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The GW approximation in electronic structure theory has become a wlespread tool

for predicting electronic excitations in chemical compouds and materials. In the realm
of theoretical spectroscopy, the GW method provides access to charged excitations
as measured in direct or inverse photoemission spectroscop The number of GW

calculations in the past two decades has exploded with incrased computing power

and modern codes. The success of GW can be attributed to many factors: favorable
scaling with respect to system size, a formal interpretatio for charged excitation

energies, the importance of dynamical screening in real sysms, and its practical

combination with other theories. In this review, we providan overview of these formal
and practical considerations. We expand, in detail, on the lwoices presented to the

scientist performing GW calculations for the rst time. We also give an introduction
to the many-body theory behind GW, a review of modern applications like molecules
and surfaces, and a perspective on methods which go beyond coventional GW

calculations. This review addresses chemists, physicistand material scientists with an
interest in theoretical spectroscopy. It is intended for ne@comers to GW calculations but

can also serve as an alternative perspective for experts andn up-to-date source of

computational techniques.

Keywords: GW approximation, self-energy, theoretical spectroscopy, ion
structure, quasiparticle, Hedin's equations

ization potential, electron af nity, band

1. INTRODUCTION

Electronic structure theory derives from the fundamengav$ of quantum mechanics and describes
the behavior of electrons—the glue that shapes all matteuriierstand the properties of matter
and the behavior of molecules, the quantum mechanical lawstiine solved numerically because
a pen and paper solution is not possible. In this context, HeddV8 method (Hedin, 1963 has
become theale factesstandard for electronic structure properties as measureditgctland inverse
photoemission experiments, such as quasiparticle band strestind molecular excitations.
Electronic structure theory covers the quantum mechanispéctrum of computational
materials science and quantum chemistry. The fundamenital @ computational science is
to derive understanding entirely from the basic laws of physie., quantum mechanical rst
principles, and increasingly also to make predictions of new priigse or new materials and
new molecules for speci c tasks. The exponential increas&ailable computer power and new
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methodological developments are two major factors in thestal., 2011; Pingetal., 2013; Bruneval and Gatti, 2014y E&hl.,
growing impact of this eld for practical applications to real 2014; Marom, 2017; Gerosa et al., 2018a; Kang et al.), rid®
systems. As a result of these advances, computational sciemomplements a recent revie®¢ining, 201y.
is establishing itself as a viable complement to the purely A considerable part of our review is devoted to the
experimental and theoretical sciences. presentation of di erentGW implementations. We will discuss
Hedin published theGW method in 1965, in the same the practical considerations th&W users have to make when
time period as the foundational density-functional theoBRT) they decide on a particuld&W implementation or code for their
papers Hohenberg and Kohn, 1964; Kohn and Sham, 1965 work. Moreover, we will guide the reader through computational
While DFT has shaped the realm of rst principles computationaldecisions that might a ect the accuracy of th&w calculations
science like no other method todagW's fame took a little and illustrate them with concrete examples from ti@&W
longer to develop DFT's success has been facilitated by théditerature. An important aspect in this regard is the issue of
computational e ciency of the local-densitykohn and Sham, self-consistency iGW, which we cover in detail.
1969 or generalized gradient approximationsecke, 1988; Lee  Although theGW method might be best known for its success
et al.,, 1988; Perdew et al., 19pg@EDA and GGA) of the in predicting the band gaps of solids, we will present its diers
exchange-correlation functional that make DFT applicable t@and discuss a range of di erent quantities that can be computed
polyatomic systems containing up to several thousand atomsvith the GW method. Since no method is perfect, we will
GW, however, only saw its rst applications to realistic matkyia conclude with a critical outlook on the challenges faced oy t
20 years after its inceptiorH/bertsen and Louie, 1985; Godby GW method and discuss ways to go beydad.
et al., 198§ due to its much higher computational expense. Soon We conclude this introduction with a quote from H. J.
after it was realized thaBW can overcome some of the most Monkhorst, who wrote in a laudation in 2008:is therefore my
notorious de ciencies of common density functionals such a conviction that, rather sooner then later, we will see agesuae
the self-interaction error, the absence of long-range poédion  of the precise many-body approach to solid-state theoryeas w
e ects and the Kohn-Sham band-gap problem. envisioned. Almost assuredly the GW method will be the ftool o
The GW approach is now an integral part of electronic choice(Monkhorst, 200% In 2019, we can say that Monkhorst
structure theory and readily available in major electronicwas right.
structure codes. It is taught at summer schools along sidé DF
and other electronic structure methods. This review is riated
as a tutorial that complements showcase&¥u{'s achievements 2. THEORETICAL SPECTROSCOPY
with a practical guide through the theory, its implementation . L.
and actual use. FOBW novices, the review oers a gentle 2.1. Direct and Inverse Photoemission
introduction to the GW concept and its application areas. Spectroscopy
RegulaiGW users can consult this review as a handbook in theiSpectroscopic measurements are an important component in
day-to-day use of th&W method. For seasoneg@W users and the characterization of materials. Any spectroscopic tegphei
GW experts it might serve as a reference for key applications argerturbs the system under investigation and promotes it into
some of the subtler points of tt8W framework. an excited state. Experimentally, the challenge then lighén
In this review we take a more practical approach towardcorrectinterpretation of the system's response. From a téiécal
the GW method. We will recap the basic theory starting frompoint of view, however, the challenge is to nd (or develop)
theoretical spectroscopic view point as a probe of the eleatroni suitable, accurate and, most of all, computationally et
structure. Aiming atGW practitioners, we will illustrate how approach to describe the response of the system. Experimental
the GW approach emerges from the theoretical spectroscopgnd theoretical spectroscopy are often complementary andawhe
framework as a practical scheme for electronic structureombined, they are a powerful approach.
calculations. A more in-depth discussion of the theoretical Many-body perturbation theory (MBPT) provides a rigorous
foundations of many-body theory can be found in textbooksand systematic quantum mechanical framework to descrilee th
(e.g.,Fetter and Walecka, 1971; Szabo and Ostlund, 1989; Grespectral properties of a system that connects central quastiti
et al., 1991; Bechstedt, 2014; Martin et al., 20d/Bile theGW like the Green's function, the self-energy, and the dielect
theory itself is covered in excellent early reviewsdin and function with each other. The poles of the single-particle &rg
Lundgvist, 1970; Aryasetiawan and Gunnarsson, 1998; Hedifunction, the central object in MBPT, correspond to the elentr
1999. GW began to ourish at the beginning of the 21st century addition and removal energies probed in direct and inverse
and two reviews succinctly summarized the state of the elgphotoemission, which is explained in detail at the end of
until then (Aulbur et al., 2000; Onida et al., 200®Dur review section 2.1. In contrast, information about neutral extdas
bridges the ensuing gap of almost 20 years, after which onlyrobed in optical or energy loss spectra can be extracted from
several more specialized reviews addressed di erent asp@tts ahe dielectric function. In this review, we will not addresstical
applications of5W calculations Rinke et al., 2008a; Giantomassiproperties or other neutral excitations and instead focus loa t
single-particle Green's function and its connection to dirand

1The theory directly comparable to DFT is the Luttinger-Ward formalisn, the Inverse phOtoemISSIOH spectroscopy.
GW approximation. Here, we focus on the chronological development of pactic 1N photoelectron _ spectroscopy (PES)Plfmmer and
electronic structure calculations with Kohn-Sham DFTGW. Eberhardt, 1982; Himpsel, 1983; Kevan, J998lectrons
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The experimental observable in photoemission spectroscopy
A Photoemission B Inverse Photoemission is the photocurrent, which is the probability of emitting an
electron with the kinetic energ¥, within a certain time
_V interval. Itis related to the intrinsic spectral functiéx(r,r%! ) of

the electronic system, given by the imaginary part of thelsing
Evac particle Green's functioh (Almbladh and Hedin, 1983; Onida
etal., 200p

E vac

€s=r

A(r,r°1) D Lim G(r,r°! ysgnEs 1), ©)

where! denotes an energy (frequency). The single-particle
Green's functionG(r,r%! ), is the probability amplitude that a
particle created or destroyed atis correlated with the adjoint
process ar® it will be discussed in detail later. The actual
FIGURE 1 | Schematic of the photoemission (PES) and inverse photoens®n dependence of the photocurrent on the spectral function is
(IPES) process. In PESA) an electron is excited by an incoming photon froma|  quite complicated because the coupling to the exciting light

€s =fp=lb—=nn=

N-1 electrons N+1 electrons

previously occupied valence state (lower shaded region)tim the continuum and electron loss processes in the sample as well as surface
haded region, starting above th leveélyac). In IPES(B - '

(gray shaded region, starting above the vacuum levéiac). In IPES(B) an e ects, have to be taken into account. To our knowledge, no

injected electron with kinetic energyEj, undergoes a radiative transition into . X . .

an unoccupied state (upper shaded region) thus emitting a pbton in the compreher!swe theqry yet .EXISIS for this relation andlwe tloeee )

process. proceed with the discussion of the spectral function and will

return to the photocurrent later.
The energiess in Equations (1) and (2) are the removal and
addition energies of the photoelectron, respectively, andefier

are ejected from a sample upon irradiation with visible or o . i
ultraviolet light (UPS) or with X-rays (XPS), as sketched into the transition amplitudes from thsl to theN  1-body states

Figure 1A The energy of the bound statgcan be reconstructed as 4r) (see also section B.1Appendix B):
from the .phc;tohn er;]erg}nl , t?e wotrrl]< ftunctiohntSh r;l(rj]dtthéet kinetic s DEN) EN 19
energyE, of the photoelectrons that reach the detector () DN 1. QnjNi
IPsD sDh Egq 8, for s< Er (1) s DENC19 EN)
) DNjQrjNC 1,

for << Er (4)

for s Er (5)

The ionization potential IR is de ned as the energy that is

required to remove an electron from the bound initial statef  The stategN,d are many-body eigenstates (wave functions in

the neutral sample, where the energy of the state is below theal space) of th&-electron Schrédinger equatiofjN,s D

Fermi level Er). It is always a positive number and relatedto  E(N,9)jN,d, IPis the many-body Hamiltonian and(N,s) D

as shown in Equation (1). N, KN, s is the corresponding total energy. The eld operator
By inverting the photoemission process, as schematicall§{{r) annihilates an electron at poimtfrom the many-body states

shown inFigure 1B, the unoccupied states can be probed. ThigNi orjN C 1i. The representation given in Equations (4) and (5)

technique is commonly referred to as inverse photoemissiois particularly insightful because it allows a direct intexgation

spectroscopy (IPES) or bremsstrahlung isochromat spectpyscoof ¢ as the photoexcitation energy from tié-particle ground

(BIS) Dose, 1985; Smith, 1988; Fuggle and Ingles eld, J.992state with total energf(N) into an excited statsof the (N 1)-

In IPES, an incident electron with enerdy, is scattered in particle system with total energg(N 1,5 upon removal of

the sample emittindpremsstrahlung=ventually it will undergo a an electron in the photoemission process. Similarly, the taatli

radiative transition into a lower-lying unoccupied statei#ing  energy that is released in the radiative transition in irseer

a photon that carries the transition enerdly . The energy of photoemission is given by the total energy dierence of the

the nal, unoccupied states can be deduced from the measuredexcited N+1)-particle system and the ground state.

photon energy according to To build a practical scheme for calculating the energies in

Equations (4) and (5) we introduce the de nition of the siegl
EAsD sDEij h C8, for s Er (2)  particle Green's functich

EA denotes the electron a nity, which we de ne as the energy  G(r, ,t,r% 39D iWNjB Qr, ,t) O¢® °t9gNi  (6)
needed to detach an electron from a negatively charged species
and which is thus the negative of. EA can be a positive or where®is the time ordering operator for the timesandt®and

negative number. It is negative when the additional eleti®  the spin.Parranges the eld operators so that the earlier time
in an unbound state, and positive when the electron is bound.

3Atomic units 4 o D h D eD me D 1, whereeandme are the charge and mass
2Throughout this article the energy zero is chosen to be the tophefwalence  of an electron, respectively, will be used in the remainder of thislarti
bands for extended systems and the vacuum level for nite syste 4We consider only the zero temperatu@and assume D Er.
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is to the right and acts on the ground stgtéi rst. Gallows for
bothtime orderingst > t%rt%> t. This de nition ofthe Green's | A 9’7 B
function is particularly insightful because it illustratéstprocess \ .* Ax(E)
of adding and removing electrons from the system, as done in
photoemession spectroscopy. Assuming the time-ordering is as
shown in Equation (6),9'(r® 91t9 will create an electron with
spin %at time t%in point r® This electron will then propagate
through the system, until it is annihilated b§Ar, ,t) at a later
time t in positionr. The Green's function is therefore also often -
called apropagatorWe will return to this propagator picture of =
Gin later sections of this review.

To make contact with Equations (4) and (5), we need td
Fourier transform the Green's function from the time to the
energy axis. For a time-independent Hamiltonian this then
produces the spectral or Lehman representatio¢Fetter and
Walecka, 1971; Gross et al., 1991

Quasiparticle

Satellite

Incoherent

Binding energy (E)

X
G(r,r!) D lim_ S s (9

(s 1) b (sCi)

where we have assumed a spin paired system and summed ove
the spin quantum number shown in Equation (6). The two termg
in brackets are for the two time orderings@ 2 is the Heaviside
step function, which is zero for negative arguments and ame f
positive arguments It kills any processes that do not obey the
correct time ordering, as determined by the created/ariated
particle’s energy relative . This representation illustrates that
the many-bOdy EX(.:I.'[atlonS of the system that are associaititd FIGURE 2 | (A) Schematic representation of an ARPES experiment. By
the removal or addition of an electron are given by the polahef varying the angles and with respect to the crystallographic axesg;), the

single-particle Green's function. The diagonal spectratfion measured spectrum is direction, ork, dependent. In practice, the detector
angle is usually varied with respect to a xed beam(B) A typical spectral

)

Binding energy (eV)

1 function features a sharp peak attributed to the quasipartie, an incoherent
A(r,r,!)D —Im G(r,r,! )sgnE !) (8) background, and satellites away from the single particle pak. (C) ARPES data
of the upper valance bands of ZnO{obayashi et al., 2009. The
D s(r) () ( s) 9) corresponding GoWy band structure of ZnO is shown inFigure 27 .

S

then assumes the intuitive form of a (many-body) density

of states. as in nitely sharp peaks. The broadening of the spectral fiorct
comes from the sum of many delta functions close in energy,
2.2. The Quasiparticle Concept which merge to form a peak of nite width. If the contributing

In periodic solids, the crystal has special crystallographigelta functions are closely packed around one energy, the peak i
directions so that spectra are direction dependent, with thettributed to aquasiparticl¢lLandau et al., 1990

direction indexed by a wave vectkr By varying the direction To further motivate the association afuasiparticleswith

of the incident beam relative to the crystallographic axa¥ ( particle-like excitations it is insightful to consider non-
one can map thek dependent PES spectra, as shown irinteracting electrons. In that case, the spectral functionsists
Figure 2A. This technique is called angle resolved photoemissiofaf a series of delta peaks

spectroscopy (ARPESKigure 2C shows data from a typical

ARPES measurement aifidgure 2Ba schematic of the spectral Asg(!)Dh JA() oD s (0 o), (10)
function at a singlék-point. The spectra usually exhibit distinct

peaks that are attributed to particle-like states but have ite n €ach of which corresponds to the excitation of a non-inteiragt
width. There can also be additional, broader peaks away fromarticle, seeAppendix A for the integral notation used in
the main peak called satellites. However, the spectral fométi ~ Equation (10). The many-body stat@di andjN  1i become
Equation (9) contains only Dirac-delta functions which appea single Slater determinants so that the exact excited stages a
characterized by a single creation or annihilation operattirgy

5For the remainder of the review,is always assumed to be a positive in nitesimal. on the ground state. The excitation energiesand the wave
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functions ¢(r) are thus the eigenvalues and eigenfunctions of th
single-particle Hamiltonian.

A
When the electron-electron (or electron-ion) interactios i (
turned on, the exact eigenstaf®, g are no longer single Slater £
determinants. As a consequence, the matrix elements of the %i) % ﬁai

ks

spectral functionAgg(! ) will contain contributions from many
non-vanishing transition amplitudes. If these contribui®
merge into a clearly identi able peak that appears to be

P C
derived from a single delta-peak broadened by the electron- i
electron interaction, this structure can be interpreted atale-
[~~~

o

particle like excitation—theguasiparticleThe broadening of the E%E
quasiparticle peak in the spectral function is associated thigh . :Ot
lifetime of the excitation due to electron-electron scattering %ﬁ %{
whereas the area underneath the peak is interpreted as the

renormalization Z of the quasiparticle. This renormalization
factor quanti es the reduction in spectral weight due to
the electron-electron interaction compared to an indepertden
electron, though the total spectral weight is conserved. Wfe ¢
combine these various arguments and say that the quasifeartic

electron ejected ; hole is screened
hole is screened dynamically

peak for stateswill exhibit the following shape: SEERe | ——— . ®,—E9-\@
o © ®@ ©) @® ;’@@@‘.®
1 Z ® 006 ® | !
Adl) = —— . (11) ©006 CRNCI
I (sCi0)

In contrast to the exact energies of the many-body stateghwh | FIGURE 3 | Top: Depiction of the quasiparticle concept(A) A crowd of
are poles ofthe Green's function on the real axis, the quaﬁ;dmar people is analogous to the electronic ground state. A new peson (that
poles reside in the complex plane and are no longer eigenvalug&Presents an additional electron) enters the crowd ). The new person
. R K egins to interact with other people who, in turn, interact bck with the new
of theN'bOdy Hamiltonian. The real part of this complex energy person in (C) and form a polarization cloud. An effective, or renormalizk
is associated with the energy of the quasiparticle exciiadind object, the quasi-person, moves through the crowd in(D). Even though it is an
the imaginary part with its inverse lifetim@ D 2= . interacting system, the many-person state if(D) can still be connected to, or
To develop a more intuitive understanding of quasiparticles ide.nti eq by, the sinlgle person added to the crgwd. This copnetion allows us
it is insightful to adopt a real-space picture. The quasipagticl toh:ii';:;g’;ggnqga:'c't':s;zn' Bottom: Schematic represertion of
concept can be explained by analogy with a crowd of peopl ,p P i
as shown inFigure 3 Picture a group of people, such as at a
concert or festival, all crowded into the same area. Not want
to get too close to each other to preserve their own space, peofiig away, one does not need to describe the precise motion of
in the crowd interact with each other. If one person gets tocall N C 1 people in the group, but only the motion of this
close to another, their mutual repulsion eventually takesr@nd  quasi-person propagating through the crowd.
separates them again. The exact description of the crowdmegjui By analogy, a quasiparticle can then be considered a
the location of each individual person at all times. This is&yv  combination of an additional electron or hole in the systematt
di cult task because of the constant interactions, or repolss, interacts with its surrounding polarization cloud. The sitio
between individual people. This collection of people and theicorresponding to photoemission spectroscopy is depicted in the
occasional uctuations are grouped together and labeled thbottom panel ofFigure 3 As time increases, the bare hole left
ground state. by removal of the interaction is screened. The quasiparticle
A new person arrives and pushes their way into the crowdtherefore embodies an electron state with the perturbatibitso
We can think of this new person as the electron in inversewn surrounding. The feedback via interactions of the péetic
photoemission that is injected into the system. The new persowith surrounding electrons is termed trself-energyOver time,
enters in a speci ¢ direction with a certain energy. As theyeen the propagating quasiparticle can decay into many di erent
the group, they repeatedly interact with other people as theglementary excitations, giving it a nite lifetime. Essait
continue their trajectory, as shown Figure 3C These repeated quasiparticle properties are dispersion, lifetime, weight, and
interactions repel people in their immediate vicinity and form satellite spectrum. The latter arises from the collectivetations
a small halo of free space around the incoming person. Peopie the medium.
seem to move out of their way on their journey, forming a
polarization cloud created by the absence of other people arourd.3. Comparison to Experimental Spectra
them. The intruder's motion and their polarization cloud cae  We have now identi ed quasiparticles as one possible source
taken together to form a new composite object, a quasi-persoffipr peaks in experimental photoemission spectra. Before we
which appears as a slowed-down version of the newcomer. Fromtroduce theGW approximation as a tractable computational

D
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approach for calculating quasiparticle energies, we will rs
address the photocurrent, which is the quantity measured in
direct photoemission experiments. Then we will brie y discuss
the reconstruction of the band structure information, aslives
other sources of peaks in spectrum.

Establishing rigorous links between the spectral functiod a
the photocurrent is still a challenge for theoryi€din, 1999; Lee
et al., 1999; Minar et al., 2011, 201Bhe photocurrentk(h )

S W
(=] (=]

(%)
(=]

Photocurrent (arbitrary units)
o
(=]

is the probability per unit time of emitting a photoelectron Wit background S~
momentumk and energyE, x due to an incident photon with i ' evGW,@LDA |
the energyh . The spectral function de ned in Equation (3) . . . .
describes the removal of an electron from the sample, but does 960 50 40 30 20 10 0
not include intermediate steps on the way to the detector wher Energy (eV)

the electron loses energy. Therefore, it does not correspond
J(h ). However, the spectral function can be related to the FIGURE 4| X-ray photoemission spectrum with 800 eV incident energy
photocurrent by using the sudden approximatiolﬁe(din 1999 compared to two calculated spectra. The red line shows the e@Wy@LDA

. . . . | spectrum (see section 5), whereas the blue spectrum contamadditional
Hedin and Lee, ZOQmssumlng that the ejecwd photoelectron IS vertex corrections in form of a cumulant expansion (see seitin 11). The

immediately decoupled from the sampli(h ) is then given by | evew,@LDA+C spectrum contains the addition of the Shirley background
(Hedin, 1999 (shown by the black dashed line) and loss effects of the outgng
photoelectron. Data retrieved fromGuzzo et al. (2011) where the GW results

) are labeled asGoWg. However, self-consistency in the eigenvalues was in fact
J((h ) D 1 ksAs§(Ekln,k h )1 sk (12) applied, which is in our notation eGW; (Private Communication).

sP

whereAsg(! ) D h JA()] ¢ are matrix elements of the |y core-electron emission for instance, inelastic lossesuaiti-
spectral function dened in Equation (3)1ks are matrix  gjectron excitations such as shake-ups and shake-o's lead to
elements of the dipole operator which describe the coupling tQaelites in the spectrum. Satellites can also appear in theceale
photons. The dipole matrix elements capture the promotion ofegion. The outgoing photoelectron or the hole left behinaca
the electron to a highly excited state (often assumed to bar@epl for example, excite other quasiparticles like plasmons, phonons
wave), i.e., they describe the transition between theahdnd o magnons. This gives rise to additional peaks, the so-called
the nal electron state. In this nal state, the electron veds to lasmon or magnon satellites or phonon side bands, that are
the_ detector. On the way, it crosses the surface of_ the samp%pica”y separated from the quasiparticle peak by multiples
which adqg a furthgr perturbation to its path and its energy.of the plasmon, magnon or phonon energy. The broad peak
The transition matrix elements aect the amplitudes of thejy Figyre 4, which shows integrated spectra and therefore has
spectrum and add selection rules that give rise to the supessi,q dependence, near 40 eV is an example of a satellite.

or enhancement of certain peaks. In practice, one compareyie|iites are collective e ects that are not described withe
only matrix elements of the spectral function to the eXpe”menquasiparticle picture.

disregarding the e ects of the dipole matrix. Furthermorejst
often assumed that only the diagonal elements of the spectral
function are dominating. 3. HEDIN'S GW EQUATIONS

For the reconstruction of the band structure, e.g., with ARBPE
the comparison between theory and experiment is hampereHaving introduced the general Green's function framewonid a
from the experimental side. In ARPES studies of crystallinguasiparticle concept, we are prepared to consider the concrete
materials, the emitted photons or electrons inevitably have formalism for GW. GW is an approximation to an exact set of
pass the surface of the crystal to reach the detector. Therefocoupled integro-di erential equations called Hedin's eqoas
information about their transverse momentuk» is lost. This (Hedin, 1969, the full derivation of which can be found
is because the crystal's translational symmetry is brokehea in Appendix B.
surface and only the in-plane momentuky is conserved. To We build up Hedin's equations from a perturbation theory
reconstruct the three-dimensional band structure of théicso perspective. We can conveniently represent the perturbation
from experimental data, assumptions are often made about thexpansion forG that we introduced in the time domain in
dispersion of the nal statesHlummer and Eberhardt, 1982; Equation (6) and in the energy domain in Equation (7) with the
Himpsel, 1983; Hora and Sche er, 1984; Dose, 1985; Smitlreynman diagram technique. Feynman diagrams are a pictorial
1989. Ab initio calculations as described in this article can aidvay of representing many-body and Green's function theory.
in the assignment of the measured peaks. Either way, some lay®'e cover the necessary basics in this section and refer the
of interpretation between theoretical and experimental bandnterested reader to an excellent book on Feynman diagrams
structures is required. (Mattuck, 1992.

Apart from quasiparticle excitations, a typical photoemission The perturbation expansion begins with the noninteracting
experiment provides a rich variety of additional information Green's function, denote@g. Gy is the probability amplitude for
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1 to < t1
GO(L 2) 1 + 2 . - ~
1 t(1
v(1,2). ALCOE S B 3716
: G(1,2): 1 2 =
G(1,2) 1=p=2 21 —— £ <ty
FIGURE 5 | The most basic pieces of diagrammatic perturbation theory @ Q,D(Q) * I:l >|< 1/}T (1)
Gp and v. From these, all other quantities can be built. The interaiin v(1, 2) is
instantaneous. Therefore, the dashed line is perpendiculdo the time axis. The .
arrows inGg and G point in only one direction, but both time orderings are G(la 2) . 1=.=2 e 1+2
included.
+ Ly 52

—

a noninteracting particle to propagate from one spacetime poin
to another. In the diagrammatic techniqu&y is represented + 1
by a solid line with an arrow. The ends dBp indicate ——
spacetime points. The generic notation (ry,t1, 1) refers
to the spatial coordinates, time t1, and spin variable 1. Go,
shown in Figure 5, is one of the basic building blocks for the + 1
perturbation expansion.

G is the probability amplitude for thénteractingsystem that
a particle creation at 2 is correlated with a particle annilidat + O(n)
at 1. The rules of quantum mechanics dictate that we must e
sum over all possible paths for the particle to move from 2
to 1  this generates the exa@, which is represented by a G(1,2): 1 9

. . . . ) *

bold, or double, line with an arrow in the diagram language ==
Every possible process between 1 and 2 contributes a di erent
amplitude to the totalG. The di erent processes which connect + 1 [ : \ 2
1 to 2 depend on interactions with other particles in the system
at the times betweety and to. Without these interactions, the FIGURE 6 | The exactG contains amplitudes from all possible paths between
problem is already solved Wi@o. 1 and 2. Amplitudes from all of these paths are represented bthe rectangle

Recall from the de nition ofGin Equation (6) thaiG contains placed between the eld operators, the action of which is repesented by
two time orderings. The second time ordering implies that the symbols. These terms can be calculated order-by-order wittperturbation

Sy . theory. At a given ordem, we must connect n interaction lines at internal times
annihilation process may come before the creation. Remember

; | _ . in all possible and allowed ways. Concrete examples of diagrams are in
that the eld operators in Equation (6) act on the interacting Figure 7. All terms of the topology which can be inserted between twdGg
ground state. In the ground state, there is some charge foriines form the reducible self-energy.
the annihilation operator Qr) to “act’ on, even without any
preceding creation process, so that the reverse time ordéming
G makes sense. Feynman diagrams do not explicitly show bo#xactG, the expansion must be taken to in nite order,! 1,
time orderings inG, but it is important to remember thaG and adding up all possible processes along the way. The process of
Go lines implicitly contain both time orderings. building up all diagrams in the perturbation expansion is shown
The times between andt; are called internal times. We can in Figure 6. A few example diagrams, as well as a couple of
add up all the processes contributing @ in a certain order forbidden diagrams, are shown Figure 7.
depending on the number of times the particle interacts with To go further with our analysis, we must dissect the internal
other particles in the system. These interactions occur atly structure of the diagrams and separate it into pieces. By
internal times, and the number of internal interactions tset considering the possible topologies of internal parts allowed
order of the diagram. To e ciently represent all these intatn by the contraction rules, we can group the parts into di erent
interactions, we use a dashed line to represent the intenacti categories. Here, the “topology” of the piece is determined by
in the diagram. At a given orden, we construct all possible the number ofGg lines and interactions at two di erent times,
processes, or diagrams, which connettteraction lines withGp ~ without considering the internal structure between the two
lines at 1 and 2. We connect all of the dashed lines appearing elhosen times. Those parts which have t@&glines sticking out
internal times with additionalg lines. There is a very speci c set are called a self-energy diagram. The full self-enefgy dan
of rules for how these arrangements can be done. Wick's #raor be inserted between twGg lines to form G (one must also
de nes how tocontractthese pieced-gtter and Walecka, 19).1 include the separat&y term). Topologies which connect two
A simple principle is enough to demonstrate the idea, howevelGy legs to an interaction line are labeled a vertex. Summing
Because the Coulomb interaction is a two-body operator, eaabver all pieces with this topology creates the full vertey, (
dashed line must have tw@ lines at each end. To compute the which depends on three spacetime points. Finally, the diagram
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L4
X4 1 ; 2
> ¥ e
1 1 1
1 'I' 1 1 # 2
—’;—'—}—' FIGURE 8 | The exact vertex0, shown in (A), can be replaced with

approximations to simplify the calculation. The approxint#on in (B) is referred
to as a “single spacetime point” because the vertex has no ietrnal structure.
In contrast, the vertex in(C) has internal structure. The diagram shown here is
only an example to demonstrate the role o and does not correspond to the
exact self-energy or theGW self-energy.

FIGURE 7 | At rst order, n D 1, there are only two possible self-energy
diagrams. These are the diagrams of the Hartree-Fock appramation, the
direct electrostatic interaction (left) and exchange (rfig). Two possiblen D 2
diagrams are also shown (there are others). The bottom diagms are
forbidden because they do not have twoG lines at each end of the
interaction lines. When drawing the diagrams, a certain dege of exibility is

allowed and they must be interpreted carefully. For examplehe curved - . .
interaction lines above must still be treated as instantaras in a calculation. nal result, Hedin's equanons"(ppend')( B)- are a CompaCt and

self-contained set of ve integro-di erential equations. §ste
the reduction in the number of objects to be treated compared t
the perturbation expansion, the functional di erential eqiaats
parts which end in two dashed lines sum up to the e ective, ofcoupling these pieces are extremely di cult to solve exactly.
screened, interaction/). Hedin recognized this diculty and suggested th&wW
Conceptually, the vertex is the most di cult to understand. approximation. As mentioned above, the vertex is the building
Figure 8 demonstrates the e ect of the vertex in a speciCplock which has a single interaction connected to t&lines.
example. The diagram shown Figure 8Ais meant to contain  ynlike the other building blocks, the vertex depends on three
the exact vertex). 0 has three corners and can be insertedspacetime points instead of two, making it the most di cult to
where twoGg lines meet an interaction line. By simply letting compute. To simplify the theory, Hedin suggested replading
these three pieces meet without any internal structure, Wgith a single spacetime point. In Hedin's equations, the exact
replace0 with a single spacetime point, as shownFigure 8B self-energy i$ D iGWO. With the replacemen® (1, 2, 3) D
Alternatively, we could allow the vertex to include the cenlv (1, 2) (1, 3), Hedin's approximation gives D iGW, hence the
interaction line shown irFigure 8C In that case, the vertex has name of theGW approximation. In this approximation, Hedin's

internal structure. equations are
Hedin's equations can be interpreted as the self-consistent
formulation of these topologically distinct building block&hile G(1,2)D Go(L,2) (13)
Hedin followed a formal and systematic derivation, a heigis Z
motivation is to group all diagrams of a certain topology tthggr C  Go(1,3)6 (3,4)5(4, 20(3, 4)
and replace them with a single dressed, or renormalized cobje
with the same topology. A critical aspect of this replacement  0(1,2,3)D (1,2) (1,3) (14)
is their energy dependence. By replacing many diagrams of o(1,2)D ig(1,22@(2,1) (15)

perturbation theory with a single object of the same shape, we

reduce the number of objects to be computed. However, the ~ W(1,2)D v(1,2)C v(1,3) o(3,4W(4,20(3,4)  (16)
information apparently missing due to the reduction in obgct ) c

is encoded in the energy dependence of the dressed quarttigy. T 6(1,2)D iG(1,2W(1",2) 17
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W is also dependent on frequency or a time di erence. The
_ + > ;'J\:"-( > frequency plepgndence il [s critical to both the physics and

) the numerical implementation o GW. Even though the bare
interaction is instantaneousV is time di erence dependent
because it is built from repeated bare interactions at di erent
- * times. This series of bare interactions to folvi can be built
by iterating the fourth line inFigure 9. The underlyingGg lines
which connect the bare interactions in th& expansion are
themselves dependent on a time di erence, so that if we vary
the initial or nal times the entire expansion changes magdiu
This series of repeated bare interactions connecte@gpis the
microscopic mechanism for the quasiparticle screening coince
developed in section 2.2. The frequency dependenc@/ as

D = O T b
9,

— . + ____©\/\N what allows the system to relax and screen the quasiparticle.
The GW self-energy is similar to the bare exchange in Hartree-
Fock theory, which can be written as the product ®fwith
v. Given the similarity between th&W self-energy and bare
— g; exchangeGW can be thought of as a dynamically screened
version of Hartree-Fock.
FIGURE 9 | Diagrammatic representation of Equations (13-17). TheW The GW equations should still be solved self-consistently
approximation reduces the self-energy to a product o withW. The rst . | sjnce all four quantities are coupled to each other. As with
equation (Dyson's equation) has & line on the left- and right-hand sides. This . . . . .
equation can be iterated, insertingGg C Gg6 G in place of eachG on the RHS, other non,“nea,r equations, InC|Ud|ng the equations of mean
forming the Dyson series. The same iterative procedure fol/ forms its own eld theories like Kohn-Sham DFT or Hartree-Fock theory:
Dyson series. the GW equations can be solved by iteration. In principle, the

prescription is clear. Start from a givésy and iterate Equations
(13-17) to self-consistency (B@). However, remarkably few
o ) ) fully self-consistent solutions of theW equations have been
where the Hartree potential is included in the solution @@6 performed in the last 50 years. The rst calculations for the

_ These are th&8W equations, which are translated into the pomogeneous electron gas (HEG) were reported at the turn
diagram language irFigure 9. There is one nal important ¢ the previous century Holm and von Barth, 1998: Holm,
point _regarding thgreduci_bility of the quan_tities il’_l Hedin_‘s 1999; Garcia-Gonzélez and Godby, 208fd reported worse
equations6 and o in Hedin's equations are irreducible, which 5qreement with experiment on quasiparticle band widths and
means that they cannot be broken into smaller pieces with theeljite structure compared to non-self-consistent caléiat
same topology. To generate the full, or reducible, quanttynf  1ey \were quickly followed by calculations for real solide |
its irreducible part, the irreducible component is iterateda  gjlicon and sodium $chone and Eguiluz, 1998; Ku and Eguiluz,
series similar to the perturbation expansion f8r Series of this 200). Self-consistency was then dropped for several years
type are commonly called Dyson series, and Dyson's equatiqfkcayse of its high computational expense and the success of
refers to the equation foG shown in Equation (13)W in  non self-consistent approximations. More recenG¥t studies
Equation (16) also obeys a Dyson series). Dyson's equation i ¢, atoms Oelaney et al., 2004: Stan et al., 2006, pen6lecules
great importance in many-body physics, and we return to it in(Rostgaard et al., 2010; Caruso et al., 2012a, 2013a,b; Marom
later sections in the context of self-consist&W. It is common et al., 201p conventional solidsiutepov et al., 2009; Grumet
in the literature to use the same symbol for both reduciblel an ¢ al., 201p and actinides Kutepov et al., 20)2have been
ireducible components with the same topology, especiallywhegported. In practice, non-self-consistent calculations arem
discussing the self-energy. Almost always, the symboiséée y\qre common, and even self-consisté®i calculations come

the quantity as it appears in Hedin's equations. When disegssi i, gj erent types. sGW is discussed in more detail in section 5.
or calculating the self-energy, this implies that one isiiested

in the irreducible self-energy.

In Hedin's equations, the screened Coulomb interactih 4, THE GoWy APPROACH: CONCEPT AND
plays a central role. Screening is based on the simple idea that ’
TMPLEMENTATION

charges in the system rearrange themselves to minimize th
interaction. In polarizable materials, screening is sigant,and 4. 1. The GoWy Equations

the e ective interaction is noticeably weaker than the ban@.0 e |owest rung in the hierarchy @W approximations is the
widely used3pWq approach. Starting from a mean- eld Green's
means the timet; evaluated at an in nitesimally later time. Such time function, GoWo calculations correspond to the rst iteration of
in nitesimals appear in order to de ne the time-ordering for quarigs meant to Hedin's equations We denote the self-energy of such s

be evaluated in the instantaneous limit. The ground state dgnk&it example, . s ; Smm g

is time independent but must be written agl) D  iG(L, 1) so that the perturbation calculation§ . Since we always refer to the single-

time-ordering makes sense. shot self-energy in section 4, we drop the label. Furtheenae

61C
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de ne the single-particle Hamiltonians with the bare Coulomb interaction(r,r9 D 15r r and the
1 dynamical dielectric functiofi. The latter is given by
® D or 2 C Vext (18) Z
1, “(r,r’1)D (r,r9 dror, r% or%%C1)y.  (26)
#D 5r2CVextCwi D P C vy (19)

In GoWo, the'i ible polarizabili
QF b %r 2 C e C vy C VWIF D RC M (20) n GoWo, the irreducible polarizability o,

rr91)D

wherevey: is the external potentialy is the Hartree potential, ol i §< Z @7)
and VWMF is the mean- eld (MF) exchange-correlation potential. — dr Gy(r,r%r c19G,(r%r,1 9,
The spin channel is denoted by . Possible mean-eld 2
Hamiltonians are the Kohn-Sham (KS) or Hartree-Fock (HF)
Hamiltonians.

From Dyson's equation foiG, one can derive an e ective 1963
single-particle eigenvalue problem referred to as the quasijs

simpli es to the Adler-Wiser expressionA@ler, 1962; Wiser,

(QP) equation. The solutions of the QP equation are then o(r,r5!) D _
given by X XX P 2m 29 P
z : ! 9 i
RFry s () drWMFr,r9 s (r9c (21) e ( ) ) )
z PO 202 P9
ar% (% s) s (9D s s (). e i

The self-energy is calculated with @y chosen to match where the indexdenotes an occupied aredan unoccupied (also
the initial mean- eld calculation based ofF. The solution called virtual) single-particle orbital.

of Equation (21) provides the QP energiés; g and wave For numerical convenience as well as insight into the

functionsf s g underlying physics, th&oWq self-energy is often split into a
Most commonly, the QP wave functions are approximated-orrelation parts ©,

with the eigenfunctions { g of the mean- eld Hamiltonian. Z

Projecting each side of Equation (21) ont@ yields a set of 65(rr°1YD L dl r 01 C1 QWS (O 29
QP equations ( ) > %Gy ( Yw( 9 (29

sD2chlje ./ WF Qi (22) WhereW§is de ned as

0 0
wheref 2 gare the eigenvalues &F. Solving Equation (22), WE(r,r%1) D Wo(r,r01) - w(r,r9, (30)
the QP energy s is obtained by correcting the mean- eld

eigenvalue? . and an exchange part

To solve Equation (22), we have to calculate GV self- i z _
energys 6%(r,r9 D 5 d W7 Gy(r, % C19v(r, Y (31)
6 (r,r0! )é) xee
- (23) D ) v 9. (32)

ZL dt %' ° Gy (r,r%! C 1 YWo(r,r%1 9

where! is the frequency at which the self-energy is computedNote that the exponential factor in Equatioon (31) is necegsar
Equation (23) is the frequency space version of Equation (170j0se the integration contour, whered&i(r,r,!) falls of quickly
for the GW self-energy. The Green's functi@ stems from the with increasing frequency and we can take the zero limit of

aforementioned mean- eld Hamiltonian and is given by before integrating. For a derivation of Equation (32) see
Setten et al. (2013We introduce the following notation for the
X 0 0 9-diagonal matrix elements of the self-energy,
Go(r,r%)D (ir)sg‘ng? oy @9 (59-diag o
moon " 65 (1)Dh 2j6 (1) 2i. (33)

W in Equation (23) is the screened Coulomb interaction in the o )
random-phase approximation (RPA) The same notation is also used for matrix elements of the mean

7 eld potential VMF D h Q jvMFj 97,

Wo(r,r%1 ) D dr® (r,r% )v(r%r9, (25)

"For simplicity, we will drop spin variables in the following parts of sect.
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In the literature, Gy is often referred to as the “non-
interacting” Green's function. However, this is technigadnly |DFT calculation: {eX5} and {¢§S}|
correct if Gy is constructed from an initial calculation based on
. This is the de nition of Gy in formal many-body theory.
However, often times in the theoretical literature, the Heae
potential is included in the5Gg solution and excluded from the
self-energy. This is the case of starting the calculatiomff¢

in Equation (19). ForGoWy in practice, we usually start from POlarlzabIhty

YF, which implies that we start from a mean- eld Green's () = §§ GRS PKS S+ gKS

function rather than a non-interacting one. Conceptuallycisu Xo — | w— (55— fS) + i

a mean- eld Gg is closer to the interacting than the trueGy. KS 1 KSn (KS +KSn

This is precisely why the mean- el@ serves as such a useful __ 9% b i

starting point forGW calculations—itis closer to a self-consistent w + (XS — KS) —in

solution forGthan a true non-interactingsp is. When consulting l

literature references, keep in mind th&W calculations most

likely refer to a mean- eldo. Dielectric function
g(w)=1—-vxo(w

4.2. Procedure il )

GoWy calculations are usually performed on top of KS-DFT) l

or HF calculations. A owchart for a typicabyWg calculation Screened Coulomb interaction

starting from a KS-DFT Hamiltonian is shown ifigure 10 W(w) = (W) —v

Note that details of the owchart depend on the treatment of

the frequency dependence discussed in section Hdire 10 l

starts with the KS energiels KSg KS orbitalsf XSg and the | Start QP iteration |

exchange-correlation potentiak® from a DFT calculation. The o _ KS H

exchange part of the self-energy is directly computed from i S g

the DFT orbitals. For the correlation terré S, the frequency l

integral overGy and W must be computed, see Equation (29). Self-energy

If the integral is evaluated numericallWo is computed for - KS 4KS| e p——

a set of frequencie§! g The procedure to obtainVy is as Se(el) = Lz/dw (95 ?’m | 0(";)5|¢m‘ ¢s”)

follows: First, the irreducible polarizability, (Equation (28)) is 2 € tw— ey’ iy

computed with the KS energies and orbitals. Seconds used l

to calculate the dielectric functioh (Equation (26)). From the

inverse of and the bare Coulomb interaction we nally obtain Solve QP equation

the correlation part of the screened Coulomb interactiorg se €s = X5 + Re X¢(€l) + X2 — v¥e

Equations (25) and (30).

Since the QP energies appear on both sides of Equation (22), o

an iterative procedure is required. More precisely, the coti@ta converged?

term of the self-energy depends ogpand must be updated at i :

each step. Note that onf$ is a function of the QP energy, while

W§ depends solely on the frequencies of the integration grid.

Therefore,\Ng can be pre-computed before entering the QP cycle, FIGURE 10 | Flowchart for aGgWj calculation starting from a KS-DFT

as displayed Iifigure 1C o it Fo o ol rnsoms o e s oo e
i C i 0VV0 : 0

HOIVZ?/esoiLeelatilr(T)]ggiSr‘IzIIT;/enpea"rgt)GOSS és iSa gg(r)]renrg”e; S?#;Ttlftzr Equations (25-28) and (30). The spin has been omitted (f)or spticity.

frequencies around the QP enefgpeeFigures 11A,B where

6 (1) is plotted for the highest occupied molecular orbital _ )

(HOMO) of the water molecule. To solve Equation (22),€t al., 201)“? As§um|ng that the di erence bgtween QP and mean-

often only the real part of6 ¢ is used, which simplies eld energies is relatively small, the matrix elemeft$ can be

the matrix algebra to real operations and reduces thdaylorexpandedto rst-order aroundy:

computational cost.

0 Oig( O MF; O;

A common technique to avoid the re-calculation of the self- sD sCZN 56 () VT (34)
energy at each iteration step of the QP cycle is the linetoizaf 7D 1 d h %6 () O ! (35)
Equation (22) Giantomassi et al., 2011; Liu et al., 2016; Wilhelm S ar sIOC ) ship @ )

8\hile the imaginary part might be small, itis nonetheless important asiterise 1€ Self-energy matrix elements are now only required at the
is proportional to the lifetime of the state. mean- eld energies g. Zs is known as the QP renormalization
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FIGURE 11 | (A) Real and(B) imaginary part of the self-energy6 ¢( ).
Displayed is the diagonal matrix elemens § D hsj6 ¢( )jsi for the HOMO of
the water molecule. The gray-dashed line at  12.0 eV indicates the QP
solution s. (C) Spectral functionAss(! ) computed from Equation (37). The
PBE functional is used as starting point in combination witthe cc-pV4Z basis
set. Further computational details are given il\ppendix C .

Azshot [€V]

LUMO

HOMO HOMO-x
FIGURE 12 | Error introduced by linearizing the QP equation,
17shot D e Zshofj where €7 has been obtained from the iterative
procedure and ZShOt from Equation (34). “HOMO-x" indicates deeper valence
states. The PBE functional is used as starting point in comhation with the

cc-pV4Z basis set. Further computational details are givem Appendix C .

for the HOMO, as shown inFigure 12 for a set of small
molecules. The Taylor expansion of the QP equation becomes
less and less accurate for larger binding energies bechaese t
absolute distance between DFT eigenvalues and QP energies
increases (i.e., th&Wy correction increases). For the deeper
valence states, the linearization error is already as Es@e5b eV
(seeFigure 12).

Another alternative to iterating the QP equation is to nd a
graphical solution. As shown iRigure 11A the real part of the
self-energy matrix elements is computed and plotted on a ne
grid of real frequencie$! g around the expected solution. All
intersections of the straight lineC (¢ 6%  JwithRe6 (' )
are then solutions of Equation (22). The intersection wikte t
largest spectral weigls is the QP solution and is characterized
by a small slope of R&S.

Another way to calculate the QP excitations is to compute the
diagonal elements of the spectral functiohd! ), for a set of
frequencies as shown iRigure 11C This is the most accurate
procedure to obtain QP energies among the methods discussed
here.As{! ) is computed from the complex self-energy{ D
Re6SCilm6JY),

As{!)D L ImGs{! )sgnE= !) (36)
pime 0 @ vyt @)

sgnEr '),

s(t)Ccég

where we employed Equation (3), the Dyson equati@n,D
Gp C Gpb G, and used only the diagonal matrix elementstaf
Figure 11Ccon rms that the solution at around  12.0 eV is
the main solution. The spectral weight of the other solutiang.,
the satellite peaks in the frequency rangg0to 25eV,isindeed
very small.

The aforementioned iterative procedure is computationally
far more e cient than the graphical solution or the calculati
of As{! ). The number of required QP cycledgp typically
ranges between 5 and 15 and the self-energy only has to be
computed for Nop many frequencies. However, the spectral
function takes also the imaginary part of the self-energy int
account. This is essential for the accurate computationtefige
features in theGW spectrum Zhou et al., 2015; Reining, 2017
Satellites fall usually in a region where &g has poles, as
demonstrated irFigure 11A In these regions, the imaginary part
Im 6 ¢ exhibits complementary peaks and is non-zero (Kramers-
Kronig relation), se&igure 11B Note that the graphical solution
indicates the expected range of the satellite peaks, but ddes no
predict their positions accurately because the imaginary part

factor, because it measures how much spectral weight the Q®omitted.

peak carries (see also Equation (11) in section 2.2). The QP

solution (main peak) is characterized by laBevalues, which 4.3. Frequency Treatment

lie around 0.7 to 0.8 for simple insulators, semiconductorsThe frequency integration in Equation (23) is one of the majo

and metals Aulbur et al.,

satellite features.

The linearization error depends on the stateéThe deviation
from the full iterative solution usually is in the range oflGeV

2000; Laasner, 201dnd around
0.9 for the molecules irFigure 12 Small Zs values indicate

di culties in a GgW,y calculation since both functions that
are integrated,Gg and Wp, have poles in nitesimally above
and below the real frequency axis. In principle, a numerical
integration of Equation (23) is possible, but potentially urtdta
since the integrand needs to be evaluated in regions in which
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it is ill-behaved. However, a toolbox of approximate and exadobw-lying occupied and high-lying unoccupied stat€s¢zaniga,
alternatives is available. The most frequently used mettevéd 2012; Laasner, 20)L4

summarized in the following. While PPMs made the rstGgWg calculations tractable
(Hybertsen and Louie, 1985, 198€ull frequency calculations
4.3.1. Plasmon-Pole Models are now the norm, because the e ects of the plasmon-pole

The simplest way to calculate the frequency integral is t@pproximation on the overall accuracy of the calculation are
approximate the frequency dependence of the dielectric foncti often hard to judge $tankovski et al., 2011; Miglio et al., 2D12

" and thus the screened Coulomb interactidy by a plasmon Moreover, the imaginary part of the self-energy becomes non-
pole model (PPM) [lybertsen and Louie, 19%6The PPM zero only at the plasmon poles, which implies that QP lifetimes
approximation takes advantage of the fact tHat is usually —cannot properly be calculated with PPMs, see Equation (98) and
dominated by a pole at the plasma frequehgy(Hybertsen and ~ section 6.3. However, PPMs are still used in large sGaWo
Louie, 198} This pole corresponds to a collective charge-neutratalculations Deslippe et al., 20)2for example for solidsJain
excitation (a plasmon) in the material. Assuming that onlyeon et al., 2011; Reyes-Lillo et al., 2))Surfacesl(Gser et al., 2092
plasmon branch is excited, the shape'afan be modeled by a 2D materials Pvorak and Wu, 2015; Qiu et al., 2016; Driippel

single-pole function et al., 201y graphene nanoribbons/(ang et al., 2016; Talirz
etal., 201yor polymers Hogan et al., 2013; Luder et al., 216
.2 The application of PPMs to molecules is conceptually less
Re" (1) 1C . (38) straightforward because the dominant charge neutral aeoits
< Q in molecules are not necessarily collective. This raises the

question of how to de ne the plasma frequency of a molecule.

wheres and!Qare two parameters in the model, whose squaregjevertheless, PPMs have also been used in benchmark studies
are proportional to! 7, seeGiantomassi et al. (2011), «  for molecules, where mean absolute deviations of 0.5 eV from
and IQare matrices typically expressed in a plane wave basigcurate frequency integration methods were reporteen(
because PPMs are mostly used for periodic systems. Note thattten et al., 20)5
Equation (38) holds for each matrix element and that we take The plasmon-pole model can be extended to an arbitrary
the square of the matrix elements in Equation (38) and not theyumber of poles, as proposed by Rehr and cowork8rsr(inen
square of the matrix itself. Using a model function for®, the et al., 2003, 2005: Kas et al., 200 many frequencies
expression foW is greatly simpli ed resulting in an analytic are required to determine the parameters in the model, the
expression for the self-energy, seeslippe et al. (2012) computational cost for the evaluation & is not necessarily

The two parameters, and!Q can be determined in several reduced compared to full-frequency methods. However, multi-
ways leading to dierent avors of the PPM approximation pole models are also well-de ned for nite systems since the
(Giantomassi et al., 20).1The most common PPMs are the existence of a distinct plasmon peak is no longer an inherent
Hybertsen-Louie (HL) Klybertsen and Louie, 193€and the assumption of the modeKas et al., 2007
Godby-Needs (GN) Godby and Needs, 1989model. The
parameters in the HL model are obtained by requiring that the4.3.2. Contour Deformation
PPM reproduces the value 6f 1 in the static limit ¢ D 0) The contour deformation (CD) approach is a widely used, full-
and that the so-callefi-sum rule is ful lled. Thef-sum rule is  frequency integration technique for the calculation ®f(! )
a generalized frequency sum rule relating the imaginary part (Godby et al., 1988; Lebégue et al., 2003; Kotani et al., 2007a
" lio! p and the electron density in reciprocal spadel{nson, Gonze et al., 2009; Blase et al., 2011; Govoni and Galli; 2015
1979. In the HL model, the low and high real frequency limits Golze et al., 20)8 In the CD approach, the real-frequency
are exact and has to be calculated explicitly only bt D 0. integration is carried out by using the contour integral, see
The parameters of the GN PPM are determined by calculatingigure 13 By extending the integrand to the complex plane, the
"at! D 0and an imaginary frequency poift g, where! g is  numerically unstable integration along the real-frequerxis,
typically chosen to be close to the plasma frequéngyrhe latter  where the poles dBg andWy are located, is avoided.
corresponds to the energy of the plasmon peak in the electron The integral along the contours shown kigure 13has four
energy loss spectra (EELS) and can be obtained from experimet&rms: an integral along the real (Re) and the imaginary dmi$ (
Alternatively,! g follows from the average electronic density and along the arcs.

per volume,wg D P 4 (o (Giantomassietal., 2011 I

A comparison between di erent PPMs, namely the HL, GN, ' d Go(! C ! YWo(! 9
Linden-Horsch {on der Linden and Horsch, 19%8and Engel- 2 7 7 7 7 (39)
Farid (Engel and Farid, 1993nodel, can be found irLarson D C C C
etal. (2013and Stankovski et al. (2011 here it was shown that Re Im arcoC arco

the GN model best reproduces the inverse dielectric funciod

the corresponding QP energies of reference calculatiortsavit The contour integral is evaluated by taking the contours to
exact full-frequency treatment, such as the contour defation  in nity, which implies that the radius of the arcs is in nite.
discussed in section 4.3.2. However, even the accuracg @&kh  For in nitely large ! © Go(! C ! QWp(! 9 vanishes and the
model decreases further away from the Fermi energy, i.e., fintegral along the arcs of contou@s” and0 is zero. Therefore,
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then replaced by a sum over these residues:
Im o' T !
5 Go(t C1 Yo 9
X n o]
It D Res Go(! C! 9Wo(! 9! .
192D, (42)
/ n 0]
Wo(w') Golwtw) C Res Go(! C!9Wo(! 9,1 o
VVV VYV oW rw 990,
m
o o O O o O
] 1 zﬂ*ﬁ o = The integral along the imaginary frequency axis is smo8&tker
©000 Re w
Fr—w et al.,, 1999; Giantomassi et al., 2D&hd the integration is
vvvyv v performed numerically. The size of the frequency grid for the
© = poles of G numerical integration needs to be carefully converged.rrore
0 details and a derivation of the nal CD equations see éxglze
- V = poles of Wy et al. (2018pr Govoni and Galli (2015)
4.3.3. Analytic Continuation
Analytic continuation (AC) from the imaginary to the real
frequency axis is another method in our toolbox that enables
FIGURE 13 | Contour deformation technique: Integration paths in the comlex an Irt.egriti;[IO? overr1 thet:u”.-frequelnc%/ rﬁnge.lfThe AC telcr:‘reaq
plane to evaluate6 ©(! ).0C and 0 are the integration contours, which are .eXp O_Its the fact that t_e Integra of the se -eénergy alohg t
chosen such that the poles ofGp, but not the poles of Wy are enclosed.0© imaginary frequency axis,
encircles the upper right and0  the lower left part of the complex plane! 0 7 1
- ) S e
Saelr::ztlzfeféequenues of the integration grid and the frequency at which6 © is 6 C(r, I'O, i ) D dr OGo(r, rO, i Cil (5
. 2 3 (43)
Wo(r,rlit 9,

is smooth and easy to evaluate, unlike the integral alongehk
frequency axis. However, the QP energies and spectral ancti
are measured for real frequencies. To return from the imagin
to the real frequency axis, the procedure is as follows: The
O self-energy is rst calculated for a set of imaginary freggies
6(r,r°1) D I d! Go(r,r%! C 1 YWo(r,r01 9 fil g and. then continugd to the rea}-frequency axis by tting
2 the matrix element$ (i! ) to a multipole model. A common

we can compute the real-frequency integral by subtractirey th
imaginary-frequency integral from the contour integralftéy
rearranging Equation (39) and using Equation (23), we abtai

z (40) . . .
171 0 . 0: analytic form is, e.g., the so-called 2-pole-modebjas et al.,
2, ¢ Go(r, 1! Cit YWolr, it 9, 1995; Rieger et al., 1999
o o X g
where the second term is the integral along the imaginarg.axi 6 (i) _ S ¢ aso, (44)
The contoursO€ and 0 are chosen such that only the iD1 it C by

poles ofGp fall into Dgc andDg , which denote the subsets of
the complex plane encircled Ky and 0 , respectively. The Which has been widely used f@W), calculations of materials
location of the poles 0Gy(! C ! g depends on the frequency (Rieger et al., 1999; Friedrich et al., 2010; Pham et al.,)2013
I at which the self-energy is computed. Recalling Equation, (24®nd molecules Ke, 2011; van Setten et al., 2015; Wilhelm
the poles of lie at the complex frequencies et al., 2015 The unknown complex coe cients; and bsj are
determined by a nonlinear least-squares t. From the identit
theorem of complex analysis we know that the analytic form of a
complex di erentiable function on the real and imaginary axis a
identical. Therefore, we can nally calculate the selfrggen the
For! < Ef, these poles can enter onyc and must arise real-frequency domain by replacimg with ! in Equation (44).
from occupied states. Our example figure 13displays a case  An alternative multipole model function is the popular Padé
were! < (omo 1)- Two poles, namely [Homoy !]and approximant ¢an Setten et al., 2015; Liu et al., 2016; Wilhelm
[ (Homo 1) ! fallinto Dgc. Foranevensmallér, more poles etal., 2015 whichis more exible but contains more parameters.
from deeper occupied states will shift inByc. Conversely, for In the Padé approximation, the complex tting coe cients are
1> Ef, the poles from the unoccupied states will eribgy . not obtained by a nonlinear least-squares t, but recursnisdm

We can now calculate the residues of the poles that algin  the matrix element$ (i! ) and the imaginary frequencidd g
or Dy . Employing the residue theorem, the contour integral is(Vidberg and Serene, 1977

19D 8 1 cCi sgnE& Q). (41)
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complex plane
(rr°1)D

O !Cil _ ilc-n ()

The pole position® , correspond to charge neutral excitation
energies and (r) denotes transition densities. Equation (45)
would be exact for the exaet, and p(r). Both quantities are
obtained by solving a conventional eigenvalue problem. The
equations that are solved are identical to the Casida egpositi
(Casida, 1999hexcept that foiGoWy the exchange-correlation
kernel is omitted (otherwise it would be time-dependent densit
FIGURE 14 | GoW@PBE self-energy matrix elements for the HOMO of functional theory).

benzene obtained with different frequency integration tdmiques: contour The reducible polarizability (! ) can then be expanded in
deformation (CD) and analytic continuation (AC) using thealé model with terms of gina Dyson series
128 parameters and the 2-pole model. SeeAppendix C for further
computational details.

(1)D o(t)C o(t)v (1) (46)
and we can thus rewrit&/g given in Equation (25) in terms of
")
In Figure 14we compare the real self-energy matrix elements 0
Re6 ¢ obtained from the AC approach to an implementation Wo(r,r! )ZD v(r,r9c
R i 47
on the real-frequency axis such as the CD method. The drOBro%r, 1% (r90r00 (10049 (47)

Padé approximation reproduces the self-energy exactly in the

frequency range around the QP energy of the HOMO. The

deviation in the HOMO-QP energy is smaller than f0ev  Inserting Equation (45) yields a pole expansion\ds. The self-
with respect to the CD results. By using a Padé approximarfnergy integral can then be solved analytically and we olai
with a large number of parameters, even some features of tiféosed expression f@g(! ):

pole structure at higher and lower frequencies are reproduced

- X 0 0ipi O O
as shown inFigure 14 The 2-pole model, on the contrary, is 65(1)D X hg mJPr_wl m s! (48)
signi cantly less accurate and yields an error of around €Vl s mon ! SC(en i)sgnE D)

inthe rstionization potential. For a comprehensive comparis
between the Padé and 2-pole model see Setten et al. (2015)  where Py(r,r9 D ,(r) ,(r9. More precisely,6 (! ) also
The reliability of the AC approach is limited to becomes a sum over the poles,. Equation (48) is therefore
valence excitations because the self-energy structure similar to the PPM approximation, except that we sum over the
deeper states shows poles closer to the QP solution. Oexact poles dfVg and not over the poles of\&/g-model function.
recent work (Golze et al., 20)&howed that the AC technique A detailed description of the fully-analytic frequency tr@ant
fails drastically to describe the complicated features @& thcan be found invan Setten et al. (201.3tquivalent expressions
self-energy for core states resulting in errors of 10-20@\tHe  are also given in Hedin's review article from 199&(lin, 1999
core-level binding energies. Furthermore, satellite festiare and were applied infiago and Chelikowsky (2006Bruneval
di cult to obtain. As discussed in section 4.2, satellites In  (2012) andBruneval et al. (2016)
regions in which Ré ¢ has poles. As evident frorRigure 14 . .
these poles can only partly be reproduced by the AC. 4.3.5. Comparison of Accuracy and Computational
The convergence parameters for the AC approach are tHe oSt
number of frequency pointsi! g for which the self-energy is N the previous sections three full-frequency integration
computed, and the size of the frequency grid for the numericaiechniques have been introduced: the CD, the AC and the-fully
integration over O In practice, the same grid is often employed@nalytic approach. The CD and fully analytic method compute

for fi! gandfi! Y(Ke, 2011; Wilhelm et al., 20).6 the self-energy directly for real frequencies. By desiga fally
analytic approach is in principle the most exact one since it is

parameter-free, except for the dependence on the basis setand t
4.3.4. Fully Analytic Approach broadening parameter. However, the same accuracy can already
The integral in Equation (23) can be carried out fully analgtigz.  be achieved with the CD using a moderately-sized numerical
In this case, the Adler-Wiser sum-over-states represemtatif  integration grid for the imaginary frequency ternsplze et al.,
the polarizability introduced in section 4.1 is not used.tbeed  2019. In the AC approach the self-energy is calculated on the
we start from the reducible polarizability(! ). In the spectral imaginary frequency axis, which is fairly featureless.ddmiracy
representation, (! ) is given as sum of its poles in the ofthe AC approach depends on the features of the self-energy on
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the real axis and on the exibility of the model function, vai  wheree is the volume of the periodic cell ar@d is a reciprocal
continues the self-energy to real frequencies. lattice vector. Reciprocal lattice vectd@bsare given byG t D
Generally, QP energies of valence states are well reproduc2dn, wheren is a positive integer antis a translation vector of
(van Setten et al., 20),5vhile the AC is likely to fail for deeper the unit cell.G? is directly proportional to the kinetic energy
states as discussed in section 4.3.3. In the PPM approximatioof a free electron. The size of the basis set is charactdrizéte
the self-energy integral is simplied by introducing a modellargesiG vector and is usually given in terms of the eneEgat
function for Wo. The accuracy is therefore determined by thecorresponds to the largest reciprocal lattice vedoD G3,,,=2.
chosen model function and generally di cult to estimate. All G vectors with equal or smaller energies are included in the
The fully-analytic approach is the computationally mostbasis set.
expensive method in our toolbox since solving the eigenvalue The rst GW calculations flybertsen and Louie, 1985, 1986;
problem to obtain the poles of is an O(N®) step, whereN  Godby et al., 1996were performed for solids with plane wave
de nes the size of the system. The scaling of the CD and A®asis sets. Also today plane waves are common in state-of-the
approach is generally lower, but depends on the details of thert GW implementations, sedable 1 for a list of GW codes.
implementation. The CD method requires more computationalThe real-space representation 6§, Wp, ", and o given in
resources than the AC methods due to the additional sum oveEquations (24—28) can be easily transformed into a basisaokpl
the residues of the poles &. The overhead is relatively small waves by Fourier transforms. For expressions of these diemti
for QP energies of valence states, but increases for degyes st in plane waves see, elgijser et al. (2013b)
due to the steady increase of the number of residues. The BPM i Plane wave basis sets are suitable for describing the slowly
computationally the most e cient method, because the diéliec  varying electron density in the valence region, where only
function" used to comput&Vg has to be calculated only at a few the valence orbitals are non-zero. However, the valences wav

frequency points to determine the parameters of the PPM. functions tend to oscillate rapidly close to the nuclei due
. to orthogonality constraint with respect to the core orbitals.
4.4. Basis Sets Representing these oscillations requires a large number oéplan

In any GW implementation, the QP wave functions{ and also  ayes. Plane waves are therefore used in combination with
the mean- eld orbitals Jgare expanded in a set of normalized pseudopotentials or the projector-augmented-wave methods
basis functiond’ jg Since inGoWo the QP wave functions are (B|gchl, 199)to approximate the e ect of the core electrons. We
approximated by the KS-DFT or HF ones, we expand in practicgill introduce the pseudopotential concept in section 4.4.4 and
only 2, return to plane waves in the context of the projector augmented

X wave scheme in section 4.4.5.
D o (n), (49)

j 4.4.2. Localized Basis Sets

While plane waves are mostly used for periodic systems, they
determined. Performing theGoW, calculation in a basis &N in principlg also bg used for nite.systems by Iplacing., e.g.,
transforms the expression f¥o, ", and o into matrix equations _the mol_ecule _|n a su C|_ently I_arge unit cell to avoid spur_lous
suitable for implementation in computer codes. The basis séfitéractions with the neighboring cells. However, large weils
choice is often guided by the type of system under investigati "€dull® & Vvery large plane wave basis set and are therefore

In the following we will introduce the most common basis setsCOMpPutationally expensive. Molecular systems can be more
with brief comments on their suitability. e ciently described by atom-centered localized basis sets

The most common basis functions of this type are Gaussian
4.4.1. Plane Waves basis sets
For periodic systems, the energy spacing between discretgene : I r2
S ; ) ) . r) D Nir'y , e 53
levels can vanish, in which case the single-particle eigeesa 1m(1) D NIFYim () (®3)
form bands. According to Bloch's theorenlpch, 192} the whereN, is a normalization constant ang ,( , ) are spherical

where c5j are the expansion coe cients that have to be

single-particle states can be written as Bloch waves harmonic functions given in spherical coordinates (, ). A
0 r Gaussian type orbital is characterized by the exponerand
nk(1) D € uni(r), (50)  the angular and magnetic quantum numbdrand m, which

are dictated by the basis set selection. The design of Gaussi
basis sets requires careful optimization regarding the nemnub
functions, their respective angular momentum and exponents

. In quantum chemistry, Gaussian basis sets are widely used
and ample experience exists in designing suitable basis sets
X for correlated methods such as coupled cluster theory. These

: Gaussian basis sets can then also be us&\calculations.

Unk(r) D ak(G)' 6(1) (1) Another type of localized basis functions used GW
calculations are numeric atom-centered orbitals (NAOs),

' 1 iGr
s() D %é 52) "Im, (1) D Nluf(r)

wherek is a wave vector in the rst Brillouin zone andlis the
band index. The indesthat we had used in Equation (49) and
throughout to label states now becomes the compound index
The functionsupk(r) have the periodicity of the lattice and can be
expanded in plane wavésgg

G

Yim( ) (54)
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TABLE 1 | Selection of GgW( codes and large program packages withGoWq
implementations and corresponding basis sets.

By construction, the APW basis sets produce wave functions
with a discontinuity in the rst derivative at the mu n-tin
boundaries. The linear APW (LAPW) was proposed to guarantee

Code Basis set References . . . X
that the solution in the mu n-tin matches continuously and

BerkeleyGW Plane waves Deslippe et al., 2012 di erentiably onto the plane wave part in the interstitial regi
Yambo Plane waves Marini et al., 2009 (Andersen, 1976 With this extension, the explicit form of the
WEST Plane waves Govoni and Galli, 2015 LAPW basis functions is
Sax Plane waves Martin-Samos and Bussi, 2009
SternheimeiGW Plane waves Giustino et al., 2010a; Schlipf '

etal., 2019 G((r)
ABINIT Plane waves (PAW) Gonze et al., 2009 o 1 eiG r r2e |
VASP Plane waves (PAW) Shishkin and Kresse, 2006a; Liu D Im(Aﬁnu?(r) C Eﬁa:nﬁf(r))Ylm( , ) r2e MTa

etal., 2016
GPAW Plane waves (PAW) Huser et al., 2013b
Fiesta Gaussian Blase et al., 2011 whereu(r) and its derivativef(r) are radial functions centered
Turbomole Gaussian van Setten et al., 2013 at the atoma. The coe cientsA,, and B, are determined such
CP2K Gaussian Wilhelm et al., 2016, 2018 that continuity in value and derivative of the basis funcisoat
MOLGW Gaussian Bruneval et al., 2016 the mu n-tin boundaries is ensured.
FHI-aims NAO Ren et al., 2012a; Golze et al., LAPW basis sets can be extended by additional local orbitals,

2018 LAPWH+lo, that are completely localized in the mu n-tin spheres
exciting FLAPW Gulans et al., 2014 and go to zero at the boundaries. Inclusion of such local
SPEX FLAPW Friedrich et al., 2010 orbitals signi cantly improves the variational freedomge.the
FHI-gap FLAPW Jiang et al., 2013 description ofd andf electrons §ingh, 199). It has furthermore
Tombo Augmented Onoetal., 2015 been shown that these local orbitals are particularly imparter
Questaal LMTO Methfessel et al., 2000; the unoccupied state convergence3hV calculations riedrich

Questaal, 2018

etal., 2011; Jiang and Blaha, 2016; Jiang,)2018

A general form of the LAPW method are full-potential LAPW
(FLAPW) methods that make no approximations on the shape
of the potential (Vimmer et al., 198)land which are nowadays

whereu (r) are radial functions that are not restricted to any standard in LAPW codes. Recently a number of FLARM

particular shape. The radial part of NAOs is tabulated on densg2d€s have emergediedrich etal., 2006, 2010, 2012; Jiang etal.,
grids and is fully exible. Gaussian radial functions can be?0L3: Gulans etal., 2014 .
considered as special types of this general NAO form. Linear mu n-tin orbital (LMTO) Schgmes are very 5'”}['?“ to
Slater type functions, which posses an exponential decay Ia{\PW basis sets, except that the basis functions in the ititieis
long range and a cusp at the position of the nuclei, have besn al"€9ion are not plane wavesifdersen, 1975 but for example

used iNGW calculations Btan et al., 2009However, this basis SM00th Hankel functionsiiethfessel etal., 200
settype is less common. In these augmented basis sets it is straightforward to

Local basis functions, in particular NAOs that derive frominCIUde_ core and semicore s'Fates_._in the Gre_en's functiign
atomic orbitals, are well suited to describe rapid oscilltiof ~(EAuation (24)) and the polarizability o (Equation (28)) and
wave functions near the nucleus. They are therefore theooigvi therefore in the self-energy. This, in principle, improves the

choice for QP calculations of core and semi-core states. description of QP excitations of valence states and band gaps,
even though it has been found that the di erence to carefully

adjusted plane wave-based projector augmented-wave (PAW)
4.4.3. Augmented Basis Sets calculations (see section 4.4.5) is typically less than 1€@ m
Augmented plane waves (APW) are another basis set type th@tlabok et al., 2016 However, the same study reported larger
includes the rapidly varying oscillations near the nucleR\W di erences for deep-lying and very localizedl and f states
methods use the so-called mun tin approximation, which (Nabok et al., 2016 Core excitations are in principle also
is a physically motivated approximation to the shape of theaccessible with FLAPW basis sets. However, these have mot bee
potential in solid state systemSlater, 1937; Martin, 2004The  thoroughly investigated yet.
shape of the potential resembles a mun tin: it is peaked at For local and semi-local DFT functionals, the (F)LAPW
the nuclei and predominantly spherical close to it, while it isbasis sets have become the ultimate accuracy referencelyclos
at in between. Therefore, real space is partitioned into non-followed by NAOs [(ejaeghere et al., 2014, 2D1Bor GoWp,
overlapping (mu n-tin) spherese \1,a centered around each rst steps in systematically benchmarking solids were made
nucleia and interstitial region® | between these spheres. Theonly recently yan Setten et al., 20).7For moleculesGoWg
valence wave functions are then expanded in localized NA®-li benchmark calculations emerged during the last years analilive
functions (Equation (54)) inside the spheres and plane waves discuss themin section 9.3. The jury is therefore still outurich
the interstitial regions. basis set is most accurate for solids.
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4.4.4. Pseudopotentials core-valence consistency. Unless we perform fully self-steri
GW calculations can be grouped in two categories: those th&W calculations, we are stuck with an inconsistency dilemma.
take all electrons of the system into consideration and ¢hibsit Early e orts toward GW pseudopotentials introduced core

partition into valence and core electrons. In this latteregasnly  polarization e ects into DFT pseudopotentialsSifirley and
the valence electrons enter tl@&W (and the preceding DFT) Martin, 1993a; Lee and Needs, 200By extending theGW
calculation explicitly, whereas the e ect of the core elemsro formalism to include core contributions in the dielectric
is taken into account only indirectly, for example through ascreening and the self-energy, such core-polarization piatien
pseudopotential. Such core-valence partitioning is motiddte  have also been tried successfully in B8 method Shirley
the observation that deep core states are relatively inedt a et al., 199). However, developments in this direction did not
do not contribute to chemical bonding. The advantage of gsin continue. The default procedure today for plane wasgV
a partitioning scheme is that the electron number in t8&V  codes is to use only well tested DFT pseudopotentials for the
calculation is reduced, which decreases the computatiorgtl ¢ required elements Govoni and Galli, 201)8 Care has to be
An obvious disadvantage is that the core electrons may havaken that the scattering states (i.e., the unoccupied state
an e ect on the valence electrons, which will be dicult to the pseudopotential are described well and do not introduce
include appropriately in th&sW calculation and then may lead ghost statesGonze et al., 1990If no good pseudopotentials
to incorrect results. are available, it is recommended to either generate custuniz
Pseudopotentials have been the default way to partitiopseudopotentials, use the PAW method or employ genuine
electrons [lartin, 2004; Marx and Hutter, 2009 In a all-electron basis sets. Pseudopotential approaches have to b
pseudopotential, the core electrons are removed and themployed with care in particular for materials with localized
Coulomb potential of the nucleus and the inner-shell elesgr@ d and f electrons. Specic issues iBW calculation of these
replaced by a smooth e ective potential that acts on the valenceaterials are discussed in section 6.
electrons. The potentials are generated from calculatiohs o
isolated atoms. They are constructed such that the wavditmc 4.4.5. Projector Augmented-Wave Method (PAW)
of the valence electrons match those of an all-electrorutation  The PAW method is commonly used in plane waGgWq
outside the core region or outside a chosen radius around thinplementations, seeTable 1l It enables computational
nuclei. Inside the core region, the functions are smooth andeasibility and ensures transferability between di erenémical
nodeless. Additional norm-conservation criteridgmann et al., environments. The PAW method has been derived by Blochl
1979; Bachelet et al., 198Which preserve the orthonormality combining ideas from the pseudopotential method and LAPW
condition for the pseudo wave function, are usually appliecbasis sets{lochl, 199). The idea is to express the KS all-electron
(Troullier and Martins, 1991; Goedecker et al., 1996; Fuciis a wave function { for states in terms of a smooth auxiliary
Sche er, 1999. The resulting potential is nite at the origin function Q and correction terms, which restore the oscillating
of the atom and shallow. Pseudopotentials are mostly used imehavior in the core region. Note that for Bloch waves, thela
combination with plane waves since the smooth and shallowontains thek and band index.
potentials greatly reduce the required plane wave cuto anééena  To construct Q, we de ne a linear transformatiowhich
plane waveGW calculations with these basis sets feasible. Iestablishes a connection betweeghand Q,
addition, pseudopotentials have been used®W calculations
with localized functions to reduce the basis set size<e et al., 0D PO,
2011; Wilhelm et al., 206 isib¥Qi.
The majority of pseudopotential development took place in
DFT (Marx and Hutter, 200R Optimizing the parameters in Since the all-electron wave function is already smooth at a
the pseudopotential to ensure transferability is a complex tasgertain distance from the nuclei, we partition the space sinyl
and requires thorough testingSpirley et al., 1990; Goedeckerto LAPW schemes: in atom-speci ¢ augmentation regieng
et al., 199h Transferability means that one and the samearound the nuclei, whera is the atom index, and an interstitial
pseudopotential should be adequate for an atom in di erentregion ¢ ;. The augmentation regions are characterized by
chemical environments. The parameters of pseudopotentials athe cuto radii r2, which should be chosen such that the
precomputed, similar to localized basis sets, and then téddila augmentation spheres do not overlap. Outside the augmentation
for download in libraries like the Pseudo-Dojasércia et al., regions, @ should be identical to the all-electron wave function.
2018; van Setten et al., 2018 Pshould thus modify 2 onlyine gand we de ne
In GW, the consistency between pseudopotential and all-
electron calculations will almost inevitably be violatda be
fully consistent, the DFT pseudopotentials would have to be
cast aside andsW pseudopotentials be used. However, no
such GW pseudopotentials have been developed until now,
due to the complexity of theGW self-energy, which does where the atom-centered transformatiorif®, acts only
not lend itself easily to pseudoization. Even if we h@slv  withine .
pseudopotentials, they would then have to rst be used in the The transformation operator is derived by introducing atom-
preceding DFT calculation, in which they would break the DFTcentered functions as in LAPW, which is described in detalil

(55)

X
©pic B (56)
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FIGURE 15 | Schematic representation of the projector augmented waveRAW) scheme. The all-electron wave function is constructed from the smooth auxiliary
function Qand corrections from the hard and smooth atom-centered autiary wave functions 2 and Q respectively.

in Martin (2004) and Rostgaard (2009)The all-electron wave The accuracy of the expansion in Equation (57) depends

function can then be rewritten as on the completeness of the set of localized basis and projector
X functions ' iag f'C?g andf@g). Achieving completeness is easy
g(r) D (Q(r) C (an (g(r)), (57) for occupied states, but practically impossibledbrresponds to
a a high-energy empty state, which has been discussedilnes

et al. (2014)However, for &5W calculation, many of these high-
where the atom-centered hard and smooth auxiliary wav@nergy empty states need to be included, which is explained in
functions are denoted byg and @, respectively. “Hard” refers more detail in section 4.5. These incompleteness issuesdead
to rapidly varying functions in the core region. The concept ofy yiolation of the norm-conservation for the unoccupied st
the PAW scheme is visualized in a simpli ed wayfigure 15 \yhich can be the source of substantial errors, in particutar f
By adding to Q we obtain the oscillating behavior in the core glements wittd andf electrons. This error can be avoided using

conditions must hold

on D @(r)) %N D g(r)) 4.5. Basis Set Convergence
a ° °* a The rst criteria for a reliable GyWg calculation is that
HOIMR() Qn Db Q) the underlying DFT or HF calculation is converged. This

convergence has to be checked for all basis set types. Thelseco
The atom-centered auxiliary wave functions can be eXpande&)nvergence criteria is the size of the basis set inGH&/o
in a nite set of local basis function$' g and ffgand a  cgjculation itself. In quantum chemistry it is well estabéigh
set of projector functiong}, where " ' indicates again smooth that correlated electronic structure methods converge/iovith

functions. These expansions are given by respect to the number of basis functionse(ndall et al., 1992;
X D E Kutzelnigg and Morgan, 1992; Klopper et al., 1p9%he same
g(r) D ) J_a(r) ﬁ? (2 (58) has been also observed fGgWy (Shih et al., 2010; Friedrich

i et al.,, 2011; Bruneval, 2012; Yan et al., 2012; Bruneval and
X D E Marques, 2013; van Setten et al., 2013, 2015; Jacquemin et al
QmD 'dr) & Q. (59)  2015; Bruneval et al., 2016; Wilhelm et al., 2016has been
j demonstrated that the convergence rateé3fVg is comparable
to other correlated methods such as second-order Mgllersites
The variational object in a PAW calculation Q. The latter is  perturbation theory (MP2) and the coupled cluster singles,
expanded using, e.g., a plane wave basis set, for which a ldaubles and perturbative triples [CCSD(T)] metho@r(neval
energy cuto can be used due to its smoothness. The locasbasind Marques, 2093
sets and projector functions needed to compute the second and ConvergingGoWy excitations within a plane wave basis set
third terms in Equation (57) are tabulated for each element ois straightforward since the cuto energy can be continugusl
the periodic table. For specic choices of these basis sets s@®reased, seEigure 16A In addition, extrapolation schemes
e.g.,Kresse and Joubert (199@nhd Rostgaard (2009)Details to the complete basis set limit have been reported to reduce
regarding the practical implementation within a plane waveeodthe computational costKlimes et al., 2014; Maggio et al.,
are given inKresse and Joubert (199apd for real-space grid 2017; Govoni and Galli, 20).8Conversely, for localized basis
codes inMortensen et al. (2008ndEnkovaara et al. (2010) sets only a limited number of basis set sizes is available
GW calculations within the PAW schemes employ usually theand a steady increase in size as for plane waves is not
frozen core approximationghishkin and Kresse, 2006a; Liu et al. possible. Therefore, extrapolation techniques must always be
2016. The core states are localized at the atoms and con ned insed to obtain converge@yWg energies. This is displayed in
* 4. Inthe frozen core approximation we assume that the KS corEigure 16B where the rst IP of benzene is plotted with respect
states are identical to the atomic core statege., I D ' 2. In  to the inverse of the basis set size. Shown are results for the
this approximation, the decomposition given in Equation (55) i Dunning basis set family cc-p\ (n=3-6) (Dunning, 1989;
not used for the core states. However, the e ect of the coréhent Wilson et al., 1995 which was designed to smoothly reach
valence states is correctly described. the complete basis set limit. Increasing valuesnoindicate
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calculation is a separate convergence parameter. The number
of unoccupied states that can be resolved with a given basis se
typically grows with the size of that basis set, i.e., the étilb
space of that basis grows. This implies that more empty states
enter the sums in the Green's function (Equation (24)) and
the polarizability (Equation (28)). Since it is computatidiga
expensive to generate a large number of unoccupied states in
the preceding plane wave DFT or HF calculation, plane wave
GoWy practitioners reduced the number of unoccupied states
that enter theGW calculation in order to save computational
time (Stankovski et al., 2011; van Setten et al., pQotalized
basis sets on the other hand are signi cantly smaller and
typically all virtual states are computed even in DFT-only
calculations.Figure 16A gives an impression of the scale for
the plane wave case. It displays the convergence of the band
gap of wurtzite ZnO with respect to the number of bands
(states) {an et al., 2012 The convergence rate of ZnO is
particularly slow FEriedrich et al., 2011; Stankovski et al.,
2019 compared to other semiconductors, e.g., silicbnédrich

et al., 2005 The band gap nally converges at around 30 Ha.
At this point almost 3000 bands have been included in the
GoW calculation.

While it might seem appealing to reduce the number of
required unoccupied states to less than 3,06@ure 16A
illustrates that a reduction is not possible due to the slow
convergence. Since the number of resolvable, unoccupiésksta
is coupled to the plane wave cutoS(ankovski et al., 2011; Gao
etal., 2016; van Setten et al., 2)bne should always include the
FIGURE 16 | Basis set convergence forGyW calculations. (A) Convergence maximum number of bands in th&yW calculation for a given
for a plane wave basis set. Bandgap of wurtzite ZnO dependerdn the number plane wave cuto . Such a procedure also greatly simpli es the

of bands and on the corresponding cutoff energy (data from Sof Yan et al., converaence study since only one and not two parameters need
2012). (B) Convergence and extrapolation procedure for a localized ks set. g y y P

lonization potential (IP) for the HOMO of benzene plotted witlespect to the to be Converged-
inverse of the number of basis functiondNfync using the cc-pVnZ basis set
series. Further computational details are given iAppendix C .

4.6. Elimination of Unoccupied State

Summation
The complications around the virtual state convergence

increasingly large basis sets. The convergence is smatvety  raised in the previous section for plane wave basis sets
slow, as shown ifrigure 16B can be bypassed completely by eliminating the explicit

The extrapolation to an in nite number of basis functions is summation over unoccupied states in the Green's function
performed by a linear regression with respect to the inverseef Gy (Equation (24)) and the polarizability o (Equation (28))
total number of basis functions. The extrapolated valuebf@V  (Reining et al.,, 1997; Wilson et al., 2008, 2009; Berger
in Figure 16is 0.07 eV larger than the IP obtained at the cc-pV6Zet al., 2010; Giustino et al.,, 2010a; Umari et al., POR0
level showing that even the largest basis set cannot comvergractical method for building a perturbation theory without
the GoWy energies completely. This linear tting procedure isexplicit reliance on unoccupied states was pioneered in the
a well-established scheme to extrapolagsVo energies and has context of density functional perturbation theory (DFPT)
been tested in large benchmark studiesr( Setten et al., 20.5 (Baroni et al., 1987; Gonze, 1995, 1R9Here we will
Alternatively, linear regression has also been performetth wi briey review how the DFPT concept can be transferred to
respect toC, 3, whereC, is the cardinal number of the basis GoWy. For a general introduction to the DFPT formalism see
set, i.e., 3 for cc-pVTZ, 4 for cc-pVQZ, 5 for cc-pV5Z and 6 for(Baroni et al., 2001
cc-pV6Z. Extrapolation with respect 16, 2 is well-established The central object in DFPT is the response function that
for correlated methodsHelgaker et al., 1997The inverse of measures the response of a system to a perturbativh In
the basis set number corresponds roughlyag®. The average the GoWy context, we are interested in the response to the
di erence between the two extrapolation schemes @&Wqy introduction of an additional charge to the system at painThe
energiesisindeed very small with 0.04 e¥i{ Setten etal., 20).5 additional charge perturbs the charge density of the systdma. T

A common misconception in the plane wave communityresponse function mediates the charge density change and the
is that the number of unoccupied states that enteiGeWo  perturbation. We now wish to calculate the response function
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without invoking the sum over states expression introduced i
Equation (28).

We start with the change in the charge denslty(r,r%!)
given for a spin-unpolarized system Byustino et al. (2010a)

inr,%1)yp2 (9

(60)
@ °r.r%1yca O, f% 1y,

Herel O(r,r® !)is the frequency-dependent variation of the
occupied mean- eld state Instead of expanding iO(r, 0 1)

in the basis of unperturbed mean- eld state,%(r) itis calculated
directly with the Sternheimer equationBéroni et al., 1987;
Giustino et al., 2010a

@F 0 1)1 O 1D @ B1V(r.r9 2.
(61)

cc IS a projection operator on the occupied stat@e. D

occj Sin 9.

Sternheimer GgWg formalisms dier in their choice of
1V. There are two possible choices farV. The rst one
is to set the perturbation to the bare Coulomb interactign, r9
(Reining et al., 1997

1V(r,r9 D v(r,r9. (62)

This choice is known as non-self-consistent SternheiGgy.

The SternheimerGoWg formalism is shown inFigure 17.

Quantities that depend orare expanded in a badis,(r%g see
Equation (49), and both sides of Equation (61) are project#d 0 | FIGURE 17 | Non-self-consistent Sternheimer approach for obtainingVo

! I(r(a_ This leads to a linear set of equations with a parametri: without empty sta(t)es.l 0 and v.have a parametric dependence on the real
dependence o and ! . Solving the Sternheimer equation | SPacePontr-1 = depends additionally on the frequency .

for each real-space grid poimtand the frequencies! yields

1 Or,r% 1) for the occupied state From the latter we can
evaluate the induced charge density. The dielectric function
given in Equation (26) can be rewritten in termsbh (Reining

etal., 1997; Lambert and Giustino, 2013

It can be shown that Equation (66) is equivalent to Equati®b)(
(Giustino et al., 2010a SinceWg appears on the right-hand
side of Equation (61), it must be solved self-consistentlythin
rst step, Wy is initialized with v. Fg(():m the solutions of the
) 0 Sternheimer equation, we calculdt@>", 1 Vscrand nally Wo.
(LS D () 1@, (63) Both schemes yield/q, but the non-self-consistent approach
requires fewer steps. However, the dimensions of the draect
matrix increase with system size and its inversion mightinee
p @ bottleneck for large systems, in particular when using plane
wave basis sets. In this case the self-consistent scheme might
more e cient.
1V(r,r%1) D Wo(r,r01), (64) The two schemes discussed so far address the elimination of
) ) ) ) empty states iflWp. Removing the sum over virtual states in
leading to the self-consistent Sternheim&W formalism Go is also possible by using a similar strategy asVity, see
introduced byGiustino et al. (2010a)n this scheme, the (self- 5 stino et al. (20104pr a detailed description. Ond@ andW,
consistent) induced charge densitynS© generates a potential paye heen obtained, the self-energy is composed as usual@nd th
1 Vs, which screens the bare Coulomb potentiaiue to the  gequency integration is performed with the methods desedib
perturbative charge in the system. FraVscr we can directly jy section 4.3. Sternheimer approaches have been implemented
calculateNo as for plasmon pole modelsReining et al., 1997 the analytic
V4 continuation Giustino et al., 201Qzand contour deformation
1 Veedr,r%1) D dr® nSr, r% )w(r®9 (65)  (Govoniand Galli, 2016
0 0 The SternheimeiGW approach is primarily used in plane
Wo(r,r!) D v(r,r) C 1 Veedr,r91!). (66)  wave implementationseining et al., 1997; Nguyen et al., 2012;

Wy is then calculated from the inverse df according to
Equation (25) as usual.

The second choice fdrV is to set it to the screened Coulom
interaction
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Lambert and Giustino, 2013; Pham et al., 2013; Govoni anli, Galapproximation (LDA) or a generalized gradient approximation
2015. We are only aware of one non-plane wave implementatiofGGA) (Aryasetiawan and Gunnarsson, 1998; Aulbur et al., 2000;
using mixed representations of real space and localized getsis Onida et al., 2002 With the advent of exact-exchange based DFT
(Hubener et al., 2012g),bAs discussed in section 4.5, convergingfunctionals in the solid state community and the proliferati
a GoWy calculation with plane waves requires a very largef GoWg codes that are based on quantum chemical codes, a
number of empty states. The calculation of all empty stateBént more diverse range of starting points became available. & wa
preceding DFT or HF calculation is computationally expensivesoon realized thatGoyWg can exhibit a pronounced starting-
and can easily become a computational and storage bottlelreck point dependence for semiconductorgi(ike et al., 2005; Fuchs
the Sternheimer approach, the preceding DFT stepis signilgant et al., 200). In the last years, the starting point dependence
simplied since only occupied states have to be calculatechas also been intensively discussed for molecl{ész(orfer
For localized basis sets, no such benet is found in DFPT oand Marom, 2012; Marom et al., 2012; Bruneval and Marques,
Sternheimer since the number of virtual states is typicadiythat  2013; Gallandi and Korzdorfer, 2015; Caruso et al., 2016;
large and rarely a bottleneckljang et al., 20).8 Gallandi et al., 2016

SternheimeiGoWy saves not only computational time in the  Figure 18 illustrates the starting-point dependence for the
preceding mean- eld calculation, but also by not having tooga HOMO of the water molecule. For the underlying DFT
out the sums over states & and o. However, it concomitantly calculations, the PBE-based hybrid (PBEh) functional Fami
loses time in the Sternheimer iterations. To our knowledge, (Perdew et al., 1996b; Adamo and Barone, 1999; Ernzerhof and
detailed comparison of the computational cost to conventlonaScuseria, 1999was scanned. The PBEh functional family is
GoWy implementations has not been reported yet. To speedharacterized by an adjustable fractionof HF exchange. The
up SternheimerGoWy, projection techniques for representing exchange-correlation enerdsc is therefore -dependent and
the dielectric matrix in an optimal, smaller basig/(son et al., given by
2008, 2009; Nguyen et al., 2012; Pham et al., 2013; Govoni
and Galli, 201pand Lanczos-chain algorithms that e ciently ExD EZXC(1  )ERBEC ERBE 2[0,1], (67)
obtain the Sternheimer solution over a broad frequency eng
(Umari et al., 201phave been developed. Furthermore, all the
Sternheimer equations, that need to be solved for eaaid! , Wwhere EEX denotes the HF exchange enerdﬁf.BE and ECPBE

. o . are the PBE exchange and correlation energy, respectively. T
are independent from each other facilitating massively palral illustrate the starting point dependence BoWo, the mixin
implementation Govoni and Galli, 2015; Schlipf et al., 2D19 gp P o 9

The Sternheimer approach does not reduce the basis set Siggrameter in PBEh was varied from 0 to 1 and then a

i.e., the plane wave cuto or equivalently the size of the-sgmice stibsequentGoWo ca_lculatlon was, performed. The resulting

} . . . GoWp HOMO energies shown irFigure 18 span a range of

grid, nor does it change the formal scaling@ W with respect .
- - o more than 1 eV. Although a 1 eV spread appears large, it is
to system size. However, it is an elegant way to facilitatereas .
. . . much smaller than the range of the corresponding mean- eld
convergence, since the temptation of converging the numiber o
virtual states separately is removed.

A modied Sternheimer ansatz has been developed for
FLAPW basis sets which accounts for response contributions
outside the Hilbert space spanned by the basis Betz{nger
etal., 2012, 2013, 2019 his modi ed approach thus allows the
basis set size to be decreased, unlike the classical Steenhe
technique. The explicit summation over unoccupied statests n
completely removed, but the number of empty states needed for
convergence is strongly reduced.

4.7. Starting Point Dependence and

Optimization

The results of &pWg calculation depend on the wave functions
f Jgand the energies? that are used as input for the Green's
function (Gp) and the screened Coulomb interactiow). The
single-particle wave functions and energies are determiyate
choice of the single-particle mean- eld Hamiltoni&X'F, e.g., by

the chosen DFT functional. To denote this dependence’ we w "FIGURE 18 | Starting point dependence ofGoWg: the left side shows the

introduce the notatiorGoWo@starting point GoWg HOMO energy of the water molecule for hybrid functional stéing
points with different amounts of exact exchange. The HOMO egrgy in

4.7.1. How Severe Is the Dependence on the self-consistent GW (scGW) is shown on the right. The dashed line marks the

Reference State? experimental value of 12.62 eVRage et al., 1988; Lias and Liebman, 2003}

AllGW values are extrapolated to the exact basis set limit using thcc-pVnZ

Until the early 2000s, the majority of alloWo calculations (n = 3-5) basis sets. Further computational details are givem iAppendix C .

were based on DFT calculations using the local-densi

<
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energies Jovo that decrease from 7 eV to 14 eV with
increasing .

The strong dependence &yWq on the starting point can
be largely attributed to over- and underscreening. From the
Adler-Wiser expression forg (Equation (28)) it can be deduced
that the screening strength Wy is inversely proportional
to the eigenvalue gap of the starting point. Since HF typically
overestimates gaps, it will underscreen. PBE, on the othed,ha
underestimates gaps and therefore overscreens.

Another source of error in the KS orbital energies is the
spurious self-interaction term Rerdew and Zunger, 1931
The one-electron self-interaction error (SIE) arises fr@an
incomplete cancellation of the unphysical electrostatic tkésr
energy of an electron with itself by the exchange-corretati FIGURE 19 | CSP scheme representative for a small moleculel v§

. . . (Equation (70)) is plotted with respect td v& (Equation (69)) for a set of
term. The SIE is more pronounced for localized than delocdlize occupied states s. The HOMO and HOMO-1 states are indicated. The new

orbitals Mﬁdeﬁffef et al, 2009 This can be intuitively value is obtained from the slope of the straight line tted thwugh the red
understood: an electron in a localized orbital has a stronge symbols. Data retrieved fromorzdorfer and Marom (2012)

self-interaction because its wave function is more con néd
a result, the localized orbitals are destabilized with respe
more delocalized orbitals. This can lead to a wrong ordeohg

the orbital energies in the underlying DFT calculations,ietth exchange-correlation potential, respectively. The optima

carries over to theGW spectrum. The SIE'can be mitigated etermined so that the shift betwedBWo and PBEh for the
by a larger amount of exact exchange, which also restores the

. . i i roximatel nstan
correct ordering for the QP energiesigrom et al., 2011, 2012; OCcupied states is approximately a constant

Korzdorfer and Ma.rom, 29])2 o 1 vg c( )1 sz k. s2 occ. (71)
The GoW starting point dependence generally lies in the

range of 1.0 eV for HOMO energies of moleculdsafom et al., |t Equation (71) is satis ed, the positions of the PBEh orbital
2019, but increases for deeper states. For solids, the spread C8Rergies relative to each other are as close as possibleGo\e
exceed 2 eV for the band gap(chs et al., 200.7This beckonsfor  energies. In this case, the QP correction amounts to a rigift s
ajudicious choice of the starting point BgWq calculationsoran  of the PBEh spectrum. The value offor which Equation (71)
elimination of the starting point dependence. The dependencg; gatis ed yields the optimal starting point in the CSP scheme
on the preceding mean- eld calculation can be eliminated ofjf the PBEh and th€SoWo@PBEh spectrum matched perfectly,
reduced by employing some form of self-consistency as &ls the constantk would be zero. However, in general it is not
in section 5 or, as proposed only very recently, by replaG®ly  possible to nd a starting point whose spectrum matches the
a renormalized singles Green's functiohr( et al., 2010 In this GoWo spectrum exactly.

section we focus on the optimal choice of the starting pointeTh gy 5 given guess of, 1 vX and1 \¢ are calculated according
PBEh family of DFT functionals is convenient for this purpose g Equations (69) and (70)L \¢ is plotted as a function of ¥
since one parameter (the amount of exact exchanggoverns  for 4 set of occupied statesas data points, seEigure 19 A

the behavior of the starting point. Several schemes have be%ﬂaight line t determines a new which is used to calculate
developedto ndthe optimal value within the PBEh functional new DFT eigenvalues and orbitals from PBER,). From the
family (Kérzdorfer and Marom, 2012; Atalla et al., 2013; Pinheirgygyy eigenvalues and orbitals, a new self-energy is caldulate
etal., 2015; Dauth et al., 2016; Bois and Korzdorfer, RONe  ang Equations (69) and (70) are reassessed. This procedure is
summarize them in the following. continued until the of the linear t equals the initial . Then

. . . the optimal has been found.

4.7.2. Consistent Starting Point Scheme Bypconstruction, the PBEh{ eigenvalues are now, up to the

Korzdorfer and Marom developed a consistent starting poinli,. . : i . i
. igid shift k, consistent with theGoWq spectrum. Typical CSP
(CSP) scheme that seeks a PBE reference state (i.engtarti values lie in the range of 0.25 0.30. The CSP scheme has

pow) tha}; best resem dbltis M?JVY.O Spﬁ an.J dmf' Sp#ttlngl potth :[[Ee. been tested on several organic molecules that are used iniorga
GoWo self-energy and the starting hybrid functional into their electronics and yields good agreement with photoemission

respective exchange and correlation parts (see Equatioparf@9 spectra in all cases(Grzdorfer and Marom, 2012; Korzdorfer
(32)) allows us to rewrite the QP equation (Equation (22)) as,; " 5012 Marom 2017 ' '

follows Kdrzdorfer and Marom, 2012; Marom, 201.7

VRBE and vEBE are the exchange and correlation part of the PBE

4.7.3. Deviation From the Straight Line Scheme
sD 2C(1 )1viC1\ (68) A physically more rigorously motivated optimization scheme
1v:Dh gj6 X V)I?BE] g- (69) is based on the deviation from the straight line error (DSLE)
(Dauth etal., 20161n 1982, Perdew and co-workers showed that

. 0; BE O
1vs:Dhgj6° VE 7 s (70) " the total energ)E of any many-electron system should change
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should thus be zero and if it is not zero it quanti es the ddioa
from the straight line errofl ps e

The idea is now to nd a PBEh starting point for which
GoWo@PBEh minimize& p.se The optimal value for PBEh
can be found by the following procedure: We select a set of
PBEh functionals with values between 0 and 1. Then two
GoWy calculations are performed for each starting point. One
for the neutral system that yieldsiomo,n and a second one
for the cation to obtain Lumo,n-1. Following Equation (76), we
calculate the di erence between these two energies to etima
the deviation from the straight line condition. The PBER(

FIGURE 20 | Schematic representation of the straight line condition fototal . . . .
' P 9 functional that yields the smallest ps g will be the optimal

energiesE (left) and derivatives@=@ (right) . f is the occupation number. The

DSLE is shown for three different cases: convex (blue), coawe (red), and starting pOint-
mixed curvature (green). Reprinted with permission frordauth et al. (2016) This DSLE scheme has been tested for small molecular
Copyright (2016) by the American Physical Society. systems, where it has been shown that the optimalalues

are distributed around 0.35 0.40 for the rst IP Caruso

et al.,, 2016; Dauth et al.,, 2016The reported deviation
from the CCSD(T) reference is smaller than 0.2 eVafuso

et al., 201% The drawback of the DSLE scheme is that the
optimization is restricted to the HOMO. For other states,
the straight line condition could still be formulated, but the
corresponding GoWy calculations could not be performed
] ] ) o ) . because the electron occupation function would no longer
The functlon_E(f) is apleceW|se_I|near function of the_OCCUpat'oncorrespond to an equilibrium distribution (see section 11.8 fo
numberf, with cusps at every integer valuefofseeFigure 20 s\ calculations out of equilibrium). If we removed an electron

Standard DFT functionals, however, violate this piecewisgom a lower lying occupied state, the sums over occupied
linearity condition and yield energies that deviate frometh 54 yirtual orbitals in the polarizability o would no longer be

straight line at fractional occupation numbefgMori-Sanchez rigorously de ned, i.e., the energy di erences in the denaator

et al., 2006; Ruzsinszky et al., 2006; Kraisler and Kronik3)20 in Equation (28) would exhibit the wrong sign.

The straight-line condition applies not only to DFT, but to

any total energy method (we will addreGWV total energies in  4.7.4. IP-Theorem Schemes

section 10). Therefore, we can use the DSLE to nd an optimaseveral other schemes were developed that are, in spiritasimi

starting point forGoWo. to the CSP and DSLE optimization approaches, but are explicitly
The slope of the total energy as a function of occupation givelsased on the ionization potential (IP) theorem. The lattetesa

the Kohn-Sham eigenvalue or, in ti&V case, the quasiparticle that in exact DFT the negative of the KS orbital can be strictly

excitation energy for a given electron number, assigned to the rst ionization potential fymo (Levy et al.,

1984; Almbladh and von Barth, 1985

linearly when varying the electron number continuouslyrfriN
toN 1electronsiPerdew et al., 1982

Ef)D (@ f)E(N 1)CfEN) f2[0,1]. (72)

€& ; EN) EN 1)D homon (73) IPhomo D {3mo- (77)

@ b1

@ This statement is not true for any other KS state and not valid
@ (D0 DEN) EN 1)D wmon 1, (74 for approximate DFT functionals. Atalla et al. proposed a scheme

that exploits the IP-theorem and minimizes tlBgWg correction

where pomo is the QP energy of the HOMO for the neutral fo_rthe HOMO level with respect to the amount of exact exchange

system N). Lumon 1 denotes the QP energy of the lowest in a PBEh starting pointtalla et al., 201
unoccupied orbital (LUMO) for the charged systeid ( 1). It
is evident from Equations (73) and (74) that the slopes must be
identical forf D 0 andf D 1 in an exact theory. In other words, . L . )
a necessary condition for piecewise linearity is that thegnfor 1 NiS approach is similar to the CSP scheme in Equation (71).
removing an electron from the neutral system equals thegner 1€ dierence is that we nd the PBEh functional whose
for adding an electron to the positively charge system, the, HOMO energy matches that dBWo@PBEh for the same,
IP for the neutral systems and the electron a nity (EA) of the whereas CSP looks for the clos'est. spectral match betwegn PBEh
charged system should be equal. The di erence and GoWo@PBEh. HOMO excitations obtained fr(_)m this IP-
theorem-tuned scheme agree reasonably well with CCSD(T)
reference dataqois and Korzdorfer, 20)/but are not expected
LosteD EAumo(N - 1) IPHomo(N) (75) to reproduce the whole excitation spectrum properktdlla

D tumonN-1C HomoN (76) et al., 2013 They generally yield larges (around 0.8) and

1vhomo € (1 )1 Viomo D O. (78)
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produce HOMOs and HOMO-LUMO gaps that are too largein solution, complex alloys, nanostructures or hybrid intarés,
(i.e., underscreened). that require large simulation cells with hundreds to thoudan
Finding a PBEh() functional that ful lls the IP-theorem by of atoms. To mak&yWy calculations feasible for larger systems,
enforcing consistency with th&W)g spectrum is one option. the scaling and computational complexity have been scrigthiz
An alternative approach is to IP tune the hybrid functionalsDevelopments have proceeded in two directions: (1) reduciag th
themselvesKois and Korzdorfer, 20)’ by minimizing prefactor, i.e., the overall computational cos€gtN*) scaling, or
(2) reducing the scaling.
1pD KSvo() (BN, ) EN 1,)) (79) The prefactor has been reduced by low-rank approximations
of o, which map o onto a smaller basis/(ilson et al., 2008,
with respect to . These IP-tuned hyb”ds already g|ve 2009, Umari et al., 2009, Govoni and Gal“, 2015, Del Ben,et al.

accurate  KS-HOMO energies. Recent benchmark studied)19. Another approach is the elimination of the sum over
for molecular systems showed th&BWo corrections on €mpty orbitals in o and in Go (Giustino et al., 2010a; Umari
top of 1 p-tuned functionals provide spectral properties in €t al., 2010; Lambert and Giustino, 2013; Pham et al., 2013;

good agreement with experiment for the whole excitationG0voni and Galli, 201pby solving the Sternheimer equation
Spectrum Refae'y_Abramson et all, 2012, Egger et a|.(’SteI‘nheimer, l954WhICh we discussed in section 4.6. Others

2014: Gallandi and Korzdorfer, 2015: Gallandi et al.developed techniques to reduce the number of unoccupiedsstate
2016; Knight et al., 2016; Bois and Korzdorfer, 20um  (Bruneval and Gonze, 2008; Bruneval, 2016 . .

particular, EAs are well reproduced with a mean absolute The prefactor can also be controlled by choosing an optimal
devation (MAD) smaller than 0.2 eV from the CCSD(T) basis set for the respective system under study. In the last
reference, while the MAD reported for {Rmo is 0.1 ev Years, several algorithms for localized basis sets have bee

(Knight et al., 201p developed Blase et al., 2011; Ke, 2011; Ren et al., 2012a; van
_ ) Setten et al., 2013; Bruneval et al., 2016; Wilhelm et &l§)20
4.8. Computational Complexity and Cost These basis sets are generally smaller than traditionaleplan

Of all the GW schemes described in this revie@W, is the wave basis sets and considerably more e cient for molecules

computationally most e cient one. Only the diagonal element However, the development of reliabl&gWg algorithms for

of the self-energy are needed and the Green's function thtere  periodic systems based on localized basis sets is still uagterw

is alway$sp. The fully interactings, on the contrary, depends on (Wilhelm and Hutter, 201Y.

the full self-energy and can only be obtained by iterating@ys The reduction of the exponent 10 (N3) complexity has been

equationG D Gy C Ggb G. addressed in di erent ways. Foerster et al. developed a cubic-
The computational complexity of50Wo depends on the scalingGoW algorithm using Gaussian basis sets and exploiting

frequency integration method and design of the algorithrheT locality in the electronic structure, albeit with a high paefor

most accurate integration technique, the fully-analytic agmty, ~ (Foerster et al., 20)1Recently, two cubic-scaling algorithms

requires the solution of the full Casida equations, whictais have been devised.i¢ et al., 2016; Wilhelm et al., 2018

O(N®) step with respect to the system sitesee section 4.3.5. In which are both variants of the©(N3) GW space time method

the canonical implementation, the computational costis regtli  (Rojas et al., 1995The key step of these algorithms is the

to O(N*). Di erent implementations withN* complexity have computation of the irreducible polarizability in imaginarinte,

been developed employing a variety of numerical techniqueso(it) D  iGp(it)Go( it) and the subsequent transformation

speci ¢ for the respective basis s€th(shkin and Kresse, 2006a;to imaginary frequencied . The time-ordered non-interacting

Blase et al.,, 2011; Deslippe et al.,, 2012; Ren et al.,, 201@gseen's function in imaginary time is given by

Govoni and Galli, 2015; Wilhelm et al., 2016or example, )

the O(N%) algorithm proposed by Regt al. employs localized 3 iFCC 0(r) 0 (19 exp(

basis functions and the AC methodi¢n et al., 201)aThe Go(r.1%it) D P! : : (80)

computational and memory costs for the four-center electron Y 2 O/ 0O 0

repulsion integrals (4c-ERIs) are reduced by refactorinddtter - a a") a (r9 exp( at), t> 0.

in two- and three-center Coulomb integrals using a resaiodi

of-the-identity (RI) approach with a so-called Coulomb metric Inserting Go(it), the summation over occupied and virtual states

(Vahtras et al., 1993 The accuracy of this algorithm has beenis now decoupled in o(it) and can be performed separately,

validated for valence excitations and EAs by comparing to thevhich is fundamental for the reduction © (N3) complexity.

fully analytic approachvan Setten et al., 20).5However, for Liu et al. based their cubic-scaling algorithm on a plane wave

core states it was recently shown that AC fails and that CD ibasis set in combination with a PAW scheme and reported a

required Golze et al., 20)8The computational complexity of linear-scaling with the number of points used to sample the

CD remains unchanged for valence states, butincreasegN8)  Brillouin zone (iu et al., 2015 In combination, this paves the

for the deep states. way for GW calculations of large periodic systems. Wilhelm
The O(N%) scaling and overall cost of canonic@W et al. employed a Gaussian basis set and exploited sparse matrix

implementations restrict the tractable system size and fmibhi algebra by using an overlap metric for the RI approximation (RI-

the study of many systems that are relevant in the chemistdy a SVS) to refactor the 4c-ERISghtras et al., 1993The step with

physics community, such as solid-liquid interfaces, molesu the largest prefactor, the computation of, is reduced from

%, t<o,
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depends on the system and in particular on the states of
interest, see section 4.3.

2. Basis set choice
The decision should be guided by the system of interest.
Localized basis sets are generally more e cient for nite
systems, while plane wa@W codes are currently superior
for extended systems (see detailed discussion in sectdyn 4.

3. Basis set convergence
GW calculations have to be carefully converged with respect to
basis set size. Extrapolation procedures to the complete basis
set limits might be required as demonstrated in section 4.5.

4. Starting point
The QP energies depend strongly on the functional of the
preceding DFT calculation as shown in section 4.7. While
for solid state systems GGA functionals are often suitable
starting points (see also section 6), hybrid functionals qenf
better for molecules. A judicious choice of the starting foin
is necessary.

5. Convergence of technical parameters
GoWjy calculations usually require the convergence of a few
additional parameters, which are strongly implementation
dependent. Such a parameter is, e.g., the size of the integrati

FIGURE 21 | Scaling of state-of-the-artGoWq implementations with respect grid for the imaginary frequency terms in the CD and AC
to system size using graphene nanoribbons as a benchmark syem. (A) approach.GoWy practitioners should always carefully check
Smallest graphene nanoribbon unit with 114 atoms(B) Comparison of the their GW code to ensure the robustness and convergence of

scaling of the canonicalGoWg (Wilhelm et al., 2016 and the low-scaling
implementation (Vilhelm et al., 201§. The latter requires operations of at most
O(N3) complexity (red diamonds). Dashed lines represent leasiguare ts of
exponent and prefactor. Data retrieved from/ilhelm et al. (2018)Both
algorithms are implemented in the CP2K program package.

all available settings and parameters

The GoWy approximation provides computationally e cient
access to the whole QP spectrum. Despite these appealing
featuresGoWy has certain drawbacks. The most severe is the
dependence on the starting point discussed in section 4.7.
Furthermore, the ground state energy and density cannot be
O(N% to O(N?) in this algorithm, while the other operations computed. In sections 5 and 10, we will show how these
scale withN3. A comparison between th@©(N4) algorithm  drawbacks can be overcome.
developed byren et al. (2012aand the low-scaling algorithm
is shown inFigure 21for graphene nanoribbons. The canonical .
algorithm is restricted to system sizes of less than 500 a,tom5' BEYOND GoWp: SELF-CONSISTENCY
while systems with more than 1,600 atoms can be addressSCHEMES
with the Iow-scalmg_ |mple_mer!tat|on. These are some of th%.l. FuIIy Self-consistent GW
largestGoWy calculations with high accuracy and full-frequency .
. . L -~ To go beyondGoWp, one must include some level of self-
integration reported so far. The mean absolute deviatiorhwit . . L .

. . S consistency in Hedin'sGW equations. The conceptually
respect to the canonical reference implementation in FHI- urest approach toGW is to perform full self-consistenc
aims Ren et al., 2013ds less than 35 meV for th&W100 P pp P y

test set Wilhelm et al., 2018 which is discussed more in n the GW e_quatlons, _denoted as cw. l.t is also the
o . most expensive. As introduced in section 3, all four
detail in section 9.3.

An actual linear scaling algorithm was devised within thequantities are iterated until self-consistency in the Green'

framework of stochastiGW (Neuhauser et al., 20).dnd applied function is achieved. Until now, self-consnste_tBW Is the
- . - rarest form of GW for reasons of computational expense
to silicon clusters with 1,000 atoms. However, the veriicat

of its general reliability is still the subject of ongoingsearch and conceptual controversy (see below), although that is

slowly changing.
(Viceketal., 2097 The rst scGW calculation was performed for the

4.9. Practical Guidelines homogeneous electron gas (HEG) biolm and von Barth
T ) . : (1998) after the same authors had previously applied partial
In summary, the following points should be considered when .
conductingGoWo calculations: self-consistency (8&Wp) (von Barth and Holm, 1996 Later
' studies were extended to the 2D HEG4cia-Gonzalez and
1. Frequency integration technique Godby, 200). s&GW deteriorates the spectral properties of
A su ciently accurate method for the frequency integration the HEG compared toGoWy. This deterioration manifests

of Equation (23) has to be chosen. The required precisioitself in a quasiparticle bandwidth that is larger than thedr
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electron one and a broad and featureless satellite spectru
Both results contradict experimental evidence for alkaliafse
which are HEG-like {on Barth and Holm, 1996 Also, band
gaps of simple semiconductors are greatly overestimate
by s&GW (Schone and Eguiluz, 1998; Grumet et al.,, 3018
sdGW calculations for atomsStan et al., 200%nd molecules
(Rostgaard et al., 2010; Caruso et al., 2012a, 2013a,b; Man
et al.,, 201p show improvements oveiGoWy for the rst
ionization energies and transport properti€xiange et al., 20)1
of nite systems. With regard to the whole spectrum, however
sdGW is usually outperformed byGoWg with a judicious

starting-point choice Ilarom et al., 2012; Caruso et al., 2013a}

Knight et al., 20156

sdGW is computationally more demanding thaiisoWq
because the full Green's function must be stored and cakedila
(Caruso et al., 201paincreasing memory and computation
requirements. IMGoWo, the full Green's function is only required
in O(N3) schemes (see section 4.8). Other implementations mal
use of the fact that intermediate quantities can be expresse
in terms of the mean-eld wave functions and eigenvalues
which reduces the computational complexity (see section. 4.1
Furthermore, iterations of theéGW equations for sSGW are
expensive. g, W, and6 must be computed at each iteration,
with a potentially high computational time for even a single
evaluation ob .

Conceptually, the additional self-consistency in the Gleen
function adds more reducible diagrams compared3g/\o, as
Figure 22 illustrates. InGoWo, the bare Coulomb interaction
is screened by a series of sequentially interacting eledtobe
pairs, or “bubbles.” In $8W, this structure is preserved, but the
bubbles are now composed of interacting Green's functioadin
instead of non-interactin@y lines. This e ect is a general feature
of iterating Green's function diagrams. By iterating diaigns for
a given approximation, initiaGg lines at internal times become
interactingG lines. Already after the rst iteration of the cycle

2d

e
2d

FIGURE 22 | GoW( and scGW in terms of Feynman diagrams. IrtGgW, the
irreducible self-energy is constructed fronGy and Wq. The Green's function
updated with the lowest order self-energyG; (shown as the bold Green's
function line), contains an in nite series 06 insertions. In fully self-consistent
GW, the starting point dependence is removed and all quantitin the
diagrammatic expansion are fully dressed. Here, we assume tue Gg starting
point instead of a mean- eld Gy so that subtraction of vMF is not necessary to

(G1 in Figure 22, the Green's function contains sequential self-
energy insertions.

include in the diagrams.

Let us look more closely at how this occurs. Recall from

Equation (13) that Dyson's equation is

G(1,2)D ?o(l, 2) (81)
C  Go(1,3%6 (3,4)5(4, 24(3, 4).
The rst guess at the ful, labeled3s, would then be
G1(1,2)D ZGo(l, 2) (82)

C  Go(1,360(3,4)51(4, 21(3, 4),

where we have inserte@; (4, 2) in place of5(4, 2) on the right-
hand-side (RHS)6¢ is the rst estimate to the self-energy,
evaluated witlsp wherevelGlines enter the self-energy diagram.
Gy appears on both sides of Equation (82) by replacing
Gi1(4,2) on the RHS with theentire RHS, one can generate
a reducible diagram foG; that is O(6 3). At this point, the
series forG; contains three partsGg, a term of orderO(6 o),

and a term of orderO(6 g). These contributions taG; are
shown in Figure 22 By further iteratingG; on the RHS, one
can generate all reducible diagrams which contributeGp
Despite the in nite number of reducible diagrams generated
by this prescription,G; is still computed only with theGoWq
self-energy because we have not upd#&edThis example also
demonstrates why it is conceptually much simpler to work only
with the irreducible self-energy and avoid this in nite,decible
series. Indeed, iterating Equation (82) to n@; while keeping
6o xed is equivalent to generating the entire reducible series
for Gy.

In saGW, the GoyW(y calculation of6 g to build G is only the
rst step. Next, we updaté o to 6 1 by insertingG; into the self-
energy diagram. The diagram contains one obvi@lme (6 D
iGW), but contains more that are hidden in the polarizability
enteringW. By updating the polarizability witl&; in place of
Go, the diagrams contained i, enter the screened Coulomb
interaction. Just as before, we can generate all reduciatgatins
contributing to the updated Green's functiof®g) by iterating the
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Dyson series
z

G2(1,2)D Go(1,2)C  Go(1,36 1(3,4)52(4, 24(3,4)  (83)

for a xed 6 1. Continuing to updates and iterateG introduces
more and more reducible diagrams. The solution is self:
consistent wherG entering6 is the same a& from iterating
Dyson's equation.

In real s&&W calculations, the procedure is slightly di erent.
Gand6 are updated together instead of iterating to i@ic1 ata FIGURE 23 | Two of the diagrams of the screened Coulomb interaction in
xed 6. After the rstiteration of Equation (82), the updated SCGW that are not present inGoWo.
but not yet self-consistent Gy is inserted intd6 . This way6 is
updated at each iteration along with. The combined iterations
are much more e cient becaus@ and6 converge together. Bear
in mind that the e cient method of updatingG and 6 at each
step does not form the same easy-to-interpret serie§foas in
Figure 22 Note that even after one iteration to n@and6 , we

Green's function theory being researched: the existence of
multiple solutions forGfrom a single Dyson equatiofféndetzky

et al., 201p This issue has been studied in detail for the
would already go beyonGo\Wo. zero-dimensional one-point model (OPM)Léni et al., 2012;

Based onFigure 22 the fully dressed Green's function and Berger et al, ,2014; Tarantino et al, 2plahd has been
screened Coulomb interaction in G can be interpreted produced numerically{ozik etal., 2015; Gunnarsson et al., 2017;

as double renormalizations o0&y and Wg through the two _VUC'CGV_C et al.r;_zhOlB Inbthe anal)(/jtu; OPI\?}, there exllst two
Dyson's equations in th&sW equations. However, the third mtiractlngG w 'C_ can be lmappe rofr’nht € sar@ ( stk"
Dyson equation that the vertex function (Equation (826)an Werner, 2015; Stan et al., 2)1Gne of these solutions is the

in Appendix B) would introduce is missing from theGW physicalGfor all values of interaction strength. Here, the physical
olution is characterized by a smooth connectionGg unlike

equations. The absence of the vertex function has importan'?_I hvsical solution fo6 which di ; :
consequences:igure 23 shows two of the reducible diagramst e unphysical solution fols which diverges at zero mtera_ctlon
strength. The reverse map, fro@ to Gp, has two solutions

that enterW in sdGW, but that are not present iWy. The . - o -
efor Go which must be disentangled at a certain interaction

diagram on the left shows the polarization bubble with th . . - .
insertion of one interaction, or scattering event, in eacbha SUeNgth. At this point, the physicao switchedetween the two

It is part of a series of sequential scattering events and bu”(folut.lons, S0 thgt solvmglthe problem for all !nterqctloreﬁgths.
additional interactions into the screened Coulomb intdias., ~ 9U!r€s SW'tCh'.ng SOIUU(.)” methods at .thls po.|nt. Othersvis
The other diagram, however, is problematic. After the cieati one would obtain a physicab for some interaction strengths

of the rst electron-hole pair, both the electron and the hole@"d @n unphysicalSo for others. In the OPM, this is now
interact with a new electron-hole pair. The two new electronUnderstood. However, it is not well understood if or how this
hole pairs are composed of the same Green's function linesas thame phenomenon emerges in more realistic systems.
initial electron-hole pair, even though the initial pair $#xists. 52, Eigenvalue Self-consistency and Level
Therefore, the two later pairs do not account for the fact tttnest Al ¢

initial electron-hole pair has already been createthey should ignmen .

somehow omit the pair already created. The electron (or hole]Neré are a few strategies to reduce the expense @Wsc
thus interacts or correlates with itself. The problems thaven While still including more physics thaGWo. The simplest
been identi ed? for SGGW can be attributed to diagrams like the form of performing approximate self-consistency GW is to
one on the RHS ofigure 23(Romaniello et al., 2009 iterate in the eigenvalues @W). After completion of theGoWq

We would also like to briey comment on partial self- loop, the real parts of the quasiparticle energies obtaineoh fro

consistency in the Green's function. The above discussigmtpo Eduations (22) or (34) are reinserted into the non-interagt

to the screened Coulomb interaction as the major sourc&'€ens functionGo (Equation (24)) in place of the starting
of imbalance between self-consistency and the missin@nerte'genvalues' Througlo, the change in eigenvalues permeates

corrections. This imbalance can be partially xed by keepind!"0UghWo to the self-energy and eventually to the quasiparticle
W xed at the W, level and iterating only the Green's function E"ergies (€8W). After iterating until the input quantities equal

to self-consistency (&Wo). This is shown schematically in the (_)utput, the equatlon_s are self-consistent in the elger_malu
Figure 24 This approximation is partially motivated by a “b@t Eigenvalue self-consistency was already proposed in the rst

bestW" philosophy that can improve agreement with experimentCoVVo calculation for real materials{ybertsen and Louie, 1986
in certain situations. and has since been applied frequently (see, Elgshkin and

Before leaving the discussion of self-consist@w/, we Kresse, 2006for a more in-depth analysis). However, since only

introduce one of the most technical and modern aspects dfe real part of the quasiparticle energies is used and the wave
functions are not updated self-consistently, the starting poin

91t has also been pointed out that the exatt from RPA does not satisfy the dependence cannot be eliminated entirely. For example, a study
f-sum rule. for azabenzenes demonstrates that although the startingt poi
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FIGURE 24 | Schematic of Hedin's full set of equationg/A) and Hedin's GW approximation (B-D). In (A), all ve quantities are iterated to self-consistency. I1{B),
self-consistent GW (scGW), 0 is set to a single spacetime point and the remaining four qudities are determined self-consistently. Eigenvalue setbnsistent GW
shown in (C), evGW, updates only the quasiparticle energies while leaving theave functions unchanged. In the s&Wy or evGWy procedures shown in(D), one
iterates G to self-consistency in Dyson's equation but does not update g or W.

dependence is reduced from 1.4 eNGg\Wo, it cannot be lowered
beyond 0.4 eVilarom et al., 201

For molecular systems, it has been shown that eigenvalue
self-consistency improves the HOMO-LUMO gaps, which are
then in good agreement with experimenBlése et al., 2011;
Wilhelm et al., 2016 However, examining the entire spectrum
reveals that é8W does not lead to consistent improvements
overGoWy. The elGW spectra are overly stretched with respect
to the experimental spectra, such that large deviations (@n th
order of 1 eV) from experiment occur for lower lying states.
Moreover, for most systems, the orbital ordering deviatesnfr
experimental observations/@rom et al., 201R This is in line
with observations for semiconductors and insulators, thmat
band gaps to be considerably overestimated iB\W(Shishkin
and Kresse, 200@.bThe reason for this overestimation in solids| FIGURE 25 | Self-energy matrix elements for the HOMO of a single water
lies in the fact that the insertion of the quasiparticle enesgnto | Melecule obtained withGoWo, evGWo and level-alignedGoWo. In all three
the screened Coulomb interaction leads to an underscreggnin cases PBE |s-used as startlng point. The inlet shows the grapballsoluuons of

. o . the QP equation. SeeAppendix C for further computational details.
which should be compensated by the missing vertex correstio
as discussed previously.

Just as €6Wp ameliorates problems in self-consisteaw,
one can perform eigenvalue self-consistency only Gnto
circumvent underscreening errors. lterating the eigenealin
only G produces an e8Wp scheme that gives band gaps in
good agreement with experimensliishkin and Kresse, 2006b *, "
However, for open shell systems, it was observed that eig&nvav'rtuaI states. Compared to @W, scheme, the poles;’ are

self-consistency irG strongly a ects the calculated multiplet "OW located atlower and the poleg at higher frequencies.
splittings (ischner et al., 2032 A simpli ed version of e®’sWy was originally suggested by

Hedin (Hedin, 196% and has been revisited a few times by
others Pollehn et al., 1998; Hedin, 1999; Martin et al., 2016
Instead of using an individual shift , for each statem, a
global shiftl Eis employed:

On the real axis, the poles 6€ are located &t D °C1

en and!? D Q C1 , Cep,whereiindicates again
occupied anda virtual states. Starting from a GGA functional,
the correctionl , is negative for occupied and positive for

The e ect of eigenvalue self-consistency Gon the self-
energy is demonstrated iRigure 25for an e\GW calculation.
Compared toGoWy, the structure of the self-energy is almost
identical, but shifted to lower energies. The Green's fiorctn

the eigenvalue self-consistéd¥\y scheme is given by G, e(r, %) D
G, 101) D X | 21 (if)s% (9 (84) X — (0 ;9 e
m !t oom gnEr  m) o1 (H CLlE) i sgn€E )
with where Gy (! 1E) D G,g('). The QP equation
o D % Clm (85) (Equation (22)) then transforms into
1 mD6m .m/ VM (86) sDJcC6s.s 1E/ WF (88)

Inserting theGW correctionsl , into the Green's function For metals, the shifl E is chosen in such a way that tii&Wg
results in a shift of the poles in the self-energy, see Equ#4i8). Fermi energy aligns with that of the starting point calcubat;
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i.e., with the Fermi level dBg. For systems with a energy gap, theSchilfgaarde et al., 2006; Kotani et al., 200An approximate
highest occupied state is aligned, i.e., the valence bandmax minimization nally yields an analytic expression for thetigic
for solids or the HOMO for nite systems. The latter is motieat and Hermitian) mean- eld potential faleev et al., 2004; van
by “DFT Koopman's theorem,” which states that only the KSSchilfgaarde et al., 2006; Kotani et al., 2007b
energy of the HOMO can be rigorously assigned to the ionizatio

. ) : h i
1
potential when starting from an exact DFT functionak{vy et al., ViMF D> Re6(;).C Re6()) : . (91)
1984; Almbladh and von Barth, 19839n that casel E would 2 I I
be zero. I .
The shift can be determined by demanding self-consistency/€re “Re” signi es here the Hermitian part 6f( «)
for the highest occupied state 1h i
0 Re6 (1) ;D 5 6(1)C6(W" . (92)
Homo, D pjomo, C1E. (89) I
Inserting Equation (89) into Equation (88) vyields the The quasiparticle energies for the Green's funct®rare then
explicit expression given by the self-consisten®g that follows from v{}"F (van
Schilfgaarde et al., 200D&atellites or the incoherent part of the
1E D6hovmo, rowmo  VHowo, - (90)  spectral function are not captured by this approximation. This

is why the scheme is commonly referred to as quasiparticle self
Adjusting the energy scale Gf, by 1 Etranslates to a rigid shift consistentGW (QSGW). Reports of a starting point dependence
of the self-energy as shown Figure 25 The results are very for metal oxidesli(iao and Carter, 2011; Issero and Carter, 2p12
similar to elGW in the frequency range where the quasiparticlehave not yet been reproduced by other groups with a di erent

solution is expected. implementation. In general, the @V scheme converges to a
The 1 E scheme is less frequently used for the calculation afinique solution.
quasiparticle energies than eigenvalue self-consistdrgnses. An alternative de nition for a non-local mean- eld potentia

However, it has been shown that it substantially improvedigiate is given by the static Coulomb hole plus screened exchange
spectra Pollehn et al., 1998 The same holds for the &\y (COHSEX) approximation toGW (Hedin, 1965; Hedin and
scheme, which has been employed to calculate satellite spedtiandqvist, 197]

of VO3 (Gatti et al., 201pand bulk sodium Zhou et al., 2016
YMRCOHSEX 1§ p 6 COH(r (9 C 6 SEXr, 19. 93
, (r, : (93)

5.3. Self-consistency via a New Ground

State The screened exchange (SEX) term is de ned in analogy to
Building on the idea of iterating in the quasiparticle enesji the exact-exchange self-energy in Equation (32) but with th
one can go one step further and also incorporate wave functiostatically screened Coulomb interaction instead of theslmare
changes. An elegant way to achieve thisis to nd the vanmtity

best mean- eld potential to a given self-energydby et al., xee

1986, 1987b: Capsida, 1995a; vgan Schilfgaardgi(txal.),/méﬁi K 6 57,19 D i (5 (QW(r, %! Do),  (94)

et al.,, 2007p This mean- eld potential can then be used to i

generate new eigenvalues and eigenfunctions to constmeta
Go for the next iteration of theSW cycle.

If the new potential is local, this iteration can be formalized
exactly in the optimized e ective potential (OEP) framework
(Casida, 1995a; Kimmel and Kronik, 200&hich is equivalent
to the Sham-Schliter equatiosdby et al., 1986, 198)/iThe
OEP framework and the Sham-Schliter equation only guaEante]_
that the density generated by the local potential matches the
GW density. The eigenvalue spectrum of the local potential wil
not be the same as th@W spectrum. For explicitly non-local
potentials, no formally exact match between B/ self-energy
and the potential has been found because the self-energy
non-local and frequency dependent, while the constructe
potential is non-local but static.

where ; are eigenfunctions of the COHSEX mean- eld
Hamiltonian. The static Coulomb hole (COH) term, on the othe
hand, becomes local in space

6 °°Hr 9D (r 9 w(r,r%t DO) wvr,r% . (95

he statically screened Coulomb interactigvi(r,r®! D 0),
hich enters in Equations (94) and (95), is obtained by itisgr

he COHSEX eigevalues and eigenfunctions in Equations (25—
28) for! D 0. Like in QSGWyMFRCOHSEXy (0 produces new
eigenvalues and eigenfunctions, which yield a new selfggner
(ﬁ?e COHSEX equation can then be iterated until self-consesten
is achieved.

A . . COHSEX can also serve as an improved starting point
n approximate non-local potential can be found by . :

. ) iitonian BW(1 D PCwC compared to 'KS-DFT for a perturbat!veoWo calculation.
introducing the GW Hamlltoruan. ¢) H After completing a COHSEX calculation, one can use the
6 ©W(1 ). The mean- eld Hamiltonian®'" that best reproduces  self.consistent COHSEX eigenvalues and wave functions for
the e ects of6 ®V is de ned asfF D R C vy C WWF, see perturbativeGoWy calculation with the full, dynamica. In the
also Equations (18-20) for the de nitions of the Hamilton®  case of VQ (Gatti et al., 200)] GoWo@LDA fails to open the
VMF can then be obtained by minimizing®®V  ®Fjj (van  band gap. On the other han@GoWo@COHSEX opens a band
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gap, in agreement with experiment. The improved COHSE
starting point is especially important for materials with Itizad
electrons Qguilera et al., 20)1When comparing to benchmark
coupled cluster data on organic molecules, the COHSEX starti
point decreases the mean absolute errorGpfNVg compared
to GoWo@PBE Knight et al., 2016 In Ge under pressure,
GoWo@COHSEX predicts a direct gap at tBepoint while
GoWo@LDA predicts band overlapdin et al., 2004

Self-consistency iGW is a topic that is still being researched.
While the results from true self-consistel®@W are usually
in worse agreement with experiment tha&Wq (Schone and
Eguiluz, 1998; Shishkin and Kresse, 2006b; Grumet et 418),20
studies of self-consistency are still necessary to advdree
eld. We can learn about shortcomings of the theory or assess
challenging materials. Most importantly, self-consisteBv
implementations are a necessary foundation tobgyond GW
in the future, as discussed in section 11.

6. SOLIDS

Solids were the rst testbed aBW theory in real materials.
The basic quantity to compute in solids is the band structure.
Unlike in molecules with single-particle states given by roolar
orbitals, single particles in solids occupy Bloch waves, €@ im
Equation (50) and indexed by their wave vedtoDiagonalizing
the Hamiltonian at eactk gives its own set of single-particle
eigenvalues. One can conveniently visualize the eigeevalt
di erent k-points by varyingk continuously along some path,
placed on the x-axis, and plotting the eigenvalues on the y
axis. Eigenvalues change continuously witHorming separate
bands of states. The collection of single-particle statdsaimls
is similar to the grouping of di erent combinations of bonding
and anti-bonding states in molecules or polymers. Quasipkizrti FIGURE 26 | (A) Band gaps of semiconductgrs arjd insulators computed with
. . . PBE, GoWp, and evGWj in the all-electron, linearized augmented plane wave

Hamiltonians are alSk_dependent’ and energies at kiform a (LAPW) framework. Data taken frondiang and Blaha (2016) (B) Band gaps of
band structure which can be compared to angle resolved PES angkmiconductors and insulators computed with PBEGoWq, QSGW, and
IPES spectra as the incident momentum is varied tSgare 2). ScGW in the projector-augmented-wave (PAW) framework. Data tan from

Computing quasiparticle band structures wiG\W gives the | Grumetetal. (2018)
quasiparticle band gap, analogous to the HOMO-LUMO gap in
molecules. The rsGoWg calculations for real materialS{rinati
et al., 1980, 1982; Hybertsen and Louie, 1985, Jifetised on
semiconductors (Si, Ge) and insulators (diamond, Li@)Wo et al., 1995b, 1997a, 19%hd metals such as CW/@rini et al.,
calculations in semiconductors and insulators give a umifo 2002 and Au (Rangel et al., 20)%have a strong in uence on
improvement in band gap over estimates with either Hartree.GW calculations. Due to the strong overlap of the atordic
Fock or Kohn-Sham eigenvalues, as showfrigure 26A This  functions with the atomisandp functions in the same shell, the
improvement was the rst major success of B8V theory. exchange self-energy is very sensitive to the inclusiomoitsee

The success @W applied to semiconductors continued with states. If only the semicoré states are explicitly included as
other studiesGodby et al., 1986, 1987a,b, 1988; Blase et al)).199%alence state in th€Wy calculation, while thesand p states in
Many common semiconductors lack semicore states and ate wéhe same shell are frozen in the core of a pseudopotential, the
described by pseudopotentials (see section 4.4.4). Thdsesfac subsequen®yWy calculation will produce an incorrect band gap
reduce the computational complexity f@W calculations and (Rohl ng et al., 1995h This problem can be solved by explicitly
made early, realisti&W calculations of semiconductors feasible.including the entire shell as valence in tl&gWg calculation
Screening in simple semiconductors can also be approximatéékohl ng et al., 1995b; Luo et al., 2002; Tiago et al., 2008az&t
by model dielectric functions like plasmon-pole models (seeind Hanke, 2005 by using exact-exchange pseudopotentials
section 4.3.1), eliminating the need for a numerical evddmeof  and exact-exchange starting pointgiifke et al., 2005, 2008a;
the self-energy integral. Qteish et al., 2006or by all-electron calculationgFriedrich

It was later realized that semicoral-electrons in etal., 2006, 2010; Shishkin and Kresse, 2006a; Gulans2éta,
semiconductors such as GaN, ZnO, ZnS, ZnSe, or Gd8I(ng  Jiang and Blaha, 2016)
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6.1. Band Gaps structural phaseslLébégue et al., 2012; Dvorak et al., 2014;
Figure 26A shows the quasiparticle band gap computed withMcMinis et al., 201p
GoWp and eGWy with a modern all-electron LAPW code
(Jiang and Blaha, 20)for several di erent semiconductors and 6.2. Band Structures and Band Parameters
insulators. Perfect agreement between theory and expetimeM/ith GW, one can compute much more than only the band
would place all data points on the dashed blue line. Generallgap of a solid. A typical band structure computed wiBW
Kohn-Sham eigenvalues based on a multiplicative (localmi-se IS shown inFigure 27 for ZnO. To visualize the resultsk is
local) exchange-correlation potential (here PBE) undéreste  allowed to vary on a linear path through the Brillouin zone.
the band gap and Hartree-Fock eigenvalues overestimate (nbhe quasiparticle energy as a function lofis also called the
shown in Figure 26. Eigenvalue self-consistency Gip) dispersion for the system. Th&Wg band structure for ZnO
improves the agreement with experiment even further thar{red lines inFigure 27) is superimposed on the experimental
GoWo, when starting from a local or semi-local DFT calculation. Photoemission results shown already Figure 2 Experiment

Figure 26Bcompares band gaps computed with di erent self-andGoWg agree very well both in terms of band positions as well
consistency scheme&(umet et al., 207)8for a di erent set of ~as band curvatures.
semiconductors and insulators than in panel (ZeWo@PBE Another example of aGWp band structure is shown in
again provides good agreement with experiment (i.e., the refiigure 28 for K2SrsO7, a new prospective ion conductor or
squares are close to the diagonal). Van Schilfgaarde's QS@V@nsparent conductorNicAuli e et al., 2017. The unoccupied
scheme an Schilfgaarde et al., 2Qcénd fully self-consistent states in the PBE band structure have been shifted up for the
GW calculations consistently overestimate band gaps. purposes of plotting so that the bottom of the conduction bands

With the predictive accuracy aByWo band gaps validated, coincides in PBE anGoWo@PBE. This removes the PBE band
we provide a few examples in whigBW calculations helped 9ap problem from the comparison and makes it easier to spot
to resolve band gap controversies. One case is InN. In tHg ea|di erences in band curvatures. For the valence bands the PBE
2000s, alloys of GaN and InN were revolutionizing light-tging ~ and GoWo@PBE band structures agree remarkably well for this
diode (LED) technology. However, the band gap of InN wagnaterial. Toward lower energies the deviations betweebémel
believed to be almost 2 e\B(itcher and Tansley, 20))3vhich ~ structures become larger witl,Wo@PBE generally giving lower
would have severely limited the usefulness of InGaN alloys tband energies than PBE. This downward shift leads to a band
tune the emission of LEDs. ThrougsyW, calculations and more Width widening in GoWo compared to PBE. For the conduction
re ned experiments, the real value of the InN band gap was tbunbands, the di erence between PBE a@Wo@PBE is more
to be 0.7 eVRBechstedt and Furthmiiller, 2002; Furthmiiller et al. pronounced. The band curvatures iBoWo@PBE are much
2005; Rinke et al., 20)aving the way for the LEDs we know Steeper than in PBE, which subsequently leads to a signi cant
today. Another example is hybrid perovskites that have tigge Underestimation of the PBE bands around the X, S, U, and R
a new boom in the emergent photovoltaic materials eld.points in the Brillouin zone. KSnsOy is another example of a
The prototypical material is methylammonium lead triiodide
(CH3NH3Pblz or in short MAPI). Unusually, local or semi-local
DFT calculations already predict a band gap in good agreeme
with measurements, which had caused initial confusion ia th
eld. However, when spin-orbit e ects, which are particularly
strong in this materials class, are incorporated in the DFT
calculations, the band gap becomes signi cantly undemestied
again. GoWp and QSGW calculations that include spin-orbit
e ects then predict the correct band ga@ifvio et al., 2014
Umari et al., 2014

Finally, we consider high pressure physics. At high pressures
(100 GPa), many materials experience band gap closure and
transition from an insulator to a metal. There can also be gan
competing structural phases, each with their own metallorati
pressure, that are di cult to disentangle in experimentsW
is an excellent tool to theoretically predict the metalliaat
pressure for dierent structural phases and help interpret
EXperlmental resu“Sl«halra”ah_ and Militzer, 2008; Tse et al., FIGURE 27 | GgWy band structure of ZnO superimposed on experimental
2008; Ramzan et al., 2010; Jin et aI., 2016; Yang).ZSd)le ARPES data {an et al., 2012). The experimentally measured lifetimes of the
hydrogen is a noteworthy example of metallization at high states are indicated by the shading, with white shading indating long lifetime.
pressure, rst predicted in 1935/\(igner and Huntingtonl 193)5 The GoWj calculations are based on the optimized effective potentia
The metallic hydrogen puzzle isan exceptionally di cult onath approac_h for exact exchange mgntiongd in sec?ior? 5.3 that idludes LDA
is still not fuIIy understood, buBW calculations heIp corroborate correlation [OEPx(cLDA)]. Reprinted with permission froian et al. (2011)

. A . Copyright (2011) by IOP Publishing Ltd.
experimental measurements and support the existence of sertai

—
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available states at the energy of that slice. In Green'stitmc
theory, the concept of the single-particle DOS is replaced by th
spectral function. The spectral function ksdependent, so that
the total e ective DOS is obtained by adding up the spectral
functions at allk. However, computing the spectral function
requires the solution of Dyson's equation, which is often not
practical computationally. Instead, @Wg quasiparticle DOS
is computed by summing up arti cally broadened Gaussian
peaks centered around eaGpWo energy. The right panel of
Figure 28 shows theGoWo@PBE DOS for §5rs07 (McAuli e

et al., 201). In addition, this DOS is projected on the atomic
angular momentum channels p, and d. Such information is
usually extracted from DFT calculations and illustratestthoth
the valence band and the conduction band ofS07 is largely

FIGURE 28 | GoW, band structure of K,SngO; (McAuliffe et al., 2017. The made up ofp states.
main panel illustrates the difference between the PBE (darray lines) and the Band parameters like e ective masses are important
GoWp@PBE (red lines) band structure. The unoccupied states ofétPBE characteristics of semiconductors and are key parameters fo

band structure have been shifted up in energy for better visility so that the

bottom of the conduction bands coincide in both band structues. The right the semiconductor IndUStryGOWO ,e ective masges are more
panel shows the GoW, @PBE density of states (DOS) resolved in p and d a_ccurate than tho_se computed with DFT. E ective mas_ses are
angular momentum channels. either extracted directly from th&W band structure by tting

Equation (96) to a ne band structure pattsthleife et al., 2009
or by tting an e ective k p Hamiltonian to GW quasiparticle

material whose band gap and band structure were not knowny. [ 9'€s Rinke et al,, 20090 In this way, important band

. parameters have been computed for silicon and silicon under
The GOWO@PBI.E band gap gmounts fo 3.15 eMchuli e ._strain (Bouhassoune and Schindimayr, 2010; Poncé et al.)2018
et al., 201), which now provides a reference value for this

new material GaAs (Cheiwchanchamnangij and Lambrecht, 2)JAIN, GaN,
From the.band structure. one can access the band aand INN (Rinke et al., 2006, 2008b; Svane et al., 2010; Yan et al.,
’ 9 8011), MgO, ZnO, and CdO %chleife et al., 2009; Yan et al.,

band widths, and estimate e ective masses. If one models t% . . .
. . . - 12 and more recently for perovskites and hybrid perovskites
dispersion at the band edges as parabolic, as is the case fog:q
[

. . ilip et al., 201p Such band parameters can then be used
free particle, one can extract an e ective mass from the band. . . - .
. : rectly in device simulations to model, for example, charge
structure. The e ective mass, labeled, is

carrier ows (Kivisaari et al., 200)7If one is interested in charge
e L carrier mobilities and charge carrier densities, scattedog to
m D hf - (96) phonons and impurities has to be taken into accouRioupakis
dk etal., 2010; Poncé et al., 2018
GW can further be used as one of the nal steps in high-
throughput screening studies for new materials. In a search
nfk2 for transparentp-type conductorsGoWy calculations provided
ED o (97)  accurate band gaps and e ective masses that screened out the
nal candidates Hautier et al., 201)3
to mimic a free particle. In a real crystal, the e ective mass is
a tensor, not just a scalar. The e ective mass model is closely 3. | ifetimes

related to the quasiparticle concept, and the renormalizatio |y, jike mean- eld theories.GW also allows one to compute
factor Zs (Equation (35)) is one factor contributing tan . e jifetimes of states from rst principles. The lifetime dfet
The quasiparticle e ective mass is usually heavier than t&e fr 4 asiparticle is the characteristic time over which the atide
electron mass because of the drag induced by the surroundl%rtide decays into surrounding degrees of freedom. Stettigh
electrons. Static mean- eld theories like Kohn-Sham DF3oal ¢ “closer” to exact eigenstates of the system have Idifegénk.
give an estimate of e ective mass from their band structureTe jifetime of a quasiparticle with corresponding energyis

The GW band structure is typically more “curved” or concave gjrecly related to the non-Hermiticity of the self-energyd the
than the Kohn-Sham structure, as shown kigure 28 which magnitude of its imaginary part

means thaGW quasiparticles are “lighter” than the KS particles.
In silicon and methylammonium lead iodide, tH8W level of
theory is necessary to predict e ective masses in good agreme
with experiment Eilip et al., 2015; Ponceé et al., 2018

One can also compute the single-particle density of statescan be inferred from experimental spectra by its relation t® th
(DOS), which in solids is analogous to taking horizontatesi quasiparticle peak widttQ, as 1 D 0=2 (not to be confused
through the band structure. This gives the total number ofwith the vertex functiorD).

so that the band edge dispersion is

s 1D 2jIm6 ( 9j. (98)
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From simple arguments in Fermi liquid theory, lifetimes phases. However, ti&W method cannot describe the DOS in the
decrease as particle energy increases because the availphlamagnetic phase nor the transition to the paramagnetic phase
phase space for scattering at a xed energy grows with The situation is similar in the less correlated copper oxide
increasing energy. Studies of quasiparticle lifetimes @GN  (CuO) (Bruneval et al., 2006 GoWo@LDA again fails to
approximation for metals (Cu, Ag, Au) show good agreemengive a proper account of the band structure, while QSGW
with experiment at high energie«¢yling et al., 2000; Bacelar provides good agreement with ARPES measurements. CuO poses
et al.,, 2002; Marini et al., 2002; Yi et al., 201At low more of a problem, as no starting point or self-consistency
energies, however, the agreement is not perfect. For exampsgheme produces a satisfying band gap or density of states
GW calculations cannot account for the sudden increase ifRodl et al., 2015, 20).7
experimental lifetimes of electrons in Cu at energies belaV 2 The early 2000s saw other oxides gain rapid interest, as the
(Keyling et al., 2000; Yi et al., 2Q1These failures are attributed semiconductor industry sought a replacement for siliconxitie
to the localized, short-range interactionsab€lectrons in metals (SiQ) in silicon-based microelectronic technology. To prevent

that are not described well KyW. gate leakage in ever-shrinking transistors, gate mageviéh a
. ) higher dielectric constank] than SiQ were required. Eventually
6.4. More Challenging Solids hafnium dioxide won the race. During the development period,

As computational power increased and the successGW  the electronic structure, in particular the band gap and the
became more widely known, studies were extended tband o sets of so called higk-materials were of enormous
more challenging materials like oxides, dr and f-electron interest Ghaltaf et al., 2008; Griining et al., 2010; Jiang et al.,
compounds. These materials are both a theoretical challeng®10a; Sklénard et al., 2018yWq calculations of the closely
for the GW approximation and are numerically more di cult related compounds zirconium oxide (Zgpand hafnium oxide

to compute. Broadly speaking, these materials suer fron(HfO,) were performed Gruning et al., 2010; Jiang et al.,
a severe mean-eld starting point problem and/or contain20103. Plane-wave and FLAPVGyWq agree very well with
localized electrons which are not well described 8W. each other for these materials. The all-electron calauhati
Accordingly, studies of these materials required advancesvestigated the e ect of the Hf-electrons and found that they
in the treatment of core electrons and the evaluation ofdo not change the self-energy corrections in these material
the self-energy. The rst studies of metals focused or{Jiang et al., 201paThe nal band gap of monoclinic HfQ,
the alkali metals Na and AlNorthrup et al., 1987; Surh however, is still under debate. It was initially believed i® |
et al., 1988 Metals served as a valuable test on the e ectaround 5.8 eV and is now thought to be in excess of 6.3 eV
of self-consistency and vertex correctiondiahan and (Sklénard et al., 20)8What remains a challenge in strongly
Sernelius, 1989; Shirley, 199€Eventually, studies moved polarizable materials such as higtdielectrics, and could thus
into oxides and materials with-electrons QAryasetiawan, 1992; potentially explain remaining discrepancies betwégWw and
Aryasetiawan and Gunnarsson, 1995; Massidda et al., 199%, 1 experiment, is how to include ionic screening (i.e., screguiue

Aryasetiawan and Karlsson, 1996 to nuclear motion) consistently in the dielectric functiaf a
Already in the early nineties of the previous centuryGW calculation.
Aryasetiawan tackled ferromagnetic nickel (Ni) witBWo The list of interesting metal oxides and metallic,

(Aryasetiawan, 1992He found the quasiparticle band structure semiconducting, or insulating solids is long and the number
and the valence bandwidth to be in good agreement with angleef GW calculations is steadily growing. Recent agship
resolved photoemission data. However, the exchange sphttinapplications even include defects, surface e ects and savent
are not well reproduced byspWp and a satellite at 6 eV is in their comparison to experimentJerosa et al., 201Bb
missing. Later calculations for gadolinium (Gd) revealedilar ~ For a recent review on the performance of dierei@W
observations Aryasetiawan and Karlsson, 1996; Aryasetiawarvariants to metal oxides, we refer tBr(neval and Gatti, 2014;
1997. For Gd, satellites were seen in tBgWgp spectrum, but Gerosaet al., 2018a
their spectral weight does not match experiment. While thef-electrons are relatively inert in Hf§)they assume
The previous millennium concluded with early explorationsa much more prominent role in lanthanide and actinide metals
into transition metal oxides such as nickel oxide (NiO)and oxides. Withthe exception of early explorations into Gy
and manganese oxide (MnO)M@ssidda et al., 1995, 1997; calculations forf-electron compounds have only emerged fairly
Aryasetiawan and Karlsson, 199@hey, as well as iron and recently Chantisetal., 2007; Jiang etal., 2009, 2012; Richter et al.,
cobalt oxide (FeO and CoO, respectively), were then redisite2011; Kutepov etal., 2012; Sakumaetal., 2012; Jiang, Thé8e
with GW in the 2000sl(i et al., 2005; Kobayashi et al., 2008; Rdd¢alculations are almost always performed with DETstarting
et al., 2008; Raodl et al., 2009; Jiang et al., 201Uiese oxides points or some form of self-consistency, as local or semi-local
present a challenge ©yWg calculations because local and semi-DFT provides a poor description of the electronic structure.
local DFT starting points produce metallic states that themnza QSGW calculations for the rare-earth metals Gd and Er
be corrected into semiconductors ByWo. Instead, DFTH and  and the rare-earth monopnictides GdN, EuN, YbN, GdAs,
hybrid functionals were explored as alternative startingng®i and ErAs place the occupiedf 4states in agreement with
(Rodl et al., 2009; Jiang et al., 20)L0fhe resultingGoWo DOSs  photoemission measurements, but then overestimate the pasiti
are in good agreement with direct and inverse photoemissionf the unoccupiedf states Chantis et al., 2007 Also, upon
measurements for the low temperature magnetically orderedloser inspection, multiplet splittings are not reproduced hwit
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GW and require a beyon@GW treatment Richter et al., 200)1  alignment in solids. The conceptual problem is illustrated
For the lanthanide sesquioxide (b@3) seriesGoWo@LDAHJ  in Figure 29 Assume an initial LDA calculation and then a
calculations reproduce the relative positions of the occupiedl GoWg calculation of the band structure for a system with a
unoccupied lanthanidg states across the series and con rmdefect level in the gap. We assume that tBgNVo band gap
the experimental conjecture derived from phenomenologicails in good agreement with experiment, but what about the
arguments Jiang et al., 2009; Jiang, 2018 defect level? The position of the defect level relative to the

Cerium (Ce) is another paradigmatic material. With only band edges and Fermi energy is critical for determining its
onef electron per Ce atom, it should still be relatively easy tmccupancy when the system is put in contact with an electron
describe, but Ce turns out to be an intricate material full ofreservoir. The band gap alone is no longer enough to assess
surprises. The phase diagram exhibits an unusual iso-stralctu the accuracy of the calculation. Similar to the defect pnable
phase transition. Both the and the phase have an fcc band alignment at semiconductor heterojunctions depends on
crystal structure, but the phase has a smaller equilibrium the absolute position of the levels, a problem which is disediss
volume (Amadon et al., 2006; Bieder and Amadon, 2014; Devaumore in section 7.
et al.,, 201p The dierent localization of thef-electrons in The accuracy ofGW for defect levels is still under
the two phases is believed to be the driving force for thénvestigation Hedstrom et al., 2002, 2006; Weber et al., 2007;
phase transition Casadei et al., 2012, 2016; Devaux et alMa and Rohlng, 2008; Bruneval, 2009; Rinke et al., 2009;
2019. Ce is traditionally thought to be a strongly correlatedBockstedte et al., 2010; Ma et al., 2Q1dd its comparison to
material that belongs to the realm of dynamical mean- eldhybrid functionals is summarized in the review @fen and
theory (DMFT), see section 11 for further details. HoweverPasquarello (2015bWith a suitable choice of reference values
the and phases are already captured by the randomto align the calculation with experiment, the accuracyzefVo is
phase approximation (see section 10 for details). Gu&Vo  similar to that of hybrid functionals for predicting defechergy
spectral function of the phase is in good agreement with levels Chen and Pasquarello, 20)5@heir major di erence in
photo and inverse photoemission spectiakuma et al., 20).2 performance can be attributed to their shift in the VBM, which
However, in the more correlated phase,GoWgp produces a has adirect e ect on the defect level alignment and the catewl
peak at the Fermi level that is absent in the experimental spectionization potential. Hybrid functionals tend to symmetaity
(Sakumaetal., 20).2 shift the VBM and CBM, whileGoWg mostly shifts the VBM

In conclusion of this section, we would like to reiteratedown in energy which can worsen agreement with experiment
that materials withd- or f-electrons remain one of the most for ionization potentials Chen and Pasquarello, 200)5b
challenging applications dBW. As a matter of principleGW .
cannot yield an insulator with an odd number of electrons per6.6. Outlook on Solids
unit cell. Such Mott insulators\(ott, 1969 are a manifestation of As large-scal&W implementations became more common and
strong electronic correlation. Modern approaches to desegbi parallelism increase@W calculations became an indispensable
such strongly-correlated, localized states often comBiewith ~ tool for ab-initio predictions in solids. Today, there are too
either a phenomenological or rst-principles treatmenta@for ~ many GW calculations for solids to count. Even so, comparing

f-electron correlation, a topic we discuss further in sectidn GW calculations to experiment must be done with some care
because there are additional e ects in the experiment that
6.5. Defects in Solids are not included in ordinaryGW. For example, electron-

So far, we have primarily discussed the performanc&\f for phon_on colupllng _ce;m '_‘a".e a S|gn|| C;gtlgb?cé on the_ banz
computing the band gap in solids, which does not depend o§aP " rggll"_‘aéer'a_sq'lésnl\r/‘lo et al, ST annuccia anI
the absolute values of the band edges. However, the IosatioMar'n" ; Botti an arques, » Antonius et al,

of the valence band maximum (VBM) and conduction band.2014; Kawai et al., 2014The e ect of the electron-phonon

minimum (CBM) are essential for understanding defect Ieve|n_teraCtlon can_also be described by a self-energy andlaatcl
with perturbation theory Cederbaum and Domcke, 1974;

Smondyrev, 1996 Experimental spectroscopies are also surface
sensitive techniques, as mentioned brie y in section 2.Bictv
means that the measured band structure may not correspond
perfectly to the bulk states. These considerations aside, the
impressive success GW in solids encouraged studies of other
systems, including surfaces and molecules.

7. SURFACES

The application of GW to surfaces and interfaces is not
FIGURE 29 | For systems with mid-gap defect levels, computing the band as common because these systems tend to have large unit
gap alone is not enough to test the material for potential aplcations. The cells with a number of atoms beyond the tractability of

position of the defect level can also be computed withlGW. In these cases, the

absolute position of the VBM, CBM, and defect level are impdant. many GW codes. However, what makes surfaces partICUIarly

interesting from theGW perspective is a long-range polarization
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e ect contained in the screened Coulomb interaction that
is absent for bulk materials: the image e ect. As illustrated
schematically inFigure 3Q an additional charge (hole created
in the photoemission process or added electron in invers
photoemission) outside a surface induces an image chardein t
surface Deisz et al., 1993This charge gives rise to an additional
potential, the image potential, that renormalizes the enefdiie
electron or hole state. For metallic and dielectric surédtis easy
to show from simple electrostatic considerations that thaga
potential should decay with the inverse distance from théaue.
For other geometries, e.g., quantum dots or nanostructutes
decay behavior is modi edXinke et al., 2004

That the GW self-energy encompasses the image e ect wa
rst shown by extracting the image potential from thew
self-energy for the Al(111) surfacg&Vjite et al., 199) Later,
image resonances-iatesi et al., 2003and image states for
semiconductors, insulator&phl ng et al., 2003; Kutschera et al.,
2007 and nanoclustersKinke et al., 2004were calculated with
GW. Freysoldt et al. (200%howed that the image potential can
also be probed by monitoring the excitation energies of a teg
molecule (se€&igure 30. The test molecule (CO) can be moved
along the image potential by introducing insulating spacgela
between molecule and surface. The energy of the CO states ¢
renormalized stronger the closer it is to the surface, tlee,
smaller the spacer layer [sieysoldt et al. (200@lso showed that
the energy of semi-core states in di erent NaCl layers is ae€lct

FIGURE 30 | lllustration of the image effect(B) Shows the image charge and
image potential induced by an additional electron (e.g., danic charge on a
stmolecule) outside a surface(A) Provides a graphic illustration how the image

potential of a germanium (Ge) surface could be probed with aarbon
monoxide (CO) test molecule. By adding thicker and thickeradium chloride
%Nnacl) layers between CO and Ge, the CO molecule moves alonbe Ge
€] age potential. The resulting CO gap will then depend on th&laCl layer
thickness, which is indeed the case aqC) illustrates. Sub gure (A) adapted
from Freysoldt et al. (2009under the terms of the Creative Commons
Attribution 3.0 License. Data for(C) obtained from Freysoldt et al. (2009)

by the image potential in the same way, a result that was later
corroborated bystrange and Thygesen (2012a model study.

The most signi cant e ect of the image potential is that it
renormalizes the energy of adsorbates such as organic oletec whose electronic states do not couple strongly to the sutestra
(Freysoldt et al., 2009; Garcia-Lastra et al., 2009; Thygeshe GW self-energy can be split into a surface and a molecular
and Rubio, 2009; Puschnig et al., 2pIhe energetic position contribution. Such a simpliedGW polarization model has
of molecular states near or on the surface is di erent frombeen developed bileaton et al. (2006for weakly interacting
the molecule in the gas phase. During the excitation processjolecules at metallic surfaces. This model has been used to
an electron or hole is added at the molecule. The additionatompute GW estimates for the level alignment of amine-
correlation energy due to the polarization of the surfaceiar gold junctions and interfacesQuek et al., 2007; Tamblyn
stabilizes the added charge. As result, occupied statesupane et al., 201) as well as -conjugated polymers at Au(111l)
energy and unoccupied states down and the HOMO-LUMO gapg§Giovannantonio et al., 20).8
reduce consequently in size, $égure 30C The renormalization GW calculations for surfaces and interfaces are not only
depends on the dielectric constant of the surface. The latger challenging because of the large supercells. An additional
dielectric constant, the larger the renormalization. Aldg for complication is the vacuum spacing in the common repeated
surfaces of insulators the HOMO-LUMO gap renormalization isslab model. InGW calculations that apply periodic boundary
of the order of 1 eV and can reach more than 3 eV for metallicconditions, the surface is modeled as a slab of material that
surfaces@Garcia-Lastra et al., 2009; Thygesen and Rubio,)2009is periodic in two dimensions and nite in the third. The

Apart from the HOMO-LUMO gap, the position of adsorbate rest of the supercell in the direction perpendicular to the
states relative to the substrate's Fermi level or relative tsurface is lled with vacuum. Since the periodic boundary
the band edges is of signicant interest in surface andconditions apply also in the dimension perpendicular to the
interface science. This relative positioning of adsorbaie tsurface, the nal system is a heterostructure of repeatedkisioc
substrate states is commonly referred tdeagel alignmentGW  of material and vacuum (se€igure 31). GW now couples
calculations are currently considered to be the holy grail f these repeated slab images becausé&theinteraction is long-
an accurate determination of the level alignment. Howeslae  ranged. The image potential decays only with the inversemiista
to the aforementioned computational reasons (i.e., vergdar between the slabs (see image e ect discussion above) and not
supercells) mosGW level alignment calculations reported in exponentially fast, as local or semi-local DFT functionats d
the literature are not converged. Care@\V cluster calculations As a result, image potential tails generated by the repeasdd sl
(Patrick and Giustino, 2012; Wippermann et al., 2014; Govonimages reach into the surface region we would like to model
and Galli, 201p and very large scal&W calculations report with the slab model (se&igure 3) and obscure the actual
good agreement with experiment. For physisorbed moleculesnage potential.
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from an electrostatic modekfeysoldt et al., 200@nd is depicted
in Figure 31 The true image potential is shown for two scenarios
in Figure 31A for a charge located outside or inside the slab.
As the charge moves from outside the slab to inside, the image
potential changes sign, as now the dielectric constant in the
region where the charge resides (i.e. in the slab) is latggn t
where the charge is not (i.e. in the vacuurR)gure 31Bshows
the image potential for a periodic array of slabs in the repeated
slab approach. It is notably di erent from the image potential of
a single slab ifrigure 31A The correction derived bifreysoldt
et al. (2008)s shown as black dashed lineskigure 31Cand
restores the correct behavior for a single slab. The camestan
be several tenth of eV large and yield converged resultadyrior
small vacuum thicknessesrgysoldt et al., 2008
At surfaces, the DFT wave functions are sometimes poor
approximations of certain surface states and image statescim
cases, it is desirable to calculate quasiparticle wave ifunsct
This can be done by solving the full quasiparticle equation
(Equation (21)) in a suitable basis. If this solution is penfied
iteratively in energy, new quasiparticle states, such ageéma
states, can be found that are absent from the DFT spectrum.
Examples where the quasiparticle wave functions di er notably
FIGURE 31 | The image potential of a repeated slab systen(B) differs from from the LDA or PBE wave functions are GaAS(ll%KCI
that of an isolated surface(A). The dashed lines in(C) mark the difference that et al, 1999 and the C(lll) surfacelV(arsm et al, 200}5 as
can be computed with a suitable correction scheme reysoldt et al., 2009. As well as image statesMpite et al., 1997; Rohlng et al., 2003;
the charge moves across the interface, the ratio of dieledtr constants for the Kutschera et al., 200.7
“charged” land “uncharged” regions changes. As a result, themage potential EarIy GW calculations for surfaces focused on surface states
changes sign. of simple semiconductors such as silicdtofll ng et al., 1995a,
1997b; Rohl ng and Louie, 1999; Hahn et al., 2001; Weinelt
et al., 200} germanium Rohl ng et al., 199§ silicon carbide
In a GW calculation, the image potential is always present(Rohl ng, 2001, gallium phosphite $chmidt et al., 1999
even if we are not explicitly interested in image states. Qe tindium phosphite Echmidt et al., 2000; Hedstrom et al., 2p06
the long range of the interaction, the vacuum spacing cannatnd insulators such as diamond/érsili et al., 200§ lithium
be converged out in anGW implementation that has to place uoride (Wang et al., 2003and sodium chloride Ereysoldt
basis functions in the vacuum region (as for example planet al., 200R Frequently, theGW quasiparticle energies are
waves) freysoldt et al., 2008; Huser et al., 201Fwo prevalent taken as input for optical absorption or re ectance anisotropy
solutions to this problem have emerged: (1) to cut the intdoac ~ spectroscopy (RAS) studieBu(ci et al., 1998; Schmidt et al.,
range and use an e ective short-range interaction or (2) to gppl 2000; Hahn et al.,, 2001 The surface band structure and
post-processing corrections. The easiest way to limit thgeda dispersion of surface states is in good agreement with dlaila
to impose a spherical cuto on the Coulomb interaction everyphotoemission studies. Also, computed optical and RAS spectra
time it is used in theGW equations QOnida et al., 1995a; Spataru agree well with experimental spectra for these systems. Later
et al., 2004b; Ismail-Beigi, 2006; Rozzi et al., pOlie largest calculations for more complex surfaces or surface adscgbate
disadvantage of this approach is that the spherical cuto alstave to be taken with a grain of salt, since they may not bg full
limits the range of theGW interaction inside the material and converged with respect to all computational parameters, gnles
in the two directions parallel to the surface. The cuto radiu plasmon pole models, other model dielectric functions, or cluste
should therefore at least be as large as the slab is thicls. Thihodels were usedjorgi et al., 2011; Patrick and Giustino, 2012;
implies that the vacuum separation should at least be equal talves-Santos et al., 2014
the slab thickness, which increases the computation timénaga
for thicker slabs.
A computationally more e cient way is to apply post- 8. TWO-DIMENSIONAL MATERIALS
processing corrections to a norm&Ww calculation that does
not modify the range of the Coulomb interactiorieysoldt Research in two-dimensional materials developed rapidly afte
et al., 2008 Care has to be taken, however, that thethe isolation of graphene in 2004l¢voselov et al., 2004The
GW implementation correctly includes the dielectric tensorcrystal structure and Brillouin zone of graphene are shown
(Freysoldt et al., 200.7Otherwise, theGW calculation will not in Figure 32 Two-dimensional materials have gained great
converge with respect th-points (Freysoldt et al., 2007; Huser fame for their interesting electronic structures, whiclclide
et al., 2013 Such a post-processing correction has been derivgghenomena like Dirac fermions and topological insulat@es(m

Frontiers in Chemistry | www.frontiersin.org 37 July 2019 | Volume 7 | Article 377



Golze et al. The GW Compendium

and vg from rst principles (Trevisanutto et al., 2008; Park
et al., 2009; Siegel et al., 2Rp1Compared with calculations
based on the local density approximaticdBW preserves band
closure at the Fermi energy and increases the Fermi velocity
by 17% to give a value of 1.1 10° m/s which is in good
agreement with experiment. These studies also found kinks
which appear in the low energy band structure from electron-
phonon coupling and doping level dependent kinks of purely
electronic origin.

Replacing carbon with a di erent group IV element creates a
family of graphene-like materials. By preserving the honayzo
lattice of graphene, the materials still host Dirac fermionst b
their chemistry and Fermi velocities depend on the specic
element. For exampleGW calculations of the Fermi velocity
of planar silicon, called silicene, give a value of7.7 100
m/s (Huang et al., 2013 Because of silicon's tendency for
sp hybridization, silicene also has a buckled structure which
preserves linear dispersion at t@&V level of theory \(Vei et al.,
2019. As with graphene, the electronic structures of siliceng an
germanene (monolayer Ge) subject to hydrogenation, steaid
hybridization with other materials have been studied w@hV
(Weiand Jacob, 2013b; Drissi and Ramadan, 2015a,b; Wang et al

FIGURE 32 | (A) Graphene has two hexagonal sublatticesA and B) in its 2015; Yan et al., 2015; Wang and Wu, 2017

honeycomb structure with translation vectorsa; and a;. (B) The Brillouin zone As one goes down the group IV elements, they become
is hexagonal with two symmetry inequivalent corners labeteK and KO heavier: this has great signi cance for spin-orbit COUp"mC)

(C) Near the Dirac points atk and KO the dispersion is linear. The band . . . . . .

structure is computed at the PBE level and taken from the Comptational 2D In_ two-d_lmen5|onal _mate_”als_' _A SOC induced bar_]d gap In two-
Materials Database ilaastrup et al., 2018 with Fermi energy set to zero. dimensional materials is critical to the tOpOIOg|CaI chaeac

of their electronic structure. Stanene is a group IV monelay
(Sn) that has a sizable band gap due to SQC €t al., 2012;
and Novoselov, 2007; Neto et al., 2009; Bhimanapati et 45).20 Lu etal., 201}
Models of these e ects are largely in the single particleor A number of functionalizations or structural modi cations
single quasiparticle picture.GW serves an important purpose to graphene have been proposed for modifying its electronic
to parameterize such models from a fudllg-initio perspective. structure. Much of the research in functionalized graphene is

Two-dimensional materials often exist at the size andlirected toward achieving semiconducting graphene or, more
interaction strength that is ideally suited f@W. They are too generally, two-dimensional semiconductors. As interepstas
large (the required Brillouin zone sampling is too dense) foDirac fermions are, semiconducting layers are necessayitd
more expensive wave function or beyo@/ Green's function many layered electronic devices like eld-e ect transistoFor
methods, but their correlation is usually weak enough 88/  example, passivating graphene with hydrogen transformsiit fro
gives a good description of their electronic structure. &imio  a sheet o bonded carbon tesp. The passivated structure,
GW calculations on surfaces (section 7) or molecules (se®jpn called graphane, has @W band gap of 5 eV (Lebegue
two-dimensional materials can show enhanced interactients et al., 2009; Leenaerts et al., 2010; Karlicky and Otyepla,; 20
from reduced dimensionality and decreased screening coetpar Hadipour and Jafari, 20)5and could be useful as a two-
to bulk solids. Technical aspects G\W calculations of two- dimensional semiconductor. Other passivated graphenes also
dimensional materials include the truncation of the screg@n open aband gapqlintenbergetal., 2010; Wei and Jacob, 2)13a
Coulomb interaction between layers (similar to surfacas)l a One can also apply strain, poke holes, or form other planar
slow convergence with respect fepoints (Qiu et al., 2016; carbon allotropes by rearranging carbon bonds, many of which
Rasmussen et al., 2016; Thygesen, 2017 open an appreciable band gap @ eV) in graphene at th&W

The band structure of graphene (and many other two-level Appelhans et al., 2010a,b; Liang et al., 2012; Nisar et al.,
dimensional materials) is characterized by a zero band gap a 2012; Dvorak and Wu, 20)5
linear dispersion near the Fermi enerdg(q) VFjgj where To Il the need for two-dimensional semiconductors, one
the C () sign refers to electrons (holes) angis the wave can move away from graphene and consider materials that
vector relative to thek or K points of the Brillouin zone, see are intrinsically semiconducting. Elements from the thiadd
Figure 32 vg is called the Fermi velocity and is the slope of thefth groups of the periodic table (lll-V compounds) often
dispersion at the band edges. This linear dispersion is agliki  form a semiconducting monolayer, segure 33 This is largely
di erent than the parabolic dispersion in Equation (97), which because of tha-B sublattice imbalance in these materials, which
is the case for most materials. Not long after its discoveryppens a band gap at the tight-binding level of theavyg(lace,
GW was applied to graphene to calculate the band structur&947. A monolayer of hexagonal boron nitride (hBN) is one
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FIGURE 34 | Band structure of MoS; in the 2H phase at the PBE (black) and
GoW (red) levels. The5oWj bands include spin-orbit coupling but the PBE
bands do not. The Fermi energies for each case are indicatedybhorizontal
dotted lines. Data taken from the Computational 2D MaterialDatabase
FIGURE 33 | Top and side views of(A) hexagonal boron nitride,(B) (Haastrup et al., 2018.

hydrogenated silicene (silicane)C) phosphorene, (D) and 2H-MoS,.
Structures taken from the Computational 2D Materials Datadse
(Haastrup et al., 2018.

et al., 201y, However, conclusions from di erenGW studies
on the magnitude and character (direct or indirect) of the
band gap in Mog are not entirely consistent. Depending on

the level of self-consistency, truncation of Coulomb iaigtion,

2_00_5; Ber_seneva et al,, 2liBecause graphene a““! hBN_ havetreatment of frequency dependence, akngoint sampling, the
similar lattice constants, they can be layered or hybridieasily, GW quasiparticle band gap of MeSan vary by ~ 0.44 eV
which gives additional tunability of the electronic propesi (Qiuetal., 201p '

(Bernardi et al., 2002 GaAs is another example, with@QW
band gap of 3 eV (Fakhrabad et al., 20).40ther IlI-V

possibility, with aGW band gap of 7.5 eV {Virtz et al.,

The Mo$ case study highlights the importance of carefully

| | bl dh b died Gith converging GW calculations and the diculties of two-
monolayers are also stable and have been studied @ dimensional materials, in particular. In two-dimensional

(ZSahi.n et al, 2?092; War;]g a?]d Shi,_2010; Fakr;]rabad et aéemiconductors, the dielectric function is a linear fuoctiof g
015; Prete et al,, 0_)1P osphorene 1s T Sohmew at unusuz_;llwhich results in very slow-point convergenceasmussen et al.,
case, as a monatomic group V material. This is re ected 'r2016. TMDs are also commonly stacked in layered materials

Itrs1 “““SPa' s.tructlérgc,:whlﬁh hﬁs armchalr-llke vgrucil ki, _called van der Waals heterostructures, which allow one t@tun
shown in Figure Phosphorene is attractive because iy, gjectronic structure for device applicationshéng et al.,

has a smaller band gap than many other two-dimension 016; Arora et al., 2017: Winther and Thygesen, 20GW

sernlicondut?tors(,j cokmputetl:i to be_ 2 eVl with GbW (T'raEn allows one to predict band alignment in these heterostructure
et al., 2014; Rudenko et al., 2015; Li et al., 2016b; Steankass from rst principles (Ganesan et al., 20).6

et al., 2016; Ferreira and Ribeiro, 2)1which is well-suited
for applications.

Finally, we get to the transition metal dichalcogenided. MOLECULES
(TMDs). TMDs have the chemical formula MXwhere M is
a transition metal and X is a chalcogen, commonly S, Se, drhe application ofGW to molecules is a relatively new eld
Te. In their stable two-dimensional phase, TMDs usually formof research that has developed rapidly over the last decade.
a three-layered structure with the transition metal atomsai The electronic screening is much weaker in molecules than in
central layer between the chalcogens (called the 2H phas&., Moextended systems. The low charge density in molecules does
MoSe, WS, and WSe are all semiconductors witBopWo@LDA  not naturally t a screening interpretation of correlationhich
band gaps from 2.02.5 eV when including SOCRasmussen is intrinsic to GW and replacing the bare Coulomb potential
and Thygesen, 20).5The band structure of MoSis shown in  with the dynamically screened Coulomb interactigvh might
Figure 34 TMDs feature unusual electronic structures derivednot be the obvious choice. Even so, a rigorous tesGuY
from strong SOC and lack of inversion symmetry (3éenzeli for the He atom, with only two electrons, found excellent
et al., 201y, GW calculations at either the perturbative or agreement with numerically exact resultsi (et al., 201Y.
partially self-consistent levels improve the agreement witlin addition, the rst exploratory GoWy studies on molecular
experiment for fundamental band gapSteiwchanchamnangij systems revealed that the inclusion of screening atiidélevel
and Lambrecht, 2012; Komsa and Krasheninnikov, 201Zubstantially improves electron removal and addition eresgi
Ramasubramaniam, 2012; Espejo et al., 2013; Huser et &a;20{Grossman et al., 2001; Niehaus et al., 2005; Dori et al.,; 2006
Molina-Sanchez et al., 2013; Shi et al., 2013; Debbichi et alla et al., 2009, 2010b; Rostgaard et al., 2010; Blase etldl;, 20
2014; Ugeda et al., 2014; Qiu et al., 2016; Robert et al., 204.6; Ke, 201}
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9.1. First lonization Potentials and Electron It has been shown thaBW correctly predicts the decrease of
Af nities IPhomo in trans-polyacetylene with increasing chain length
In molecules, the single-particle statésOy correspond to (Pinheiro et al, 2015; Bois and Korzdorfer, 2)18imilar
molecular orbitals (MO) with discrete energies. The enexgy t GW studies were conducted for band gaps of linear acenes
remove an electron from an MO is referred to as ionization(Wilhelm etal., 2016 The photovoltaic properties can be further
potential. The negative of the electron a nity (EA) correspam modulated by using two dierent organic semiconductors
to the energy needed to add an electron to the LUMO of thdn the cell: a molecule with a low Hwmo (electron donor)
neutral system (EAL_umo= Lumo), See also Equations (1) and and molecule with electron-acceptor character, i.e., with a
(2). GoW, provides access to both quantities. Furthermore, w&igh EA (ippelen and Brédas, 20n9The level alignment of
can calculate the fundamental gap from the rst ionizationSuch donor-acceptor systems has been studied W&W for

potential, IRjomo, and the electron a nity tetrathiafulval_ene_ (TTF) and tetracy_anoethylene (TCNE) or
tetracyanoquinodimethane (TCNQ) dimers, demonstrating th
1tgap D IPhomo  EALUMO. (99) importance of well-chosen starting points or self-consistent

schemesaruso et al., 2014; Gallandi and Korzdorfer, 2015
The fundamental gap should not be confused with the optical The accurate prediction of charged excitations is not only
gap 1 ogap Which is the energy needed for the charge neutraimportant for organic semiconductors, but also for DNA and
excitation from the HOMO to the LUMO. The optical gap is RNA nucleobases in order to study their damage following
lower in energy tharl gap and cannot be obtained fromGW.  exposure to ionizing radiation. IPs and EAs for these molesul
It de nes the threshold for photons to be absorbed and for thehave been reported at th8yWg level in good agreement with

formation of a bound electron-hole pair (exciton). Conveyse experiment and quantum chemistry methodsper et al., 2011;
the fundamental gap is the energy threshold for the fornmatd Qian et al., 2011; Gallandi and Kérzdorfer, 215

a separate electron-hole pair, which is not bound togetherait
be considered as the molecular equivalent to the band gap, s@€2. lonization Spectra
alsoBredas (2014andBaerends et al. (2013) The GW approximation has also been applied to calculate
GW has been mainly applied to compute the IP for theexcitations of deeper valence states for small organic mlelec
HOMO and the electron anity for -conjugated molecules (Korzdorfer and Marom, 2012; Marom et al., 2012; Caruso et al.
with potential for organic photovoltaic applicationslgse et al., 2013a: Egger et al., 2014; Ren et al., p@nd also medium-
2011; Faberetal., 2011, 2012; Ke, 2011; Gallandi and Kierdo sized -conjugated moleculeD(ri et al., 200% An example is
2015; Gallandi et al., 2016; Knight et al., 2016; Wilhelnghown inFigure 35 where the ionization spectrum of pyridine
etal., 2016; Marom, 20).7Examples for relevant-conjugated s displayed for the rst 12 valence states. Compared are the
organic molecules are linear acenes (linearly fused benze@w,@PBEO spectrum and the experimental PES. The positions
rings), quinones, aromatic nitriles, anhydrides, porphgiiand  of the peaks are in good agreement, in particular for the rseg
thiophene polymers. These classes of molecules are parljculagalence excitations. Benchmark studies for azabenzeoesesh
suited as organic semiconductor because their EA is oftethat a HF starting point yields distorted spectra, while hybrid
positive!? (Richard et al., 20)i.e., they are electron acceptorsDFT functionals and self-consistent schemes yield spectra tha
and their fundamental gap is much smaller than in inorganicagree well with experiment{arom et al., 2012 However, it has
molecules. For example, smaller acenes have gaps between 6{feen found that the energy spacings and positions are not always
7.0 eV Richard et al., 20)6whereas the fundamental gap of areproduced satisfactorily. For example for benzene, the spating
small inorganic molecule like water is larger than 14.0 e¥n(  the HOMO-1 and HOMO-2 is vanishingly small for all starting
Setten et al., 20)5 points and also $8W (Ren et al., 2015 The exact spacing is
The fundamental gap, ikbmo and EA are critical parameters |arger than 0.5 eV. It has been demonstrated that a bey@wd
for the charge transport in organic semiconductors. Over thegcheme, so-called “vertex corrections,” are necessarptoate
last years it has been shown tHaw predicts these properties these two peaksien et al., 2075
well. Using an appropriate starting point (see section 4.7), The deeper valence states are generally less valuable for
the reported mean absolute deviations (MADs) ofudifio  characterization and chemical analysis. Core excitatiwrgies,
and EA are less than 0.2 eV from the CCSD(T) referencen the other hand, are a powerful tool to investigate the clezni
(Gallandi et al., 2016; Knight et al., 201%he MAD of IPhomo  structure of complex molecules and materials. They are elemen
with respect to experiment can be even reducektd.1 eV  speci ¢, but are also sensitive to the atomic environmenthsas
when including also vibrational e ects in th&W spectra covalent bonding, hybridization or the oxidation sta@i¢gbahn
(Gallandi and Korzdorfer, 2035 et al., 1969; Bagus et al., 1999, J0The application ofGW
The electronic properties of -conjugated molecular to core states is more di cult than to valence states, as wié wi
structures can be tuned by, e.g., increasing the chain tkengtexplain in more detail in section 11. Core excitationg3kV are
an emerging research eld and appropriate numerical algorithms
10Note that di erent sign conventions are used for EA in literatuvée de ne EA have only been developed recento(ze et al., 20)8

as the energy required to detach an electron from a negatively etiapecies. If . . .
EA is de ned as the energy required to add an electron to a neutashathe sign LaStly’ we will brie y address peak broadenmg;NV spectra.

swaps. EA refers always to the LUMO. The label for the state isftverdropped ~ 1N€ GoWo spectrum inFigure 35has been arti cially broadened
in the following. to facilitate comparison with experiment. This broadening
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FIGURE 36 | GW100 benchmark comparing IR4jomo energies computed at
the GoWo@PBE level. FHI-aims is set as referenc&:IPyomo =
IPhomo(FHI-aims) IPhomo(X).(A) Comparison of extrapolated/converged
results for VASP [laggio et al., 2017), WEST Govoni and Galli, 2019,
BerkeleyGW (van Setten et al., 2015. Shown are the results from
full-frequency treatments and iterative solutions of the B equation.

(B) Comparison of localized basis set codes using the Gaussiandsis set
def2-QZVP {Veigend and Ahlrichs, 2009 for Turbomole (no-Rl)\an Setten
etal., 2015) and the N3 implementation in CP2K (Vilhelm et al., 2019. Note
that BN, O3z, MgO, BeO, and CuCN are excluded for WEST, VASP and CP2K
and that the BerkeleyGW and Turbomole data contain only a subset of 19 and
70 molecules, respectively. Box plot: Outliers representéby dots; boxes
indicate the “interquartile range” measuring where the blalof the data are.

FIGURE 35 | lonization spectrum of pyridine GgWo@PBEO QP energies they are computationally tractable. Moreover, they provide
compared to the experimental photoemission spectruml(iu et al., 2011). The diversity in the electronic structure due to di erent types of
calculated spectrum has been arti cially broadened; the potion of the QP covalent bonding

energies is indicated with vertical bars. All QP energies aextrapolated using . .

the cc-pVnZ (n=3-6) basis sets, seeAppendix C for further computational The rst systematic benchmarks were performEd using a
details. The QPs of the rst valence states are colored in redgreen and blue. small set of 34 moleculeRstgaard et al., 2010; Bruneval
and Marques, 2093 Van Setten et al. took this idea further
and proposed theGW100 benchmark setvan Setten et al.,
2015, which is currently the largest and most popul@&Ww
mimics vibrational, experimental resolution and nite lifme  penchmark set. It contains 100 molecules that feature auari
e ects. With regard to electronic lifetimes, also quasipdet{iQP)  of elements from the periodic table. The origir@W100 paper
excitations in molecules have nite lifetimes accompanigdab reports HOMO and LUMO quasiparticle energies computed
nite broadening. Such a nite broadening would be revealedat the GyWo@PBE level and the corresponding experimental
in the full spectral functiorA(! ), see Equation (3). The peaks references. Van Settast al. used the test set for a quantitative
close to the Fermi energy are usually sharp delta-like pedkts w comparison of the di erentGW methodologies implemented in
higher energy excitations may decay through the formatién othe program packages Turbomole, FHI-aims and Berkalsy
electron-hole pairs or collective excitations resultingoioader They compared the performance of di erent basis sets (plane
peaks, see€aruso et al. (2013&fpr a detailed discussion of wave vs. localized), handling of core and valence eleci@hs

lifetimes of quasiparticles in molecules. electron vs. pseudopotentials) and di erent frequency insign
techniques. The codes with localized basis sets (FHI-aims
9.3. The GW100 Benchmark Set and Turbomole) agree to a precision of 1 meV for most

An important aspect in electronic structure theory is molecules. The deviation of the BerkeB/ plane wave code
benchmarking. Benchmark sets are very common in quantuno the basis-set-extrapolated FHI-aims and Turbomole result
chemistry, but have not found their way in8W until recently. is in the range of 200 meV. These numbers refer to the IPs
Molecules o er a distinct advantage compared to solids forobtained from full-frequency integration techniques ashble
benchmarking because accurate reference energies can ibeall three codes. Based on this, van Setten et al. identi ed
computed with high-level quantum chemical methods. Forthe basis set size as one important aspect for the accuracy of
this purpose, sets of small molecules are bene cial sinc@W calculations.
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The test set served later as a benchmark for the RBW
implementation in VASP [{laggio et al., 2017 This comparison
established that the carefully converged PAW plane vz
calculations agree very well with the extrapolated residta the
localized basis set codes. The MAD from the FHI-aims refezeng
values is 60 meVGW100 investigations with the WEST code
gave similar results and highlighted the need for a re-eatin
of the pseudopotentials for some element&ogoni and Galli,
2019. Moreover, theGW100 test set has been used to validate
the accuracy of the low-scalir@W algorithm based in CP2K
(Wilhelm et al., 2018 A comparison between the di erent codes
is reported inFigure 36 Extrapolated values are represented in
Figure 36A comparing plane wave codes to FHI-aims, whereas
the comparison irFigure 36Bis restricted to codes with localized | FiGuRE 37 | Fundamental gaps of gas-phase benzene and band gap of the
functions. A list of all codes that ran tt@W100 benchmark can | benzene crystal (space group Pbca). PBE was used as startingoint for the
be found inGW100 (2018) GoWj calculations. Data retrieved fronRefaely-Abramson et al. (2013)

The GW100 test set was not only used to validate the
reliability of numerical techniques iGWo implementations. It
has been also used for a comprehensive assessment of di erent
self-consistenGW methodologies: €8W, QSGW and s&Wy The gap renormalization typically lies in the range of 2—
(Caruso et al., 20)6The results were compared to CCDS(T) até eV (Kronik and Neaton, 2016and has been studied with
the polarized triple-zeta level reporting the smallest disareies GW for benzene Refaely-Abramson et al., 2Q1&orannulene-
for QSGW. A comparison of basis set extrapolated CCSD(Tpased materialsZpppi et al., 201), Cso (Refaely-Abramson
and GW schemes was performed shortly afterwards for &t al., 2013 pentacene fharifzadeh et al., 2012; Refaely-
smaller, more specialized benchmark set of 24 organic electr Abramson et al., 20)3 perylenetetracarboxylic dianhydride
acceptor molecules, whe@ W, based on long-range corrected (PTCDA) (Sharifzadeh et al., 20), ®ctaethylporphyrin (HOEP)
hybrid functionals emerged as the b&W method Gallandi  (Marsili et al., 201} 6,13-bis(triisopropylsilylethynyl)-pentacene
et al.,, 2016; Knight et al., 2016Since then, also equation (TIPS-pentacene) Sharifzadeh et al., 20)Lland oligoacenes
of motion (EOM) coupled cluster benchmark sets have beefRangel et al., 20)6The gap reduction is not captured by
published that provide reference spectra (and not just HOMGstandard DFT calculationsRefaely-Abramson et al., 2013
or LUMO energies) for molecule$ énge and Berkelbach, 2018;see alsoFigure 37. In fact, the DFT gap remains almost
Ranasinghe et al., 20119 unchanged when transitioning from the gas to the crystalline

phase because the long-range polarization e ects responsible
for the gap renormalization are not included in conventibna
9.4. Molecular Crystals DFT functionals.
Modern applications of GW comprise not only isolated The molecular orbitals of molecular crystals resemble tlodse
molecules, but also molecules in the condensed-phase, suashisolated molecule. However, the overlap between neiginpo
as organic molecular crystals. These materials are composemlecules is not zero resulting inkadependence (dispersion)
of weakly bonded molecular units held together by, e.g.; varof the energy levels. Starting with early work ogoGShirley
der-Waals interactions, dipole-dipole interactions or hgden and Louie, 1998 GW band structures have been reported for a
bonds. Here, we summarize only some key applicatio@®Wwfto  wide range of organic crystal§i@go et al., 2003b; Sharifzadeh
molecular solids. A more comprehensive discussion can bafou et al., 2012, 2015; Refaely-Abramson et al., 2013, 2015i Fona
in the specialized review b$ronik and Neaton (2016) et al., 2014; Yanagisawa and Hamada, 2017; Cocchi et &;, 201

Molecular solids exhibit a band gap renormalization similarRangel et al., 20).8As for inorganic semiconductor§W opens
to molecular adsorbates discussed in section 7. The bandfgapthe band gap and increases the band width with respect to DFT.
molecular solids is signi cantly smaller than the fundanelgap  For example GW band widths reported for pentacenéifgo
of the isolated moleculesSéto et al., 1991 As for molecular etal., 2003b; Sharifzadeh et al., 20PTCDA (Sharifzadeh et al.,
adsorbates, the gap renormalization is a direct consequenc 2012, rubrene {fanagisawa et al., 201®r picene {anagisawa
polarization e ects. It is also present when there is no waveet al., 201)lare larger by more than 15%. The bands of molecular
function overlap between neighboring molecular units. if a crystals are relatively at compared to inorganic semicocidus
electron is added to or removed from a certain molecule, e n (see section 6). For exampleW-computed band widths for
charge carrier is screened not only by the molecule it wagddd pentacene are only 0.4 eV for the valence and 0.7 eV for the
to, but also by the surrounding molecules. This renormdi@a conduction band §harifzadeh et al., 20)L.2
e ect is shown inFigure 37for the benzene crystal. The HOMO  Molecular crystals are an ideal testbed W embedding
level moves up in energy with respect to its position in the gaschemes since the band gap of molecular solids is mainly
phase molecule, whereas the LUMO moves down resulting in determined by polarization e ects and signi cantly less by
gap reduction. dispersion. In the spirit of quantum mechanics/molecular
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mechanics (QM/MM) embedding schemes the molecular crystat
is partitioned into a small part that is calculated wi@W and
a much larger MM part. In the embedding scheme proposed
by Blase and co-workers, the small part to whiGW is
applied consists of one or more molecules, while a continuum
polarization model is used to include the response of the MM
system Puchemin et al., 2016; Li et al., 20)6&hey reported
GW/MM gaps for pentacene and per uoropentacene that are in
close agreement with the bulk referen¢e ¢t al., 2018 Such
embedding schemes are often computationally more e cient
than periodic boundary condition calculations, especially f
local orbital basis set codes.

FIGURE 38 | Density difference for the CO molecule between Hartree-Fdc

10. TOTAL ENERGY AND THE (HF) and PBE (left), coupled cluster singles-doubles (CC$BNnd
self-consistentGW (right). Charge depletion in the three methods is encoded
ELECTRON lC GROU N D STATE by blue and charge accumulation by red colors. The same comptational

settings as inCaruso et al. (2013a)have been used.

In addition to the quasiparticle spectrum, the Green's fuonti
also provides information on the electronic ground statetrBo
the ground state density and the ground state total energy ar

accessible. However, very few studies have explored grounfi€ good agreement betweerG and CCSD and experiment
state properties witfGW. Since this review mainly addressesis further testimony for the quality of th&W density.

Spectroscopic propertieS,We will on|y brie yaddr@ﬁ/ground Since fU”y self-consister&W calculations are numerically
state calculations here. quite involved and can currently only be performed for small
systems, DFT densities are still used in the majorityGW
10.1. Electron Density studies. However, in situations in which the underlying DFT
The ground-state density(r) follows directly from the Green's Kohn-Sham spectrum has the wrong order of states, erroneous
function (Fetter and Walecka, 19y 1 charge transfer can occur in the DFT calculation. This is,
X for example, frequently the case in molecular complexes, if
nrb i G (rtbO0). (100) the HOMO of one molecule erroneously ends up above the

LUMO of another. The correspondino will not re ect the
true ground state density of the complex and the subsequent
The total electron number contained iG can be obtained GyW, calculation will be wrong.GoW itself cannot rectify
through integration of the density. For a self-consisté@t this sjtuation because it has no access to the density. Only
that has been obtained from a converged solution of Dysonself-consistent schemes can correct the density and thenGree
equation Gchindlmayr, 1997 this number should then equal function. Examples of such molecular complexes are dimers
the total number of electron®N in the system. Also €Wy  of tetrathiafulvalene (TTF) with tetracyanoethylene (TONE
satis es this particle number conservation law, but all athe tetracyanoquinodimethane (TCNQ) and p-chloranil. In alkes,
approximate self-consistency schemes as wen¥ violate  sqGW stops the erroneous charge transfer that occurs in PBE
particle number conservation. and in hybrid functionals with a low amount of exact exchange
Figure 38shows density di erences compared to the Hartree-(Caruso et al., 20)4The resulting charge density re ects the
Fock method for PBE, coupled cluster singles-doubles (CCSDholecular charge densities that are slightly perturbed whbe
and self-consistertW for the CO molecule. Overall the pattern molecules are closest to each other.
is similar. All three methods remove charge from the bonding
region and the top of the oxygen atom and focus it on thel0.2. Total Energy
carbon atom and @ orbital of the oxygen atom. The charge The total electronic energy can be obtained from the single-
density di erence pattern between CCSD, a high-level quantunparticle Green's functionG via the Galitskii-Migdal (GM)
chemistry method, and €W is very similar. This indicates that formula: (Galitskii and Migdal, 1958; Fetter and Walecka, 7971

the GW density is of high quality. X Z

From the density, the dipole moment of CO can be calculated. . . @
In PBE the dipole moment amounts to 0.2 Debye, in HF 10.13 EouD | dr dt rlémrc I @ CR G (), oy
Debye and from $BW we obtain 0.07 DebyeC@ruso et al., 0t

20123. The CCSD dipole moment is 0.06 Debyesfuso et al., ) o
2012D. All values were computed at the equilibrium bond-lengthWhere.ﬁo contains the kinetic energy operator and the external
of the respective method and the experimental dipole momerotential. This equation can be recast into a more familiar
is 0.11 Debye M|ST, 2019. CCSD and €W again agree Iooklng form (Stl’lnatl, 1988; Caruso et aI., 20).38

closely and also match experiment reasonably well, wheiggs P

overestimates the dipole moment and HF gives the wrong sign. Eot[G] D T[G] C Eex{G] C Ex[C] C Ex[C], (102)
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in which T denotes the kinetic energley: the external potential
energy, andey the Hartree energy. The exchange-correlation
(xc) energy

Z14
Ec[GID  2-Trf6 (it )G(il )g (103)
0

is given by the self-energy6, and the Green's function.
Equation (102) is appealing because it contains the same terms

as the DFT total energy. Notable dierences are that the FIGURE 39 | Total energy of atoms computed with three differenGW variants
Kinetic energy is the fuIIy interacting kinetic energy andtn for atoms gnd small molecules plotted asadif_ference to the &sentially exact
that of an auxiliary non-interacting system. Correspondjng Con guration Interaction (Cl) results. Data retrieved froraruso et al. (2012a)
the exchange-correlation energy is purely due to electronic

exchange and correlation and does not need to also approximate

the di erence between the interacting and the non-interagti o guration interaction (the essentially exact solutianyist be

kinetic energy as in Kohn-Sham DFT. due to missing vertex corrections. This contribution is much
TheGW total energy is closely related to the popular random-gmaiier than the two correlation contributions.

phase approximation (RPA) in DFTéngreth and Perdew, 1977;
Hesselmann and Gorling, 2010; Eshuis et al., 2012; Ren et al.,
20121. The xc energy irGW and RPA can be represented in 11. CURRENT CHALLENGES AND
terms of topologically identical Feynman diagrarig(lgrenand  BEYOND GW
von Barth, 2007; Caruso et al., 20)&nd thus have a total
energy expression with the same functional dependence on tiel.1. Challenges
Green's function Klein, 1961; Dahlen et al., 2006b; HellgrenAs successful as th&W approximation is for describing
and von Barth, 2007 However, the RPA energy is evaluatedquasiparticle excitations, there are still technical andtkécal
with a non-interacting Green's function (originating fromm  challenges to overcome. Core-level spectroscopy is a valuabl
local Kohn-Sham potential) and th&W energy with a fully tool for chemical analysis and characterizing materialse Th
interacting Green's function. In fact, the Dyson equati@sults operating principle is the same as PES and IPES discussed
as stationary equation from the optimization of tl@&WV total in section 2, though at higher incident energies using X-
energy with respect to the Green's function in the Klein orrays. The technique is then referred to as X-ray photoel@ctro
Luttinger-Ward functionals. spectroscopy (XPS). Core levels of the same type, for example,
Early GW calculations for the homogeneous electron gasli erent carbon 1s states, are element-specic, but are also
found the total energy to be in good agreement with Quantunsensitive to the local chemical environment, i.e., bongding
Monte Carlo calculationsvpon Barth and Holm, 1996; Holm hybridization or the oxidation state Hgelho, 1987; Bagus
and von Barth, 1998; Holm, 1999; Holm and Aryasetiawanet al., 1990 However, these so-called chemical shifts are for
2000; Garcia-Gonzalez and Godby, 20GW also captures van second-row elements often smaller than 1 elegbahn et al.,
der Waals interactions as exempli ed by the total energy eurv1969. The energetic di erences are particularly minute for
between two jellium slabsS@arcia-Gonzalez and Godby, 2002 carbon with XPS peaks that are separated by less than 0.5 eV.
and by changes in th&W density of the argon dimerHerri  Such spectra are hard to resolve and interpret. Theoretical
et al., 201h More recently it was shown that the lattice constantsspectroscopy can be a valuable tool to aid the interpretation of
and bulk moduli of simple solids agree much better betweerxperimental results.
experiment andGW than with LDAs, GGAs or HF Kutepov For core levels, however, the simple, single quasiparticle
et al., 200R However,GW total energy calculations for atoms picture can break down. The incident photon in PES may
(seeFigure 39 and small molecules show the oppositetdn produce spectral features away from the single-particle peak.
et al., 2009; Caruso et al., 2012a, 2).1Beesumably due to the If the additional peak is broad, these so-called satellits c
low amount of screening self-consiste®\W calculations are be attributed to the collective excitation of the systemeiaft
outperformed by high-level quantum chemistry methods andhe electron is excited. If the additional peak is narrow or,
even simple DFT functionals. equivalently, has a long lifetime, the electron has spectral
Further analysis Hellgren et al., 20)5reveals that the weight divided between multiple particle-like eigenstates of
di erence betweerGoWo@HF and SEW can be ascribed to the the system Golze et al., 20)8 This e ect can also appear
di erence in the kinetic energy (termed here kinetic cort@a  when probing the multiplet structure of open-shell systems
in analogy with DFT) because their Coulomb correlation ejies  (Lischner et al.,, 20)2 In these cases, the quasiparticle
are almost identical for the small systems showrFigure 39  equation can have multiple solutions, making both tav
Conversely, the di erence betweeBoWo@PBE and €&W is calculation and interpretation of the result more dicult.
almost entirely due to Coulomb correlation. Both CoulombThe problem also appears for more conventional valence
and kinetic correlation are large, as illustrated Figure 39  states of small molecules, and recent work has shown that
Once included, the remaining di erence betweeG3 and full  these multiple solutions lead to unphysical discontinuities
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in quasiparticle energies and that@W can exacerbate the computed from accurate many-body wave functions so that
problem (Loos et al.,, 2018; Véril et al, 2018Just as correlationis treated beyon@W. The subspace Green's function
for experimental spectroscopy, the sensitivity of core statesan be self-consistently iterated with the remaining degref

to the local environment makes th&W calculation more freedom described at th&W level of theory flartin et al.,
challenging than for conventional valence states. Due $o it201§. Other routes to combin&sW with quantum chemistry
value for chemical analysis and dearly needed support fare an emerging eld. A newly developed method combiG&¥
XPS experimentsGW for core levels can yield useful insight with con guration interaction by embedding a wave function
and is an ongoing topic of researcfzhou et al., 2015, calculation inside of a Green's function calculatiobvprak

Golze et al., 2018) et al., 2018; Dvorak and Rinke, 2)1Phese developments o er
Spin dependence inGW calculations is important for valuable insightto merge these disciplines in the future.
understanding magnetic systems and is critical to the edeat Green's functions are also directly studied in quantum

structure of topological insulators. Already in the casedllicear  chemistry, where they are more commonly called propagators.
spin, when the spin quantum number is either up or down,There certainly is some overlap between the two communities
spin polarization has an e ect on the excitation spectrum ofin their treatment ofGW or GW-like approximations. Because
MnO (Radl et al., 2008 By including spin-orbit coupling (SOC) we primarily focus onGW and Hedin's equations in physics,
in the one electron Hamiltonian, single-particle statesdmee we refer the interested reader to the work ©&derbaum and
noncollinear and can no longer be decomposed into up oDomcke (2007andOrtiz (2012)for a perspective of propagators
down. Noncollinear calculations are important in relatiés in chemistry.
systems with strong SOC or when describing magnetic e ects
(Sakuma et al., 2011; Kutepov et al., 2012; Ahmed et al., 2014;
Kiihn and Weigend, 2015; Scherpelz et al., J0E6r materials  11.3. Non-equilibrium Green's Functions
with heavy elements, energy shifts due to spin-orbit couplinghe GW approach has also been applied to systems in
must be included for good agreement with experiment on bangtrong external elds. These include quantum transport
gaps Gcherpelz et al., 20)L6Topological insulators commonly calculations (hygesen and Rubio, 2008; Spataru et al., p009
contain heavy elements (Se, Te, Bi, Sb) and depend on spiand semiconductors in strong laser eldSi{ataru et al., 200)la
orbit coupling for band inversion4guilera et al., 2013a,b, 2015a;The problem of describing quantum transport is similar to that
Nechaev and Chulkov, 2013; Nechaev et al., RFdr a detailed of level alignment at a molecule/metal interface discussed
review of GW+SOC calculations, seéguilera et al. (2015b)To  section 7. First, the alignment of molecular states in thetact
describe spin-dependeintteractiondetween particles, one must region relative to the Fermi level of the metal leads detaasi
generalize Hedin's equations beyond the Coulomb inteoscti the overall conductance. Second, for applied biases, chalige wi
which has no spin dependence. This generalization was recentlyw from the lead into the molecule or molecules in the corttac
completed Aryasetiawan and Biermann, 2008, 2pafd allows region. This charge ow will alter the electron density of the
one to treat magnetic dipole-dipole interactions, for example  system and therefore the quantum mechanical interactions.
Self-consistenGW calculations (hygesen and Rubio, 2008
11.2. Quantum Chemistry take charge transfer and the associated change in screening
Quantum chemistry o ers an established, albeit expensivatero (e.g., image eect) and the many-body interactions into
to compute particle addition/removal energies in moleculesaccount correctly. $8W is an appropriate tool for nite,
lonization energies and electron a nities can be computed asmall bias quantum transport calculations, as benchmarked
the dierence of total energies between the neutral moleculéor instance for thiol- and amine-linked benzene/goldt(ange
and the ion. In fact,GW calculations on small systems areet al., 201)Land alkane/gold junctionsStrange and Thygesen,
often compared with coupled cluster results as a benchmark. 201). Strong correlation e ects in quantum transport, such
direct comparison between correlated wave-function ande®s as the Coulomb blockade or the Kondo e ect, can, however,
function methods to determine the level of correlation dédsed not be captured with theGW approach and require a
by each is somewhat challenging. In certain cases, it ishgessi beyond GW treatment of correlation $pataru et al., 2009;
recent work compares diagrams included @W with those Thoss and Evers, 20)L8
included in equation-of-motion coupled cluster theorignhge For strong external biases in quantum transport and systems
and Berkelbach, 20).8 in other strong external elds, the electron distribution is
Generally, nonperturbative wave-function methods areperturbed so strongly that it can no longer be described
considered beyondsW, even if they rely on an ansatz or by an equilibrium Fermi function at a nite temperature.
other approximation. In Green's function embedding theoriesIn such non-equilibrium cases, the Green's function theory
quantum chemistry (either full or truncated con guration described in this review article is not applicable anymore. Non
interaction) can be used as a high accuracy Green's functicequilibrium scenarios can be incorporated into the Green's
solver in a subspaceZid et al., 201 After computing the function formalism, by switching to non-equilibrium Green'
subspace wave function, one directly computes the amplitudes fanctions de ned on the Keldysh contou@hlen et al., 200§a
Equation (5) for the subspace Green's function. WgtandGo  These non-equilibrium Green's functions obey the Kadano -
in hand, it is then trivial to compute the self-energygvlyukh  Baym and not Hedin's equations. The Keldysh contour formalism
and Hubner, 200y In this subspace, the Green's function isgoes beyond the scope of this review article and we refer the
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only a small subspace. As@W, 0 can be selectively iterated or
computed in a single-shot way to further lower the cost.

The earliest approaches to vertex corrections used an
approximate vertex based on the local density approximation
(LDA) to Kohn-Sham DFT [ybertsen and Louie, 1986; Del
Sole et al., 1994In these approximations, the LDA exchange-
correlation functional is used in place of the self-energy to
compute the functional derivative. The approximate vertexeent
the polarizability and interaction as

Vxe(1)
fyo(1,2) D )
® DVl oVCfo] ! (104)

wheren is the electron density anf determines the vertex
correction. The advantage of the LDA is thét can be
calculated analytically.

These approaches are computationally much lighter than the
true vertex and, for that reason, are still usegtiimidt et al.,
2017. Approximate vertex corrections can also be extended
beyond the LDA to recover a more realistic behaviohén and
Pasquarello, 201%aThe inclusion offyc has its roots in time-

" ) ) dependent density functional theory (TDDFT) and is somewhat
quantities are coupled to all others. Here, we omit the Harge potential from . . . . . .
the G diagram, though it must also be included when translating th diagrams inconsistent with the Green's function formalism. The nal
to the equations inAppendix B . results of such calculations can improve band gaps compared to
GoWo (Chen and Pasquarello, 20)%x band centers compared
to GoWp (Schmidt et al., 201)7Shaltafet al.found that a GGA-
based vertex correction had a negligible e ect on band o sets i
interested reader to two excellent recent booRs={anucci and  the Si/SiQ interface Ghaltaf et al., 2008
Leeuwen, 2013; Karlsson and Leeuwen, 018 Diagrammatic vertex corrections, instead of those based on a

In one application of this non-equilibrium formalism highly density functional, are a more consistent and formal extemsio
excited GaAs was investigated. It had been hypothesized th@t GW. One can build uponGW in a fully diagrammatic
GaAs could become metallic if enough electrons could bé&ramework by including vertex corrections in the perturheg;
promoted from the valence to the conduction band with asingle-shot self-energy. These methods are analogous to the
strong laser. Non-equilibriumGW calculations showed that GyWg approach in that the vertex correction is computed only
the band gap was indeed decreasing with increasing lasene time, and the quasiparticle energies are usually computed in
power, but would not close completely, falsifying the hypoihes a diagonal approximation. For example, second order screened

FIGURE 40 | Diagrammatic representation of Hedin's equations. All 5

(Spataru et al., 200%a exchange (SOSEX) and related approximations include a subset
of exchange-type diagrams which are a vertex correcticdB\6
11.4. Vertex Corrections (Shirley and Martin, 1993b; Bobbert and van Haeringen, 1994

To go beyond theGW approximation, one must include [N the approximation ofRen et al. (2015the diagonal matrix
vertex corrections. The full set of Hedin's equations, uoghg ~ €lements ofGWCSOSEX are
the vertex, are shown diagramatically iigure 40 which

0i g GW (i SOSEXi| yi O
can be directly compared tdrigure 9. The mathematical hsl 621(" )():(6C i )J_é' o _(105)
equations are inAppendix B.2 By comparison to theGW D 1 i o (f; ) bstijap hap W(i! 9 jsi
diagrams, we see that treating the verteX, beyond a 2 4 ap @ CH! o dioc 9 9’

single spacetime point signi cantly complicates the equations

as demonstrated for a single diagram iRigure 8 The wherefy and f, are Fermi occupation factors angijjgp is
vertex contributions beyond(1,2,3) D (1,2) (1,3) are dened in Appendix A. Notice extra matrix elements in the
commonly called vertex corrections. The exact vertex iegithe numerator and factors in the denominator compared to the
functional derivative 6= G. This functional derivative cannot equation for the GW self-energy inFigure 10 SOSEX-type
be computed numerically and must be derived analytically. Anyapproximations generally improve upoGW band gaps in
resulting vertex is extremely expensive to compute becausenitolecules Ren et al., 201)5In the perturbative approach, these
now depends on three spatial, spin, and time indices. There alculations are relatively lightweight but have the satagiag

a few reasonable options for reducing the expense: using goint dependence dboWop.

approximates from a di erent theory to simplify the derivative, A systematic bridge between diagrammatic vertex corrastio
using a diagrammatic but simpli ed, or using an exacd in and TDDFT was developed by Del Sole, Reining, and others
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(Streitenberger, 1984a,b; Reining et al., 2002; Adragna.,et al The e ective two-particle Hamiltonian for correlated optical
2003; Del Sole et al.,, 2003; Sottile et al., 2003; Brunewcitations Gtrinati, 1982, 1984; Rohl ng and Louie, 200¢alled
et al., 200k In this approach, the kernel to construct the excitons, is

irreducible polarizability is cast as only a two-point furosti X

This is in contrast to the exact verte®, which depends on (a AR C  HhajKji%d Ao D « PAL

four spacetime coordinates to compute, making it much more 100

expensive (four coordinates for the derivatige(1, 2= G(4, 5), haj Kji%% D Wiajoo C Viioyp (106)

see Appendix B.2). This two-point kernel can only be used
inside of W. Outside ofW, the three-pOint nature of the vertex where i and a denote again Occupied and empty states,
is unavoidable. The simplied many-body approach retainsrespectively, i= is a quasiparticle energyAiF;‘ is the Pth
the simplicity of a TDDFT kernel but has its foundation exciton wave function in the single-particle basis, anfl is
in many-body theory. By adopting th&W approximation the P excitation energy. Equation (106) makes the common
to 6, an approximate, analyti(f)gp exists. Calculations of Tamm-Danco approximation (TDA), which ignores backward
the dielectric function in Si and GaAs show good agreemenpropagating electron-hole pairs that are present in the exact
between thefY” approach and a solution for the full vertex BSE. Matrix elements df, 6= G, include a direct screened
(Adragna et al., 2003 interaction W) and repulsive exchangev)( Schematic and
More recent work has included diagrammatic vertexdiagrammatic representations of the optical process are shown
corrections to solve Hedin's equations at some level of selin Figure 41 BSE calculations can be considered a rst iteration
consistency, though still at an approximate levéirifneis of O in Hedin's equations to go beyon@&GW for particle
et al., 2014; Kutepov, 2016, 2017; Maggio and Kresse).201addition/removal energies, if the resulting polarizalilits
The greatest conceptual and computational di culty to thesereinserted intoV.
calculations is how to updat®. Because) enters in both The rst BSE calculations included only the bare electron-
o and 6, and because full self-consistency is so expensiveple exchangeHanke and Sham, 19y3n a semi-empirical
it is advantageous to updat® in only one portion of the basis and were then extended to include the direct, screened
calculation. For example, one could evaluate the interadfib  interaction (Hanke and Sham, 1979, 198@b-initio GW/BSE
with a diagrammati® once at the beginning of the calculation. calculations focused on semiconductors like Si, GaAs, ad L
KeepingW xed, only G and 6 are updated through Dyson's whereGW/BSE produces optical absorption spectra and exciton
equation in the self-consistency cycle. While this procedisr binding energies in close agreement with experimedhila
only partially self-consistent, it incorporates a diagrantima et al., 1995b; Albrecht et al., 1997, 1998a,b; Benedict. et al
0 while keeping theGW level of complexity through the 1998a,b; Rohlng and Louie, 1998, 2000; Benedict and Shirley
self-consistency cycle. When applied to semiconductor$999. Similar to the proliferation oGW since its early successes,
and insulators, and with some practical restrictions 6n GW/BSE has been applied extensively to soliish(eife et al.,
solutions of Hedin's full equations give noticeably bettend 2011, 2018; Rinke et al., 2012; Erhart et al., pOhélecules
gaps thanGW (Kutepov, 2016, 20)7 Full, self-consistent (Korbeletal., 2014; Bruneval et al., 2015; Jacquemin 204H),
solutions of Hedin's exact equations remain out of reach irsurfacesfalummo et al., 20Q4and two-dimensional materials
real systems, and even partially self-consistent schenges ar (Komsa and Krasheninnikov, 2012; Ramasubramaniam, 2012;
technical challenge. Huser et al., 2013a; Qiu et al., 2013, 2016; Shi et al., 2G&8;aU
et al., 2014; Dvorak and Wu, 201%As with Dyson's equation,
equations with the Bethe-Salpeter form appear in dierent
. . contexts in many-body theory. For example, a Bethe-Salpeter
11.5. Optical Properties equation can also describe spin-ip excitations in magnetic
Calculations of the many-body vertex have another applicatiomaterials (iller et al., 2015
beyond particle addition/removal energies. Optical procgsse
such as photon absorption, can also be modeled in the Greerilsl.6. T-Matrix
function formalism. In such a case, the relevant correlatio The framework of Hedin's equations, an@W in particular,
function is the time-ordered two-particle correlation fuimn, places great emphasis on the screened Coulomb interaction.
L. L obeys a Dyson equation lik&, except that the role of Indeed, many of the approximate schemes presented here
the self-energy is instead played B~ G. The Dyson series frame the exact vertex as a correction (hence the term “xerte
for the full vertex to determine. is called the Bethe-Salpeter correction”) to aGW calculation of the self-energy. In certain
equation (BSE) in physicsSélpeter and Bethe, 1951; Heldsystems, it may be necessary to abandon this picture entirely
et al., 201). BSE calculations describe a di erent process thairor example, in systems with low electron density and a sityilar
ordinary GW, so they are not beyon@W in the same sense low number of electron-hole screening channels, as in vellsm
as including a vertex in the self-energy. Even so, they amoms or molecules, screening of the Coulomb interactiory ma
closely related. The common implementation of the BSE fobe insigni cant. Roughly speaking, diagrams of the vertex type
materials relies on th&W approximation to the self-energy. could be more important than screening diagrams included in
In these GW/BSE calculations, the excited electron and holé&sW. For these systems, we should adopt a di erent formalism
instantaneously interact vi&v/. which does not rely on screening and directly emphasizes
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FIGURE 41 | (A) Schematic representation of optical absorption.

(B) Diagrammatic representation ofGW/BSE. The electron and hole are
represented by G lines, computed in theGW approximation, and their direct
interaction is through the screened Coulomb interaction.

other correlation channels. One such formalism is Thenatrix
(Zhukov et al., 2004; Romaniello et al., 2012; Zhang et al7)201

in which the Self‘energy Is written as a pl’OdUCt Gfwith a FIGURE 42 | Schematic representation of diagrams included wit{A) GW,

four-pomt kerneI,T, (B) particle-hole T-matrix, and (C) particle-particle T-matrix. In each case,
Z channels going into the box are correlated further with adtibnal interactions.

6(1,2)D i d3d4G(4,3)T(1,3,2,4). (107)

The precise form off depends on the choice of the particle- 2013; Lischner et al., 2013, 2014; Caruso and Giustino,, 2015
particle (pp) or particle-hole (ph)-matrix, which determines 2016; Caruso et al., 2015; Zhou et al., J0Based on an
the channels that are correlated alongside a third propagatinexponential ansatz, somewhat analogous to the coupled cluster
channelT obeys its own Dyson series and physically correspondgxpansion for the wave function, the cumulant Green's fureti

to repeated interactions, or scattering, between the smlectfor a hole takes the formAryasetiawan et al., 1996; Guzzo et al.,
channels (pp or ph). There are advantages of Thenatrix =~ 2011; Lischner et al., 20§13

approach: it is exact up to second order in the bare interaction .

and includes many more exchange diagrams tf&f, making Gt) D 2( t)e ' s (108)

it useful for magnetic systems. At rst glance, the pkmatrix

may sound likeGW. However, the two approximations correlate Where ¢ is the mean- eld energy that entefS for statesand

di erent particle and hole channels in the self-energy diagram. As(t) is the cumulant. The exact form of the cumula@(t)
schematic representation of the correlated channel6W and ~ depends on the chosen approximation to the self-energy. If one
T-matrix is shown inFigure 42 Notice the di erent topologies Taylor expands Equation (108) in powers@fand compares it

of Gg lines correlated irGW and ph-T. The T-matrix approach 0 Dyson's equation with th&W self-energy, an approximate
has been applied to understand the role of spin- ip excitationsclosed form for the cumulant exists. This is called B&/+C

in metals Zhukov et al., 2004, 2005, 2006; Miiller et al.method. The cumulant includes vertex corrections beyone th
2018; Mczak et al., 2099 double ionizations and Auger GW self-energy at the same computational expense as ordinary
spectroscopy Noguchi et al., 2007, 2008, 2)l@s well as GW. These vertex corrections generally improve the description

satellites in metals3pringer et al., 1998 of satellites ove&W when compared with experiment.
_ The cumulant appears to be a tremendous succesg
11.7. Cumulant Expansion miraculously provides vertex corrections for the same cost

One long-standing problem with th&W approximation is its as GW. However, it does not improve the description of
description of plasmon satellites in, for example, Si, Na anetalence quasiparticle energies. The quasiparticle energgilis
Al (Aryasetiawan et al., 1996; Guzzo et al., 2011, 2014; Zhdetermined by ordinanfGW. Furthermore, the cumulant ansatz
et al., 201h Plasmon satellites are peaks in the spectral functiom Equation (108) relies on the separation of electron andehol
which are attributed not to a single quasiparticle, but to thebranches of the Green's function and produces satelliteg onl
coupling between a hole (in the particle removal case) and thieelow the Fermi energy. In general, this separation is nateay
collective excitation of the remaining electrons. This gling and it becomes a worse approximation closer to the Fermi
leads to a quasiparticle peak in the spectral function and anergy (Guzzo et al., 2014; Martin et al., 201@he formal
series of progressively weaker plasmon replicas separated by tomnection betweerGW and the cumulant is presented in
plasmon energy. Gumbhalter et al. (2016)

A proven route to improve the plasmon description compared As a case study of the cumulant, we highlight the study of
to GW is the cumulant expansion to the Green's function, whichdoped graphene byischner et al. (2013)The spectral function
has been tested on Na, Al, graphene, Si, and the electron gal-doped graphene on a SiC(0001) surface displays a quasiparticle
(Aryasetiawan et al., 1996; Guzzo et al., 2011; Gatti anddzuzpeak and satellite, shown Figure 43 With ordinary GoWo, the
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vertex since single site DMFT only includes diagrams which are
localin orbital space. The rst studies of Sr'¢@ith GW+DMFT
demonstrated its potential for predicting spectral propertiés o
strongly-correlated solidsTomczak et al., 2012, 2014The
GW+DMFT method continues to be developesiérmann, 2014,
Choi et al., 2016

12. CONCLUSION

Photoelectron and inverse photoelectron spectroscopy will
remain some of the most powerful probes of matter available to
scientists. While experimental spectroscopy gives the “ariswer
in the form of the measured spectrum, it may not give the
full understanding of the underlying physics. In this regard,
theoretical spectroscopy plays a huge role as a complement to
experimental techniques.

FIGURE 43 | Spectral functionA( ) of graphene on SiC at the Dirac point for We have introduced the Green's function formalism and
R f 13 2 R . .
:'f;"?;oigg"”g density ofn D 5.9 10™* cm <. Data taken fromLischner many-body theory from a perturbation theory perspective. The

formalism is exact, in principle, and allows one to calculate
both ground and excited state properties. From the Feynman
diagram construction, we have given a heuristic motivation
for Hedin's equations, which are themselves nonperturleativ

overestimates the experimental value of 0.3 eV. By including€din's equations place emphasis on the screened Coulomb

vertex corrections to the hole Green's function with the alamt, ~ Mtéraction. The intuitive nature of screening—the simpiea

the GW+C calculation reduces the splitting to 0.27 €8W+C that char.ges rearrange themse]ves, or respond, to an added
also redistributes spectral weight away from the quasigartic charge—is the major reason behind the appeal and success of the
and to the satellite. AdditionallyfGW+C eliminates a spurious CW approximation. The frequency dependence of the screened

plasmaron coupling between a hole and plasmonsolution Coulomb interaction is largely what s€BWV apart from density
that appears iGW. functional or Hartree-Fock theories.

Impressive advances in code development and computing
resources have pushe@W calculations to a new scale. At
11.8. Local Vertex the computationally lowest level of theor@pWg calculations
The treatment of localized electrons in physics has become itemain the most widely used and can be routinely applied to
own sub eld (Held et al., 2011; H|rayama_1 etal, 2917? Tomcza§ystems with hundreds of atoms. Within th@&Wg approach,
et al,, 201y In strongly-correlated physics, localizedl or f- e have outlined the practical considerations presented to the
electrons usually indicate a need to go bey@W (Nohara etal.,  yser pefore performing any calculation: starting point, bast,
2009; Gattiand Guzzo, 2013; Sakuma etal., RWNith transition  eyajuation of the self-energy, and convergence are alltfer t
metal oxides being typical test cases. Much of the previoysser to decide. For a broad class of systeBa¥Y already gives
discussion applies just as well to localized electrons asteys  gjectron addition and removal energies in good agreemetit wi
Hedin's equations are exact. However, the localized naifire gxperiment. These successes g8 an impressive ranking
these states lends themselves to model Hamiltonians, pitlg iy computational value, or accuracy for computational cost,
the Hubbard modelitlubbard, 196} which describes localized o any Jist of rst-principles electronic structure methodsh@
interactions by a parametdy. U is a measure of the repulsive yersatility of GW assures that new applications in physics,

interaction, or energetic cost, for electrons occupyingshene  chemistry, and materials science will continue to emerge
spatial orbital. When combined with the LDA, the LDA* . the future.

method can improve upon the poor description of localized states
by mean- eld andGW theories (iang, 2018

Inthe Green's function formalism, including diagrams bago AUTHOR CONTRIBUTIONS
GW is made tractable by approximating the true Coulomb ) ) o
interaction byU. The combination oW with dynamical mean- All authors listed have made a substantial contribution Itsz
eld theory (DMFT) (Georges and Kotliar, 1992; Kotliar et a|_,work. DG focused. on numerical aspects, MD on theoretical
2006, theGW+DMFT method Biermann et al., 2003; Biermann, concepts. PR contributed to all parts.
2019, is a rigorous way of combining diagrams of higher order
with the GW approximation.GW+DMFT describes long-range FUNDING
correlation with GW and locald- or f-electron correlation via
the HubbardU. GW+DMFT correlates a small set of states (theThis work is supported by the Academy of Finland through grant
d- or f-electrons) using a non-perturbative vertex, called a “foca Nos. 284621, 305632, 316347, and 316168.

splitting between the quasiparticle and satellite is 0.44 é&\¢hw
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APPENDIX A: INTEGRAL NOTATION

We adopt the following integral notation 0D X ﬁ C Vex(ri) C }W (B4)
ZZ iD1 2 iop r T
hij@ jiD  drd® (V&1 (1) (109) N LN
£e D Rr)cs  vrn). (B5)
hi i@ «iD  drdr® (1) ; (9,19 (110) iD1 2 iop
k() 19

We usevto denote the bare Coulomb interaction and the external
where@r, r9 is an operator that depends on the spatial variablegotential is the same for every electron
r D (xy,2) andr® D (xX2y22z9. Furthermore the following
notation for Coulomb integrals are used

Z
. . T Vext(r) D - aR T .
hij ki D@ikh (111) o) Ral

D drdr® () ; (rYvr.rY w(r) (9,

(B6)

The kinetic energy and external potential are grouped togethe

in R(r;) in Equation (B5). Approaches to solve the electronic

Schradinger equation (B3) can be largely grouped according to

the basic variable they work with: the many-body wave florgti

. . U the density-matrix, the density, or Green's functions. Eclobice

M jii it © i) k_“ . o (112) has its advantages and disadvantages and no consensus has bee
Dhi g h i . reached on the optimal choice. Green's functions have a ahtur

connection, however, to the particle addition/removal peabl

APPENDIX B: THE MANY-BODY PROBLEM and theoretical spectroscopy.

wherev(r,r9 D 15r Y is the Coulomb operator. The
antisymmetrized Coulomb integrals are de ned as

In rst principles electronic structure theory, the aim is tolse B1 G s F . = i
the Schrddinger equation. For simplicity we focus on the non-=+=- reens Function Formalism

relativistic time-independent Schrodinger equation. Feyatem 10 derive equations for the single-particle Greens funttio
of N electrons andvl nuclei, the Schrodinger equation is giventhat are more amenable to approximations than de nitions in

by Equations (6) and (7), we start from the equation of motion fo
the eld operators, which relates the time derivative @to the
I D E9 (B1) commutator of Oand 19, (Fetter and Walecka, 1971; Gross
] o etal., 1991
with the many-body Hamiltonian
@ n !
@0 XN EC 1_){“ 1 XN M . Za | |@ Qx,t) D Qx,t), e | (B7)
b1 2 2 isp " T iprapd Rel ) _ ) .
| {z } where X contains also the spin variable, i.e.,x D (r, ).
O Evaluating the commutator in the Heisenberg picture and
M2 MW S applying the anti-commutation relations yields for the eqoat
a ¢ _fath (82) of motion
a1 Ma  p1p,JRa Rl

ri and Ry are the positions of the electrons and the nuclei, i@QX,t) D
respectively, and, is the charge of the nuclei. @ Z

To make this system of coupled electrons and nuclei RPryc  OeCovr,rd Ot Qx,t). (B8)
more tractable, the Born-Oppenheimer (BO) approximation of
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R
The equation of motion for the Green's function (6) then falle d(1) is a shorthand notation for the integration in all three
from (B8) variables of the corresponding triple(s). In this contektifnplies
the addition of a positive in nitesimal to the time argument

L@ 1. Equation (B14) is again Dyson's equatidnyéon, 1949a)b
'@ @(r) G(xt, X1 D (see also Equations (13) and (82)) and links the non-intiémgc
_Z 0 o Green's function(p, to the interacting oneG. Dyson's equation

€ 9 x) i dxO%r.r% gives a physical interpretation to the self-energy insteairoply

h [ its de nition by Equation (B10). The self-energy quanti éise
NjP O (x®t) Qx®t) Qx,t) FEtY jNi (B9)  dierence between a bare and a fully interacting electron, or
quasielectronThis brings us back to our phenomenological

The term under the integral contains the two-particle Green' consideration in section 2. An additional electron or holags a
function, Go(xt,x%,x%¢¢ x49, and includes all two-body dynamically adjusting polarization cloud through the systisat
correlations in the system. In order to calculate the onealters its energy. Hence the name self-energy. If ins&gdd the
particle Green's function we would therefore require theaiipn  solution to the mean- eld HamiltoniarfF [e.g. of Kohn-Sham
of motion for the two-particle Green's function, which in density-functional theoryi{ohn and Sham, 199Fthen the self-
turn introduces the three-particle Green's function. Appliedenergy 6 , embodies the di erence between a quasielectron and
iteratively, this procedure creates an in nite series ofH@g an electron in the static mean- eld.
order Green's functions and thus describes all the possible At this stage in the derivation, the self-energy as well as the
many-body interactions in the system. In practice, howetles, Green's function are still exact and contain the electrégcgon
resulting recurrence relation for the!™ order Green's function interaction to all orders. A full solution of Equations (B1&nd

is impossible to solve for large. Instead we introduce the (B14)is not tractable and approximations are required.
non-local, time-dependent self-ener¥xt, x29

7 B.2 Hedin's Equations
. o 0 00 ..00C In 1965 Hedin expanded the Green's function and the self-gyner
b Q/Z(r,r 92(32(xt,x BBV in terms of the screened instead of the bare Coulomb intévact
00 4.0 0 0000 (Hedin, 196%. Introducing a small perturbing eld that will
™ dx %‘(xt,x W?G(x ?O’qu)' (B10) later be set to zero, the operator identity duedchwinger (1951)
Analogous to other electronic structure methods, we separat Gx(1,3,2,%8) D G(1, 253, F) C';(l’ 2) (B15)
the most dominant term, the Hartree potential 3
Z can be used to eliminate the two particle Green's functiomfro
vu(r) D dr&(r, r9mNj O (r%t) Qrot)jNi (B11) Equation (B10) for the self-energy. Multiplying the resulting
Z equation with G 1 leads to the following expression for the
D dr(r,rOn(r9, (B12) Sself-energy
z
where n(r) is the electron density. With this de nition, the 812D (1.2) dEML36E F)
equation of motion for the Green's function (B9) adopts the z G 4,2

much more convenient form of an integral equation involving i d(3,4)/(1.3)G(1,4).7(3) (B16)
the self-energys D &N vy:
D (1122)/H(1)

1
ig ) w() Gt xAYD ¢ 9 (¢ 19 i d(3’4)’(1’3)6(1'4)%§),2)’

z Z
C  dt% dx% (xt, x°P9G(x%%Y . (B13) where?Nis de ned to include the Hartree potential, unlike6 .
Using the following de nitions

If Go now denotes the Green's function that is a solution to
R D K C wu(r) (the kinetic energy, the external potential,
and the Hartree potential), then Equation (B13) can be furthe V(1)D ' (1)Cvu(1) (B17)
rewritten as

total potential:

3-point vertex:
G(1,2)D Go(1,2) (B14) G (1,2

0(1,2,3)D V3 (B18)
C  Go(L,36 (3,4G(4, 2X(3, 4). )
dielectric function:
Here we changed to the abbreviated notation (1; 9,for the set - V(1)
of position, time and spin variablex, Xat2, : : ;). Accordingly (1.2)D - ) (B19)
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screened Coulomb interaction: For a polarizable medium, like a solid, screening is largetaad
Z screened Coulomb interaction will di er considerably frometh
W(1,2)D d@B3)" %1,3M3,2) (B20) bare one. It therefore makes sense to build a perturbatioreseri

on W instead ofv. Hedin's equations are physically transparent

in this sense. Electron-hole pairs are created in the polailina

(one Green's function for the electron, a separate Greenttion

a1, 1) n(1) for the hole). They interact through the vertex function, icim
(B21) is determined by the change in potential upon excitation. The

irreducible polarizability:

P(1,2)D

V(2) V() polarizability, in turn, determines the dielectric functipwhich
reducible polarizability: screens the Coulomb interaction. The self-energy quastttee
energy contribution that the added electron or hole expecen
C through the interaction with its surrounding.
w2p i), ) (B22)
(2) (2)
we arrive at Hedin's equationsiedin, 1963 APPENDIX C: COMPUTATIONAL DETAILS
_Z Figures 1112, 14, 16B, 18, 25, and 35 present original content.
P(1,2)D i d(3,£1)G(4, 2)5(2,30(3,4,1) (B23) All calculations are performed with the FHI-aims program

package Blum et al., 2009; Havu et al., 20p%hich expands
W(1,2)D v(1,2)C d(3,4NM(1,3P(3,4W(4,2) (B24)  the all-electron KS equations in numeric-atom-centerehitais
z (NAOs), see section 4.4. The structures have been optimized
6(1,2)Di d(3,4)5(1,4W(1°,3)0(4,2,3) (B25) at the DFT level using the Perdew-Burke-Ernzerhof (PBE)
functional (Perdew et al., 199%t0 model the XC potential and

0(1,2,3)b z(l’ 2 (L.3) (B26) NAOs oftier 2 quality (Blum et al., 200pto represent core and
C d(4,5,86, 7)@@(4, 6)3(7,50(6,7, 3). valence electrons. Dispersion corrections are accountethyfo
G(4,5) employing the Tkatchenko-Sche er van der Waals correction

, . | hi £ di hii (Tkatchenko and Sche er, 2009
Dyson's equation (B14) closes this set of integro-di eraht GoWy calculations have been performed with the contour-

eqlfr?]tlogs’ wh|cr} 'ZSZF’VY” p|ctor_|ally Elgur:e 24hA i . deformation (CD) technique@olze et al., 20)8f not indicated
_'ne ene t of He Ins.equa'uons IS that the sell-energy ISyheryise. Calculations with the analytic continuatior@(Ren
given in terms of an e ective, or screened, rather than theebar

Coulomb i . et al., 2012rhave been conducted for thGgWq self-energies
oulomb interaction in Figure 14 and for the sGW result in Figure 18 For both

Z methods, CD and AC, a modi ed Gauss-Legendre grid with
W(L,2)D d@3)" (1,3M3,2). (B27) 200 grid points is used for the numerical integration of the
integral over the imaginary frequency axis. In case of the AC
The screening approach, the same set of grid pointd g is employed to
7 calculate6 {(i! ), which has been tted to a Padé approximant

with at least 16 parameter¥/ifiberg and Serene, 19)/unless
stated otherwise.

Quasiparticle energies have been computed by iteratively
follows from the reducible polarizability or density-detysi solving Equation (22). Furthermore, all quasiparticle ejes

" 41,2)D (1,2)C d@)v(1,3) (3,2)  (B28)

response function have been extrapolated to the complete basis set limit using the
Z Dunning basis set family cc-;\ (n D 3 6) (Dunning, 1989
(1,2)D o(1,2)C d(3,4) o(1,3M3,4) (4,2) Wilson et al, 1996 The cc-p\WiZ basis sets are all-
electron Gaussian basis sets, which can be considered as
DhNjP 1) @2) jNi . (B29) a special case of an NAO and are treated numerically in

FHI-aims. The extrapolation has been performed by a
Here @1) is a density uctuation @1) D 6(1)3 n(1) of the linear regression against the inverse of the total number of
density around its average value, whégg) D IN (r1  1i). basis functions.
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