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A striking feature in the observed chemical composition of the majority of stars
is the universality of the relative abundances of the heavy elements, although
some outliers exist. We demonstrate that a nonequilibrium freeze-out approach
provides a natural way of accounting for the typical abundance pattern and its
variation. Here, we use a phenomenological method to characterize the coarse-
grained distribution of heavy r-process elements in several astrophysical objects.
The Lagrange parameters show only minor fluctuations when comparing
different stars. Larger deviations are observed in stars with low metallicity.
The variations in the Lagrange parameters for these stars are presented. The
determination of the Lagrange parameters can be instrumental in identifying
possible sources for the formation of heavy elements. In particular, density
fluctuations are considered as a source for the production of heavy elements
in the early Universe.

KEYWORDS

nucleosynthesis, solar abundances, mass fractions of heavy nuclei, galactic chemical
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1 Introduction

Over the past decades, spectroscopic observations have provided detailed abundances
of chemical elements in various stars. For instance, the Satellites Around Galactic Analogs
(SAGA) survey (see Geha et al., 2024, and references therein) significantly expands on
the rich observational datasets from satellite systems in the Milky Way. A long-standing
questions is how and where the observed heavy elements with charge number Z > 28
are formed. For elements below the Fe-Ni range, exothermic burning processes can
occur. For the heavy elements, fusion processes are energetically suppressed. Aside from
decay [and the so-called s-process], reaction kinetics for forming of these heavy elements
has been associated with rapid neutron-captures - the so-called r-process — for which
a special environment is required (Burbidge et al., 1957). For a detailed discussion of
the r-process, we refer to the reviews of Cowan et al. (1991); Arnould et al. (2007),
and Thielemann et al. (2011). The production sites of the observed distributions of
heavy elements are still heavily debated (for a recent review, see Cowan et al., 2021).
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Here, we do not intend to solve the problem of the origin of the
heavy elements, but study the question whether the observational
information about the distribution of the heavy elements can
be cast in a minimal set of three Lagrange parameters (related
to the temperature and the chemical potentials of neutrons and
protons) which characterize a freeze-out scenario for heavy-element
formation (Roepke et al, 2024). This is a phenomenological
approach to characterize general properties of the observed
distributions. In general, the temporal evolution of the elemental
abundances is described by reaction kinetics. However, to solve
these differential equations, the initial state is required, and the
thermodynamic state of the site must be specified. For this, the
determination of the Lagrange parameters is of use. The aim of
our work is that the universal pattern observed in many stars
provides an approximation to an initial condition. The initial state
can be characterized by a quasi-equilibrium state with few Lagrange
parameters. This initial state is denoted as freeze-out state. The
subsequent evolution cannot be described by a quasi-equilibrium
state. The distribution can later be changed, and this temporal
evolution is then described by reaction kinetics.

For the solar system, the abundance of isotopes {A, Z}, i.e., nuclei
with mass number A and charge number Z, is well known, see
Lodders (2021). For other stellar objects, the chemical composition
(mostly elemental and not isotopic abundances) has been deduced
from the spectral analysis of the emitted light, i.e., the elemental
abundances Y, =) ,n, ,/np, where n,, denotes the density of
nuclei {A,Z}, and ng the baryon number density. An interesting
observation when comparing the composition of the sun to that
of other stellar objects is that the relative abundances of r-process
elements show a very similar pattern. This is shown, for instance
in Figure 3 of Cowan et al, 2021. An interpretation of this
finding is a “robust” r-process that pollutes stellar material early
in the evolution of our Galaxy - perhaps taking place in a single
astrophysical site — as opposed to a random superposition of
yields from various sources (Cowan et al., 1999). The phenomenon
is usually referred to as the so-called universality of the r-
process (see also Roederer et al.,, 2022a).

To compare the relative proportion of chemical elements
i,j for different objects A,B, we consider the logarithm
log[Yélng/(Yng)] which takes the value zero if the relative
proportions in object A and B are identical. Here, Z; denotes a
chemical element, and we consider only heavy elements with charge
number Z > Zy,,, = 30. Often, the solar abundance is taken as
reference, and the relative ratios [Z;/Z;] = log [YZ, YZ_ / (Yzj Y%)] are
introduced, that can be considered as a measure of the universality.
If in both objects A, B the ratio of the heavy element abundances are
identical, we have [Zi/Zj]A = [Zi/Zj]B = const, independent of ,j.

The pattern of the heavy element distribution seems to be
uniform for the majority stars in the nearby parts of the Milky
Way; the same pattern is also observed in metal-poor stars in the
Galactic halo, see Cowan et al. (2021). These metal-poor stars are
considered to be very old, representing the composition in the
early stage of the Universe (hence the associated term “galactic
archeology”). However, exceptions to the uniformity of the observed
abundance patterns are known, which will be discussed below.

In the present work, we aim to determine values of Lagrange
parameters that characterize these deviations from the solar
distribution. Such deviations encompass abundances that are overall
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scaled up or down but still follow the same pattern — which would
still be consistent with universality — but also changes in the pattern
itself - indicating a loss of universality.

After summarizing the observational results on the r-process
abundance pattern in stars (Section 2) and considering the
distribution function in Section 3 (improved T-dependence of the
shell correction contribution), we discuss universality for the Sun
and other stars in Section 4. The relevance of metal-poor stars for
the early Universe is discussed in Section 5, and finally, we draw
conclusions in Section 6. The problem of where such Lagrange
parameters occur is left to future work.

2 Universality of the r-process
abundance pattern and deviations
from it

In this section, we summarize recent observational findings
concerning the abundance distribution of heavy elements in stars.
In particular, we focus on the question of how strong the indication
of universality is.

Most low-metallicity stars are observed to have a similar
abundance pattern for r-process elements (Saraf et al, 2023;
Frebel, 2024; Bonifacio et al., 2025). This is also supported by
Frebel (2018), who points out that Pb, Th and U still provide the
tightest observational constraints on the poorly understood actinide
production. Comprehensive abundance data on dwarf and giant
stars in the Galactic halo (thick and thin disks) were published
by Hansen et al. (2012). Their findings (large star-to star scatter)
seem to favor an early inhomogeneous interstellar medium. We
discuss these abundances in Section 4. Roederer et al. (2018),
Roederer et al. (2022b) present the so-far most complete chemical
inventory for the metal-poor star HD 222925 and note that the
r-process elements in the range Z>56 (including the third r-
process peak) show a near-perfect match to the solar pattern
when scaled to the Eu abundance. The distribution of the heavy
elements shows a behavior similar to the giants reported by
Hansen et al. (2012), see Section 4.

Deviations from the pattern observed in the majority of stars are
a strong reduction of the heaviest elements in the stars analyzed by
Honda et al. (2007), see also Figure 4 of Cowan et al. (2021). We
discuss these drop-oft distributions in Section 4. In contrast, there
is an overabundance of the heaviest elements, such as Th and U,
as compared to the other r-process elements in several stars with
metallicities [Fe/H] = -3 (Cowan et al., 2021), usually referred to as
an “actinide boost”. Cowan et al. (2021) attribute this finding to either
an r-process contributing to very early galactic evolution or varying
conditions in the sites of the r-process.

A recent overview of observations regarding the third r-
process peak was published by Alencastro Puls et al. (2025).
Comparing several stars, they show that Pt, but also Ir and Os,
are overproduced in contrast to Hf, in particular for stars with
low Eu abundances. They point out that none of the current
models can explain the observed abundances in the third peak and
speculate about an additional r-process active at low metallicities
(i.e., very early epochs) that favors production of elements in the
third peak while contributing little to Eu. The non-robustness of
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the r-process for the actinide-boosted stars was also discussed in
Eichler et al. (2015) and Holmbeck et al. (2019).

As discussed in Section 3, a-decay and fission processes
must be considered which give an additional population of the
heaviest elements. It was found that heavy element distributions
show signatures of fission (Barbuy et al, 2011), see also
Ernandes et al. (2023) and Roederer et al. (2023).

After the discussion of universality and deviations in both
directions, under- and over-population of the heaviest elements,
we would like to mention another interesting point related to
the abundance of the heaviest elements — cosmochronology. The
search for low-metallicity stars should answer the question of
the early appearance of heavy elements in the Universe, see
Bonifacio et al. (2025). For instance, abundance ratios of actinides
can be used a chronometer pairs to calculate the age of stars, see
Lin et al. (2025). The inferred age of the observed star J0804 +
5740 is consistent with the age of the Universe indicating heavy
elements to be present already in the early Universe, see also
Roederer et al. (2024); Hansen et al. (2025); Huang et al. (2025). We
discuss this topic in Section 5.

We collected some examples of observations of the chemical
composition of stars to discuss the universality of heavy element
distribution. Universality is often confirmed in good approximation,
but there exist also deviations which should be understood.
However, as pointed out in the references given above, there are
many open questions about the origin and the site where the heavy
elements are formed.
that model
elements in the galactic chemical evolution start from a state

Current approaches the origin of heavy

without heavy elements. Assuming the homogeneous big
bang scenario (Burbidge et al., 1957), the primordial composition
1= 100 s after big bang) has only H, He,
and a small amount of Li. Stars, made of this primordial matter,

at nucleosynthesis (f,,.
are denoted as population III. All heavy elements are formed later
on, in particular the so-called heavy r-process elements. Different
sites have been considered, where such rapid neutron capture
processes can occur, for instance supernova explosions and mergers
of compact objects (neutron stars, black holes).

Models have been worked out to simulate the heavy-element
production by these processes, see Cowan et al. (2021) for a review.
Extended hydrodynamical simulations have been performed, and
postprocessing the formation of the heavy elements is described
by nuclear reaction network simulations. The output of the heavy
element production is determined by the particular astrophysical
conditions such as the neutron star masses in the merging binary
system and the trajectory of a mass element in the phase space. This
way, it is not always possible to produce also the elements in the lead
region (the third peak around A = 195) or the actinides so that the
universality remains a puzzle.

A proposed
Temis et al. (2015) where the nuclear robustness of the r process

solution  was in  de Jesus Mendoza-
in neutron-star mergers was explained by repeated fission cycles,
and the final abundance distribution is not strongly dependent on
the initial astrophysical conditions. With special assumptions, they
showed that the observed pattern of heavy element distribution can
be reproduced by simulations. However, they concluded that the

actual astrophysical site of the r process is not yet known.
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A superposition of different sources to explain universality
and its deviations was proposed by Just et al. (2015). Recently, a
complete survey of r-process conditions and the un-robustness of
r-process has been published by Kuske et al. (2025). They found
that expensive hydrodynamic simulations of extreme environments
such as neutron star mergers show that a wide range of conditions
produce very similar abundance patterns explaining the observed
robustness of the r process between the second and third peak.
However, it was not possible to find a single condition that produces
the full r process from the first to the third peak. Instead, a
superposition of different conditions or components is required to
reproduce the typical r process pattern as observed in the solar
system and very old stars. In their work, it was not aimed to link
the different conditions to a given astrophysical site.

In this work, we analyze the chemical composition of
various objects and ask whether we can characterize the
distribution of heavy elements using the heavy-element freeze-
out (HEFO) Lagrange parameters Ap,A,,A, (Ropke et al, 2025;
Roepke et al., 2024), which are the nonequilibrium generalizations
of the equilibrium parameters T,u,,u,. Our approach is
phenomenological, we extract the properties of the source
at freeze-out from the data, but we give not a microscopic
approach which describes the dynamical process how these freeze-
out states can occur. Our point is to express these “varying
conditions” (Cowan et al., 2021) which are introduced to describe
individual chemical composition of stars by varying parameter
values of Lagrange parameters Ay, A,,,A,,.

3 The heavy element freeze-out
approach

The chemical composition of stellar matter is expressed by the
mass fraction X,, = An,,/ng with density n,, of isotopes {A,Z};
ng is the baryon number density, and ) ,,X,, = 1. Detailed results
for the solar distribution of isotopes X, are well known. A related
quantity is the abundance of elements, Y, =) ,n,,/np, often used
in comparison to the solar ones as [Z,Z'] = log[Y,Y3,/Y, Y;].

To describe the temporary evolution of the distribution
function, we require a non-equilibrium approach. For hot and
dense matter, a hydrodynamical description is possible, where
local thermodynamic equilibrium is assumed. Correlations and
the formation of bound states can occur, but relax quickly to the
equilibrium with the local thermodynamic parameters. If the hot
and dense matter expands and cools down, the relaxation time
for equilibrium can become larger than the rate of the change of
the thermodynamic parameters so that the local thermodynamic
equilibrium is no longer established, this thermodynamic state
freezes out. In particular, the equilibrium distribution function of
the isotopes freezes out. Of course, there are changes possible also
after freeze-out, but these must be described by reaction kinetics.

In the simulation of supernova or merger processes, for
expanding hot and dense matter hydrodynamic equations based on
local thermodynamic equilibrium are used. The isotopic distribution
is obtained from postprocessing where below a typical temperature
(about 0.5 MeV) nuclear reaction networks are used to simulate
the evolution of the distribution function. As starting point for the

frontiersin.org


https://doi.org/10.3389/fspas.2025.1733496
https://www.frontiersin.org/journals/astronomy-and-space-sciences
https://www.frontiersin.org

Blaschke et al.

isotopic distribution function, the nuclear statistical equilibrium
(NSE) is used.

A systematic approach should use a nonequilibrium approach
(Roepke et al., 2024). In general, in-medium corrections can be
taken into account, with respect to the binding energies of the
isotopes as well as to the reaction rates. A consistent description
of the freeze-out concept can be given using the method of the
nonequilibrium statistical operator, see (Roepke et al, 2024).
Lagrange parameters A; are required to determine the non-
equilibrium state of the system. After freeze-out, reaction kinetics
determines the evolution of the system, for instance decay processes
of excited states of nuclei. This approach provides a complete
spectrum of element abundances including heavy r-process
elements as a seed distribution for subsequent postprocessing in
stellar and explosive nucleosynthesis. Instead of NSE, slow variables
are taken into account to characterize the state of the system, and
in-medium corrections are considered.

To analyse the heavy element distribution, our assumption
is, to start from a hot and dense state of matter (for instance,
supernova explosions, neutron star mergers, or other states in the
early Universe) and to follow the expansion of hot and dense
matter, i.e., the decompression and cooling process. Bound states
(nuclei) are formed if the density is smaller than the Mott density.
Reactions occur, and detailed balance move the system towards
thermodynamic equilibrium. However, if some reactions become
slow, the corresponding degrees of freedom freeze out, and the
corresponding averages characterize the further evolution like quasi-
constants of motion. Of course, there are also changes of the
composition after freeze-out, but these must be described as kinetic
processes. The distribution function of the elements is no longer
given by the nuclear statistical equilibrium; their temporal evolution is
described by reaction kinetics. Different processes can be considered
which change the composition of matter. The decay of excited states
(y decay) and the  and B reactions do not change the mass number
A of the nuclei. To get rid of these processes, we consider the mass
number distribution X, = Y ,X,,. This mass number distribution is
changed by emission/absorption of neutrons/protons, « particles, and
generally by fusion and fission processes.

To describe the nonequilibrium evolution of the chemical
composition, we have to consider different reactions which are
relevant for the chemical evolution. We assume that the details of
the distribution of elements are formed in a late stage whereas some
general features are formed already very early during the chemical
evolution process. Our aim is to identify slow variables which can be
used to construct the relevant statistical operator. Finer details such
as the staggering with respect to N or Z are subject of the very late
stage, to be described by detailed nuclear reaction networks.

3.1 The coarse-grained distribution
function

To identify these gross structures of the distribution function,
we consider a coarse-grained distribution (Ropke, 1987), the
accumulated mass fraction

1 A+3
v !
Xa=— Y A" Y nyy, (1)
ng <
Al=A yAY
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with v denoting the excitation state of the isotope {A,Z}, and the A-
metallicity

Mz = z )A(gr. (2)
A'>A

Here, ny denotes the baryon number density, and n, ,, the
number density of clusters with mass number A and charge number
Z. The intrinsic quantum number v gives the excitation state of the
nucleus {A,Z} and A characterizes the group of clusters; it can take
values in [0,4,8,12,...].

We are not dealing with the high abundance of the well-bound
a nuclei (12C, %0, etc.) and the even-odd staggering which are
designed only in the late stage of evolution, but merely in the global
structure of the distribution function.

In particular, we focus on the heavy elements A > 76 which are
beyond the iron peak. While the light elements up to the iron/nickel
region are produced steadily in stellar burning processes, the heavy
elements are mainly frozen out. Special conditions are necessary
to run the r or s process which recently are possible, e.g., in SN
explosions or NS mergers. Heavy elements are observed in various
astrophysical objects, but the site where they are formed has not been
fully resolved yet, as outlined in the Introduction and in Section 2.
For a review on the deciphering the origins of the elements through
galactic archeology see Farouqi et al. (2025) where further references
can be found.

We have recently published an article (Gonin et al., 2025)
that was based on the concept of HEFO (Ropke, 1987;
Roepke et al., 2024). As a prerequisite to determine the conditions
at which the heavy element distribution is formed, we determine
freeze-out conditions which are fitted to the observed heavy
element distribution. For the solar distribution, we found the
Lagrange parameter values Ap=5266MeV, A, =940.317MeV
and A, =845.060MeV, which represent the non-equilibrium
generalizations of the temperature T and the chemical potentials
#, and p, for neutrons and protons, respectively. HEFO parameter
values of temperature T=5 MeV, corresponding to 5.8 x 10"
K, baryon number density ng=0.013 fm™>, corresponding to
a mass density of ¢=2.2x10" g/cm?® and proton fraction
Y, =0.13 are found in simulations of supernova explosions, see
Fischer etal. (2014), Fischer et al. (2017), and in the crust of proton-
neutron stars, see Dinh Thi et al. (2023). This HEFO distribution
includes also a large amount of superheavy elements which decay
afterwards by a-particle emission or fission. Since knowledge about
the branching rates of different decay processes of these superheavies
is scare, we can only perform crude estimates. However, the value
M, the total mass fraction of heavy nuclei, is nearly unchanged
with respect to fission and a-decay processes so that this value
can be considered as a nearly conserved quantity to construct the
non-equilibrium statistical operator.

Such quasi-conserved quantities are of interest when describing
the nonequilibrium distribution. This means that the assumption,
often made in simulations using nuclear reaction networks, that
above a temperature of about 0.5 MeV local nuclear statistical
equilibrium can be assumed, is questionable. At heavy-element
freeze-out (HEFO), where the neutron density is going down, the
relaxation time for the heavy element metallicity M,, becomes too
long to arrive at equilibrium.

As shown in Figure 1, at HEFO the solar heavy element
distribution is well reproduced, while light elements are
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FIGURE 1

Figure 10 from Gonin et al. (2025). Accumulated mass fraction X (red
“+" symbols) for the parameter values T =5.266 MeV, u, = 940.317 MeV
and Hy = 845.069 MeV after evaporation of neutrons )?/'; compared with
the solar accumulated mass fraction )A(; (black “x " symbols. In addition
to neutron evaporation, leading to )A(; (see Roepke et al. (2024) for
details) nuclei with A > 212 are subject to a-decay (feeding the region
near A ~ 200) and fission (feeding the region near A ~ 160).

underproduced. In particular, the iron peak is underproduced
by a factor of about 10°. As emphasized above, the freeze-out
only applies to the heavy elements, while the non-equilibrium
evolution of the light elements continues, in particular burning
processes that can approach the solar distribution. During the
decompression of hot and dense matter, fusion processes (burning)
are generally possible after HEFO, where the nuclear statistical
equilibrium of heavy nuclei is no longer maintained. This increases
the abundance of light elements, and the freeze-out of light
elements occurs at a later stage. In standard calculations, reaction
networks are applied at this later stage. For example, in SN
simulations, a nuclear statistical equilibrium is assumed as long
as the temperature of a mass element is above 0.7 MeV, see, e.g.,
Fischer et al. (2017), Ricigliano et al. (2024).

3.2 The level density of excited nuclei

In the framework of our approach, where we have clustered
matter at high temperatures, the intrinsic partition function of
the nuclei {A,Z} is an important ingredient. A simple version
was considered in Roepke et al. (2024). For the partial density
(T, th P) of the nucleus in the channel {A, Z} the expression

2\ -3/2
nAZ(T’/’ln’”P) = RAZ(T’””’HP) (%)
E (Tototty) (A= 2Z) u, — Zu,

©)

X exp T

was given, where E%Z(T,,un,yp) is the medium-modified ground
state energy of the nucleus {A, Z}. The degeneracy factor g,, and the
sum over all excited states, including the continuum contributions,
are absorbed in the prefactor R,,(T,u,,4,), the intrinsic partition
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function. For the light elements, the excited states of the nuclei and
their degeneracy are known (National Nuclear Data Center, 2024)
so that the summation can be performed within the intrinsic
partition function and the continuum contribution to the virial form
(Ropke et al.,, 2021; Natowitz et al., 2023). For the heavier nuclei, the
summation over their excited states can be replaced by the integral
over the density of states (Bohr and Mottelson, 1969)

15MeV
A

EA_E
15MeV T

Emax
1/2 1/4
Ryz=g4,+ 711—2( ) J dEES/* exp{Z

E

}, @

where we take E,_;, = 25MeV/A and E,,, as the binding energy of
the bound state {A, Z}.

A general expression for the nuclear level density p(E) reads
(Bohr and Mottelson, 1969)

‘min

P(E) = KrotKvibPint (E), 5)

where K

rot>
enhancement of the non-collective internal nuclear excitations

K.y, are the coefficients for rotational and vibrational

Pine(E). In this work, we take K. =Ky =1. Microscopic
calculations of p, (E) are rather complicated. Instead, usually
an empirical approach is used, such as the back-shifted Fermi-

gas model
2\a(E-0)],

where the backshift parameter is taken as the pairing energy A =
12y/ VA MeV, with x=0,1,-1 for odd, even-even, odd-odd nuclei,
respectively. The empirical parameter a is approximated (Sepiani
and Nasrabadi, 2024)

'/ ~1/4 —5/4
Pine (E) = Eu (E-A) exp 6)

d=aA+BAY? = [0.073A+0.1954%%] MeV™". )

This liquid-drop result approximates the value a=A/15
MeV™! given in Equation 4. For a more detailed discussion of
the intrinsic partition function see Rauscher et al. (1997) and
Iljinov et al. (1992), see also Rauscher (2003) and, more recently,
Magner et al. (2021), Ozen and Alhassid (2025). The backshift A is
not of relevance because we average over neighbored mass numbers
A so that the even-odd staggering are averaged out.

Another deviation from the liquid droplet model is the
occurrence of magic numbers which is related to the shell structure
of the single quasiparticle states in the mean-field nuclear potential.
This additional contribution §W(Z,N) to the binding energy has
been parametrized in a semiempirical approach by Duflo and Zuker
(1995). In Roepke et al. (2024) this correction was considered as
rigid shift of the nuclear level density. A more detailed description
considers how the shell corrections change with excitation energy.
An empirical relation was considered by Iljinov et al. (1992).
However, the freeze-out Lagrange parameters are far away from the
states of matter which are available in recent experiments.

In this work we use the energy-dependent shell correction
proposed by Iljinov et al. (1992), Rauscher et al. (1997),

exp[-y(E-A)]

1_
a(E,N,Z)=ad|1+8W(Z,N) oA , (8)

with y = 0.05 MeV . This empirical value was obtained from a fit
to known experimental data which refer to very different situations
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TABLE 1 Lagrange parameters and variation of the abundances.

10.3389/fspas.2025.1733496

Ar [MeV] A, [MeV] Ap [MeV] log (Xy6) log (X356)
Solar 52904 940.294 845.055 -6.826 ~8.0566
A 5.30868 940.277 845.07 -6.826 -8.1566
B 5.24664 940.336 844.935 -6.926 -8.1566
C 5.20376 940.376 844.817 ~7.026 -8.2566
(lower energies, nearly symmetric matter) compared with the hot
and neutron-rich state of matter considered here. Thus, the form of SRR AR AR AR
the level density of excited nuclei remains open. In addition, for a 0: A
more adequate description, a nonequilibrium approach is required. r e
However, this is beyond the scope of the present work. 005
B |
K 01F
4 Phenomenological HEFO Lagrange L o
Pa rameters for stars -
02
We now consider other stellar objects and compare their r
it 3 iotri i . (S S N A S S ST NSNS AT A AR R AR
composition with the solar abundance distribution of heavy 0.25, 00 500 500 100
elements. An interesting phenomenon is the robust universality A
of the main r-process pattern, as pointed out in the Introduction
. s FIGURE 2
and Section 2. Within our framework’ almost the same Lagrange Three different coarse-grained distributions of the heavy nuclei,
parameters can be used to characterize the HEFO conditions for A >76. The change log (X;) - log ()?2’”“) relatively to the solar
the respective objects A fit to the Lagrange parameters for the distribution is shown, for the parameter values of examples A, B, C, see
’ L k Table 1. Temperature dependence of the shell corrections
solar heavy element abundances is given in Table 1. Compared according Equation 8.
with the calculations in Roepke et al. (2024), we used the

temperature dependence of the shell correction shifts, Equation 8,
so that the Lagrange parameters for the solar distribution are only
marginally shifted.

Universality is not a strict property of stars, but there exist
deviations from a constant ratio of heavy-element abundances, valid
for arbitrary Z. As discussed in Section 2, an actinide-boost is
observed for some stars, with an over-abundance of the heaviest
elements. On the other hand, stars are observed with an under-
abundance of the rare-earth domain, if compared with the solar
system abundances. A variation of the abundances of elements can
be described by a variation of the Lagrange parameters at HEFO. In
this section, our aim is to infer the Lagrange parameters giving rise
to the abundance patterns observed for several individual stars.

Before that, we study the effect of a change of the Lagrange
parameters on the form of the distribution function. We assume
a change of Lagrange parameters to describe the modification of
the heavy element distribution. With the normalization log[M,] =
0 at given baryon density (Roepke et al., 2024), only two Lagrange
parameters are free. We infer them from given values of Xy4, X554
The corresponding Lagrange parameters are shown in Table 1. Small
changes of the Lagrange parameters give already substantial changes
of the distribution, see Figure 2.

We see that the heavy element distribution is shifted downwards
if the temperature A decreases, but the universality is approximately
fulfilled if a minor change of the other parameters u,, Hy s
performed. We can also change the slope of the heavy element
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distribution function. If the slope of the distribution function is
changed, universality is no longer valid.

For the comparison with individual stellar abundances, we
have to use Z instead of A since the observed line spectra are
attributed to the chemical elements. In order to relate Z to a mass
number A, we take the line of stability in the neutron-proton
plane. Note that we are considering double ratios so that different
magnitudes of intervals attributed to a value of Z will cancel out.
In this work, we discuss various examples where observations
of as many elemental abundances as possible are available. Our
approach is phenomenological; we do not intend to describe
various processes by which heavy elements can be formed, see the
discussion in Section 5.

Of particular interest are low-metallicity stars observed in the
halo of the Milky Way. It is assumed that these are old stars,
characterized by a low value of [Fe/H]. We use Hansen et al. (2012),
Tabs. C1, C2, from which we only consider stars where data for all
indicated elements are given, and perform the averages of [X/H]
which gives the deviation from solar distribution. Values are shown
in Table 2. Low metallicity is characterized by the [Fe/H] values.
Dwarfs have masses of about 0.8 M,, for the giant stars the mass
1 M, is assumed (Hansen et al., 2012). The error bars of the values
of [X/H] are about 0.2. There is a systematic shift of the ratios [X/H],
increasing with Z respective A.
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TABLE 2 Stellar abundances according to Hansen et al. (2012), averages for dwarfs and giants.

10.3389/fspas.2025.1733496

convenience.

TABLE 3 Lagrange parameters, dwarfs and giants according

Hansen et al. (2012), are fitted to the data of Table 2, see Figure 2.
Lagrange parameters are also given for two stars with drop-offs through
the rare-earth domain according Honda et al. (2007).

T [MeV] t, [MeV] tp [MeV]
solar 5.2904 940.294 845.055
dwarfs 46391 940.875 843.873
giants 43576 941.101 843.166
Honda et al. 45551 940.944 842.349

This can be reproduced using appropriate Lagrange parameters
(we use T,u,,u, instead of Ap,A,,4,). A fit is shown in Figure 3
and Table 3. The lower metallicities correspond to lower T
values. In Figure 3, the light elements have larger scatter but are not
relevant here since we consider only the heavy elements (Z > 30).

We obtain different Lagrange parameters for dwarfs and giants.
The metallicity for giants is smaller, the Lagrange parameter T is
smaller. However, the universality of the heavy elements is fulfilled,
the difference between both groups shown in Figure 3 is nearly
independent on Z.

Nevertheless, both curves for [X/H], dwarfs and giants, as
function of Z show a slope which is in conflict with the
universality with the solar distribution, i.e., they are not constant,
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No. mass [Fe/H] [Sr/H] [Y/H] [Zr/H] [Pd/H] [Ag/HI ‘ [Ba/H] ‘ [Eu/H]
1 dwarfs -1.153 -1.028 -1.122 —-0.902 —-0.889 —-0.962 -0.904 —-0.662
2 giants —-1.995 -1.979 -1.998 -1.781 -1.836 -1.994 -1.742 -1.638
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FIGURE 3 FIGURE 4 ) ) o _

Stellar abundances [X/H] for halo dwarfs and giants according HEFO primordial accumulated@m‘asss fra;tlon.dlstrlbut\on logX.;\l. The

Hansen et al. (2012). The Lagrange parameters Ay, . and Aginis Lagrange parameters A7 an.d A; are given in Table 3. In addition, the

are given in Table 3. In addition, the difference d-g-1 between both ratio of both (giants/solar) is also shown.

averages (dwarfs-giants) is shown, after subtraction of 1 for

independent on Z. Such a slope can be described in our
phenomenological approach by fitted values of the Lagrange
parameters.

For the stars shown in Figure 3, the ratio of heavy elements
increases with Z in the metal-poor giants compared with the solar
system. To discuss this point, we revert to the distribution with
respect to the mass number A. To show the general behavior of the
primordial accumulated mass fraction distribution X7, we perform
the calculation up to A = 800, see Figure 4. Whereas the region 44 <
A <172 corresponds to the results given in Figure 3, we observe an
interesting trend at large values of A. The mass fraction is higher than
the solar value. These superheavy nuclei will decay (fission, a-decay)
and feed the heaviest stable elements. We predict that these stars,
described in Hansen et al. (2012), will have an enhanced abundance
of the heaviest elements (3rd peak) since the decay products of the
superheavy-element primordial distribution at HEFO will populate
these elements. In Figure 4 we give the total amount of material
M, found in primordial nuclei with A > 200. The value for the solar
Lagrange parameters it is log[M5;,] = —6.1499. For the parameter
values A; of giants, given in Table 3, log [Mizms] = —5.4043, about
5 times larger than solar.

An actinide-boost halo star (metal-poor giant star HE 2252-
4225 [Fe/H] = —2.63), was studied by Mashonkina et al. (2014).
In their Figure 3, the overabundance of the heaviest elements
(60 < Z<90) is clearly seen, possibly originating from radioactive
decay of superheavy elements. However, Goriely (2015) point out
that fission and its consequences for nucleosynthesis observables
remain an open problem due to a lack of empirical data.
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Figure 4 from Cowan et al. (2021) with permission from the Publisher. For details see the text.

As mentioned in Section 2, the chemical
of 52 performed with high

Alencastro Puls et al. (2025). An extreme overabundance of the

analysis
stars  was resolution by
elements of the third peak was observed in the Eu-poor stars, which,
according to Alencastro Puls et al. (2025) supports the picture of a
variable r-process as opposed to a universal outcome. They interpret
this finding as an indication for an additional early-time r-process
contribution and point out that none of the currently considered
astrophysical sites can fully explain the increased abundances of Os,
Ir, and Pt. Therefore, it is of fundamental interest to investigate the
physical conditions an astrophysical site has to reach in order to
explain such a new r-process.

Likewise, as also mentioned in Section 2, Cowan et al. (2021)
point out that increased abundances of Th and U compared
to lighter r-process elements are also found in other stars.
The authors take the observed actinide enhancement in some
stars with metallicities [Fe/H] =~ —3 as an indication for a non-
universal r-process, which played a role in very early galactic
evolution proceeded under varying conditions depending on the
r-process site. Our aim is to express these varying conditions by
varying the parameter values of the Lagrange parameters A, as
indicated in Figure 4.

For several low-metallicity stars, a reverse strong deviation
from universality was observed. We consider the drop-offs across
the rare-earth domain mentioned in Section 2, see Figure 5,
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taken from Cowan et al., 2021. The stellar abundance sets are CS
31082-001 (Siqueira Mello et al., 2013), HD 88609, HD 122563
(Honda et al., 2007), and HD 221170 (Ivans et al., 2006). The data
of HD 88609 and HD 122563 are shown in Table 4. From Z = 55 to
70, a significant decrease in abundance can be observed for some
stars. It is argued that these stars do not share the same chemical
enrichment history as the others in the ensemble, but originate from
a different source (Hansen et al., 2014).

We have determined the Lagrange parameters for these stars, see
Table 3. The abundances calculated from the Lagrange parameters
are shown in Figure 6 in comparison to the observed distribution.
We can reproduce the general trend of the distribution of heavy
elements with the Lagrange parameters from Table 3. However, as
can be seen in Figure 5, scatter and error bars are large.

Instead of a strict universality of the distribution of heavy
elements, we find variability of the distribution. This leads to
the variability of the three Lagrange parameters A;,A,,1,, which
represent the non-equilibrium  generalizations of T,u,,u,. We
consider a phenomenological approach to show that the distribution
of heavy elements in different stars is related to these Lagrange
parameters. In this section, we do not provide an interpretation
of the astrophysical site where these parameters occur. The
existence of these Lagrange parameters is valuable in itself. They
characterize every astrophysical object, especially stars, in terms of
the distribution of heavy elements.
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TABLE 4 Two stars with drop-offs through the rare-earth domain
described by Honda et al. (2007).

z ’ [X/Fe] HD 88609 [X/Fe] HD 122563
[Fe/H] -3.0 -27
29 -0.48 -0.46
30 039 0.18
38 -0.05 -0.27
39 -0.12 -0.37
40 024 -0.10
41 -0.07 -0.13
42 0.15 -0.02
44 032 0.07
46 0.03 -0.23
47 0.10 -0.05
56 -0.81 -1.05
57 -0.81 -0.96
58 -0.53 -0.72
59 0.14 -0.09
60 -0.49 -0.69
62 -0.35 ~0.40
63 -0.33 -0.52
64 -0.88 -0.76
66 -0.92 -0.99
68 -0.65 -0.82
70 -0.95 -1.09

5 Discussion

Within the framework of the non-equilibrium freeze-out
approach, we obtain values for the Lagrange parameters, which
are the non-equilibrium generalisations of T, Hyo by Our conditions
(Roepke et al., 2024) (T=5MeV =5.8x 10" K, ny = 0.013 fm™ =
2.2x10"3 g/cm3, YP ~ (.13, see Table 3) are found in supernova
explosions, in binary NS mergers and in similar astrophysical
objects with high energy density. For example, Fischer et al. (2014),
Fischer et al. (2017) and Dinh Thi et al. (2023) provided examples
where these parameters for density and temperature occur in
connection with supernova simulations and in the crust of
proto-neutron stars. Undoubtedly, such conditions can occur
in special astrophysical sites, and the production of heavy r-
process elements has been detected in connection with the
NS merger event GW170817 (Watson et al., 2019). There are
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FIGURE 6
Abundance pattern for two stars (+ HD 88609, x HD122563) of
Honda et al. (2007) compared to results from fit of Lagrange
parameters given in Table 3 (blue asterisk connected by line to
guide the eyes).

numerous studies, see, e.g., Wanajo et al. (2014), Just et al. (2015),
Siegel et al. (2019), and Thielemann et al. (2017), which show that
r-process elements can be produced from compact object mergers.
In these publications, the calculation of nucleosynthesis begins
when the temperature falls below 1 MeV, which is significantly
below HEFO temperatures. The proton fractions Y, with a value of
about 0.1-0.15 are in the same range as for HEFO. Since we are not
concerned with the astrophysical origin of heavy elements in this
article, we will not discuss where the calculation of nucleosynthesis
should begin, at HEFO temperatures or at temperatures of
about 0.5 MeV. While HEFO has an initial distribution of heavy
elements from the outset, conventional standard approaches
must generate the heavy elements using nuclear reaction
networks.

Postprocessing the hydrodynamical evolution, nuclear reaction
networks such as SkyNet (Lippuner and Roberts, 2017) or
WinNet (Reichert et al., 2023) are usually applied to describe
the evolution of the chemical composition, assuming NSE for the
distribution of elements also for temperatures T~ 0.5 MeV as
initial condition. Under certain conditions, r-abundance pattern are
obtained, see Wanajo (2007); Just et al. (2015); de Jesis Mendoza-
Temis et al. (2015); Just et al. (2023); Bonifacio et al. (2025).
However, the uniformity of the heavy element distribution is not
easily explained, since the result of reaction kinetics depends on
the duration and other characteristics of the neutron flux which is
required to run the r process. In contrast, HEFO is able to reproduce
the universality feature as a consequence of decompression from
a hot and dense state of matter described by only a few Lagrange
parameters.

Recent studies have shown that actinide-boosted star signatures
can also be reproduced in specific astrophysical contexts, for
example, by the intermediate neutron capture process (i-process)
that occurs during proton-ingestion events (PIEs) in AGB stars with
low metallicity (e.g., Choplin et al. (2022); Choplin et al. (2024);
Choplin et al. (2025); Kiss and Trdocsanyi (2010)). Recent work by
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Psaltis et al. (2024) shows that neutrino-driven outflows in core-
collapse supernovae can reproduce the observed overproduction
of lighter r-process elements between Sr and Ag in very metal-
poor stars such as HD 122563 through a combination of weak
r-process and vp-process nucleosynthesis. However, we do
not intend to discuss different pathways for the formation of
these elements (Prantzos et al, 2023; Kobayashi, 2026), but
merely wish to provide a phenomenological description of the
distribution.

It is an open question whether events such as supernova
explosions or binary NS mergers are the only sites for the origin
of the heavy elements in our Universe, see Coté et al. (2018),
Wanajo et al. (2021), and further articles cited in the Introduction
and in Section 2. A major problem is the appearance of
heavy elements already in the low-metallicity stars which
are assumed to be very old. In particular, a large ratio
[Eu/Fe] has been observed in stars with [Fe/H]<-2, see
Wehmeyer et al. (2015), Wehmeyer et al. (2019); Cain et al. (2020);
Roederer et al. (2024), and Chen et al. (2025).

It is assumed that metallicity can be used as an indicator of
the age of a star. Low-metallicity stars ([Fe/H] <-2.5) represent
early stars, so metallicity serves as a clock in the context of
galactic chemical evolution (GCE) to determine the time at
which stars formed from galactic matter. An overview of the
research field of GCE would go beyond the scope of this
article, so we refer to Matteucci (2012). Here we only mention
the following problem: Stars with high r-process abundances
(0 < [Eu/Fe] <2) and extremely low metallicity ([Fe/H] <—2.5)
have been observed, and an astrophysical site for nucleosynthesis
is under discussion in an environment with lower metallicity
than binary NS mergers could have, see Wehmeyer et al. (2015),
Wehmeyer et al. (2019); Cescutti et al. (2015); Haynes and
Kobayashi (2019); Thielemann et al. (2022); Farouqi et al. (2022).
Models of GCE were formulated trying to explain the early r-
process onset, see, e.g., Hirai et al. (2015), Shen et al. (2015),
van de Voort et al. (2015); Ishimaru et al. (2015), Ojima et al. (2018),
Hotokezaka et al. (2018), and Siegel et al. (2019),
Hotokezaka et al. (2018), and Siegel et al. (2019). The issues related
to GCE will be discussed in forthcoming work.

While the occurrence of stars with low metallicity and high
content of r-elements is difficult to understand using standard
approaches, it is consistent with the freeze-out scenario with
Lagrange parameters obtained from the solar distribution, see
Figure 1. A ratio [Eu/Fe] = 3 is obtained at the corresponding
freeze-out conditions, with [Fe/H] = —3. Since in the HEFO
scenario only the heavy element distribution freezes out, and the
excited heavy nuclei decay after freeze-out, the light elements
evolve further after HEFO, for instance due to burning processes.
Therefore, with increasing amount of Fe, smaller values for the
ratio [Eu/Fe] appear. Since we are not concerned in this work
with the nuclear reaction processes after HEFO for the light
elements such as Fe, we only mention the distribution of the
oldest stars with a ratio [Eu/Fe] <2.45, see Cain et al. (2020);
Roederer et al. (2024).

Although the production of r-process elements in NS mergers
has been confirmed, it remains unclear whether they merely
contribute to the enrichment of the Universe with heavy elements
or whether they can account for the total cosmic abundance of
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heavy nuclei. An interesting possibility is the inhomogeneous Big
Bang nucleosynthesis (IBBN), see (Gonin et al., 2025) that is based
on the concept of HEFO (Ropke, 1987; Roepke et al., 2024).
Even before Big Bang nucleosynthesis, primordial black holes
(PBH) and other large-scale density fluctuations are assumed to
exist. Such density fluctuations, which survive the homogeneous
Big Bang nucleosynthesis (HBBN) time scale, are possible sites
where heavy element nucleosynthesis can take place. In constrast
to scenarios that postulate events such as magnetorotational
SNe, collapsars/hypernovae and possibly binary compact object
mergers to take place extremely early, hot and dense matter is
present in the IBBN from the beginning and must not created
by accretion from low-density, metal-less population III matter
as in the HBBN. We do not provide detailed calculations of
the distribution of inhomogeneities and their lifetime here. The
discussion of a cosmological scenario that includes PBHs and other
density fluctuations would go beyond the scope of the present
work.

Values can be specified for the Lagrange parameters of HEFO
that describe the frequently discussed large [Eu/Fe] ratio in stars
with low metallicity. Assuming that low [Fe/H] values indicate that
these stars formed early, the heavy elements should also have been
formed in an early process. For stars with [Eu/Fe] >0.3, a behavior is
shown that points to the appearance of a further production site, see,
e.g., Kirbyetal. (2023) and Farouqi et al. (2025). An open question is
whether there are several kinds of sources. Neutron-star mergers as
the source of r-process-enhanced metal-poor stars in the Milky Way
are considered by Safarzadeh etal. (2019a), Safarzadeh etal. (2019b).
They show that even when we adopt the r-process yield estimates
observed in GW170817, neutron-star mergers by themselves can
only explain the observed frequency of r-process-enhanced stars, if
the birth rate of DNSs per unit mass of stars is boosted to =10~ M.
The investigation of Haynes and Kobayashi (2019) lead to the
conclusion that neither electron capture supernovae or neutrino-
driven winds are able to adequately explain the observed Eu levels
(for a general discussion of galactic evolution, see also Kobayashi
(2025)). Large scatter of data is also shown in Roederer et al. (2024).
There must be another source for the heavy element production in
the early Universe, as pointed out, e.g., by Wehmeyer et al. (2015),
Wehmeyer et al. (2019); Cescutti and Chiappini (2014),
Roederer et al. (2024), Chen et al. (2025), and Ashraf et al. (2025).
Alencastro Puls etal. (2025). Alencastro Puls et al. (2025) emphasize
the challenge their results present to conventional nucleosythesis
scenarios and the need for an additional early production channel
for r-process elements that does not require mergers of compact
objects (see also Saleem et al., 2025). This view is also supported
by the GCE models of Coté et al. (2019), that suggest an extra
r-process site to provide r-process enrichment in the early
Universe.

The possibility of an early, previously unknown process of
nucleosynthesis is the subject of intense debate in the literature.
Our work does not attempt to answer the question of the
astrophysical scenario for such a process. We merely point to
one possibility, namely, the existence of very early, primordial
fluctuations in density and temperature. The values for the Lagrange
parameters and their dispersion presented here may provide
an indication of the properties of such an early process of
nucleosynthesis.
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Conclusion

In the Heavy Element Freeze-Out (HEFO) model, Lagrange
parameters A; are introduced to characterize the distribution of
heavy elements. Specific parameter values can be determined from
the distribution of heavy elements in different stars. Deviations from
the uniformity of the r-process element abundance can be mapped
to a scatter in the values of the Lagrange parameters that characterize
the conditions under which the HEFO occurs. Larger variability in
the Lagrange parameters is observed in stars with low metallicity.
We have presented several examples, such as actinide-boost stars
and heavy-element drop-off distributions. A three-parameter HEFO
framework can reproduce the coarse-grained r-process abundance
patterns, and modest parameter variations can fit the observed
stellar diversity.
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