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We investigate a discrete-time network model composed of esitatory and inhibitory
neurons and dynamic synapses with the aim at revealing dynaital properties behind
oscillatory phenomena possibly related to brain functionsWe use a stochastic neural
network model to derive the corresponding macroscopic mean eld dynamics, and

subsequently analyze the dynamical properties of the netwd. In addition to slow
and fast oscillations arising from excitatory and inhibity networks, respectively, we
show that the interaction between these two networks genertes phase-amplitude
cross-frequency coupling (CFC), in which multiple differ# frequency components
coexist and the amplitude of the fast oscillation is modulad by the phase of the slow
oscillation. Furthermore, we clarify the detailed propeds of the oscillatory phenomena
by applying the bifurcation analysis to the mean eld modeland accordingly show that
the intermittent and the continuous CFCs can be characterzd by an aperiodic orbit
on a closed curve and one on a torus, respectively. These two BC modes switch

depending on the coupling strength from the excitatory to ihibitory networks, via the
saddle-node cycle bifurcation of a one-dimensional torusnimap (MT1SNC), and may
be associated with the function of multi-item representatin. We believe that the present
model might have potential for studying possible functionaoles of phase-amplitude CFC
in the cerebral cortex.

Keywords: phase-amplitude cross-frequency coupling, dynami
mean eld model, bifurcation analysis, MT1SNC bifurcation, dis

c synapse, excitatory and inhibitory networks,
crete-time neuron model

1. INTRODUCTION

Neurons in the brain, process information through diverseurs¢ dynamics emergent from
interactions among neurons via synapses. How neural netsviskmed by the interactions can
generate functional dynamics, such as oscillatory or syorubed activity and more speci cally,
cross-frequency coupling (CFC), largely remains to be explor

A variety of oscillatory phenomena in the brain have been stddoften through the
measurement of the local eld potential or an electroencepgam, both of which include
macroscopic information of neural networks (cell assensjiedi erent from single-unit
recordings. The recorded macroscopic neural activity cawipiouseful indices of distinctive brain
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functions, where such indices show a possibility that theassociated with the recovery from the aforementioned tiemts
oscillatory phenomena correlate with the brain functionsdecrease or increasglérkram et al., 1998; Thomson, 200The
(Buzsaki and Draguhn, 20R4Further, the recorded neural distribution of the dynamic synapses in the brain di ers among
activity represents various types of oscillatory waveformg a brain regions. For example, many depression synapses appear in
can be categorized according to the frequency, whose bandke parietal lobe, while many facilitation synapses appearén th
for example, theta and gamma bands, can temporally coexiptefrontal lobe (Vang et al., 2006
in the same or di erent brain regionsSteriade, 2001; Csicsvari  The third element for generating the oscillatory phenomena
et al., 200R Among the sorted frequency bands, neighboringis connectivity, which enables neurons to interact with leac
bands recorded in the same brain region may di er with theother and to form a neural network via synapses. Although
brain functions Klimesch, 1999; Kopell et al., 2000; Engekach neuron res stochastically and the resulting spikensai
et al.,, 2001; Csicsvari et al., 200Bhe oscillatory frequency do not show clear rhythmicity, the neural network can
is nearly inversely proportional to the power in general asnacroscopically generate rhythmic oscillations. Whentexaiy
observed from the power spectrunireeman et al.,, 2000 neurons aggregate to be structured as a cell assembly regeivi
This inversely proportional property of the power suggests thainput from inhibitory neurons, rhythmic dynamics on networks
spatially widespread slow oscillations can modulate the locahacroscopically appears and possesses reliabitibshimura
neural activity Gteriade, 2001; Csicsvari et al., 2003; Sirotet al., 200 In particular, interactions between two types of
et al., 2008 Specically, when the slow and fast oscillatorynetworks, i.e., excitatory and inhibitory networks, woultderlie
components interact with each other, CFC phenomena emergethe emergence of CFCA(u et al., 2015; Hyal et al., 20)5
The mechanism underlying the oscillatory phenomenaNotably, a network composed of the excitatory and inhibitory
is thought to be based on the following three elementssubnetworks can generate either slow or fast oscillatidhss,
neurons, synapses, and connectivity, all of which are napess the interaction between this network and another, whichlga
to constitute neural networks and to generate diverse&omposed of the excitatory and inhibitory subnetworks, can b
macroscopic oscillations such that sensory input re ectingone origin of CFC; this coupling structure has been called as
external environmental input can be correctly encoded in thebidirectional coupling fya | et al., 2019.
oscillations. Here, stochastic neural network models have been utilized
First, a neuron generates spike trains stochastically an elucidate the relationship between irregular spike tsain
irregularly; that is, the neuron itself may not possess thialbdity ~ and rhythmic macroscopic oscillations. The process of the
to generate clear rhythms, although evidence that a singleome  macroscopic oscillations generated from such irregular dyica
can produce di erent rhythms has been obtained on the othercan be explained by a network receiving the following two
hand. There exist, at least, two types of neurons in the catebrtypes of input: strong external noise and strong recurrent
cortex, namely, excitatory and inhibitory neurons, whictihibit  inhibition (Brunel and Hakim, 1999; Brunel and Wang, 2003
di erent response propertiesL(ix and Pollen, 1966; Connors The fast repetition of such noisy input causes short-term syigapt
etal., 1982; Connors and Gutnick, 1990; Kawaguchi and Kajbotdepression, and then, the network induces the destabitinaif
1997; Nowak et al., 2003; Tateno et al., 30t particular, an  attractors Cortes et al., 2006and chaotic oscillationsMarro
excitatory neuron typically shows a low ring rate whereas aret al., 200Y.
inhibitory neuron shows a high ring rateTateno et al., 2004 Additionally, the stochastic neural network models with
The second fundamental element for the oscillatorydynamic synapses have been intensively investigated. $ynapt
phenomena is a synapse, intermediating between neuromepression triggers a large uctuation in sustained periods
with its transmission e cacy. It had been considered thaketh between the up and down state®idjias et al., 2000 and
synaptic e cacy is nearly constant over time or changing verythe level of the synaptic depression changes the property of
slowly; more speci cally, peaks of the synaptic current, iretlic the sustained activities of these two dierent statéxerfita
by releases of neurotransmitters from presynaptic vesicks$, het al., 201 Moreover, the synaptic depression contributes to
been thought to be independent of the timing of neural rings.the destabilization of network activity, the generation afi
During the last few decades, many reports have shown, howevescillatory state, and the spontaneous state transitionsngmo
that synapses involve fast plasticity mechanisms, enablingultiple patterns in an associative memory netwaik(ori et al.,
neurons with such synapses to generate more exible dynamic®13. Additionally, the synaptic depression can be a suitable
compared to those with “static' synapses. In particular, syggpsmechanism to explain critical avalanches in self-organiedal
that exhibit rapid changes in the coupling strength betweemetworks Bonachela et al., 20).00n the other hand, synaptic
neurons with a short-term plasticity mechanism are calledacilitation enhances the working memory functioM¢ngillo
dynamic synapse$/arkram and Tsodyks, 1996; Markram et al., et al., 2008 Both synaptic depression and facilitation are related
1998; Thomson, 2000; Wang et al., 200avo types of dynamic to the storage capacity of attractor neural networks(tchkov
synapses exist, namely, short-term depression and faalitati et al., 2002; Torres et al., 2002; Matsumoto et al., 2007; )ik
synapses, which are characterized by the transiently dgogea Torres, 2009; Otsubo et al., 2011; Mejias et al., RBiBitchkov
ratio of releasable neurotransmitters and by the trandyent etal. have shown that depression synapses may reduce thgestora
increasing calcium concentration in presynaptic terminalscapacity Bibitchkov et al., 2002 Torres et al. investigated this
respectively. The synaptic transmission e cacy decreases @regative e ect of depression synapses on the storage capacity in
increases depending on the ratio of the two time constantgeneral {orres et al., 2002 However, Matsumoto et al. argued
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that the storage capacity is notin uenced by synaptic depoessi suggested that this kind of CFC plays a crucial role in adjgstin
when noise is not considered in the networldgtsumoto et al., neural communications among distant brain regioriSaiolty
2007). Otsubo et al. reported that a network with both depressioret al., 2006; Jansen and Colgin, 2007; Canolty and Knight,
synapses and the noise would reduce the storage capacitylfo 2010. To elucidate possible mechanisms generating the CFC,
etal., 201). Then, Mejias and Torres found that the combination the continuous-time neuron models have been investigated s
of depression and facilitation synapses can enhance theggtordar (Malerba and Kopell, 2012; Fontolan et al., 201t little
capacity {/ejias and Torres, 200@nd furthermore, Mejias et al. is known about discrete-time neuron models, which have been
generated phase diagrams, indicating that synaptic fadiitat shown to be suitable for simulating, reproducing, and predigt
enlarges the memory phase regiovigjias et al., 20)2Further, neural phenomena in the brairRulkov, 2002; Ibarz et al., 2011
dynamic synapses play a role in stochastic resonance, wherdlaus, in this study, we extend the previously proposed diserete
weak input signal to a network can be detected in an outputime network model Katori et al., 201, which only includes
signal under certain conditionsP@ntic et al., 2003; Mejias and excitatory neurons, to that including also inhibitory neums and
Torres, 2008, 2011; Torres et al., 2011; Pinamonti et al2;20 clarify the bifurcation structure underlying the phase-aitye
Torres and Marro, 2015 Pantic et al. have shown that a CFC.
neuron with depression synapses is capable of detecting noisy In this study, we hypothesize that the CFC is generated by the
input signals with a wider frequency range, compared to ondidirectional coupling between the two subnetworks as dbsdr
with static synapses, under a certain ring thresholda(itic above, where one subnetwork includes an excitatory populatio
et al., 2008 Mejias and Torres found that the inclusion of while the other includes an inhibitory population, both of vehi
facilitation dynamics in depression synapses would enhamee t receive input from another excitatory or inhibitory populatio
detection performanceMejias and Torres, 2008 Moreover, and generate slow or fast oscillatiorisgure 1A) (White et al.,
they have shown that such combination of depression an@000; Kramer et al., 2008; Roopun et al., 2008; Hyal et al.,
facilitation synapses can generate two suitable noisesl@gel 2015. Each subnetwork can be regarded as a pure excitatory or
detect input signals; where it has been argued that this bahod a pure inhibitory network because the unidirectional inputyna
resonance is caused by the interplay between the adaptivédg equivalent to change of the neural ring threshold. THere,
varying ring threshold and the dynamic synapsebldjias hereinafter, we call the above two subnetworks as an eagjtat
and Torres, 2001 Torres et al. demonstrated that a model network/subnetwork and an inhibitory network/subnetwork,
with this interplay can predict experimental data of stochasti respectively, for the sake of simpliciyigure 1A). Accordingly,
resonance Torres et al., 2001 Furthermore, Pinamonti et al. we focus on a stochastic network composed of excitatory
demonstrated that stochastic resonance is well enhancad neand inhibitory neurons with dynamic synapses. Furthermore,
phase transitions among patterns in an associative memoiyne proposed model considers the decay process of the
network (Pinamonti et al., 2002 Then, Torres and Marro synaptic current. We analyze a macroscopic mean eld model
generated a detailed phase diagram embedding many patterreproducing the overall network dynamics associated with th
associated with stochastic resonance, such that multiplseno stochastic model. Upon the adjustment of parameters specifying
levels are well responsible for optimizing input signalsrfes the properties of the synaptic current and dynamic synapses,
and Marro, 201» Additionally, it has been reported that the rich bifurcation structures of the network dynamics are exteel
combination of depression and facilitation synapses contéb to be found. In the following sections, rst, we describe a
to exible information representation, from the viewpoint of network model with stochastic neurons connected via dyr@ami
both data analysis and mathematical modelirigriori et al., synapses. Then, we derive a macroscopic mean eld model
201). capturing the macroscopic dynamics of the network model.
In particular, the stochastic neural network models and theSubsequently, we analyze the bifurcation structures of thegorte
corresponding mean eld models have been e ectively used fomodel and illustrate various solutions included in the dyrieah
analyzing the properties of neural networks, including thagt ~ systems of not only an excitatory or an inhibitory network,
dynamic synapse&éntic et al., 2002; Torres et al., 2007; Igarastbut also a network composed of both the excitatory and
etal., 2010; Katori et al., 201 ¥Vhile Pantic etal. and Torres et al. the inhibitory subnetworks. Finally, we discuss the dynaathi
have derived mean eld models by taking the population averag@roperties revealed from the standpoint of neuroscience, and
with respect to stochastic variables, based on the assumption consider possible future directions of this research.
ergodicity Pantic et al., 2002; Torres et al., 2J)Jdgarashi et al.
and Katori et al. have recently introduced dynamic mean eld
theory in which two types of mean eld models, i.e., microscopic2, MATERIALS AND METHODS
and macroscopic mean eld models, are in turn derivégbfashi
etal., 2010; Katori et al., 20112 This section consists of three parts. The rst part describes
However, one of the key oscillatory phenomena, CFQGhe mechanism of signal transmission on synapses with short-
described above, has not been well understood, although thierm plasticity. The second part explains the stochastic model
coupling phenomenon could contribute to complex information composed of excitatory and inhibitory binary neurons and
processing in the brain, thanks to the presence of oscillationdynamic synapses. The third part introduces the mean eld
with two di erent timescales. On the other hand, much attemti  theory in which the stochastic model is converted into the
to phase-amplitude CFC has been attracted, because it has b@emresponding microscopic and macroscopic mean eld models.
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FIGURE 1 | A hypothesis of emergent dynamics considered in the p resent model. (A) The cross-frequency coupling (CFC) phenomena can emerge kthe
bidirectional coupling between networks 1 and 2, both of whth consist of excitatory and inhibitory neurons interactig via dynamic synapses and generate either slow|
or fast oscillations. In network 1 (2), an excitatory (inhibry) population, indicated by the red lled triangles (the lue lled circles), receives its recurrent connection and
input from either another excitatory or inhibitory populédn. Network 1 (2) is equivalent to a pure excitatory (inhtbiy) network since the input can be regarded as
external input, depicted in the red (blue) arrowg(B) A mechanism of synaptic transmission with short-term plastity. The action potential t) of the presynaptic neuron
causes a transient decrease in the releasable neurotranstters and a transient increase in the calcium concentratiot ) and triggers the synaptic current®) on the
postsynaptic membrane. If many action potentials arrive swessively, and time constants of the transient decrease anthcrease differ considerably, the synaptic
current re ects the property of the dynamic synapses, namelyshort-term synaptic depression or facilitation.

The microscopic mean eld approximation is used for extractingand the neurotransmitters are restored in the reusable giyna
the average neural activity on realization of stochasti@absées. vesicles Ilarkram and Tsodyks, 1996; Markram et al., 1998;
In contrast, the macroscopic mean eld approximation is used fo Thomson, 2000; Wang et al., 2006

extracting the average neural activity over population dyremi

and thereby, a low-dimensional discrete-time dynamicatem 2.2. Mo_del ) _
is derived, such that we can identify bifurcation structire We consider a discrete-time neural network model composed

of the excitatory (E) and the inhibitory (I) subnetworks, igh

consist ofNg excitatory and\; inhibitory neurons, respectively.
2.1. Mechanism of Synaptic Transmission The state of théth neuron belonging to the network ( 2fE, Ig)
Here, we describe the signal transmission mechanismt time t, denoted bys (t), indicates either a quiescent state
on dynz_amic synapses vyith the short-term plasticity. This[ (t) D 0] or an active states(t) D 1]. The state of the
mechanism can be explained by the following three processga ron s stochastically determined by total input for theiren.
(Figure 1B): First, an action potential is generated on thethis siochasticity is re ecting the biologically observedisy

presynaptic neuron and transmitted to the terminals of thepera| activity. The evolution of the neuronal state is dite
synapses ). Second, voltage-dependent calcium channelsq foliows:

are opened by the action potential, and calcium ions ow

into the synaptic terminals via the channels )( Third, Probfs (t C 1)D 1] D g [h; (1)], (1)
chemical reactions with these calcium ions cause the fusion 1
of the presynaptic membrane and synaptic vesicles, including g [h ()] D éflc tanh[ h; (t)]g 2

neurotransmitters, which are released into the synaptidt.cle
The released neurotransmitters attach to the postsynaptignere n. ® D PN [J 3 ®)] C PN 13 3 ©] C 1 with
membrane, and then, a synaptic current is genera®}l The ! 160 JD1

amplitude of the synaptic current decays with a certain time 2/ E: I 6Dg The variablesy (t) and g (t) represent the total
constant, dependent on the properties of the postsynaptit’Put for theith neuron on network and the synaptic activity
receptors. with short-term plasticity, respectively=1 D T denotes

Arrival of many action potentials within a short period of the noise intensity;]; , J; , andl indicate the weight of the
time causes a transient decrease or increase in the e catlyeof recurrent coupling from thegjth neuron to theith neuron on
synaptic transmission. This is because of changes in the amounetwork , the weight of the unidirectional coupling from thn
of neurotransmitters and in the calcium concentration ineth neuron on network to theith neuron on network , and the
presynaptic terminal. Finally, the synaptic vesicles areeetd external input, respectively.
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The signal transmission mechanism in synapses with th ®)i
short-term plasticity can be modeled by the synaptic act|V|tem1 (tC1)i D ha (1) fa] C hs (Ox; (Hu; (I Vse (8)
a (t), and two variablesy; (t) and u; (t), denoting the ratio 1 h % (1)
of releasable neurotransmitters and the calcium concéiotia  x, (t C 1)i D hx; (1)iC ———~ h 5 (t)x, (t)u; ()i,  (9)
respectively. The synaptic activity, (t), increases with the R
presynaptic neural activity. This increase is proportional to . __ Use hu ()i .
the product ofx; (t) and u, (t), which represents the synaptic M (tC 1)i D hu; (t)iC ————— C U1 y; (1)) (V).
transmission e cacy Markram et al., 1998; Mongillo et al., 2008; F

Mejias and Torres, 2009lf there is no synaptic activation; (t) (10)

converges to its steady staig(t) D 0 with the time constant Here, we assume tha]i and J are of the order of 2N
a- The ratiox; (t) of releasable neurotransmitters decreases with !

the presynaptic activation; this decrease is proportional t@). and x (t) is negligible whenN 11 (Igarashi et al., 2030

Then, x; (¢) returns to its steady statg () D 1 with the time Likewise, the correlation betwegr(t) andy, (t) approaches zero
constant . The variableuy; (t) increases when a presynaptlcasN I1 . Furthermore, in a previous study it has been found
neuron is activated, and returns to its steady stiét) D Use  that the correlation between (t) anduy; (t) is negligible when the
with the time constant ¢; this increase is proportional tse  number of neurons is su ciently largei{atori et al., 201, while
The dynamics described above is summarized as follows: it has been reported that the independencexpft) and u; (t)

is maintained, if there is no facilitationTéodyks et al., 1993

and =N , respectively; therefore, the correlation betwegg()

a (t) Consequently, we assume the following for simplicity:

a(tC1)D a(t) “Use ©)
a kg (t)x; (Dy; (i D hs (t)ihx (t)ihy, ()i, (11)
xtc1Dx®c Y ¢ ox mu o, ) s (t)u; ()i D hs (t)ihy; ()i (12)
R

Use U By using these relations, we obtain the following microscopi

u (tC1) Dy (t)C Yo ui®) CUgdl u(t)s(), (5) mean eld model:
F 2 3

where the ratio 5= ¢ determines whether the plasticity is short- ™M tc1Dg 4 JAM C J AWM CI S,
term depression or facilitation//ang et al., 2006 ien ib1

(13)
2.3. Mean Field Theory
The dynamic mean eld model was developed according to
the following two steps: In the rst step, a microscopic mean X (1)
eld model is derived from the stochastic model by taking the x. (tC 1) D X (t) C m; ()X (DU (1), (15)

A (1)

a

A (tC1)D A (1) Cm (0% O DVUse  (14)

expectation (noise average), with respect to each variahis. T R

expectation cannot be replaced with the population or time U U (t)

average. In the second step, a macroscopic mean eld model idJ; tC1) D U, (t)C = —iY’¢c Ul U (1))m; (1),
derived from the microscopic model by taking the average over F

the population. By assuming that the recurrent network is fully (16)

connected via synapses with the coupling strength of the asfler
1=N , we obtain an eight-dimensional discrete-time dynamicalhere we have sem, (t) h 5 (t)i, A, (t) h & (t)i, X; (t) h x; (0)i,

system, not dependent on the number of neuraNs, andU; (t) h u; (t)i, respectively.
First, Equations (1) and (2) are converted into the following We represent the xed point of the microscopic mean eld
forms: model agh, , Al , X, and® . The xed point for Equations (14)
to (16) is obtained as follows:
hg tC1)i D g [hy (D)i], (6)
| | 20 %
~ Xh i R h i Np - —" 11 7
hh, ()i D J ()i C J i Cl, (7) Uie
jeD jD1
D —/——— (18)
1C R0/ i

where the notationh i, indicates the noise average. Similarly, the Usd1C ()
following equations, corresponding to Equations (3) to @ ™ D etz P/ (29)
obtained: 1C pUseN
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Using these equations, we obtain the valleat the xed point By modifying Equation (20), the xed point for the
as follows: macroscopic mean eld model can be calculated as follows:
" 0 1
N Do R ;e aM (1C M) A mF D fe(if, i), (32)
60" 1C(FC RUsa CUser piyM D fi(iN, i), (33)
! #
c R ] an‘(lC ,:ml) cl where
. 1C (£ C RUsN CU '
jD1 (F R) Sen‘ Se F Rn‘irhi f(m“m) I
20 :
(20) all (1C M)
: : o Dg &
We derive a macroscopic mean eld model by considering a 1C (g C RUsdlN CUge p gMN 1IN "
network with all-to-all connections, where the weighits and
. el e 9 cy AN (1C () ol
‘:lj are given as follows: 1C (g C RUsgN CUse g g M
(34)
J D JL, (21)
N After solving the above equations simultaneously, we obtaén t
3 valueshE and i, at the xed point. By substitutingh§ and
y D (22)  into the following xed point equations,
Here, ], and }, are the parameters specifying the strength A{) D a%mb% (35)
of the uniform connections. Because of this synaptic Use
connection uniformity, the variablesm;, A;, X;, and % D 1 (36)
U, can be substituted with their respective_ population 1C RLD{)rNO’
PN PN
averagesmn, D ’Ell:N ) ipiM., Ay D (1:NN) in1 A o) Usd1C £,) @7)
Xy D (I=N n1 X, andU, D (1=N ‘51U . The !
0 ( ) ip1X 0 ( ) ip1Yi 1C pUsdN,

macroscopic mean eld model for a network with uniform

connections is given as follows: _ ,
g we obtain the value8;, X, and 0}, at the xed point. Because

. nonlinear simultaneous equations cannot generally beesblv
Mo(tC 1) D Fin(* (), (23) analytically due to the functiog [ ], we use Newton's method
Ag(tC 1) D Fu(s (1), (24)  to numerically obtain the xed point in the Results section.
X,(tC 1) D Fy(* (1)), (25) We analyze the stability of the xed point with small

deviations, my(t), Ay(t), X,(t), and Uy(t), around the xed

Up(tC 1) D Fy(* (1)), 26)  point as follows:
where
h i Mp(t) D My C my(t), (38)
Fnt M Dg HACHACIH, (27) Ay(t) D N, C Ay(D), (39)
A Xy(t) D C Xy(1), 40
Fae ) D Ay =2 C myXoUy=Use (28) o D 3% C X0 (40)
a Up() D B C Uy (D). (41)
1 X
Fy(+ (1)) D X, C -0 myXoUg, (29) By neglecting the higher order components, we obtain the
R following locally linearized equation:
) )
Fult (1) D Uy C =2—CC U1 Ugmy, (30) 0 mg(t C 1)1 0 mé(t) !
F AE(t C 1) AE(t)
with the state vector (t) de ned as follows: Xg(t C 1) X(',E(t)
US(t C 1) UE(t)
T 0 0
* (1) D mg(t), mp(t), AG(E), Ag(t), Xg(t), Xp(t), UG (1), Ug(t) - mc nEPKE mo&: (42)
(31) Al(t C 1) Al(t)
| |
As shown in the Results section, the dynamic mean eld model is X?(t c1 X?(t)
consistent with the simulation on the stochastic model. Up(t C 1) Up(t)
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whereK denotes the following Jacobian matrix:

O KEE KEE KEE
KEE KEE K&
KEE KEE KEE
KEE KEE KEE
Kr|r|1Em KrInEA Kr|TI1EX
KEE, KIE, KIS
KEE, KE, KIS
KIS, KIE K

KD

K
KRG
K%5
KGG
Ko
Ky
K
Ky

1
El El El El
Kmm KmA KmX KmU

El El El El
KAm KAA KAX KAU

El El El El
KXm KXA KXX KXU

El El El El
KUm KUA KUX KUU

1l 1l 1] 1l
Kmm KmA KmX KmU

Kam Kaa Kax Kay
Il Il Il Il
KXm KXA KXX KXU
1l [l [l 1l
KUm KUA I‘(UX KUU

and each element of this matrix is given as follows:

Kna D

K D

m.

where

@n
@
@n
@

D¢’ [h1,

D[]y,

¢ [h1D I tank?( h )],

h DLAC}HACI.

Furthermore, the remaining elements of matixare given as

follows:

U X
Kam D ——,

USE

m U
Kpy D ——

USE

m X
Kyy D ——

Use |

Ky D m X,

Kyu D

and other elements are zeroes. We numerically analyze t
stability of the xed point by eigenvalue analysis with this

Jacobian matrix.

2.4. Slice Analysis

D U1

1

Y

1 —

F

Usgm ,

, (43)

(44)

(49)

(46)

(47)

(48)
(49)
(50)
(1)
(52)
(53)

(54)
(55)

(56)

We use the slice analysis developed<aynuro et al.(2016, to
elucidate the bifurcations of quasi-periodic oscillationssiag

from the proposed model. Mathematically, a slice with a width
of isde ned here as

6 D fe 2R8dist( ,6)< g (57)

where dist(, ) denotes the Euclidean distance between a point
of the state vector (t) (Equation 31) and a codimension-
one plane6 , called “section” {omuro et al., 2016 Here, to

di erentiate a trajectory in the state space from one in thetigec
qualitatively, we introduce the following two useful termsd-a
dimensional torus in map (M®@) and ad-dimensional torus

in section (ST) (Kamiyama et al., 2014; Komuro et al., 2R16
Accordingly, for example, an MT1 (a closed curve) and an MT2
(a two-dimensional torus) are converted into an STO (anased
point) and an ST1 (a closed curve), respectively, via the slice
(Figure 2). Because the bifurcation of Milcan be interpreted as
that of ST@ 1) almost equivalently, we apply the conventional
bifurcation theory to S in order to consider its bifurcations as
well as those of Md@ (Komuro et al., 2016

3. RESULTS

In this section, we analyze a variety of bifurcation struesir
arising from the proposed model by considering, &, , 4, , | ,
and z= ¢ to be bifurcation parameters antl and Uge to be

constants; we sét D 0.8 andUse D 0.1, respectively, because
the activation functiong [ ] used here is an idealized sigmoid
form di erent from the experimentally known frequency-cume

MT1 (closed curve)

MT2 (2-torus)

ne

/

FIGURE 2 | A schematic de nition of the STO and ST1 converted fro m
the MT1 and MT2 via the slice ( Komuro et al., 2016 ).
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relationship (fateno et al., 2004and Uge merely determines simplicity when examining the aforementioned two networks
the steady value of the calcium concentration. The bifuccat independently.

analysis focuses on two types of dynamic synapses, namelyTo help the readers to understand the bifurcation analysis
short-term depression (= ¢ 1) and facilitation (g= ¢ results below, we summarize the Result section briey here
1) synapses, where; has been xed at 70 andp ranges referring to Figures 3-12. First, we analyze the excitatory and
between 1 and 140 for the sake of simplicity. In this Studyi,nhibitory networks independently, so that a parameter space
first, we individually investigate an excitatory and aniisitory ~ 9enerating the oscillatory state becomes cld@gures 3 5).
networks, by settingf' D 0 and® 0 for the excitatory The oscillation on the inhibitory network is faster than thai
network andJ* D 0 andJ < O for the inhibitory the excitatory network kigure €), and the frequency of both
network. Next, we analyze a network composed of both th@scillations changes depending on parameters, and r=r
excitatory and the inhibitory subnetworks. Throughout the (Figures 3 5). Next, we analyze a network composed of the
study, when the stochastic model is simulated to be compareghove two subnetworks, so that a parameter space generatng tw
with the corresponding macroscopic mean eld model, wetypes of phase-amplitude CFCs becomes cléajufe 7). The
useN D 10 In the following, we omit the superscripts two CFC modes di er in the underlying attractor&igures § 10,
attached to the variables and the parameters for the sake &f) and in the modulation propertiesHigure 12, depending on

A (C) T,=25 T/ T =117 D Jp=2
80 -0.8 pe
| r 80
: 70 : Steady state
I .
60 © u 70
l g ] g
I 50 & 3 5
! @ ] 60 o
-0 ! 40 9 — 009 : o
I @ ] 2
I = 1 =
I 30 %’, 3 5035
I ] | 5
| 20 ~ =
| OSE 40
I 10
Steady state | J‘NS
-1 L AN -1
20 10 0 (B)5 1 2
Jo
B OSE - E
=~
1 f R, ! 20
& q‘%{ Steady state e
. $ : 9
€ o f Pl 1
e ns il s = 15 8%
|l llann L =
______)‘ i 2
o Q
100 ‘ ‘ 4 62
kel NS, o
2 50 ] . 56
[ * =
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0' 2
'0
c I=1 1 "
1 .
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-10 -8 -6 -4 -2 0

FIGURE 3 | A dynamical qualitative change between the excitat  ory and the inhibitory networks with dynamic synapses. (A) (o, 1) phase diagram. The

OSE and the OSI regions appear from the steady state regionavthe NS bifurcation set. The oscillation on the OSI region faster than that on the OSE region(B)
The bifurcation diagram and the corresponding oscillatorperiod, with respect to the non-negative coupling strengtiJyg  0). A set of stable xed points is indicated
by the solid curve, while a set of unstable xed points is indiated by the dashed curve. The OSE state is indicated by the dé¢d orbits with open circles, which
represent their maximal and minimal valuegC) The bifurcation diagram and the corresponding oscillatorperiod, with respect to the negative coupling strength

o < 0). In(B,C), the steady state, and the OSE or the OSI state, are exchangedia the NS bifurcation point, indicated by the lled circles(D) ( a, ) phase diagram
for the OSE state.(E) ( a, l) phase diagram for the OSI state. The oscillatory period indbh the OSE and the OSI regions changes depending ong and I.
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FIGURE 4 | A comparison between typical bifurcation diagrams

generated from the stochastic (red) and the macroscopic (blue ) mean
eld models. (A) The bifurcation diagram and the corresponding oscillatory
period, with respect to the non-negative coupling strengthJy  0). (B) The
bifurcation diagram and the corresponding oscillatory peéod, with respect to
the negative coupling strength Jo < 0). The formats of(A,B) for the
macroscopic mean eld model are the same as those inFigures 3B,C ,
respectively. The red open circles indicate maximal and mimal values of the
OSE state for(A), those of the OSI state for (B), and the oscillatory period fo
these states. A pair of red open circles, corresponding to mgimal and minimal
values, were plotted when the absolute difference betweerhiese values
exceeded a certain threshold value. The red cross indicatethe average value
of the stochastic variablesy(t) over realization. The macroscopic mean eld
model shows good agreement with the stochastic model in terrs of both the
distribution of trajectories and the oscillatory period.

parametersE' andJE (Figure 7), but this coupling phenomenon
disappears if inhibitory input is large enouglrigures 7 9).

the NS bifurcation; this OSI state has been newly observesl her
It is clear from the bifurcation diagrams that these ostilig
states emerge via the NS bifurcation from the steady stat (s
Figures 3B,3. The bifurcation diagram, with respect t on

(I, &) D ( 1,2.5) Figure 3B), shows the OSE state emergent
from the steady state. The mean neural activity, in the steady
state, increases with an increaselinwhereas the steady state
destabilizes via the rst NS bifurcation & D 1.63 and then, the
OSE state appears. Because of the second NS bifurcatipiat
3.48, the OSE state disappears, and accordingly, the stedey st
reappears. In contrast, the bifurcation diagram, with respedj

on (I, a) D (1,2.5) Figure 30, shows the OSI state emergent
from the steady state. The mean neural activity, in the steady
state decreases with a decreasehirwhereas the steady state
destabilizes via the NS bifurcation®tD 4.73 and accordingly,
the OSI state appears. The OSE and the OSI states, generated
from the steady state via the NS bifurcation, likewise appear o
the network with facilitation synapses. The aforementioned t
bifurcation diagrams, with respect th, show good agreement
with those generated from the stochastic modeg(res 4A,B.

The model has been proposed as a discrete-time system, such
that time is represented by an arbitrary unit to exibly detbe
real data. To characterize oscillatory time-scale frons #ind
of time, rst, we converted time courses generated from the
model into the power spectrum, where 4096 time steps were
used in calculation for a time course. Second, the frequericy
the rst typical peak in the spectrum was translated into the
corresponding time steps; we call this time step value as “gério
Based on the period, we can say that the oscillation on the
inhibitory network tends to be faster than that on the extity
network (Figure 3A). Speci cally, the period of the OSI state
ranges from 4.99 to 6.00 time steps, whereas that of the ORE stat
ranges from 33.9 to 78.8 time steps.

Figures 3D,Eshow the bifurcation structures of the excitatory
and the inhibitory networks, respectively, and represent the
quasi-periodic oscillations on the invariant closed curve for
both the OSE and the OSI states. Thg, () phase diagram in
Figure 3D shows the distribution of the OSE state, where the
period of the OSE state ranges from 44.0 to 75.9 time steps
and increases ag and| decrease. In contrast, they(l) phase
diagram in Figure 3E shows the distribution of the OSI state,
where the period of the OSI state ranges from 3.94 to 8.00 time
steps and tends to increase g&ndl increase.

While these analyses are applied to the macroscopic mean eld The property of the dynamic synapses similarly a ects the
model, the stochastic model also yields the consistentltsesuperiod on both the excitatory and the inhibitory networks

(Figure 4).

(Figure 5. As the in uence of short-term depression on the

The excitatory and the inhibitory networks, each of whichexcitatory network increases (as= r increases), the period for

re ects the property of depression synapses witsx ¢ D 11.7,

the OSE state increases, and the network can oscillate @ggh |
inhibitory input (Figure 5A). In contrast, r= F does not have

exhibit distinctive oscillatory states, as shown in thgl() phase
diagram Figure 3A). The oscillatory state on the excitatory much e ect on the period for the OSI stat€&igure 5B).

network (OSE), which was already found in the previous model The typical OSE and OSI states represent the relatively
of Katori et al. (2012)changes into the steady state (the xedslow and the fast oscillations, respectively, and are obderve
point) via the Neimark-Sacker (NS) bifurcatiorKijznetsov, in both the stochastic and the macroscopic mean eld models
2009, when}, decreases/increaseslancreases from the region (Figure 6). Th populatlon averages Of StOChaSt'C variables,
of the OSE state. On the other hand, whandecreases and S(t)] (1:N) Ns@)], a(t)[D 1§N) Na(t)], xo(t)[D

| increases from the region of the steady state, the oscijlatof1=N) x.(t)] and up(t)[D (1=N) ul(t)] correspond
state on the inhibitory network (OSI) is likewise generatad to macroscoplc variables Figures 6A, II) Most excitatory
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FIGURE 5 | Effect of dynamic synapse properties on oscillatory phenomena generated from the excitatory network for (A) and from the inhibitory network
for (B). The horizontal axes for both panels are displayed in the lagithmic scale.(A) ( r= F, I) diagram for the OSE state. The OSE region is generated frorhe
steady state via the NS bifurcation set(B) ( r= ., I) diagram for the OSI state. The OSI region is generated frorhé steady state via the two NS bifurcation sets. For
both the OSE and the OSI regions, the oscillatory period chayes depending on r= g and input|.

(inhibitory) neurons re together at each time step at a lowthe property of the dynamic synapses characterized by parameter
(high) frequency, such that the macroscopic variables éxhib _=_, which merely changes the period of oscillations on
oscillations with large amplitude. The attractor, composéthe  subnetwork .
variables, is the closed curve for both the excitatory anél th Here we use the term Md to investigate the bifurcation
inhibitory networks Figures 6C,F, but fundamental frequency structure distinguishing the above four states clearly. nThe
components di er between these networksiqures 6B,B. The  the MT1 arising from the model corresponds to the OS1C or
dynamics of such macroscopic variables shows good agreemené OS2C state, while the MT2 corresponds to the OS2T state.
with that of the stochastic variables, in terms of: the tinoeise  While the OS1C and the OS2C states are generated from the SS
(Figures 6A,D); the power spectrumHigures 6B,B; and the state via the NS bifurcation, these states change into tH&TOS
trajectory in the state spacEigures 6C,F. state via the two types of bifurcation, namely, the NS bifticrat
Figure 7 shows the dynamical structure of a networkof MT1 (MTAINS) and the saddle-node cycle bifurcation of
composed of the abovementioned excitatory and the inhilgitor MT1 (MT1SNC) Kamiyama et al., 2014; Komuro et al., 2116
subnetworks, where the following parameter set, correspandi Because the MT1NS bifurcation here is subcritical, a sadotk
to the typical OSE and OSI states described above, has begifurcation of MT2 (MT2SN) intermediates between the OS1C
used: 515, £) D (2, 1,2.5) for the excitatory subnetwork, and the OS2T state&omuro et al., 2015 where there exists a
(¥.1', ) D ( 10,1,12.5) for the inhibitory subnetwork, and speci ¢ hysteresis region between these states. We show belo
r= ¢ D 11.7 for the depression synapses. This network witlthe qualitative di erence between the states, before and tfte
(5. JF) D (0,0) is a direct product system, composed ofbifurcation of the MT1 and the MT2, by observing the bifurcatio
the excitatory and the inhibitory subnetworks, so that a partdiagrams generated from quasi-periodic points collectechi t
of the system is equivalent to the previous modelkaftori  slice.
et al.(2019. However, the network withF', JF) 600, 0) shows First, we consider the bifurcations intermediating betwee
the following four types of distinctive neural dynamics: thethe OS1C and the OS2T states. The bifurcation diagram of
steady state (SS); the oscillatory state with a single frexyue trajectories in the slice, with respect ' on IF D 2, shows
component on a closed curve (OS1C); that with two frequencg transition between the OS1C and the OS2T states, where
components on a two-dimensional torus (OS2T); and that WithsectionA})(t) D 1.7 and width D 0.001 have been used
two frequency components on a closed curve (OS2C), whefer the slice Figure 7B). As “E' increases fromﬁ' D 0.145,
the OS2T and OS2C states did not appear in the previouhe STO, corresponding to the OS1C state, destabilizes and
model. It is clear from the number of zero-Lyapunov exponentsmmediately an oscillation starts along with a jump to the ST1,
whether the attractor underlying the network is a closedveur corresponding to the OS2T state; this abrupt change is attithu
or a two-dimensional torus (see thef{, JF) phase diagram to the subcritical bifurcation. The bifurcation property lenes
in Figure 7A). The network dynamics involves only one zero-clearer by a simultaneous observation of both trajectdrighe
exponent for the emergence of the OS1C or the OS2C statslice, applied to a state just before the bifurcation, and jhsit
whereas the dynamics involves two zero-exponents for thefter the bifurcation. This simultaneous analysis clariteat the
emergence of the OS2T state. The dynamics is not a ected IsyT1 appears su ciently far from the STO when the bifurcation
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FIGURE 6 | Examples of dynamics emergent from the excitatory and t he inhibitory networks re ecting properties of dynamic syna pses. The following

parameter sets were used: {g, |, a)D (2, 1,2.5) for the excitatory network, Jp,1, a) D ( 10, 1,12.5) for the inhibitory network, and g= ¢ D 11.7 for the dynamic
synapses. The dynamics generated from the stochastic and # macroscopic mean eld models are indicated by the red and theblue colors, respectively.(A,D) The
raster plots and the time courses of variables included in #hstochastic and the macroscopic mean eld models. The dots inlicate 50 of 104 excitatory or inhibitory
neurons wheres;(t) D 1. The stochastic variables sy (t), ap(t), Xo(t), and ug(t) and the mean eld variablesmg (t), Ag(t), Xo(t), and Uy (t) are displayed as time courses in
the thin solid, the thick solid, the thin dashed, and the thik dashed lines, respectively. The time courses ddp(t) and ag(t), and those ofmg(t) and Ag(t) for (A) are
almost overlapping.(B,E) The power spectra of variablessy (t) and mg(t). The two arrows indicate the fundamental frequency compoents. (C,F) The closed curves in
the state space. The dynamics of the excitatory network exbits relatively slow oscillations (the left side), whileahof the inhibitory network shows fast oscillations
(the right side).

occurs,wher%' D 0.142forthe OS1C state, D 0.139 states as the saddle-node bifurcation of ST1 (ST1SN), rwithi
for the OS2T stateRjgure 7F. In contrast, asF' decreases the slice Komuro et al., 201 Thus, these two bifurcations
from F' D 0.135, the stable ST1 and the saddle ST1 collidean be interpreted as the MTINS and the MT2SN bifurcations,
and the STO appears. By combining the aforementioned slicgespectively, outside the slicédmuro et al., 2016

analysis with the Lyapunov exponent analysis, we can identify Next, we consider the bifurcation intermediating between
the bifurcation types more clearlyFigure 7D). The negative the OS2C and the OS2T states. The bifurcation diagram of
exponents with multiplicity of two approach zero simultanegusl trajectories in the slice, with respect Iﬁ on E' D 0.05,

asuE' increases fromE' D 0.145; this is a property of the shows a transition between the OS2C and the OS2T statesewher
NS bifurcation. However, only one exponent starts to decafeassectionA(E,(t) D 0.8 and width D 0.001 have been used
asF' decreases fronf' D  0.135; this is a property of the for the slice Figure 70. As JF decreases frodE D 9, the
saddle-node bifurcation. Taken together, the bifurcatioom  STO, corresponding to the OS2C state, changes into the ST1 at
the OS1C to OS2T states can be identi ed as the subcritical N&bifurcation point. It is clear that there does not exist a byssis
bifurcation of STO (STONS), while that from the OS2T to OS1CGegion between the OS2C and the OS2T states, because the ST1
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FIGURE 7 | The bifurcation structure, emergent from the network composed of the excitatory and the inhibitory subnetworks re ecting properties of

dynamic synapses. The parameters used for these subnetworks were the same as tise for the individual excitatory network and the individdanhibitory one in
Figure 6, respectively.(A) (Jg', JBE) phase diagram. The number of zero-Lyapunov exponents is spplayed according to the following manner: 0, 1, and 2 corregond to
the white, red, and blue colors, respectively. Both the OS1@nd the OS2C regions are generated from the SS region via the $lbifurcation set, while the OS2T region
is generated via the following two types of bifurcation: th&T1NS bifurcation from the OS1C region and the MT1SNC bifuation from the OS2C region Kamiyama
etal., 2014; Komuro et al., 2016. There exists a hysteresis area between the OS1C and the O$2egions with a very narrow size such that the MT2SN bifurcin
intermediates between these regionsomuro et al., 2016). (B) The bifurcation diagram of trajectories in the slice with spect to Jg', where sectionA(') D 1.7 with
width D 0.001 was used. A set of the STO for the OS1C state is indicatedby the solid curve, while the ST1 for the OS2T state is indicatl by the dotted orbits with
open circles which represent their maximal and minimal vadis. The OS2T state is generated from the OS1C state via the MNS bifurcation, whereas the OS1C state
is generated from the OS2T state via the MT2SN bifurcatiork@miyama et al., 2014; Komuro et al., 201§. (C) The bifurcation diagram of trajectories in the slice, with
respect to J})E, where sectionAE D 0.8 with width D 0.001 was used. The OS2T state is generated from the OS2C statvia the MT1SNC bifurcationt{omuro et al.,
2016). (D) The bifurcation diagrams of the Lyapunov exponents, with spect to Jg'. The exponents for the upper diagram were calculated with aincrease inJE!
(Continued)
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FIGURE 7 | Continued

whereas, those for the lower diagram were calculated with aecrease inJg'. (E) The bifurcation diagram of the Lyapunov exponents, with rggect to J'OE. For (D,E),
the rst, second, and third exponents are displayed in the ble, green, and red colors, respectively, and exponents with mitiplicity of two are indicated by the notation
“M2.” (F) The slice, applied to both the MT1 and the MT2 near the MT1NS hircation point, where sectionA'O D 1.7 with width D 0.001 was used. (G) The slice,
applied to both the MT1 and the MT2 near the MT1SNC bifurcatio point, where sectionAg D 0.8 with width D 0.001 was used. For(F,G), the trajectories in the
slice applied to the MT1 and MT2 are displayed in the blue andyan colors, respectively. Although the ST1 (MT2) appears parated from the STO (MT1) when the
STONS (MT1NS) bifurcation occurs, the ST1 (MT2) is formed dhe STO (MT1) when the STOSNC (MT1SNC) bifurcation occurs¢muro et al., 2016).

A slice
Pl . " ST1
/" saddle STO—pQ LY
' stablesTo ||| | s -

~ stable MT1

FIGURE 8 | lllustrations of (A) the STOSNC and(B) the MT1SNC bifurcations Komuro et al., 2016). Before the bifurcation occurs, the unstable set of a saddl STO
(a saddle MT1) generates a one-dimensional torus (a two-diemsional torus), indicated by the dotted curve fo(A) (the gradation area foB). Via the STOSNC
(MT1SNC) bifurcation, the unstable set is stabilized, andcaordingly, an ST1 (an MT2) appears, indicated by the solidurve for (A) (the uniformly lled area forB).

changes into the STO at the same bifurcation poirdamcreases %(t)[Dp(lzN )P IN § ()], ag(H[D (1=N )P IN a; ()], xo(t)[D
from JF D 0. By observing both a state just before the bifurcation 1 ) |N x ()], and u()[D (1=N )P .N u, (t)], correspond
and that just after the bifurcation simultaneously, we camd 15 macroscopic variables. The dynamics of the macroscopic
that the ST1 rightly covers the STO, wheke D 3.12 for the yariaples shows good agreement with that of the stochastic
0S2C state andy~ D 3 for the OS2T stateF{gure 7G). The variables, in terms of: the time coursEigures 9A,B 10A,B,
bifurcation involving this feature has been recently idesdi 11A,B); the power spectrum Rigures 9G 10C, 11C); the
as the saddle-node cycle bifurcation of STO (STOSNC), 'Withitrajectory in the state spacéigures 90 10D, 11D); and its
the slice Figure 8A) (Komuro et al., 201)5 or as the MTISNC  jistribution in the slice Figures 9E 10E 11E).
bifurcation, outside the slice~{gure 8B) (Komuro et al., 201} Figure 9 shows the appearance of the OS1C state in the
Before the STOSNC (MT1SNC) bifurcation occurs, there eaistSpatwork dynamics. Excitatory neurons in this state re less
pair of a stable STO (MT1) and a saddle STO (MT1) and thereforgoperently, such that the excitatory subnetwork does natvsh
an unsFabIe set Of the .saddle STO (MT1) generates a ongp,y oscillations, but exhibits fast uctuation&igure 9A). In
d!mens!onal (two-dimensional) torus. The STOSNC (MTlsNClcontrast, inhibitory neurons re coherently at a high freecy,
bifurcation, where the stable STO (MT1) and the saddle STQch that the inhibitory subnetwork shows the fast osdiiat
(MT1) collide, stabilizes the unstable set and accordirghST1  (Figure 9B). The fast uctuation/oscillation can be generated
(MT2) appears. The mechanism of this MT1SNC bifurcationyith external inhibitory input and with a connection from
can be likewise veried by the Lyapunov exponent analysighe inhibitory to excitatory subnetworks. These two types of
(Figure 7B); only one negative exponent approaches zerdias inhibition are needed for the generation of the OS1C state T
decreases frog= D 9. . . fast oscillation in this state exhibits a single represemtagieak
Figures 9-11 show typical dynamics emergent from the (Figyre 90), indicating that the amplitude of the oscillation is not
OS1C, the OS2T, and the OS2C states, respectively, where eﬁ‘fif%ulated by the phase of the excitatory oscillatiBigres 95
is observed in both the stochastic and the macroscopic meafha). The dynamics emergent from both the excitatory and
eld models. The population averages of stochastic variableg, inhibitory neurons exhibits a closed curvEigure 9D).
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FIGURE 9 | The typical dynamics emergent from the OS1C state inth e network with dynamic synapses.  The following parameter sets were used:

@5EE, B)D (2, 1,2.5) for the excitatory subnetwork, 4l}, !, ))D ( 10,16, 12.5) for the inhibitory subnetwork, {5, JIF) D ( 0.15, 2) for the bidirectional coupling
between these subnetworks, and = D 11.7 for the dynamic synapses. (A,B) The raster plots and the time courses of variables includedhithe stochastic and the
macroscopic mean eld models. The dots indicate 50 of 1¢* excitatory or inhibitory neurons wheresE(t) D 1 and s!(t) D 1. The stochastic variabless5 (), a5), x5 ),
and uE(t) for the excitatory subnetwork ands} (t), af)t). x}(t), and ul¢) for the inhibitory subnetwork, and the macroscopic variales, mE(t), AS(), X5 (t), and UE ) for the
excitatory subnetwork andm'o(t), Ab(t), Xc')(t), and U'O(t) for the inhibitory subnetwork are displayed as time coursein the thin solid, the thick solid, the thin dashed,
and the thick dashed lines, respectively(C) The power spectra of variables})(t) and m'o(t). The arrow indicates the representative frequency compant with a high

frequency. (D) The closed curves in the state space(E) The slice, where sectior‘a!) D 1.7 or Aé) D 1.7 with width D 0.001 was used. The STO appears in the slice
because the emergent attractor is the MT1Komuro et al., 2016). Both the excitatory and the inhibitory subnetworks exhiibfast oscillations on the closed curve,
whereas the amplitude of the oscillations on the excitatorgubnetwork is small.

Accordingly, its slice includes less points, forming an ST@FC and appears continuouslifigure 10B. Therefore, we call
(Figure 9B. this as continuous CFC followingdya | et al. (2015) The
Figure 10 shows the appearance of the OS2T state in thdynamics composed of both the slow and the fast oscillations
network dynamics. Both excitatory and inhibitory neurongliis  exhibits a two-dimensional torug-{gure 10D). Accordingly, its
state re coherently, such that all variables can show @dmlhs, slice includes a closed curve, forming an SFiggre 105.
whereas, the frequency di ers between the excitatory and the Figure 11 shows the appearance of the OS2C state in the
inhibitory subnetworks. Excitatory oscillations are telaly network dynamics. The ring properties of excitatory and
slower than inhibitory ones Higures 10A,B. The inhibitory inhibitory neurons and their macroscopic oscillations ingistate
fast oscillation exhibits two representative peakigyre 10Q, are similar to those in the OS2T stateigures 11A-Q, where
indicating that the oscillation amplitude is slightly modtea by  the slow and the fast oscillations appear in the excitatory &ed t
the phase of the excitatory slow oscillatidfigures 10B 12B).  inhibitory subnetworks, respectively. However, the ampléuwf
This modulated oscillation is a phenomenon of phase-amplitudéhe fast oscillation is more evidently modulated by the phase of
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FIGURE 10 | The typical dynamics emergent from the OS2T state int  he network with dynamic synapses.  The parameter set, ag', J'OE) D ( 0.05,2) for the
bidirectional coupling between the excitatory and the inbitory subnetworks, was used; other parameter sets are the ame as those inFigure 9. The format of each
panel is likewise the same as that ifFigure 9. (A,B) The raster plots and the time courses of variables includeahithe stochastic and the macroscopic mean eld
models. (C) The power spectra of variable$'0(t) and m'o(t). The two arrows indicate the representative low and highdguency components. (D) The two-dimensional
torus in the state space.(E) The slice, where sectionab D 1.7 or A}) D 1.7 with width D 0.001 was used. The ST1 appears in the slice because the emesmnt
attractor is the MT2 omuro et al., 2016). The excitatory and the inhibitory subnetworks exhibit slv and fast oscillations on the torus, respectively, wheres the
amplitude of the fast oscillationss})(t) and m'o(t) on the inhibitory subnetwork is less modulated by the phasef the slow oscillations on the excitatory subnetwork.

the slow oscillation, compared to the OS2T stdteg(res 11B  synapses, and converted the model into the corresponding
120). This modulated oscillation is likewise a phenomenon ofmacroscopic mean eld model. The bifurcation analysis of the
phase-amplitude CFC but appears intermittentiigure 118. mean eld model revealed the overall dynamical properties of
Therefore, we call this as intermittent CFC followinga | et al.  the network. The excitatory and the inhibitory subnetworks
(2015) The dynamics composed of both the slow and the fastepresent slow and fast oscillations, respectively. Theaot®n
oscillations exhibits a complicated closed curt#g(re 11D), between these two subnetworks generates diverse osgsillato
whereas, its slice includes a few points, forming an ST6tates with two major frequency components. This oscillator

(Figure 11B. phenomenon corresponds to phase-amplitude cross-frequency
coupling (CFC). The dependence of the oscillatory states
4. DISCUSSION on coupling strengths, mediating between the subnetworks,

has been claried by the bifurcation analysis. Furthermore
In this study, we analyzed a stochastic network modeit has been found that the oscillatory states of the CFC
composed of excitatory and inhibitory neurons with dynamiccan be classied into two subtypes, namely, an oscillatory
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FIGURE 11 | The typical dynamics emergent from the OS2C state int  he network with dynamic synapses. = The parameter set, 05', JBE) D ( 0.05,5) for the
bidirectional coupling between the excitatory and the inbitory subnetworks, was used; other parameter sets are the ame as those inFigure 9. The format of each
panel is likewise the same as that ifFigure 9. (A,B) The raster plots and the time courses of variables includedhithe stochastic and the macroscopic mean eld
models. (C) The power spectra of variablesb(t) and m'o(t). The two arrows indicate the representative low and highdguency components. (D) The closed curve in
the state space. (E) The slice, where sectior‘ag D 0.8 or Ag D 0.8 with width D 0.001 was used. The STO appears in the slice because the emernt attractor is the
MT1 (Komuro et al., 2016). The excitatory and the inhibitory subnetworks exhibit slv and fast oscillations on the closed curve, respectivelwhile, the amplitude of
the fast oscillations,sb(t) and m{)(t) on the inhibitory subnetwork is evidently modulated by thehase of the slow oscillations on the excitatory subnetwork

state with two frequency components on a two-dimensionallhe analysis revealed that these two parameters can be darcial
torus (OS2T), which can generate the continuous CFC, anthe generation of a variety of oscillatory states. The se@mint
an oscillatory state with two frequency components on s the introduction of an additional variable, (t), corresponding
closed curve (OS2C), which can generate the intermittent, o synaptic activity, and a parameter, corresponding to the

CFC. atlime constant of the decay process ®((t). The third point is

netTV\t] oerkprrr?jggltwnilﬁd d6|nI:1rr?i2 :szzn?g; a(toofriaerl ;XC'Ztgtl(%ﬁsur a combination of the excitatory network with the inhibitoone,
y ynap . where parameterd' and JF were introduced.

previous model, which corresponds to the excitatory subnetwo Depending on the synaptic properties, the network dynamics
in this study, was modi ed in terms of the following three asfgec : T :
First, we analyzed the dependence of the network dynamics changes. Decay time constantg, and 5 of the synaptic

' ) _ %ﬂ:tlvny, may determine the frequency of slow oscillations
the coupling strengthi}, , and on the external input ; these  the excitatory network and that of fast oscillations in the
parameters were xed in the previous studgatori etal., 2012 inhibitory network, respectivelyRigures 3D,B. The frequency
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FIGURE 12 | Effect of the slow oscillation phase on the amplitud e and on the period of fast oscillations, for the typical (A) OS1C, (B) OS2T, and(C) OS2C
states. The parameter sets for these states are the same as tse in Figures 8 —10, respectively. The amplitude of the fast oscillation in th©S1C state does not
depend on the phase of the slow oscillation for any period, buthis dependence appears in both the OS2T and the OS2C statesround period 5.7. In particular,
amplitude modulation arising from the OS2C state occurs mar evidently compared to that in the OS2T state.

can be likewise changed by=, the property of short- networks. It has been shown that the oscillatory states twih
term plasticity Figures 5A,B. A variation of frequency bands major frequency components can be classi ed into two subtypes,
in neural activity, such as the delta, theta, alpha, beta, an@S2T and OS2C statesiures 1Q 11). In the OS2T state, peaks
gamma bands, is often observed in the brain, and it hasf the fast oscillation are broadly distributed in the phasehaf t
been suggested that this variation correlates with the rbraislow oscillation Figure 10B. In contrast, in the OS2C state,
functions Buzsaki and Draguhn, 20R4The brain functions the phase of the fast oscillation is partially locked by the slow
may be attributed to the above synaptic parameters. Indeedscillation; that is, peaks of the fast oscillation appear inispec
aminomethylphosphonic acid (AMPA) synapses have a relativelyhases of the slow oscillatiofrigure 11B. The neural activity
short time constant, whereas, N-methyl-D-aspartate (NMDA)phase can be utilized to encode certain information. Indéédtdhs
synapses have a longer time constant. This synaptic di erendeeen suggested that the physiologically observed CFC prawides
should aect the generation of neural oscillations and brainbasis for e ective communications among neurof$¢obak and
functions. Buzséaki, 19938

We have found that the generation mechanism of the OSl state The OS2C state may contribute to multi-item representation
on the inhibitory subnetwork is qualitatively consistenttivthe  (Hyal et al., 2019, because this state can generate the
physiological experiment$-(sahn et al., 1998; Mann et al., 2005 intermittent CFC in the inhibitory subnetwork. One cycle of
Inhibitory interneurons in the rat hippocampal CA3 region show the fast oscillation of the CFC would correspond to one item,
a fast oscillation, which is referred to as the gamma osigitat associated with the working memory, the spatial memory, or
This oscillation is blocked by the AMPA or the gamma-the visual attention. Owing to intermittency of this osatilon,
aminobutyric acid (GABA) type-A receptor antagonist. AMPA- external multi-items could be e ectively encoded in the loraie.,
type synapses send excitatory input to the interneurons, whilthe slow oscillation, generated from the excitatory subioeky
GABA type-A synapses send recurrent inhibitory connectionswould play a role in optimizing storage capacity for the items.
These antagonists can be considered as the realizatiorpof in The typical fast oscillationm'o(t), generating the CFC in the
I' and the absolute value of coupling strength respectively OS2C state depicted Figure 11B shows that approximately 11
(Figure 3A). Taken together, the OSI state generated from thééems are possibly encoded. The number of items to be stored
present model can be related to the gamma oscillation imay increase or decrease depending on parameterand I',
inhibitory interneuron networks. related to, e.g., visual input, because these parameters a ect

The network composed of both excitatory and inhibitory the frequency of the slow and the fast oscillations, respelgti
neurons shows phase-amplitude CFC, in which the amplitud¢Figures 3D,B. In contrast, the OS2T state would not be
of the fast oscillation is modulated by the phase of thesuitable for multi-item representation because this stet@gates
slow oscillation Figures 10B, 11B, 12B,C)The property of this continuous CFC. Moreover, the encoding scheme for the multi-
oscillatory phenomenon is similar to that of the experimelytal items can be likewise observed on the closed curve underlying
known CFC between the theta and the gamma oscillationthe fast oscillationrn{)(t) in the OS2C stateHigure 11D); that is,
observed in the entorhinal cortex of the hippocampGsi(obak  the number of items to be stored would be limited in order for
and Buzsaki, 1998 the brain to avoid producing wasted storage capacity. In cstfr

Various oscillatory phenomena, including CFC arising fromthe attractor underlying the OS2T state is a two-dimensional
our model, may contribute to information coding in the brain torus (Figure 10D); that is, more items would be encoded in
The presence of distinctive oscillatory states in the madelies the torus than the closed curve. However, the torus may not
that a variety of information coding schemes can exist inifbra be e cient where only a few items are stored, because the
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torus consists of a dense orbit and may produce wasted storagdormation processing. Each of assemblies, in layer 2/3 of

capacity. the cortex, selectively receives its recurrent connectiang
Our main nding is that the MT1SNC bifurcation may excitatory input from layer 4, possibly based on environménta

underlie a switching phenomenon between the continuous andhange, while input from layer 5 might modulate activity

the intermittent CFCs; this result supports the studyraftolan  between assemblie¥ ¢shimura et al., 2005 Such selectively

et al. (2013) Fontolan et al. have reported that these twointerconnected neurons would play a crucial role for utiligin

CFCs are switched via the saddle-node on invariant circlphase-amplitude CFC in the brain.

(SNIC) bifurcation, on a simplied Pyramidal Interneuron The mechanisms and functions of oscillatory phenomena

Network Gamma (PING) modelHontolan et al., 20)3 The must be further explored in the future. The oscillatory

SNIC bifurcation mediates between a limit cycle and a twophenomena observed in the proposed model, a binary-state

dimensional torus in ow, whereas the MT1SNC bifurcation discrete-time neuron model, should be evaluated with a more

mediates between a closed curve and a two-dimensional torusalistic network model that re ects the detailed propertéshe

in map; here both bifurcations occur via a saddle-node cytle. cerebral cortex.

we assume that the MT1 arising from the proposed discrete-time

model is the limit cycle in the corresponding continuous-tm AUTHOR CONTRIBUTIONS

model, these two bifurcations will become consistent. Tlilos
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be interpreted in a discrete-time model. checked the details of the bifurcation analysis. KA supedsithe
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