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Analytic approximate charged 
black hole solutions in 
Einstein–quartic gravity

Supakchai Ponglertsakul and Seyed Naseh Sajadi*

Strong Gravity Group, Department of Physics, Faculty of Science, Silpakorn University, Nakhon 
Pathom, Thailand

In this work, we employ continued fraction expansions to derive analytical, 
approximate charged black hole solutions in Einstein–Maxwell–quartic gravity, 
a theory that introduces quartic curvature corrections to the Einstein–Hilbert 
action. To construct the full solution, we first obtain the metric function near the 
event horizon and at asymptotically large distances and then smoothly connect 
these regions using the continued fraction method. We further compute the 
associated thermodynamic quantities and verify the validity of the first law of 
black hole thermodynamics and the Smarr relation within this framework. We find 
that the thermodynamic analysis reveals van der Waals-type phase transitions 
between small and large black holes, with critical parameters that exhibit a 
universal ratio independent of the model parameters. Furthermore, the quasi-
normal mode analysis indicates that the resulting spacetime is dynamically stable. 
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 1 Introduction

To understand the physics of the universe across different scales, higher-curvature 
gravity theories have garnered significant attention. These theories extend Einstein’ s general 
relativity by incorporating higher-order curvature terms in the action. Such corrections 
naturally arise from the renormalization of quantum field theories in curved spacetime and 
in the construction of low-energy effective actions of string theory. One key motivation 
for studying classical higher-curvature theories is to investigate black hole solutions. It is 
particularly interesting to determine which properties of black holes deviate from those 
predicted by Einstein’s gravity and which properties remain robust features common to all 
higher-curvature modifications (Thomas, 2010; Clifton et al., 2012).

Obtaining black hole solutions for a generic theory where higher-curvature terms 
are treated perturbatively—as an effective theory—is relatively straightforward. In 
this approach, the solution can be viewed as an Einstein solution with correction 
terms arising from higher-curvature gravity. However, when the contribution from 
higher-curvature terms is non-perturbative, finding analytical solutions to the field 
equations becomes significantly more challenging. As a result, most of the black hole 
solutions are obtained numerically. In such cases, the resulting black hole solutions 
are not those of pure Einstein gravity, but rather solutions that incorporate both 
Einstein and higher-curvature gravity (Stelle, 1977; Sajadi et al., 2024; Salvio, 2018; 
Hamid, 2023; Sajadi et al., 2022; Banerjee et al., 2025; de Medeiros et al., 2024).
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In this article, we employ the continued fraction expansion 
technique to derive static, spherically symmetric solutions for the 
theory with a generic coupling constant. The ansatz is constructed 
such that the coefficients in the continued fraction are determined 
by the behavior of the metric function near the event horizon. 
Then, the coefficients are matched with the asymptotic behavior at 
infinity. Unlike other expansions, which are valid only in a finite 
radius of convergence, continued fractions can remain accurate 
from the event horizon to spatial infinity. Another advantage of this 
method is its theory independence; that is, any gravitational theory 
can be studied by changing only the coefficients, while the general 
structure of the expansion is fixed. Despite its strengths, this method 
has some limitations; the accuracy of the solution depends on the 
number of coefficients considered in the expansion. Truncating 
the expansion introduces an error into the solution. The second 
limitation is that this method describes only the outside of the black 
hole with multiple horizons. This approach has recently been applied 
in various contexts (Konoplya and Zinhailo, 2019; Zinhailo, 2018; 
Rezzolla and Zhidenko, 2014). Obtaining analytic solutions allows 
us to study the thermodynamic properties and other characteristics 
of black hole solutions. In contrast, numerical solutions do not 
provide a clear understanding of the metric’s dependence on the 
physical parameters of the system (Sajadi et al., 2020; Naseh Sajadi 
and Ponglertsakul, 2025; Naseh Sajadi et al., 2025; Sajadi and 
Hendi, 2022).

Moreover, in black hole physics, quasi-normal modes (QNMs) 
describe the characteristic oscillations of a perturbed black hole 
spacetime. These modes are exponentially damped by gravitational 
radiation, and their complex frequencies encode fundamental 
information about the black hole’s parameters, such as mass, charge, 
and angular momentum. QNMs, thus, play a crucial role in black 
hole spectroscopy, allowing one to test general relativity and probe 
the nature of gravity in the strong-field regime through gravitational 
wave observations. From a theoretical perspective, QNMs have been 
extensively studied in the context of extremal or near-extremal black 
holes such as Kerr (Pong et al., 2020), Reissner–Nordström (Senjaya 
and Ponglertsakul, 2025), and anti-de Sitter (AdS) black holes. 
They are particularly relevant for exploring the transition between 
stability and instability in black hole spacetimes and understanding 
the near-horizon conformal symmetry predicted by the Kerr/CFT 
correspondence. Moreover, QNMs provide insight into the late-
time tail behavior of perturbations and the dynamics of quantum 
fields near black hole horizons (Zimmerman and Mark, 2016; 
Berti et al., 2009; Kokkotas and Schmidt, 1999).

The article is organized as follows: In Section 2, we 
first review Einstein–quartic gravity. Then, we compute 
thermodynamic quantities and construct the first law and 
the Smarr formula. As a result, we obtain the solutions for 
the near-horizon quantities. In Subsection 2.1, we study the 
thermodynamic phase transition of a black hole. In Section 3, 
we obtain the metric function outside the black hole using 
a continued fraction expansion and study the stability of the 
black hole via computing its QNMs. Finally, we conclude the 
article in Section 4.

2 Basic formalism

The most general Lagrangian of Einstein–quartic gravity (EQG) 
can be written as follows (Sajadi et al., 2022; Ahmed et al., 2017; 
Khodabakhshi et al., 2020):

S = 1
16πG
∫d4x√−g(R− 2Λ−

6

∑
i=1

α̂iL̂
i − 1

4
FabF

ab), (1)

where Fab = ∂aAb − ∂bAa is the electromagnetic tensor, Aa =
− q/rδt

a is the gauge potential, L̂i represents the quasi-
topological Lagrangian densities, whose analytical expressions 
are given by Ahmed et al. (2017), Λ is the cosmological constant, 
and α̂i represents the coupling constants of the theory.

Using the variational principle, one can find the following 
equation of motion:

Eab = PacdeRb
cde − 1

2
gabL− 2∇c∇dPacdb − 2Tab = 0, (2)

∇aF
ab = 0, Pabcd =

∂L
∂Rabcd
, Tab = FdaF

d
b −

1
4

gabFdeF
de.

(3)

Here, L is the gravitational Lagrangian. We consider the following 
spherically symmetric and static line element for describing the 
geometry of spacetime:

ds2 = − f (r)dt2 + dr2

f (r)
+ r2 (dθ2 + sin2 θdϕ2) . (4)

By inserting the line element in Equation 4 into 
the field in Equation 2 and integrating it, we obtain the following 
differential equation:

−( f − 1) r+2K[
f f′ f′′

r2 ( f − 1
2

r f − 1)+
f′4

8r
+

f′3

6r2 ( f + 2) +
f f′2

r3 (1− f)]

− 2M+
q2

r
− Λr3

3
= 0, K = − 5

6

6

∑
i=1

αi. (5)

Here, M and q are integration constants related to mass and 
electric charge, respectively. The field in Equation 5 with respect to 
the function f(r) is nonlinear. Therefore, we should solve it using 
approximation methods. First, we obtain the metric in the large r. In 
the large r limit, we expand the metric function as

f (r) = Λeffr2 +∑
n=0

Fn

rn = Λeffr2 + F0 +
F1

r
+

F2

r2 +⋯ , (6)

where the effective cosmological constant Λeff satisfies

Λeff +
1
3

Λ+ 4
3
KΛ4

eff = 0. (7)

The possible vacuum solutions of the theory have been discussed 
by Ahmed et al. (2017). By inserting the above expansions 
into the field from Equation 5 and solving order by order, 
one obtains Equation 8:
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f (r) = Λeffr2 + 1− 6M

(3+ 16KΛ3
eff) r
+

3q2

(3+ 16KΛ3
eff) r

2

+
3024KM2Λ2

eff

(3+ 16KΛ3
eff)

3
r4
+⋯ (8)

Then, we expand the function f(r) around the event horizon r+ as

f (r) = f1 (r− r+) + f2(r− r+)2 + f3(r− r+)3 +⋯ , (9)

where fi represents the expansion coefficients. Then, by inserting 
this expression into Equation 5 and expanding it, we obtain 
the following two equations from the zeroth and first orders 
of expansion:

r+ − 2M+
q2

r+
+

2K f3
1

3r2
+
+
K f4

1

4r+
−

Λr3
+

3
= 0, (10)

1− f1r+ −Λr2
+ +

K f4
1

12r2
+
+

2K f3
1

3r3
+
−

q2

r2
+
= 0. (11)

By solving these equations, we find the following coefficients of 
expansion as1

M = −
r+

2
−
K f4

1

r+
−

8K f3
1

3r2
+
, (12)

f1 = RootOf(12r3
+ − 12_Zr4

+ − 12Λr5
+ +K_Z4r+ + 8K_Z3 − 12q2r+) .

(13)

From the higher-order terms in the expansion, the remaining 
coefficients can be obtained as follows:

f3 = −
1

36Kr2
+ f2

1 (r+ f1 + 2)
(−5Λr5

+ − 76K f3
1 f2r2

+ + 48K f2
1 f2

2r3
+

+ 29K f4
1r+ + 48K f3

1 + 48K f1r2
+ f2

2 − 120K f2
1 f2r+ + 5q2r+

− 5 f1r4
+ − 5 f2r5

+) . (14)

f2 is an undetermined expansion coefficient. The other constants 
are provided in Appendix A. Basically, f1 has four branches of 
solutions. In the left panel of Figure 1, we show the behavior of 
the different branches using different colors. Because f1 must be 
positive, only the blue and red branches are possible solutions. 
However, the red branch exhibits non-Einstein behavior for small 
positive K (K→ 0+) and, thus, is excluded. Furthermore, for K→
0−, the red branch does not reach K = 0 and terminates at a 
negative finite K before the general relativity (GR) point (K = 0). 
Consequently, only the blue branch shows Einstein behavior in the 
small-K limit and, therefore, remains as the physical branch of 
solution. In the right panel, we show the behavior of f1 in terms of r+
for positive and negative values of K. The upper curve corresponds 
to a positive coupling constant, and the lower one to a negative 
coupling constant. For each event horizon radius, there are two 
positive f1 > 0. The red upper curve can be considered a specific 
black hole solution of quartic theory, although the next section will 
show that this branch of solutions does not have a thermodynamic 

1 RootOf is a command used as a placeholder for roots of 

equations in Maplesoft (1980).

phase transition. An explicit expression for f1 corresponding to the 
blue branch is given by

fph
1 = −

2
r+
+
√2Z
2r+
−
√W
2r+
, (15)

where

X = −864 r10
+ K+ 864 r8

+Kq2 + 864 r12
+ KΛ− 576 r6

+Kq4 − 1152 r10
+ Kq2Λ

− 576 r14
+ KΛ2 + 64 r4

+Kq6 + 192 r8
+Kq4Λ+ 192 r12

+ Kq2Λ2 + 64 r16
+ KΛ3

+ 81 r16
+ + 2304 r4

+K
2 − 4608 r2

+K
2q2 − 4608 r6

+K
2Λ

+ 2304K2q4 + 4608K2q2r4
+Λ+ 2304 r8

+K
2Λ2,

Y = −(−9 r8
+ − 48 r2

+K+ 48Kq2 + 48 r4
+KΛ−√X)Kr+,

Z =
8K 3√Y+Y2/3r+ + 12Kr5

+ − 4Kr3
+q2 − 4Kr7

+Λ

K
3√Y

,

W = 32−
2r+Y1/3

K
−

24r5
+

3√Y
+

8r3
+q2

3√Y
+

8r7
+Λ

3√Y
+

12√2 r6
+

K√Z
− 64√2
√Z
.

(16)

Next, we determine the physical range of the relevant quantities. 
To this end, we introduce dimensionless constants as

x+ =
r+

2M
, f̂1 =M f1, Q =

q
M
, K̂ = K̂

M6 , Λ̂ = ΛM2.

(17)

Hence, Equations 10, 11 in a dimensionless form take the 
following form:

2x+ − 2+ Q2

2x+
+
K̂ f̂3

1

6x2
+
+
K̂ f̂4

1

8x+
−

8Λ̂x3
+

3
= 0, (18)

1− 2 f̂1x+ − 4Λ̂x2
+ +

K̂ f̂4
1

48x2
+
+

K̂ f̂3
1

12x3
+
− Q2

4x2
+
= 0. (19)

Then, we solve the above equations for x+ and ̂f1 in terms of other 
dimensionless quantities. We do not include the explicit expressions 
here as they are very lengthy; instead, we present the numerical 
behavior of the quantities in Figures 2, 3, 4. Figures 2, 3 show a 
three-dimensional plot of the dimensionless horizon radius r+/2M
and dimensionless surface gravity M f1

2 as a function of the charge to 
mass ratio q/M and the dimensionless coupling K/M6. These figures 
also display that for every value of negative couplings K̂ < 0 and 
|Q| < 1, there is one horizon with positive f̂1 > 0. However, for 1 <
Q < Qmax and K̂ < − 3/4, there are two real solutions with positive 
f̂1 > 0 (this can be observed from the left panel of Figure 4). We can 
also see from the following expansions that the deviation from the 
extremality happens for K̂ < − 3/4.

Q = 1− 1
8

f̂1
2 −(1

4
+ K̂

3
) f̂1

3 +O( f̂1
4) , (20)

x+ =
1
2
+ 1

4
f̂1 +

1
4

f̂1
2 +( 5

16
− K̂

3
) f̂1

3 +O( f̂1
4) . (21)

As shown in the analysis of the quartic gravity coupled to 
nonlinear electrodynamics by Sajadi et al. (2022), this indicates 

2 Surface gravity is a measure of the gravitational acceleration felt at the 

event horizon of a black hole, that is, surface gravity = f1/2.
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FIGURE 1
Behavior of f1 in terms of K (left) and r+(right) for Λ = 0, q = 0.2. In the right panel, the upper curves correspond to K = 0.2, and the lower curves 
correspond to K = − 0.2.

FIGURE 2
Normalized horizon radius x+ (left) and f̂1 (right) as a function of the charge to mass ratio Q and the negative dimensionless coupling K̂. Here, we put 
Λ̂ = 0.

that charged black holes in EQG are not required to satisfy the 
Einstein–Maxwell extremality bound. Figure 3 demonstrates that, 
for a positive coupling constant, only a single horizon with positive 
surface gravity exists. Moreover, for Q > 1 and K̂ > 0, no horizon 
is present for any positive value of the coupling constant (see 
the right panel of Figure 4). In the next section, we show that 
the black hole solutions associated with this branch (K̂ > 0) are 
thermodynamically stable in the large black hole but do not exhibit 
any thermodynamic phase transitions.

In the following, to study the thermodynamics of the black 
hole in the extended phase space, we treat the bare cosmological 
constant (Λ) as a thermodynamic variable (not Λeff). This 
means that the asymptotic behavior of the metric in Equation 8 
does not affect our thermodynamical quantities. For a static 
spacetime, the temperature is defined as

T =
f′ (r)
4π
|

r+

=
f1 (r+,q,Λ,K)

4π
. (22)
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FIGURE 3
Normalized horizon radius x+ (left) and f̂1 (right) as a function of the charge to mass ratio Q and the positive dimensionless coupling K̂. Here, we put 
Λ̂ = 0.

FIGURE 4
The behavior of r+/2M in terms of q/M for Λ = 0 and K/M6 = 0,−10,−50,−100,−500,−1000(left) and positive K/M6 in the right panel. The red curves 
mark the case of the Reissner–Nordström black hole, where q/M = 1 locates the extremal limit.

We compute the entropy as follows (Wald, 1993;
Iyer and Wald, 1994):

S = −2π∫
Horizon

d2 x√η δL
δRabcd

ϵabϵcd = πr2
+

+
2πK f2

1 (r+,q,Λ,K) (3+ r+ f1 (r+,q,Λ,K))

3r2
+

. (23)

The chemical potential associated with the electric charge, the 
cosmological constant, and the coupling constant of theory K is 
given as follows (see Appendix C):

ψq =
q
r+
, ψΛ =

r3
+
6
+Y′, ψ

K
= −

f3
1 (r+,q,Λ,K) (4+ r+ f1 (r+,q,Λ,K))

24r2
+

+Y.

(24)

In the above equations, we assume Y = Y(r+,q,Λ,K), Y′ =
Y′(r+,q,Λ,K), and we determine them so that the following 
conditions are met:

∂2 f1
∂q∂Λ
=

∂2 f1
∂Λ∂q
,

∂2 f1
∂r+∂Λ
=

∂2 f1
∂Λ∂r+
,

∂2 f1
∂q∂r+
=

∂2 f1
∂r+∂q
,

∂2 f1
∂q∂K
=

∂2 f1
∂K∂q
,…

(25)
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Thus, we obtain

Y =
h( K

r6
+
)

r5
+
, Y′ = c′r3

+, (26)

 with some arbitrary dimensionless function h(K/r6
+). Without 

loss of generality, we may set c′ = 0. Physically, ψ
K

 and ψΛ
are interpreted as the thermodynamic volumes associated with 
K and Λ, respectively (Xiao et al., 2025). We now consider 
the thermodynamics of these black hole solutions, whose basic 
equations are the first law and the Smarr formula.

dM = TdS+ψqdq+ψΛdΛ+ψ
K

dK, (27)

M = 2TS+ 6Kψ
K
+ qψq + 2ψΛΛ. (28)

From Equation 28, we obtain

M = 1
2

f1 (r+,q,Λ,K) r
2
+ +

f4
1 (r+,q,Λ,K)K

12r+
+ 6K

r5
+

h(K
r6

+
)+

Λr3
+

3
+

q2

r+
,

(29)

 yielding the mass parameter as M(r+,K,Λ,q). We now impose the 
first law (Equation 27), which becomes

∂M
∂r+

dr+ +
∂M
∂K

dK+ ∂M
∂Λ

dΛ+ ∂M
∂q

dq = T ∂S
∂r+

dr+ +T ∂S
∂K

dK+T ∂S
∂Λ

dΛ

+T ∂S
∂q

dq+ψ
K

dK−ψΛdΛ+ψqdq.

(30)

To solve the above differential equations, we adopt, for 
simplicity, the ansatz: h(K

r6
+
) =m(K

r6
+
)

n
 with some numbers m

and n. Comparing each coefficient yields the following first-order 
differential equations:

∂M
∂r+
−T ∂S

∂r+
= 0,⇒ 0 = 1

2
∂ f1

∂r+
r2

+ +
1
2

r+ f1 −
K f3

1

6r+

∂ f1

∂r+
+ 1

12
f4
1K

r2
+
+

f3
1K

r3
+

−
K f2

1

r2
+

∂ f1

∂r+
− 6m (6n+ 5)(K

r6
+
)

n+1
+Λr2

+ −
q2

r2
+
,

(31)

∂M
∂K
−T ∂S

∂K
−ψ

K
= 0,⇒ 0 = 1

2
∂ f1
∂K

r2
+ −

f3
1K

6r+

∂ f1
∂K
−

f4
1

24r+
−
K f2

1

r2
+

∂ f1
∂K
−

f3
1

3r2
+

+
m (6n+ 5)

r5
+
(K

r6
+
)

n
, (32)

∂M
∂Λ
−T ∂S

∂Λ
+ψΛ = 0,⇒ 0 = −

K f3
1

6r+

∂ f1

∂Λ
−
K f2

1

r2
+

∂ f1

∂Λ
+ 1

2
∂ f1

∂Λ
r2

+ +
r3

+

2
,

(33)

∂M
∂q
−T ∂S

∂q
−ψq = 0,⇒ 0 = −

K f3
1

6r+

∂ f1

∂q
−
K f2

1

r2
+

∂ f1

∂q
+

r2
+

2
∂ f1

∂q
+

q
r+
.

(34)

By solving differential Equations 31–34, one can obtain a solution 
for f1 as follows:

f1 (r+,q,Λ,K) = RootOf[−24 (6n+ 5)mK(K
r6

+
)

n
− 12 (n+ 1) r3

+ (Λr5
+

+ _Zr4
+ + 2c1r3

+ + (q
2 − K _Z4

12
) r+ −

2 _Z3
K

3
)],

(35)

Here, c1 is an integration constant, and _Z is a global variable. For 
m = 0 and K→−12/5K, Equation 35 coincides with Equation 12, 
which is obtained before using the near-horizon expansion. This 
means that, to obtain the same results, the pure gauge term in 
Equation 24 must vanish. For nonzero m, the thermodynamic 
quantities obtained from the first law and the Smarr formula 
differ from those derived using the field equations. Now, 
we can put f1 in the thermodynamic quantities. At first, by 
substituting Equation 35 into the temperature in Equation 22,
one can obtain

T = RootOf[−24 (6n+ 5)mK(K
r6

+
)

n
− 12 (n+ 1) r3

+ (Λr5
+ + _Zr4

+ + 2c1r3
+

+(q2 − K_Z4

12
) r+ −

2_Z3
K

3
)]. (36)

In the limit K≪ 1 and m = n = 0, we obtain

T ≈ −
c1

2πr+
−

Λr+

4π
−

q2

4πr3
+
+O (K) . (37)

To obtain the standard Schwarzschild temperature at the leading 
order, we set c1 = − 1/2.

One gets extremal conditions by setting the temperature to 0. For 
non-perturbative f1, this yields

qext = √1−Λr2
+r+, (38)

which is independent of K. By substituting Equation 35 into
Equation 29, one can obtain the Arnowitt–Deser–Misner 
(ADM) mass of the black hole as

M =
r+

2
−

Λr3
+

6
+

q2

2r+
+ K

3r2
+

RootOf(K_Z4r+ − 12Λr5
+ − 12_Zr4

+

+ 8K_Z3 −  12q2r+ + 12r3
+)

3 + K

8r+
RootOf(K_Z4r+

− 12Λr5
+ − 12_Zr4

+ + 8K_Z3 − 12q2r+ + 12r3
+)

4. (39)

By imposing the extremal condition f1 = 4πT = 0 in 
Equation 29 and using Equation 38, the extremal mass is 
obtained as follows:

Mext =
r+

3
+

2q2

3r+
. (40)

In the small K limit, the physical branch of ADM mass
becomes

M ≈
r+
2
+

q2

2r+
−

Λr3
+

6
+
(q2 +Λr4

+ − r2
+)

3 (3q2 + 3Λr4
+ − 11r2

+)

24r13
+

K+O(K2) .

(41)

In the above expression, the leading order term corresponds 
to the Reissner–Nordström–AdS black hole in Einstein’s gravity. 
The next leading order term (with the K) is the correction term 
from the quartic gravity. Moreover, as shown in Figure 4 and 
in the results of Equations 38, 40, the extremal condition is 
independent of K and coincides with that of Einstein gravity. This 
is because the near-horizon geometry does not receive corrections 
from the higher-curvature terms; the near-horizon metric AdS2 ×
S2 remains unchanged. While far away from the horizon, in the 
bulk, the geometry receives corrections from the higher curvature. 
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This reflects the fact that extremality is determined by the near-
horizon geometry rather than by the dynamics of the theory. Similar 
behavior has been observed in Lovelock and cubic quasi-topological 
gravities, where higher-curvature terms modify non-extremal black 
holes while leaving the extremal relation unchanged (Cano and 
Pereñiguez, 2020; Micol Frassino and Rocha, 2020; Robert, 2010). 
Therefore, this is not counterintuitive for the theory. Substituting 
Equation 35 into Equation 23, the black hole entropy is explicitly
obtained:

S = πr2
+ +

2πK
3r+

RootOf(Kr+_Z4 −  12Λr5
+ −  12r4

+_Z+ 8K_Z3

− 12q2r+ + 12r3
+)

3 + 2πK
r2

+
RootOf(Kr+_Z4 − 12Λr5

+

− 12r4
+_Z+ 8K_Z3 − 12q2r+ + 12r3

+)
2. (42)

In the small K limit, the physical branch is given as

S ≈ πr2
+ −

2π(q2 +Λr4
+ − r2

+)
2 (q2 +Λr4

+ − 4r2
+)

3r10
+

K+O(K2) . (43)

The presence of negative terms in the above expansion 
signals that the entropy becomes negative below a critical 
horizon radius. By setting the entropy equal to 0, one obtains 
a bound for the event horizon radius in the small q regime as
follows:

S = 0 → r+ ≈ q+ Λ
2

q3 ± 3
4
√ 1
−2K

q4 +O(q7) . (44)

As observed for negative K < 0 and in the vicinity of the 
extremal point, the entropy becomes negative. This negativity is 
associated with the non-Einstein branch of solutions, indicating 
that this branch is a ghost branch and, therefore, non-physical 
(Dykaar et al., 2017; Hennigar and Mann, 2017). The chemical 
potential corresponding to the coupling of the theory, in the small 
K limit, is given by

ψ
K
=
(q2 +Λr4

+ − r2
+)

3 (5r2
+ − q2 −Λr4

+)
24r13

+
+ K

72r25
+
(q2 +Λr4

+

− r2
+)

5 (q2 − 9r2
+ +Λr+64)(q2 +Λr4

+ − 4r2
+) +O(K2) . (45)

The Gibbs free energy in terms of q, Λ, and K is
given by

G =M−TS = 1
4

f1r2
+ −

K

12r+
f4
1 −

K

2r2
+

f3
1 +

Λr3
+

3
+

q2

r+
+ 6Km

r5
+
(K

r6
+
)

n
.

(46)

By substituting Equation 35 into Equation 46, at the limit of 
small K, one can obtain

G ≈ r+
4 +

Λr3
+

12 +
3q2

4r+
+ (

q2 +Λr4
+ − r2

+)
3
K

48r13
+

(5q2 + 5Λr4
+

− 13r2 + 32r2
+ − 8q2 − 8Λr4

+) +O(K2) .

To address the local thermodynamic stability of the black hole, 
we consider the heat capacity:

C = T( ∂S
∂T
)

Λ,K
=

2π f1

r3
+∂r+ f1
(r+K f1 (2+ r+ f1)∂r+ f1 + r4

+ − 2K f2
1 −

1
3
Kr+ f3

1).

(47)

At the limit K→ 0, the heat capacity becomes

C = −
2πr2

+ (q2 +Λr4
+ − r2

+)
3q2 −Λr4

+ − r2
+
−

π(q2 + r4
+Λ− r2

+)
2
K

3r10
+ (3q2 −Λr4

+  − r2
+)

2 (66q6

+ 40q4r4
+Λ− 303q4r2

+ − 22q2r8
+Λ2 − 18q2r6

+Λ+ 248q2r4
+

+ 4r12
+ Λ3 − 3r10

+ Λ2 + 10Λr8
+ − 59r6

+) +O(K2) . (48)
In the next section, we will study thermodynamic stability and 

phase transitions. 

2.1 Phase transition and stability

Thermodynamic stability characterizes how a system in 
thermodynamic equilibrium responds to fluctuations in its 
thermodynamic parameters. It is important to distinguish between 
global and local stability. In a globally stable system, the system 
can exchange energy with a thermodynamic reservoir while 
remaining in equilibrium. The preferred phase of the system 
is the one that minimizes the Gibbs free energy. Therefore, the 
behavior of the Gibbs free energy is used to analyze global stability 
(Hendi et al., 2016a; Hendi et al., 2016b; Hendi and Momennia, 2015; 
Momennia and Hendi, 2021). In Figure 5, we present the Gibbs free 
energy as a function of r+. From the left panel of Figure 5, we observe 
that for constant K and q, the Gibbs free energy decreases with 
entropy S for both small and large event horizons, while it increases 
for intermediate values. This behavior indicates that intermediate 
black holes are globally unstable. Because large black holes possess 
negative Gibbs free energy, they are more stable than small black 
holes. Moreover, Figure 5 illustrates that increasing the pressure 
(−8πP = Λ) enhances the stability of the black hole. In Figure 5b, the 
Gibbs free energy is shown as a function of r+ for constant pressure 
and electric charge. It is evident that as K increases, the black hole 
becomes less stable.

On the other hand, local stability concerns how the system 
responds to small perturbations in its thermodynamic parameters. 
To study the thermodynamic stability of black holes under 
small variations in the thermodynamic coordinates, one can 
examine the behavior of the heat capacity (C). The positivity 
of the heat capacity ensures local stability (Quevedo, 2007; 
Quevedo, 2008; Quevedo and Sanchez, 2008; Hossein Hendi and 
Momennia, 2018). The behavior of C is plotted in Figure 6a. 
As shown in the figure, three distinct regions exist for P < Pc =
0.013128. The partially positive specific heat in the small and 
large black hole regions indicates that these black holes are 
thermodynamically locally stable. In contrast, the negative specific 
heat in the intermediate black hole region corresponds to a locally 
unstable phase. At the critical pressure P = Pc, the unstable region 
disappears, and the heat capacity exhibits a divergence. For P >
Pc, C remains positive with no divergence, implying that the 
black hole is locally stable for all values of r+. In Figure 6b, the 
dependence of C on r+ for different values of the parameter K
is shown. It is evident that at the critical pressure, increasing K
eliminates the critical point, leading to a fully stable black hole 
configuration.

The behavior of the heat capacity can also indicate the 
occurrence of phase transitions. The heat capacity exhibits at 
most two divergences, which separate small stable black holes, 
an intermediate unstable region with a medium horizon radius, 
and large stable black holes. These divergences coincide with the 
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FIGURE 5
Behavior of the Gibbs free energy G in terms of r+ for K = − 0.2 (solid lines) and K = 0 (dashed lines) for q = 0.2,P = 0.009,0.01,
green0.011,0.01312880917,0.015,0.018 (top–bottom) (left) and for P = 0.01312, q = 0.2,K = 0,−0.01,−0.05,−0.1,−0.2,−0.3,−0.4,−0.5,−0.6
(bottom–top) (right).

FIGURE 6
Behavior of C in terms of r+ for q = 0.2, K = −0.2 and P = 0.008 (dashed line), 0.013128 (solid line), 0.015 (dash-dot line) (left), and for P = 0.013128, q = 
0.2 and K = −0.1 (dashed line), −0.2 (solid line), −0.3 (dash-dot line) (right).

extremum points of the temperature and the Gibbs free energy. The 
plot of the Gibbs free energy as a function of temperature displays a 
characteristic swallowtail structure, as shown in Figure 7. When P <
Pc, the Gibbs free energy develops a swallowtail-like shape, signaling 
a small/large black hole first-order phase transition analogous to the 
liquid–gas phase transition in a van der Waals fluid. At the critical 
pressure P = Pc, the swallowtail structure disappears, corresponding 
to the critical point.

By solving Equation 11, for Λ = − 8πP, one can obtain the 
equation of state as follows:

P = T
2r+
− 1

8πr2
+
+

q2

8πr4
+
− 8π2T3

K

3r5
+
(πr+T+ 2) . (49)

The resulting equation of state is nonlinear in temperature. This 
nonlinear temperature dependence appears to be a generic feature 
of black hole solutions in generalized quasi-topological theories 
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FIGURE 7
Behavior of F in terms of T for q = 0.2,K = − 0.2 and P = 0.005,0.01,0.08,0.0131288,0.015 (left to right).

(Ahmed et al., 2017). This deviation from ideal gas behavior, for 
generic K, occurs at small r+ and can be interpreted as a signal of 
quantum interactions. For K→ 0, the last terms vanish, reducing the 
solution to a charged AdS black hole in Einstein gravity. For K < 0, 
the last term becomes positive, which allows a phase transition in the 
system. For K > 0, a phase transition may occur only for sufficiently 
small values of K≪ q. For a neutral black hole q = 0 and K < 0, the 
equation of state (Equation 49) admits a single critical point:

∂P
∂r+
|

T
= 0, ∂2P

∂r2
+
|

T
= 0, (50)

with the corresponding critical values given by

rc =
√23

5
6 (4√2−√7)

1
3 (−K)

1
6

3
,

Tc =
(9+ 2√14)√23

1
6

4(4√2−√7)
1
3 (−K)

1
6 π(11+ 3√14)

,

Pc =
3(425049+ 116272√14)3

1
3

32π(1106079+ 295612√14)(−K(39− 8√14))
1
3

.

(51)

The ratio of these values is (Kubiznak and Robert, 2012;
Hossein Hendi et al., 2016)

Pcrc

Tc
=

3(9668963+ 2584139√14)

8(18231847+ 4872666√14)
= 0.1988751392, (52)

which is independent of the parameters of the black hole solution 
and thus constitutes a universal quantity for black holes in this 
theory (q = 0). It should be noted that the critical quantities, taken 
separately, are functions of the black hole and theory parameters; 
however, the ratio (Equation 52) is independent of any parameters 

and is, therefore, universal. Figure 8 illustrates the behavior of 
the pressure as a function of the event horizon radius, with T, 
q, and K held fixed. The temperature of the isotherms decreases 
from top to bottom. The upper solid blue curve corresponds 
to the ideal gas phase, the solid red curve denotes the critical 
isotherm, and the lower solid blue curve represents a temperature 
below the critical temperature, where the pressure becomes 0 
(T0 = 0.07217801561, r+ = 0.8050806533). This behavior is similar 
to the pressure–volume diagram of the van der Waals liquid–gas 
system. By performing a numerical analysis for q = 0.2 and K =
− 0.2, we find the critical quantities Pc = 0.01312880917, rc =
1.323249339, and Tc = 0.08797792346. These results are consistent 
with Figures 6, 7, 8. Using these results, the universal ratio is 
obtained as Pcrc/Tc = 0.197466448, and it is different from that of 
a van der Waals fluid (3/16 = 0.1875). This deviation is directly 
related to the presence of 1/r5

+ in the quartic corrections in the 
equation of state (Equation 49).

3 Metric function

Now, we want to obtain an approximate analytic solution that 
is valid near the horizon and at large r. Here, we employ a 
continued fraction expansion (Rezzolla and Zhidenko, 2014). To 
obtain the metric function using continued fraction expansion, 
we must first determine the near-horizon coefficient f1 and the 
asymptotic expansion coefficient F1 (Equation 6). In the previous 
section, we determined them explicitly in two ways: first, by using 
the first two near-horizon expansions of the field equations and 
second, by using the first law of thermodynamics and the Smarr 
formula. Then, the results of the two ways are compared.
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FIGURE 8
Behavior of P in terms of r+ for q = 0.2,K = − 0.2 and T = 0.0722,0.077,0.085,0.088,0.09,0.1 (bottom–top).

With f1 and F1 = − 2M in hand from Equation 35 
or Equation 12, the full metric can now be determined 
using a continued fraction expansion (Konoplya and 
Zinhailo, 2019; Zinhailo, 2018). To achieve this, we write

f (r) = xA (x) ,x = 1−
r+

r
, (53)

with

A (x) = 1− ϵ (1− x) + (a0 − ϵ) (1− x)2 +
a1(1− x)3

1+ a2x
1+ a3x

1+ a4x
1+⋯

. (54)

The continued fraction is truncated at order 4. By 
expanding Equation 53 near the horizon (x→ 0) and the asymptotic 
region (x→ 1), we obtain

ϵ = −
F1

r+
− 1, a0 =

q2

r2
+
, a1 = −1− a0 + 2ϵ+ r+ f1, (55)

for the lowest order expansion coefficients, with the remaining ai
given in terms of (r+,q) and f2; we provide these expressions in 
Appendix B. Because the field equations do not determine f2, its 
value must be manually input into the continued fraction. There 
are different methods to fix f2. The first is to demand a consistent 
Einstein gravity limit for the near-horizon expansion. The second 
method is to consider the metric function written in continued 
fraction expansion (Equation 53). If we are going to keep the 
fractions to fn, we do so by setting fn+1 = 0. Because all fn (n > 2)
are functions of f2, the equation fn+1 = 0 can be solved to find an 
approximate value for f2. For instance, in the case that we keep the 
fraction to f4, we can solve f5 = 0 to find f2. In this work, we use 
the second method to determine f2. The result is an approximate 
analytic solution for the metric functions everywhere outside the 

horizon. In Figure 9, we present the solution for f(r), depicting 
the full continued fraction solution (Equation 53) along with its 
comparison to the near-horizon and large r series expansion. The 
latter is given by dot-dashed lines. We observe that the continued 
fraction expansion converges to both of these other approximations. 
We also show the difference between the metric functions in the 
right panel when we keep different terms in the expansion. The blue 
solid line is the difference between f(r,a2) − f(r,a3), the dashed black 
line is f(r,a3) − f(r,a4), and dot-dashed line is f(r,a4) − f(r,a5). As 
observed, as the terms in the continued fraction expansion increase, 
the differences decrease.

Figure 10 shows the metric function of the charged black hole 
through the continued fraction expansion for different radii of the 
event horizon and different charges. In addition, we have compared 
the full solution with the large-r and near-horizon solutions. Good 
agreement between the solutions is again clearly visible.

In the following, we consider the dynamical stability of a black 
hole using quasi-normal modes. Gravitational perturbations are 
more directly relevant to black hole stability in higher-curvature 
theories; nevertheless, here, we consider scalar perturbations as they 
provide early evidence for the stability of our solution. We consider 
a massless scalar field Φ propagating in a black hole background 
governed by the Einstein–quartic theory. Its evolution obeys the 
massless Klein–Gordon equation:

□Φ = 0. (56)
To solve the above Klein–Gordon equation analytically, 

it is convenient to use the following standard separation 
of variables by making use of the spherical harmonic
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FIGURE 9
Behavior of f(r) via full continued fraction expansion (solid blue line) in terms of r for q = 0,Λ = 0,K = − 0.2 and r+ = 1, f2 = − 0.1341248319 compared 
with the near-horizon approximation (dashed line) and to the large r approximation (dot-dash line) (left panel). The right panel displays the differences 
between the metric function when keeping terms up to a3 (red line), a4 (dashed line), and a5 (dot-dashed line). We have kept terms up to a5.

FIGURE 10
Behavior of f(r) via full continued fraction expansion (solid blue line) in terms of r for q = 0.3,Λ = 0,K = − 0.2 and r+ = 1, f2 = − 0.1336620131 (left) and q =
0.6, r+ = 1.5, f2 = − 0.2226651935 (right) compared with the near-horizon approximation (dashed line) and with the large r approximation (dot-dash 
line). We have kept terms up to a5.

functions, (Ylm)

Φ (t, r,θ,ϕ) = ∑
lm

1
r

φl (r)Ylm (θ,ϕ)eiωt. (57)

Accordingly, the Klein–Gordon equation can be simplified as the 
Schrodinger-type equation as follows:

(∂2
r∗ +ω2 −Ul (r))φl (r

∗) = 0, (58)

where the effective potential is given by

Ul (r (r∗)) = f(
l (l+ 1)

r2 +
f′

r
), r∗ = ∫ dr

f (r)
, (59)

where l is the spherical harmonic index and r
∗

 is the tortoise 
coordinate. The metric function here is obtained from the full 
continued fraction expansion. The effective potential for several 
angular momentum numbers l and both neutral and charged black 
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FIGURE 11
Behavior of U(r) in terms of r for q = 0(red color), q = 0.3(blue color), and Λ = 0, r+ = 1,K = − 0.2, and l = 1,2,3,4 (bottom–top) (left). The behavior of f2 in 
terms of K for (q = 0) (red color) and q = 0.3 (blue color) and Λ = 0, r+ = 1(right).

FIGURE 12
Behavior of ωr in terms of K for q = 0(red color), q = 0.3(blue color), and Λ = 0, r+ = 1, l = 1,2,3,4 (bottom–top) (left), and ωi in terms of K for q = 0 (red 
color) and q = 0.3 (blue color) and for l = 1,2,3,4 (top–bottom) (right).
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TABLE 1 Numerical values of f2, ωr, and ωi are determined by considering 
different truncations of the continued fraction expansion for K =
− 0.2, l = 1,r+ = 1, q = 0.

Truncation term f2 ωr ωi

3 −0.3169585188 0.606091139 0.2127379883

4 −0.2664607039 0.6090929446 0.2170631127

5 −0.1575633974 0.6241053897 0.252134987

6 −0.1341248319 0.6360372337 0.2703193668

7 −0.1271730749 0.6485843937 0.2680549076

holes has been shown in the left panel of Figure 11. The potential 
forms a single barrier outside the event horizon, similar to the 
case in Schwarzschild and Reissner–Nordström geometries, and 
vanishes at the horizon (r

∗
→−∞(r = r+ = 1)) and spatial infinity 

(r
∗
→∞)3. As l increases, the height of the potential barrier 

increases, pushing the peak rightward. This is expected because 
a higher l corresponds to a stronger centrifugal term l(l+ 1)/r2. 
Introducing the electric charge increases the barrier height and 
broadens the potential barrier for all values of l. Near the black 
hole and large l, the potential is more modified because of the 
repulsive effect of the electric charge and centrifugal term. In the 
right panel of Figure 11, we have displayed the numerical value 
of f2 as a function of K. Higher-curvature corrections reduce 
the value of f2. In the following, we have used f2 from the 
figure mentioned to obtain the QNM frequencies. To compute 
quasi-normal frequencies, we follow the method described by 
Ferrari and Mashhoon (1984) (see Appendix D for a review). 
This method provides a semi-analytical way to determine quasi-
normal frequencies. It has been implemented in several studies 
on black holes’ quasi-normal modes (Naseh Sajadi et al., 2025; 
Pong et al., 2020; Ponglertsakul et al., 2018).

In Figure 12, we illustrate the behavior of the quasi-normal 
frequency with respect to the K for both q = 0 (red color) and 
q = 0.3 (blue color). The left panel shows that the real part of the 
frequency increases with the K, angular momentum, and electric 
charge, and this leads to faster oscillations of the perturbation. 
The right panel shows that the imaginary part of the frequency is 
positive4. Thus, it can be concluded that the black hole is linearly 
stable. With increasing l, the values of the imaginary part of the 

3 For asymptotically AdS spacetime Λ < 0, the effective potential diverges 

at the AdS boundary, while it reaches zero at the horizon. The important 

consequence of this reflective boundary is that the waves cannot escape 

to infinity. Instead, perturbations bounce back and forth between the 

boundary and the black hole, leading to long-lived modes because 

energy cannot leak to infinity, and damping is controlled only by 

absorption at the horizon. Therefore, the imaginary parts of QNMs 

are smaller than in asymptotically flat spacetime. Moreover, the real 

part of the frequency of the QNMs is affected by the AdS boundary for 

a large black hole (r+ > √−3/Λ) (Horowitz and Hubeny, 2000).

4 Here, positive ωi corresponds to a stable black hole because we have 

chosen the time-component signature in Equation 57 to be positive 

(Φ ≈ e+iωt).

frequencies decrease. Including the electric charge increases the 
imaginary part and, therefore, damps the perturbation more quickly. 
Similar trends are observed for the Reissner–Nordström black holes 
in Einstein gravity (Ferrari and Mashhoon, 1984). In addition, these 
figures shows that, as K increases, ωi first increases, then reaches a 
maximum, and finally decreases. This means that for a specific value 
of K, the perturbations are absorbed by the black hole. Physically, 
the peak in the imaginary part of the quasi-normal frequency 
comes from a competition between two effects: around K ≈ −0.3, 
the effective potential barrier becomes sharper, which increases 
the escape of perturbations, while near K ≈ 0, the barrier becomes 
shallower, leading to a reduced decay rate.

Table 1 shows the numerical values of f2, together with the real 
and imaginary parts of the frequency, obtained by truncating the 
continued fraction expansion at different orders. As the truncation 
order increases, the changes in f2 become smaller, signaling the 
onset of convergence of the continued fraction method. In contrast, 
the quantities ωr and ωi display a smoother dependence on the 
truncation order and approach stable values more rapidly. This 
suggests that the quasi-normal mode frequencies are less sensitive 
to the truncation than the coefficient f2. 

4 Conclusion

In this work, we have constructed an approximate analytical 
solution for a charged black hole in Einstein–quartic gravity using 
the continued fraction expansion method. Starting from the near-
horizon and asymptotic expansions, we smoothly connected these 
regimes to obtain an analytic expression for the metric function that 
remains valid throughout the exterior region of the black hole. The 
solution agrees well with both limits, showing that the continued 
fraction method is trustworthy in higher-curvature gravity.

We have verified the first law of black hole thermodynamics 
and the Smarr relation, explicitly showing how quartic curvature 
corrections modify the mass, entropy, temperature, and other 
thermodynamic quantities. The thermodynamic analysis reveals the 
existence of van der Waals-type phase transitions between small 
and large black holes. The critical quantities are determined, and 
the universal ratio Pcrc/Tc is found to be independent of the model 
parameters, indicating a generic feature of the theory.

Moreover, the study of local and global stability shows that large 
black holes are both locally and globally stable, while intermediate black 
holes are unstable below the critical pressure. The quasi-normal mode 
analysis confirms the dynamical stability of spacetime and illustrates 
how the quartic coupling affects the oscillation frequencies. 

Overall, our results establish a consistent analytic framework for 
exploring black holes in the Einstein–quartic gravity. The continued 
fraction expansion is a useful tool for studying black holes in 
higher-curvature theories and can be extended to rotating, higher-
dimensional, or dynamical cases.
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Appendix A: Near-horizon constants

Here, we present the near-horizon constants f4 and f5 as follows.

f4 = − 1
96r3
+K f2

1 (r+ f1 + 2)
(312Kr4

+ f2
1 f2 f3 + 96Kr4

+ f1 f3
2 − 220Kr3

+ f3
1 f3 − 312Kr3

+ f2
1 f2

2

+ 336Kr3
+ f1 f2 f3 + 32Kr3

+ f3
2 + 296Kr2

+ f3
1 f2 + 12r6

+ f3 − 312Kr2
+ f2

1 f3 − 228Kr2
+ f1 f2

2−

81Kr+ f4
1 + 4Λr5

+ + 12r5
+ f2 + 360Kr+ f2

1 f2 − 112K f3
1 + 12q2r+) , (60)

f5 = − 1
180r4
+K f2

1 (r+ f1 + 2)
(648Kr5

+ f2
1 f2 f4 + 342Kr5

+ f2
1 f2

3 + 672Kr5
+ f1 f2

2 f3 + 48Kr5
+ f4

2

− 436Kr4
+ f3

1 f4 − 1332Kr4
+ f2

1 f2 f3 − 416Kr4
+ f1 f3

2 + 720Kr4
+ f1 f2 f4 + 360Kr4

+ f1 f2
3 + 240Kr4

+ f2
2 f3

+ 596Kr3
+ f3

1 f3 + 888Kr3
+ f2

1 f2
2 + 12r7

+ f4 − 600Kr3
+ f2

1 f4 − 1200Kr3
+ f1 f2 f3 − 160Kr3

+ f3
2−

660Kr2
+ f3

1 f2 + 12r6
+ f3 + 720Kr2

+ f2
1 f3 + 720Kr2

+ f1 f2
2 + 157Kr+ f4

1 − 720Kr+ f2
1 f2

+ 200K f3
1 −12q2r+) . (61)

Appendix B: Explicit terms in the 
continued fraction approximation

We present terms up to the fourth order in the continued 
fraction approximation:

ϵ = −
F1

r+
− 1, a1 = −1 − a0 + 2ϵ+ r+ f1, a2 = −

4a1 − 5ϵ+ 1 + 3a0 + f2r2
+

a1
,

a3 = − 1
a1a2

[− f3r3
+ + a1a2

2 + 5a1a2 + 6a0 + 10a1 − 9ϵ+ 1] ,

a4 = −
f4r4
+ + a1a2

3 + 2a1a2
2a3 + a1a2a3

2 + 6a1a2
2 + 6a1a2a3 + 15a1a2 + 10a0 + 20a1 − 14ϵ+ 1

a1a2a3
.

(62)

Appendix C: Chemical potentials

The action of Maxwell theory is given by

IEM = −
1

16π
∫d4x√−gFμνFμν, (63)

Here, F = dA, A = At(r)dt, and the Maxwell equation is ∇μFμν = 0. 
For a static spherical symmetric, we have

Ftr =
q
r2 , → At (r) = −

q
r
+C. (64)

The constant C should be determined by regularity. From the 
regularity of the gauge potential on the horizon, we have Aμξμ|r+ = 0
for ξ = ∂t. From here, we obtain C as follows:

C =
q
r+
, → At (r) =

q
r+
−

q
r
. (65)

Using the Iyer–Wald approach (δH∞ = ψqδq) (Wald, 1993; Iyer 
and Wald, 1994), the electric contribution at infinity is

ψq =
q
r+
. (66)

This is the thermodynamic electric potential. Similarly, in the 
following, we obtain the chemical potentials for the coupling 
constant and cosmological constant. Here, the coupling constant α̂i
is promoted to the scalar function α̂i(x). The field strength Fα̂i

(x) is 
implemented in the following Lagrangian:

L = 1
16π
(R− 2Λ (x) (1− FΛ (x)) −

6

∑
i=1

α̂i (x)(L̂
i − Fα̂i
(x))) ϵ. (67)

By variation of the Lagrangian with respect to the field α̂i and 
Λ(x), equations of motion are derived, which imply the following 
on-shell relations:

Fα̂i
(x) = L̂iϵ = √−g L̂

i dt∧ dr∧ dθ∧ dϕ, (68)

FΛ (x) = ϵ = √−g dt∧ dr∧ dθ∧ dϕ. (69)

Therefore, the field strength can be written explicitly as

F
K

(x) = −
sin (θ) f′2

24πr3 (2 ( f − 1) f′ − 5r
4

f′2 + r f′′ (r f′ + 3 − 3 f))dt ∧ dr ∧ dθ ∧ dϕ, (70)

FΛ (x) = −
r2 sin (θ)

8π
dt∧ dr∧ dθ∧ dϕ, (71)

where K is defined in Equation 5. The gauge fields are

A
K (x) = −[

f′3 ( f′r+ 4− 4 f)
80πr2 +Y] sin θdt∧ dθ∧ dϕ, (72)

AΛ (x) = −
sin (θ)

8π
[ r

3

3
+Y′]dt∧ dθ∧ dϕ. (73)

Therefore, the corresponding chemical potentials are given as

ψ
K
= −[

f3
1 (r+ f1 + 4)

24r2
+
+Y], (74)

ψΛ = −[
r3

+

6
+Y′]. (75)

The second terms in the parentheses are pure gauges, which should 
be determined by background subtraction.

Appendix D: A brief review of 
Mashhoon’s method

According to this method, the QNMs of a potential barrier 
are related to the bound states of the inverted potential. Let 
p be a set of parameters associated with the potential. These 
may already belong to the potential or be introduced as scaling 
parameters. The parameterized potential is denoted by U(x;p); the 
wave functions and the quasi-normal frequencies are also functions 
of the parameters p:ψ = ψ(x;p) and w = w(p). Now, we introduce the 
formal transformations x→−ix and p→ p′ = Π(p) in such a way 
that the potential remains invariant:

U(−ix;p′) = U (x;p) , (76)

Here, x is the tortoise coordinate. Let us define ϕ and Ω such that
ϕ (x;p) = ψ(−ix;p′) and Ω (p) = w(p′) . (77)

Then, ϕ satisfies the Schrödinger-like equation:
d2ϕ
dx2 + (−Ω

2 +U)ϕ = 0. (78)

 The boundary conditions corresponding to the QNMs are

ϕ (x;p) ∝ exp (∓Ωx) as x→±∞. (79)

Once Ω(p) is determined, the quasi-normal frequencies are found 
by the inverse transformation:

w (p) =Ω(Π−1 (p)) and ψ (x;p) = ϕ(ix;Π−1 (p)) .
(80)
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The QNMs that are directly related, through (80), to the true 
bound states of the inverted potential will be referred to as proper 
QNMs. For instance, let us consider the potential U(x), which 
decreases exponentially to 0 at x→−∞ but falls off as x−2 for x→
+∞. In this case, one can estimate U(x) by using a simpler potential 
that only matches the original potential near its maximum. This 
simple potential is the Poschl–Teller potential:

UPT =
U0

cosh2 α(x− x0)
. (81)

The quantities U0 and α > 0 are given by the height and curvature of 
the potential at its maximum (x = x0). These are

U0 = U(x0) , α2 = − 1
2U0

d2 U
dx2 |

x0

. (82)

The transition from the potential barrier UPT to the inverted 
potential is achieved by the transformations x→−ix (U0,α) and 

→ (U0, iα). The bound states of −UPT are given by

Ωn (U0,α) = α[−(n+ 1
2
)+(1

4
+

U0

α2 )
1
2
]. (83)

The proper QNMs may be obtained from Ωn(U0,−iα), and the 
corresponding frequencies are given by

wr = ±(U0 −
α2

4
)

1/2
, wi = α(n+ 1

2
). (84)

Therefore, roughly speaking, the height of the potential barrier 
is the characteristic real part of QNM (ωr ≈ √U0). Therefore, 
higher barriers lead to larger oscillation frequencies. The 
curvature at the maximum of the effective potential controls 
the damping rate of perturbations (ωi ≈ U′′

0 ). Therefore, the 
sharper/broader peak of the effective potential corresponds to 
fast-damping/long-lived modes (Kokkotas and Schmidt, 1999;
Berti et al., 2009).
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