptic neuror@™' TABLE 1 | Summary of standard parameters for the iterative scheme wtit
will be constant in some cases ( xed in-degree, in sectiaBs 2 different populations.

and 2.4 as well as from 3.1 to 3.3) and random in others (as a
consequence of a Bod-Rényi topology in sections 2.5 and 3.4 ).
The excitatory (inhibitory) input neurons are picked randoml e Value Description
from the network and the set of the neuron indexes is denoted
by m-, and n-j. The synaptic coupling strength (also called NETWORK CONNECTIVITY PARAMETERS

PARAMETERS

synaptic weight or synaptic e cacy) will be either constant, Ng 10° Size of excitatory population
Jj D J (in sections 2.3—-3.4) or exponentially distributed withn, Ng Size of inhibitory population where D 0.25
mean ValUd’I}ji D J (|n section 34) We X the transmission cE 1,000 Number of excitatory synapses per neuron
delay at p D 1.5 ms unless otherwise indicated, afft) isa ¢ cE Number of inhibitory synapses per neuron
an optional synaptic Iter. In most cases, the Iter is not used, NEURON PARAMETERS
which mean(t) D (t). Otherwise, it is a simple exponential \,, 20 mv Firing threshold
Iter: WV 10 mv Reset potential
. t= R 2ms Refractory period
K(t) D (t)w! (10) Rloxt 30 mv External input
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next generation:

RR) RR(f)
b 1

X< *
(11) D 2@ jRNIPCES()IC  FiRNi*C (A

oD1 k [

8(f) D

1 X
@D
(13)

This procedure stabilizes the scheme Kgare 3for a numerical
example. Note that averaging over a higher number of pas¥hereSc(f) and§(f) are the spike-train power spectra from the
generations can yield a faster convergence Rigures 3B,g.  kth E andith I-cells that provide synaptic input to the population
The e ect can be visualized using a similar approach as in, respectively, anillf) is the Fourier transformed synaptic lter
Dummer et al. (2014)a map from the input rate to the output in Equation (10). Note that in order to distinguish it from the
rate. We calculate the output rate from the input rate with theoutput spectra, the input spectra to the populations identi ed
approximation for synaptically Itered white noisé(unel and by a bar, i.e.8l. If more than two populations are present, in
Sergi, 1998 The e ect of the averaging over resulting output rate Equations (12, 13) their contributions are taken into aacbbly
and input can be captured by the functionguo D ou( in),  the numberP=andP' of populations.

ot D ou -2C-gutn) . which are shown ifigure 3D. 5 45 Gaussian Approximation of the Input
These functions display an increasingly atter shape in theye want to use Equations (12, 13) to create an input with the
dependence on the initial ring rate illustrating the stakihg same rst- and second-order statistics. For a large number of
e ect of the averaging. presynaptic neurons that are only weakly correlated, thiss$ies
The procedure of averaging the rate over the past generationgll be approximately Gaussian by virtue of the central limit
will be used only in cases of unstable convergence. Typicalheorent. To generate an input to a neuron embedded in thi

if excitation and inhibition are (nearly) balanced, the sofie  population with a prescribed power spectrum, we generate the
is stable and we do not need to apply the averagin@ourier transform

procedure.

2.4. The Self-Consistent Scheme for
Several Populations

The self-consistent scheme for a homogeneous population cé’rﬁ

be generalized in di erent ways. First of all, real networkesist

of several types of neurons, that all di er with respect to their

physiological parameters. A rst important step is to distirgiu
between excitatory and inhibitory neurons not solely witspect
to their postsynaptic e ect but to endow inhibitory neurons als

with other cellular parameters (membrane time constantk lea

potential, mean input current) than excitatory cells. Gefligrave
distinguish betweef* excitatory and® inhibitory populations.
In the self-consistent scheme each population is represented
one neuron.

2.4.1. Determination of the Second-Order Statistics

In the situation considered here, every neuron in the networ

receives a xed number of inputs. First of all, the mean reeutr
input to a given population is determined by the ring rates of

S

R (f)D

5(f)

sirQCIQ (14)

a time-dependent functionRlg, (t) by drawing two
independent Gaussian number®, Q with unit variance
and zero mean in each frequency bin. The frequency resalutio
is set by the length of the time windod,f D T 1. Finally, we
generate the time-dependent curreRlg, (t) by inverse Fourier
transformation ofR&, (f).

We start with Gaussian white noise as input as théO-
generation in the scheme and drive neurons, whereP D
PEC P' is the number of populations. The neurons are simulated
gver a number of trials, the output spike-trains are measured
and their power spectrﬁ' (f), are estimated (1st generation).
For the next generation, an input is created using the spike-
train power spectra of the rst generation in the Gaussian
approximation described above. The procedure is repeated until
the output power spectra matches the input power spectra, i.e.,
self-consistency is achieved. In all simulations of thees@hwe

the presynaptic neurons and by the connection parameters in th%bserved thatiterating up to the 30th generation and usinga0

network:

0
»° »®
J@ cE Ek

k k

1

D aC 16~ (12)

where gy and | are the excitatory and inhibitory ring rates

determined by thekth presynaptic neuron. Furthermore, by

writing the e ective input in the Fourier domain, we can obtain

the power spectrum of the e ective inp# (f) to a neuron in the
population given by:

trials for each generation was enough to reach a self-consiste

1This is evident for a nite synaptic lter, that leads to a summatiof many
independent continuous functions. For delta synapses, we gddpike trains
and so it becomes questionable, how they can approach a Gausatasticst.
In this latter case we should consider the e ect of the summed sloige on a
dynamical system such as the integrate-and- re neuron: the suen a small time
interval (smaller than the membrane time constant but large enougbottect
many independent spikes from the presynaptic neurons) yields a spik# adich
can be well approximated by a Gaussian variable; this is similar todtmmon
di usion approximation (Tuckwell, 198R% which, however, additionally involves
the assumption of a Poissonian input spike train. In this sense, @aussian
approximation can be applied to sums of spike trains (seeFigore 12and the
surrounding discussion, for a test of the Gaussianity of thputrcurrent).
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D 9.1 Hz. (A) No average is considered, only the previous generatior(B) Firing rate is averaged over the past two generationgC) Firing rate is averaged over all
past generations. (D) Visualization of the averaging procedure: ring rate restiftg fromi iterations of the averaging procedure o, j of a neuron driven by the ring rate
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point i, D oyt,1 is unstable becausejd ot=d j5j > 1 (seeDummer et al., 2014). Few iterations suf ce to yield a at curve indicating a statd xed point.

D 0.25, and Rlegy; D 30 mV. Recurrent network (red line) is ring at

5 10 15 20

solution, provided that the scheme converged for the giverletermined independently from the other neurons taking into
account all power spectra of the previous generation.

parameters.

In summary, we simulate the single LIF neuron representing

the population with

D v C

C R[lext, C |G, (t)]

(15)

2.5. Self-Consistent Scheme for a Single
Population With Distributed Connection

Parameters

heterogeneity of

In case of an Erds-Rényi topology the numbers of

presynaptic neurons are binomially distributed. Likewisethie
scheme we draw binomially distributed random numb@Esand

C1I< as numbers of presynaptic neurons connected to neuron
with power spectrumS(f) from the previous generation. The
mean of these random numbersti€fi D CF=M and hC,i D
C'=M respectively. In case of exponentially distributed synaptic
weights we drawCy; excitatory synaptic weightg; and G,
inhibitory synaptic weights]'KIO for each neuron in the previous

Here, we generalize the iterative scheme to the case wheggneration from the exponential distribution. The input cunte
the number of input neurons and the synaptic weights ard® the thneuronis constructed with the mean input

not the same for the same type of neuron. We deal with
a xed connection probability (Erds-Rényi topology) and
an exponential distribution of synaptic weights, resulting i

ring rates and spike-train spectra. For

simplicity, we use the same membrane time constant for

inhibitory and excitatory neuronsg D
not use a synaptic Iter. We represent the neurons of the nelwor taken to be

in the iterative scheme by a number & neurons in each

generation. The connection parameters of each neuron in each

generation are randomly drawn from the assumed distribusio
The input to each neuron in the subsequent generation is

X
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kD1
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We assume here th&andl cells have the same spectrum if their unstable and we only obtain convergence with the averaging
connection parameters are equal. With given spectrum and megwocedure described in section 2.3. To demonstrate that the
input we calculate the voltage dynamics of neuroas in section averaging procedure works in such a situation, we consider
2.4. To adapt the stabilization method described in sectich 2 in Figure 4 the network studied byOstojic (2014)who found
to the case of a single heterogeneous population describ&tl by two contrasting asynchronous states when varying the symapt
single neurons, we sum a constant to all ring rates in théh  strengthd.
generation, in order to setits mean ring rate to the averagall In Figure 4A spike-train spectra for strong recurrent
generations inhibition (g D 5) for di erent values ofJand di erent network
sizes are shown. The power spectra of these network simugation
are close to those of the iterative scheme in most cases. For
weak coupling, the agreement between spectra is always good;
discrepancies for largkbecome smaller with increasing network
size because cross-correlations become less important $n thi
limit. An additional reason for discrepancy is that the Gaass
approximation becomes less accurate for strong synaptic
; : , . strength. The change in spike-train power spectra upon increase
two terms is zero. ThesQ, are used in place o, in Equation ot the synaptic coupling does not hinge on the speci ¢ nature
(16) to stabilize the scheme in case of strong inhibition. ¢ the subthreshold function in the IF model. If we replace the
Forthe.3|mulat|on of these networks, we use the Brian Sp'k'”geaky IF model by an exponential IF modélqurcaud-Trocmé
network simulator (Soodman and Brette, 2009 et al., 200Bin the network and in the recurrent scheme, we
observe a similarly drastic change in low-frequency powtref
3. RESULTS synaptic strength is doubled (inset Bfgure 4A). Also for this

. single-neuron model the agreement between spectra from the
3.1. Homogene_o_us Network _W'th Strong network and from the self-consistent scheme is fairly good.
Recurrent Inhibition and Additional When the coupling strengthl increases, the ring rate rst

Synaptic Filtering decreases and then increas€&ig(re 4D). More interestingly,
We would like to start with results for the inhibition-domated  with increasing coupling we see a transition from Poissde-i
network (@ > 4), in which ring rates are low. In this regime, the irregular ring (Figure 4B) to bursty ring of single neurons
iterative scheme as proposed bymmer et al. (2014is highly  (Figure 40, i.e., periods of strong ring are separated by pauses.

N .
QnD kn h knikC - h giks (18)
o1

where i, is the ring rate of thek-th neuron in generatiom and
Qn is the transformed ring rate that should be used to calcelat
the input of the next generation. Note that the mean of the rst
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FIGURE 4 | Large ampli cation of slow uctuations explains heterogeneais asynchronous state in a homogeneous network. Same set-u@s in Ostojic (2014)

eD D20ms,RlyD24mV, DO0.25 pDO0.55ms,gD5,and g D 0.5 ms. This is a parameter region where the network res at lowfrequency regime and
high inhibitiong D 5 is set. (A) Single-neuron spike-train power spectra from recurrent nevork (circles forNg D80,000 and squares forNg D8,000) and
self-consistent scheme (solid lines) for different valuesf J. Inset: power spectra for a large network g D 100, 000) of exponential IF neurons (single-neuron
dynamicsis m?D vC1t exp(%)c RI¢) where g D | D20 ms, Rlgxt D30mV, D 0.25, p D 0.55ms,gD5, rD 0.5ms, and1 D 0.2) for two different
values of the synaptic coupling, showing the same qualitate difference in low-frequency power as the LIF networkgB,C) Raster plots containing 100 neurons from
the LIF network withNg D80,000 for J D 0.2 mV, andJ D 0.8 mV, respectively.(D—F) Firing rate , correlation time ¢, and Fano factor for different values o for both
recurrent and self-consistent scheme evaluated in a simutn of T D 100 s.
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In the latter state one can observe a broad distribution ohetwork ampli cation of slow uctuations for strong synaptic
spike counts, and that is why this state has been referred twoupling discussed before Figure 4.

as heterogeneous asynchronous st&etdjic, 201 In terms We also veried that the synaptic Iter does not change
of the power spectrum this transition becomes manifest agualitatively the emergence of slow uctuations for strong
an ampli cation at low frequencies\ieland et al., 20105 coupling (i.e., the heterogeneous asynchronous state sfsdu
correspondingly the Fano factor increasegyjire 4F. Together above). Usings D 10 ms we still see the characteristic strong
with the minimum in the correlation time Figure 4F (attained increase in Fano factorF{gure 5B) and a minimum in the
at a coupling where the Fano factor is about unity), our result correlation time Figure 50).

con rm that the transition described byDstojic (2014)in the

inhibition-dominated regime is essentially the same asdhe . .
observed and explained byieland et al. (2015for the balanced 3.2. Networks With Different Parameters

casgy D 4. for Excitatory and Inhibitory Neurons

In summary, the results inFigure 4 indicate that the Inthe following, we return to the limit of instantaneous syrses
emergence of a new heterogeneous asynchronous statedogstr s ! 0, i.e., K(t) D (t), and introduce di erent parameter
synaptic coupling can be explained only using the propertiesalues for excitatory neurons (E-cells) and inhibitory nens
of a single neuron and the self-consistency condition, herél-cells). First of all, in order to test whether the applicégibf
demonstrated by our iterative single-neuron scheme. the scheme hinges on the exact value of crucial parameters, we

We now investigate the eect of a nite synaptic Iter, choose a small change of the membrane time constant between
Equation (10). Not surprisingly, a pronounced synaptic Iter E and I-cells: | D 19 ms and ¢ D 20 ms. Secondly, we
(large s) leads to a long time scale in the network dynamics, agake the relative strength of recurrent inhibitioge and g,
revealed by the increased power at low frequendiégufe 5.  di erent for the two populations in order to see whether the
The synaptic lter, Equation (10) is scaled such that the ltotageneralized iterative scheme with two neurons can cope wigh th
charge per input spike remains constant. Therefore, an ineckas heterogeneous situation.
time constant for the exponential decay renders the postsyomapt In Figure 6we show power spectra obtained from simulations
response smaller in amplitude and longer in duration. Thigjen  of the recurrent network and of the iterative scheme for deet
duration of postsynaptic responses extends the range of terhporgombinations ¢e,g). In Figure 6A the two populations are
correlations in the input to the neuron, which in turn causést statistically rather di erent with an E-cell ring rate ofg D
slow uctuations in the neuron's activity. The resulting pew 3.2 Hz whereas I-cells re at; D 9.7 Hz. Both spectra are
spectrum Figure 5A), especially for long synaptic time constant, well reproduced by the iterative scheme and show a “green”
looks similar to that of a colored-noise driven perfect IF nebd shape (in the colored noise lingo, this is white minus red npise
(see Figure 9 inviiddleton et al., 2008 We emphasize that That means, the spectra exhibit a dip at low frequencies, but
the emergence of the slow time scale is here imposed by tiieis is much more pronounced for the I-cells. Even when we
long-lasting synaptic Iter which is in marked contrast toah increase the di erence in recurrent inhibition and the twaopkgs
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FIGURE 5 | Self-consistent scheme also works for a network with synapt Itering. (A) Effect of s on the recurrent network and iterative scheme, the plot dislays
power spectra for different values of s. This is an inhibition-dominated regime with exponentialymapses andJ D 0.2 mV. In this region, the network res at low ring
rates. In(B,C) we x s at 10 ms and show Fano factor and correlation time ¢ for different values of] for both recurrent and self-consistent scheme. Other
parameters as inFigure 4.
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FIGURE 6 | Example spectra for heterogeneous network of excitatory ahinhibitory neurons differing in their parameters. Compé#on of power spectra of the
recurrent network with two different populations and the sk-consistent iterative scheme with two neurons. Parametes are in(A) (g, 9;) D (4.2,4.0), in(B)
e, 9) D (3.7,3.7), and in(C) (gg, 91) D (4.25,3.6).

of neurons re at lower frequencies of D 0.1 Hzand | D (relative error below 1% for botlE and | cells) with the self-
7.4 Hz, the agreement of the spectra from the iterative schenmnsistent scheme. This plot illustrates that although spais
and from the network simulations is excellefigure 6Q). If we  an important assumption for the self-consistent determination
choose the relative recurrent inhibition to be the same rtbaral  of spike-train power spectra, it does not lead to the necessity t
dynamics di er only by the small di erence of the membrane consider exorbitantly large networks.

time constants, which does neither cause signi cant di eces

inthe ring rates (g D 128.9 Hz and| D 129.9 Hz) nor in the 3.3. Networks With Three Distinct

shape of the power spectra (Efgure 6B). . .
In order to explore the quality of the approximation Populations and Distinct Modules

systematically, we evaluated the discrepancy using théveela In principle, the proposed iterative scheme is applicable to any
integrated error number of populations. As long as the resulting activity is

su ciently asynchronous (implying weak cross-correlatg)rand
the synaptic strength is not excessively large (needed #r th

R
1D (;CU‘ df S'_(\X’net(f) Six.schemé) 2 - Gaussian approximation), the iterative scheme should cajever
Rfeut dfi ) ' (19) to a self-consistent result. Here we demonstrate that theredad
0 xnet scheme also works for networks with more than two populations

and study two cases: a network with three distinct populations

wherefcyt D 2 | (we use the inhibitory ring rate because it is and a modular network.
usually higher). An example of three populations is given by a combination

In our scheme the assumption of weak cross-correlationsf one excitatory and two inhibitory populationg-igure 8A),
among neurons in the network is crucial - indeed we assumeiologically inspired by a cortical network with excitatoggular
an in nitely sparse system that is in a perfectly asynchronouspiking neurons (RS), inhibitory fast-spiking (FS), and low-
state. This is, of course, a somewhat arti cial limit and shit threshold spiking (LTS) neurons (séghikevich, 2003; Tomov
is interesting how, for a xed number of connections (aboutet al., 2014nd references therein). Their ring rates are ordered
10%), the squared deviation as well as important statistics suckuch that rs > (15 > Rrs This heterogeneous situation is
as the Fano factor depend on the system sizeFigure 7 achieved by changing both membrane time constants, which are
this dependence is illustrated for the case whgte D 4.2 chosento bepsD 21 ms, |1sD 20 ms, andrsD 19 ms, and
and g D 4.0, the same parameters as Higure 6A. For making one of the synaptic weights in the network (connecting
the chosen connectivity, a minimal number dfe D 20,000 RS neurons to FS neurons) 1.4 times stronger (indicated by
E-cells seems to be required to reach a good approximatiatie thick arrow inFigure 8A, left). This setting illustrates how
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FIGURE 7 | Performance of iterative scheme improves with network sizeéThe
performance of the iterative scheme depends on the networkige. Curves
were produced for the casegg D 4.2 and g; D 4.0, same parameters as in
Figure 6A . (A) Relative error dependence of the scheme for a network sizBlg
evaluated with the integrated relative error de ned in Equatn (19).(B) Fano
factor dependence where dotted line represents the iteratie scheme
prediction and solid lines the recurrent network(C) correlation time ¢

of two neurons in total in the self-consistent scheme. For niedu
1 and 2 we choos& D 0.1 mV andJ D 0.27 mV, respectively.
With this choice, the two modules operate in di erent regimes:
module 1 in a fast- uctuation mode with low Fano factor and
peaked power spectrum, module 2 in a regime of dominating
slow uctuations (cf. section 3.1). In module 2, we rewire@2db

of the connections so that they come from module 1, i.e., it
receives 0Gg excitatory inputs and 0 inhibitory inputs from
module 1. This results in a highly heterogeneous situatioictvh

is re ected in the power spectrum of module 2: in contrast to the
behavior observed ifigure 4, the power spectrum of module 2
contains an additional hump around 80 Hz. The power spectra
of all di erent neurons in this setup are well represented by the
iterative scheme, cfigure 8B.

The resultinFigure 8Bdemonstrates that the iterative scheme
can capture complex situations involving the interaction amgon
di erent modules. The simulated network contained in total
250,000 neurons and the iterative scheme reproduced théesing
neuron correlation statistics with high accuracy using oty
neurons.

3.4. Network With Randomized Number

and Weight of Synaptic Inputs
Here we use the iterative scheme to represent network dyreamic
for distributed connection parameters in a single populatids.
a rst example, we consider a network in which connections are
made with a xed probability Erdos and Reényi, 19§0nstead
of a xed in-degree (as in all previous examples). This dsd
Rényi topology yields a binomially distributed in-degree vihic
is certainly a more realistic scenario than the xed in-degyr
Furthermore, a distributed in-degree leads to a distribotiaf
ring rates, as seen in cortical networkss(i th and Horn,
1966; Koch and Fuster, 1989; Sha et al., 2007; Hromadka,et al
2008; O'Connor et al., 2010; Roxin et al., 201fh addition
to a random number of connections, in cortical networks also
the synaptic weights are not xed but follow a long-tailed
distribution (Song et al., 2005; Gilson and Fukai, 201lhis
feature can be approximated in the recurrent network model by
drawing the weights from an exponential distribution.

In this version of the iterative scheme, we hd¥@eurons that

heterogeneity of connectivity and membrane time constantsepresent independent samples of the distributions of exaiyato
shape the power spectra statistics. and inhibitory in-degrees and weights. Consequently, thagr
The resulting spectra are well-captured by the iterativeates and power spectra of tiv neurons will di er and re ect
scheme; they all display the e ect of neural refractoriness bthe heterogeneity of these measures in the recurrent nét@or
the dip at low frequencies3@ir et al., 1994; Franklin and Bair, further details, see section 2.5).
1999 but to a di erent degree. The dip is most pronounced for ~ The rst striking feature for a randomized connectivity is a
the fast spiking neurons; the regular spiking neurons re withbroad distribution of ring rates. The stronger source fdrd rate
a statistics that is closest to a Poisson process with a at poweariability seems to origin in the random number of connecis
spectrum. (the case shown iRigure 9A); an exponential distribution of the
According to a common view, the cortex possesses a modulaynaptic strength makes the histograms only somewhat broade
structure @oucsein et al., 2011; Tomov et al., 2014, »0a6 (case with additional weight variability, shownkigure 9B). The
feature that we take into account in the next setup. We comsidehistograms obtained from our iterative scheme with a modest
two di erent modules as shown ifrigure 8B The two modules number ofM D 50 representative neurons (data are collected
are equal to each other with respect to the population sizever several generations to improve the sampling) agree well
and each consists of an E-I network wie D 100,000 and with those from the network simulations. Note that analwfic
membrane time constants D 20 ms, requiring the simulation expressions for self-consistent distributions of the rirage have
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FIGURE 8 | Heterogeneous networks with more than two populations. Corparison between power spectra of the recurrent network (s lines) with the iterative
scheme (dashed lines)(A) Three different populationsRS, LTS, and FS) whereby the inhibitory population is composed of TS (N s D 0.25 N,
Ci1sD 0.25 Cg)and of FS(NkgD 0.05 Ng, CegD 0.05 Cg). Parameters areg D 4.0, rgD 20ms, |1gD 19ms, gD 21 ms. We multiply the synaptic
strength by 1.4 for the excitatory weight to inhibitory newn from population 2. (B) Modular network, modules 1 and 2 communicate through connetions represented
at the sketch in the left. Each module contains 1.25 10° cells with E:l ratio 4:1. In both modules D 20 ms. At module 1J D 0.1 mV and at module 2J D 0.27 my,
for all modulesg D 4.0. Module 2 exhibits a spectral hump around 80 Hz which come from the interaction with module 1.

been found previously using the di usion approximatioArfiit  each group. We compare these spectra to those resulting from
and Brunel, 1997; Roxin et al., 2011 the self-consistent scheme having ring rates in the santeriral

In Figure 10we show the meaRigure 10Aand the standard (Figure 10Q; we nd a good agreement for a modest number of
deviationFigure 10Bof the ring rate histograms of the iterative neuronsM D 50 used in the scheme. Note that averaged spectra
scheme as a function of the generation. Because the nuMber are very di erent from each other and from the average over all
of neurons per generation (i.e., the nunB)er of samples) is niteneurons in the network Figure 10D). Even for a low number
we consider the standard erros, D = M 1 represented M D 10, the iterative scheme reproduces this average spectrum
by the colored areas ifrigure 10A where is the standard well.
deviation of the ring rates measured from the network. The If we use in addition to the random number of connections
mean ring rate and standard deviation of the iterative sofee  also randomly distributed synaptic weights, the overall pietu
uctuate around the network values within the expected starti  does not change qualitativelfFigure 11). Compared to the case
error (colored areas), which indicates that the scheme workof equal weights, the variance in the ring rates goes up byuab
even for rather limited numbers of neurord N. For the 50% Eigure 11B whereas the mean ring rate increases only
considered parameter sets, we observe fast convergenda witklightly (Figure 11A). Power spectra look similar to the previous
ve iterations for all used numbers of neurons except in theea case and the agreement between scheme and network sinmulatio
of strong recurrent inhibition withg D 6 for which we observe is again good, except for the case of strong inhibitipB 6, for
convergence only after the 10th generation. which we nd a discrepancy between the averaged power spectra

Power spectra are di erent for all neurons in the network andfor the scheme and the networlEigure 11D) even for a large
depend most strongly on the mean input that the respective ceM (similarly for the single neuron spectra ifigure 11Q. Due
receives. In the network we group neurons with similar ring to the very low ring rates and some high synaptic weights, the
rates (within a 1 Hz interval) and average their spectra withi Gaussian approximation becomes inaccurate. We calculated th
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Figure 11, middle column) org D 6 (as inFigure 11, right

recumentja column). We pick out 1,000 representative neurons randomly.
e hamegaas For each of these neurons we measure the input current
Sheme st spectrum and the output spike-train spectrum. Input currents
are integrated over a time bin of 2ms (10% of the membrane
\ time constant), in which the membrane voltage does not cleang
‘h too drastically but we can expect to collect many input spikes
., and thus Gaussian statistics. Clearly, for a much smalige ti
bin of the order of [Ce C G)N *  0.01ms (whereNis the
average ring rate of the presynaptic neurons), one single spike
at most would typically fall into one time bin. Thus, on a very
ne temporal scale, the input haalwaysa highly non-Gaussian
A statistics. Nevertheless, the Gaussian approximation woets
AMA\ if the temporally integrated input noise has approximately
r\ N N Gaussian statistics for an e ective time step, in which theagg
A 5% does not change much. As the deterministic drift causesdire
firing rate v [Hz] a change by several mV over a time of 2ms, our choice of the

) , o e ective time step is conservative in the sense that non-Ganss
FIGURE 9 | lterative scheme reproduces ring rate distributions of features of the input in this time step will certainly become
Erdos-Rényi networks. Firing rate histograms of the iterativecheme with . i T .
M D 50 neurons per generation (symbols) and the network simulan (dashed noticeable in the output statistics of the driven cell.
lines) for(A) binomially distributed numbers of presynaptic neurons [kl For each of the 1,000 selected neurons, we rst measure the
excitatory (inhibitory) weights are the same as indicatedrothe left] and(B) skewness and excess kurtosis of its input current to quantify
additionally randomized synaptic weights (weights are dian from non-Gaussianity. Then, we generate a Gaussian noise with the
distributions, sketched on the left). To build the histognas of the scheme, we g . .
used all ring rates from the 6th to the 20th generation (aftetransients have same power spectrum as the Input current to this Speci ¢ neuron
vanished). Parameters are as iffigure 10. and use it to drive an isolated LIF neuron. Finally, we caltail
the relative error, Equation (19), between the output power
spectrum of this isolated neuron and the corresponding neuron
from the recurrent network. Note that for this comparison,
relative error de ned in Equation (19) for the averaged powefye do not iterate the self-consistent scheme but rather use a
spectra forM D 10 up toM D 100, usingfeut D 2hi. Al Gaussian version of the (neuron-speci c) network input noise f
observed relative errors were smaller than ve percent. the isolated cell. In this way, we isolate non-Gaussiariitihe
The results of this section demonstrate how a relativelyllsmainput noise as one potential source of deviation between netwo
number of neurons in the self-consistent scheme can be Us%ﬂ)ectra and spectra from the self-consistent scheme.
to capture the rst- and second-order statistics of neuronsai Plots of the relative error vs. skewness and excess kurtosis
network with a variable number of inputs and synaptic weights. 5, presented inFigures 12A,B respectively. Fog D 4
.. .. (balanced case, moderate inhibitory synaptic amplituddsy, t
3.5. Deviations Due to Non-Gaussianity of relative error is generally small and skewness and excesssigr
Current Input deviate only little from zero. In contrast, for stronger ibftory
The iterative scheme assumes neuronal input that obeys synaptic weigthsg D 6 (inhibition-dominated recurrent
Gaussian distribution. This assumption is only accurate dor feedback), the input current has a pronounced negative skew
large number of pre-synaptic spikes with small amplitude. Aand fat tails because of large inhibitory amplitudes, résglin
low ring rate or an increase of (some) synaptic weights (astronger deviations between the spectra of isolated neusods
observed for stronger recurrent inhibition, i.e., largafues ofy)  the corresponding network neurons. Consequently, we nd a
shifts the statistics from approximately Gaussian to a distion  correlation between non-Gaussianity and relative errdr {loe
with pronounced non-Gaussian features (skewed and with faPearson correlation coe cients given atop of the gure). To
tails). In fact, even the most basic statistics of the outphe, gauge the relative error, we need a lower limit. To this enel, w
ring rate, can systematically deviate from the Gaussiatirsg  consider the deviation between two measurements of the same
if synaptic amplitudes are su ciently largeRichardson and power spectrum for a given neuron of the network. The average
Swarbrick, 201)0 We can thus expect that at large valuegtife  of this lower bound over the 1,000 selected neurons is shown
iterative scheme (that assumes Gaussianity) may providempow@ Figure 12 for comparison. It is close to the mean error for
spectra that deviate from those measured in the network;eédde g D 4 but is signi cantly lower than the mean error fa D
this is what we observed above. Here we want to illustrate th@ and it barely depends on the skewness and kurtosis, again
relation between the deviations of power spectra in the networcon rming the relation between non-Gaussianiaty of the ifipu
and for the isolated neuron on the one side and non-Gaussianoise and the relative error between isolated neuron and/agkt
features of the network input statistics on the other side. neuron.
We simulate the heterogeneous network from section 3.4 For both values ofg we obtain a high relative error for
with exponentially distributed weights and eithgrD 4 (as in  exceptionally large ring rates100Hz) (because the time step
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FIGURE 10 | Iterative scheme captures the heterogeneous statistics dueo Erdos-Rényi topology. Statistics from the iterative scheme ahrecurrent network for
binomially distributed numbers of presynaptic neurons andifferent recurrent inhibition as indicated; remaining pameters: hCgi D 1000, hCji D 250, J D 0.1 mV,
m D 20ms, p D 2 ms. For each neuron 100 trl%ls of 10 s were used. From top to bttom: (A) mean ring rate for each generation of the scheme and the mean
network rate (dashed line); standard errors D 1 (with being the standard deviation of the network ring rates) for dferent numbers of neuronsM in the
iterative scheme (colored areas)B) Standard deviation of ring rates in the iterative scheme vsgeneration compared to  (dashed line).(C) Power spectra averaged
over single neuron spectra with ring rates within the indiceed intervals in the iterative scheme (lines, data from genations 6 to 20 forg D 3.5,4 and 11-20 for
g D 6) and from neurons in the network (circles)D) Power spectra averaged over all neurons in the scheme (solithes, data from generations 11 to 20) and network
(dashed). Forg D 6 we used the stabilization procedure from section 2.5.

of 2ms becomes too large in comparison to the mean ISI) osynaptic

ltering, networks with subpopulations of distinct

exceptionally low ring rate (because spectra are very naisy ineuron types, and networks with random (instead of constant)

this case). If we consider only a range of moderate ring sate number and strength of synaptic connections. In all cases we
(Figure 13 then the correlation between the deviation from employed the Gaussian approximation and in the heterogeneous
Gaussianity and the discrepancy between network and igblatesystems considered we used a small number of neurons each

becomes even clearer (cf. Pearson correlations coe cistatied

atop of the gure).

4. CONCLUSIONS

representing a certain subclass of similar neurons. Despitethe
approximations, our comparison of the determined spike-train
power spectra with those found by numerical simulations of
large and sparse recurrent networks revealed a good quavgita
agreement.

In this work we extended the self-consistent scheme desdrib ~ Admittedly, with an increasing number of subtypes of

by Dummer et al. (2014}0 situations with strong inhibition,

neurons, we loose some of the numerical advantages of the
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FIGURE 11 | Iterative scheme captures the heterogeneous statistics due Erdos-Rényi topology and randomly distributed synaptic weigts. First- and second-order
statistics from an iterative scheme for binomial distribetd numbers of presynaptic neurons and additionally exponerally distributed synaptic weights. See caption of
Figure 10 for details.

scheme compared to a network simulation because in ordertto gare di erent causes for cross-correlations including commmo
reliable estimates of the power spectrum, we have to simuiiate t (shared) input, spatially homogeneous external stimuli, @nd
few neurons in each generation many times. If the convergeic slight overall synchronization in the network (some of wingre
the scheme is slow then, adding up all neurons in all genemati reviewed byHelias et al., 2014; Doiron et al., 2)18lot all of
and all trials, we may have to simulate in the end as manthese factors can be taken into account by extending thensehe
neurons as in the network (however, the typical bottleneck ofo pairs of neurons that are stimulated by correlated Gaussia
many simulations, to keep track of all synaptic connectidas, noise processésWe may still learn something from nding
still absent in the scheme). It is thus questionable, whatiéch  situations in which neural cross-correlations can quattitely
more complicated situations than discussed here can beedudibe described by extensions of the scheme to pairs of neurons in
in depth by our scheme. each generation.
Another short-coming of the approach concerns cases in
which neural cross-correlations (a very vivid topic of cunre - - ) ]
research, seBoiron et al., 201}50annot be neglected anymore For the simpler but Stl!| form|fjable ‘problem of how neuron pairs respond to
. . . X ST cross-correlated Gaussian white noise sources, see, for destaniron et al.
orin which weak cross-correlations still have a signi campact  5004): de Ia Rocha et al. (2007); Shea-Brown et al. (2008)istajl. (2009);
on the population activity $chneidman et al., 2006There  vilela and Lindner (2009b); Deniz and Rotter (2017)
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FIGURE 12 | Deviation between spectra vs. statistical measures of noGaussianity of the input current. Relative error, Equatiofi9), of spike-train spectra from
neurons in the network and from neurons driven by corresponithg Gaussian noise plotted vs. skewnesgA) and excess kurtosis(B) of the input current. Inset in(A)
probability distributions forg D 4 and g D 6 as indicated. Color in(A,B) encodes the ring rate of each neuron (cf. scale on the right)We used the heterogeneous
network from section 3.4 with exponentially distributed sgaptic weights andg D 4 (crosses) andg D 6 (plusses) and picked 1,000 representative neurons randoiyn
For these neurons, we determined the skewness and excess ktosis as well as the power spectrum of the input current. Fortte former two, we used the input
current integrated over an effective time step of 2ms (see nia text for a discussion, how to choose this time step). We computed the relative error for each spike
train-power spectrum from the network and its correspondiiy spike-train spectrum for the isolated neuron driven by th&aussian version of the input noise (mean
values shown by black symbols). The Pearson correlation céeients are shown atop and indicate that deviations from Gassian input statistics and deviations
between network and single-neuron spectra co-occur. As a laver limit of the relative error, we computedl for two independent measurements of the power
spectrum of a network neuron; this lower bound for the speci ccell was then averaged over all neurons in the network and ishewn by green crosses for both
networks withg D 4 and g D 6 (there is no signi cant dependence of the mean lower bound org).

FIGURE 13 | Deviation between spectra vs. statistical measures of notaussianity of the input current for an intermediate rangef@utput ring rates. Correlations
between the relative error and skewnesgA) and excess (B) are higher than inFigure 12 if only neurons with ring rates from 20 to 100 Hz are selectedOther
parameters as inFigure 12 .

Nevertheless, the results and the approach put forward in ousecause an almost completely asynchronous state can be deache
paper are useful in several respects. If the single-neurosttati only in a very sparse, hence, very large network. This case is
is of interest (because this is what is recorded or this istwhanteresting because it often permits analytical calcutetivia a
shows particularly interesting features), our method pr@&d density equation for the membrane voltag@e(ght, 1972; Abbott
a computationally cheap solution to calculate the spikentrai and van Vreeswijk, 1993; Amit and Brunel, 1997; Brunel, 2000
power spectrum and to study its dependence on cellular antlattia and Giudice, 2002and thus our scheme might be useful
network parameters without the need to simulate a networke Thfor comparison to simpler theories.
scheme is particularly suited for the idealized case of a piyfe As already mentioned in the introduction, we can regard
asynchronous network that is dicult to study numerically our results as a conrmation that the approximation of the
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synaptic input by a correlated Gaussian noise is a reasonable 02014; Wieland et al., 20),5for which the color of the noise
over a physiological range of parameters for a sparse recurrebécomes more and more important.

network in the asynchronous state. Using Markovian embeddi

an arbitrary colored Gaussian noise can be described by AUTHOR CONTRIBUTIONS

(possibly very high-dimensional) Ornstein-Uhlenbeck prege

an idea that has been worked out in the neural context byRP, SV, DB, ACR, and BL: Conceived the work; RP and SV:
Schwalger et al. (201,5pr examples from the physics literature, Developed the codes and performed the computations; RP, SV,
see, for instanceschimansky-Geier and Zulicke (1990); HanggiDB, and BL: Analyzed the results; RP, SV, DB, ACR, and BL:
and Jung (1995); Siegle et al. (20MH¢nce, a stochastic mean- Wrote the manuscript.

eld theory in terms of the corresponding multidimensional

Fokker-Planck equation seems to be in reach, generaliziag ttFUNDING

successful framework of the di usion approximation, which was

based on the Poissonian (white-noise) approximation and thu¥his paper was developed within the scope of the IRTG 1740/TRP
led to a one-dimensional Fokker-Planck equation. A theory2015/50122-0, funded by DFG/FAPESP. RP and ACR are also

using the colored-noise Fokker-Planck equation wouldhfaitly
reproduce the second-order temporal correlations of the sigiki
neurons and, possibly, provide novel insights into the biéi@n
between asynchronous and synchronous states. This may
particularly relevant for larger synaptic amplitude®<gtojic,
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