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In this brief report, we present a model that complements the well-established
canonical model for the spin evolution of rotation-powered pulsars, which is
typically used to estimate ages, spin-down luminosity, and surface magnetic
felds of middle-aged pulsars. We analytically explore the growth of the magnetic
feld during a pulsar’s early history, a period shortly after supernova explosion
from which the neutron star forms, encompassing the hypercritical phase and
subsequent reemergence of the magnetic feld. We analyze the impact of
such growth on the early dynamics of the pulsar. Investigations into a pulsar’s
magnetic evolution are not new, and we expand the knowledge in this area
by examining the evolutionary implications in a scenario governed by growth
functions. The proposed growth functions, calibrated with data from the Crab
pulsar, exhibit satisfactory physical behaviors.

pulsar, neutron star, spin-down, magnetic feld, braking index

1 Introduction

Neutron stars (NSs) are extremely dense remnants that result from the supernova
explosion of massive stars that have undergone a core-collapse. Although NSs were proposed
theoretically long ago by Baade and Zwicky (1934), their existence was only confrmed
observationally in the form of pulsars by Hewish et al. (1968). T ese pulsars were interpreted
as rapidly rotating magnetized NSs by Gold (1968). Tese NSs, in which rotation is
responsible for the observed luminosity, are known as rotation-powered pulsars (RPPs).

As the NS spins, it loses rotational energy, which is converted into electromagnetic
radiation emitted from the star. T erefore, the source of electromagnetic radiation in RPPs
is not nuclear fusion or gravitational energy, but simply the rotational energy stored in the
rapid rotation of the star (Ghosh, 2007). To account for the spin-down and the energy of
RPPs, a dipolar oblique rotator model was proposed by Gold (1968) for the NS, allowing a
simple yet efective description of the fundamental mechanisms that lead to the observed
pulsations in RPPs. T is consolidated, canonical model provides insights into the radiation
energy, signal periodicity, and the evolving rotational dynamics of middle-aged NS. In
addition, it yields a constant braking index when the NS is considered a rigid rotating sphere
with a very strong magnetic feld.

Although the canonical model is adequate to explain some characteristics of
mature pulsars, it assumes a constant magnetic feld since the birth of the pulsar.
Observational, theoretical, and numerical evidence suggests that this is not always the
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case (Chevalier and Emmering, 1986; Muslimov and Page,
1995; Geppertetal., 1999; Bernaletal., 2010; Bernaletal,
2013; Bransgrove et al., 2018). A newborn NS is exposed to strong
accretion shortly afer the supernova explosion that resulted in its
formation. In this scenario, the shock wave sweeps through the outer
layers of the progenitor until it encounters a density discontinuity.
Tis triggers a reverse shock wave, leading to a fallback episode that
deposits large amounts of the material on the stellar surface in a
short period of time. During this phase, the stellar magnetic feld
can be submerged beneath the newly formed crust of the NS.

Tis scenario was recently reconsidered by Ho (2011) and
Vigano and Pons (2012) and was applied to the study of the feld
evolution of central compact objects (CCO) (Pavlov et al., 2004).
In addition, Shabaltas and Lai (2012) explored the idea that a
substantial sub-surface magnetic feld exists in the crust of the
young neutron star in Kes 79, which produces difuse hot spots
on the stellar surface due to anisotropic heat conduction, giving
rise to the observed X-ray pulsations. Recently, Bernal et al. (2010),
Bernal et al. (2013), Fraijaetal. (2014), Fraija and Bernal (2015),
Fraijaetal. (2018), and Dehmanetal. (2023) performed 2D-3D
magnetohydrodynamic (MHD) simulations with detailed physical
components, showing that the magnetic feld is indeed submerged
under the stellar surface of such objects, regardless of their initial
confguration or its strength.

When the hypercritical accretion phase ends, the magnetic
feld may difuse back to the surface, resulting in the delayed
switch-on of a pulsar (Michel, 1994; Muslimov and Page, 1995).
However, depending on the amount of the accreted matter, the
submergence could be so deep that the NS may be born but remains
unmagnetized for centuries (Geppert et al., 1999). In a more recent
work, lgoshev et al. (2016) distinguished three evolutionary epochs
in the reemergence process: the growth of the internal toroidal
feld, the advection of the buried poloidal feld, and the slow ohmic
difusion. Tis indicates that these multipolar difusion processes in
such extreme systems would occur at diferent speeds.

In the present work, we explore the early dynamics of the
young NS afer conclusion of its hypercritical phase. As previously
mentioned, such objects can exhibit a range of behaviors, including
initial complex magnetic feld confgurations and high-energy
phenomena, and may not strictly adhere to the rotating magnetic
dipole model. Specifcally, the submergence of the magnetic feld
under the crust of the newborn NS during the hypercritical phase
and its subsequent reemergence through various mechanisms (such
as magnetic reconnection, turbulent dynamos, or thermomagnetic
instabilities) present a challenging problem that typically requires
extensive numerical treatment. On the other hand, an analytical
approach could yield an estimate of the efects of an early increasing
magnetic Feld on the overall dynamic properties of the pulsar until
it reaches the canonical behavior expected for a mature pulsar.

T e understanding of the growth of the magnetic feld through
such an approach could allow us to analyze, for instance, how
the periodicity of the pulsar would be altered, contrasting with
the assumption of stable, unchanging periodicity existent in the
canonical model. Furthermore, an analytical approach could help
us understand whether the reemergence of magnetic felds has
signifcant consequences for the energy content of pulsars and their
spin evolution, as such a reemergence is expected to introduce
an additional source of energy and torque that may infuence the
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long-term behavior of these objects. Tis possibility requires a
reevaluation of how pulsars produce and radiate energy.

Te proposition of analytical functions for the growth of the
magnetic feld allows us to derive analytical formulas to examine
the early behavior of physical quantities of interest in the dynamics
of the pulsar, thus avoiding complex and time-consuming numerical
treatments. As the focus of this work is the initial phase of the pulsar’s
life, the subsequent decay of the magnetic feld was not approached
here; this decay has already been widely discussed in previous works
and is outside the scope of the present research.

Section 2 revisits the canonical model for RPPs. Section 3
describes our proposed model for analyzing the early dynamics
of pulsars, including analytical growth functions that describe the
behavior of the magnetic feld, along with other consequences.
Finally, Section 4 presents and discussed our results.

2 The canonical model for
rotation-powered pulsars

Assuming that the NS rotates with angular velocity Q and has
moment of inertia I, the rotational energy (E,,) and the spin-
down luminosity associated with the rotation (E,) in terms of the
observable parameters are given by the following equations:

Eror = 1Q2/202x10%1,.P 2 erg, )

Eot 01QQ 0-4x10%1,,P73P_;, ergs™?, )
where 1,5 is the moment of inertia in units of 10*gcm? (we assume
a solid, rigid, spherical star), P =2m1/Q is the rotational period in
seconds, and P_,, is the period derivative in units of 10~*#ss™, which
are typical parameters for NSs. Any changes in the moment of inertia
will be considered negligible. In addition, the dipolar oblique rotator,
which has a magnetic moment p inclined at an angle o with respect
to the axis of rotation, radiates magnetic energy according to the
Larmor formula, which is as follows:

_ 2p°Q%sina
mdr =~ 3

] 31R2 Rb6sin2ap—4 -1
E 0 10°"Bf,Rgsin“aP " ergs™,

©)

3c

where c is the speed of light in vacuum, By, is the magnetic feld in
units of 102G, and Ry is the NS radius in units of 10°cm, which are
typical values for such objects. T e superfcial magnetic feld scales
with distance R as Bg = 2u/R® (Ghosh, 2007), where p 0 10%Gem?®
is the magnetic moment for rotating pulsars. If the whole rotational
energy is assumed to radiate according to such a mechanism, then,
using Equations 2 and 3, the superfcial magnetic feld results in the
following:

l4sPP_1,)%°
6( 45 : 14) G
(Résina)

12 4

On the other hand, the braking index n for pulsars, including
RPPs, measures how the pulsar’s rotational frequency changes over
time. It is a valuable parameter for understanding the rotational
dynamics of the pulsar that can be obtained directly from timing
observations through its defnition: n = QQG/(Q)?.

In order to derive a theoretical relationship involving n and the
observable parameters (P, P, and P) from the canonical model, a
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balance must be established between the rotational luminosity and
the energy lost through radiation: E,o, = 1QQ 0 —E,, where 1Q is
the magnetic torque acting on the pulsar. Consequently, the equation
of motion of the pulsar is as follows:

_ 2u%sina

K
31

Q=-kQ", , (5)
where k is a constant including the structural factors of the pulsar
and n is the theoretical braking index. T e case n = 3 corresponds to
purely dipolar radiation, which is the case for the canonical model.
Diferent values of n would correspond to diferent processes of
rotational energy loss, or braking, and the value of the constant k
would be diferent for these processes.

Equation 5 can be integrated in a simple and direct way to yield
the characteristic age of the pulsar, as in the following equation:

P
(n-1)P

n-1
-2 1 ©
which is valid only when n#1. Te parameter P, is the initial
period. In the limit when P, O P, the canonical characteristic age
of the pulsar, assuming n = 3, is given by T = P/(n — 1)P = P/2P. Tis
expression is frequently taken as the defnition of the characteristic
age, despite the fact that n can be diferent from 3.

Likewise, the spin-down luminosity E(t) and the spin period P(t)
evolve over time according to the following equation:

_ ()
(n-1)

1
E=E[+=1 7, P=PL+-17, ™)
T T

where Ty = Po/(n—1)P, is the initial spin-down timescale of the
pulsar and E, is the initial spin-down luminosity. When t [ 1, this
model implies a roughly constant energy output, E [ E,. At a later
time t 0 1y, the spin-down luminosity evolves as E [J t(MD/(-1),
Similarly, P [ P, for t [1 T, and evolves at later times as P [J t/(""1)
(Gaensler and Slane, 2006).

Finally, the evolution of the time derivative of the period is given

by the following equation:

@n)
n-1

Po

- t
L

To

®)

Te efects of the alignment (do/dt>0) or misalignment
(da/dt < 0) on n were theoretically calculated by Ghosh (1984). For
a dipolar Feld, n changes from 3 by an amount 2t (d(In sin®a)/dt)
due to the alignment or misalignment between the rotational
and magnetic axes. Nevertheless, observations of alignment or
misalignment are very complicated to carry out because large
amounts of data are required to make a statistical estimate.
T erefore, in both the canonical model and the model with magnetic
feld growth described below, we do not take this efect into account
and interpret the magnetic feld B as the component perpendicular
to the stellar surface, hence assuming that sina O 1.

3 Low braking index and early
magnetic feld growth

To date, not many braking indices have been determined from
observations, mostly for young pulsars, and in all cases, ng,, <3
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(Archibald etal., 2015; Araujo et al., 2023). Tese results suggest
that the energy balance in a pulsar is more complex than that
assumed in the canonical model. For example, more complicated
plasma processes in the magnetosphere of the pulsar could be
contributing to a decrease in n. T e typical factors that may afect
the braking index (see Muslimov and Page (1995) and references
therein) are: (a) multipolar electromagnetic radiation, n=5; (b)
quadrupole gravitational radiation, n = 5; (c) decay of the magnetic
feld, n>3; (d) radial deformation of the magnetic feld lines,
1<n<3; (e) relativistic winds, n < 3; and (f) transverse velocity of
the pulsar, n < 3.

Other factors also investigated are as follows: (g) intense
emission of neutrinos in the early evolution of the pulsar, n<0
(Alpar and Oegelman, 1990); (h) crustal movement of the NS by
tectonic plates can produce n>3 or n<3 (Ruderman, 1991); (i)
growth of the magnetic feld due to thermomagnetic instabilities in
the crust of the NS, n < 3 (Blandford and Romani, 1988); (j) growth
of an intense magnetic feld submerged under the NS crust in the
hypercritical accretion phase, which reemerges by ohmic difusion,
n <3 (Muslimov and Page, 1995; Bernal et al., 2010; Bernal et al.,
2013; Vigano and Pons, 2012); (K) changes in the moment of inertia
of the NS, n < 3 (Weber and Papoyan, 1999; Glendenning, 2003); (1)
tidal torques exerted on the pulsar by a fallback disk can result in a
braking index less than 3 (Chen and Li, 2006); and (m) the braking
torque caused by the interaction between the fallback disk and the
strong magnetic feld of the pulsar can produce a braking index of
0.9+0.2 (Chen and Li, 2016). A more recent work also accounts for
the connection between n and the characteristic age (Igoshev and
Popov, 2020).

For the present study, it is noteworthy that the growth of
an intense magnetic feld submerged under the crust of an NS
during the hypercritical accretion phase, which reemerges by
ohmic difusion (factor (j) above), is one of the most plausible
mechanisms to reduce the braking index obtained in the canonical
model, yielding values closer to the observational ones. In the
core-collapsed supernova scenario, the generated reverse shock
can induce hypercritical accretion (M > Mggq, Where Mgyq is the
Eddington accretion rate onto the newborn NS on a timescale of
hours. During this phase, photons are trapped within the fow, and
the energy generated by the accretion is released through neutrino
emission near the NS’s surface. When the reverse shock reaches the
NS surface and rebounds, a third shock develops and begins moving
outward against the in-falling matter. Once this accretion shock
stabilizes, it will separate the in-falling matter from an extended
envelope in quasi-hydrostatic equilibrium.

Chevalier (1989) argued in favor of such a scenario and
developed an analytical model for the hypercritical regime. In
such a model, neutrino cooling plays an important role in the
formation of a quasi-hydrostatic envelope around the compact
remnant. In addition, Muslimov and Page (1995) proposed the
physical conditions present in the formation of an NS inside
supernovae: convective envelope, hyperaccretion of the material,
and submergence of the magnetic feld under the stellar crust.
With these suggestions, Geppert et al. (1999) presented simple, one-
dimensional ideal MHD simulations to investigate the efect of
hypercritical accretion on the magnetic feld of the newborn NS,
demonstrating that such submergence could occur. Te result was
a rapid submergence of the magnetic feld beneath the NS crust.
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Recent high-dimensional MHD numerical results have confrmed
that this is indeed the case (Bernaletal, 2010; Bernaletal.,
2013; Ho, 2011).

In previous works by Muslimov and Page (1995) and Vigano
and Pons (2012), it was found that when the hypercritical
phase concludes, the magnetic feld can reemerge through MHD
instabilities and complex thermomagnetic processes present in the
stellar crust. Te difusion time in such a case is Tz 0 10%3yr.
Tis is the timescale for growing a magnetic feld from a low
value B 0 10°°G to a high value B 0 10'*"*G, depending on the
early thermomagnetic history of the pulsar, initial magnetic fux
distribution, and electric resistivity in the crust. It was found that an
accreted mass of 0.01M would be enough to submerge the magnetic
feld (which corresponds to an accretion rate of 1100 M yr™* in few
hours). Although many observed pulsars show clear evidence for the
presence of strong magnetic Felds (from radio pulsars with 103G
to magnetars with 10> G), lower magnetic Felds are, however,
found in millisecond pulsars (Phinney and Kulkarni, 1994) and in
NSs in low-mass X-ray binaries (Psaltis, 2004), but in both cases,
past or present, respectively, accretion is thought to be the cause of
the magnetic feld reduction. In addition, there is a small group of
NSs, found in young supernova remnants, that exhibit little or no
evidence of the presence of a magnetic feld. Finally, Magalhaes et al.
(2012) admitted that young pulsars are rotating magnetic dipoles
with magnetic feld growth, but they did not propose any intrinsic
mechanism for such growth.

Following these ideas regarding the variability of a pulsar’s
magnetic feld, we developed a model for the growth of the magnetic
feld when it reemerges from the NS crust, and we analyzed its
consequences and impacts on the overall dynamical properties of
the pulsar. In our model, we assume that the magnetic feld has an
early time dependence B(t) (in contrast to the canonical model)
and that afer a difusion time, the typical behavior of a rotating
pulsar is reached (saturation regime). Such a temporal dependence is
expected to relate to the intrinsic properties of the pulsar, impacting
the structural constant k of the ansatz (5). T erefore, in general,
this structural factor should also have a time dependence resulting
from B(t), expressed as k(t) = kf(t), which is an analytical adjustment
to the canonical model through the introduction of f(t) to account
for the magnetic feld early evolution, with k being the canonical
constant of (5). Te dynamic evolution is governed by selected
mathematical functions f(t) >0 that allow a rapid growth of the
magnetic feld within a characteristic difusion time. Consequently,
the new equation of motion for the pulsar’s spin-down is given as
follows:

Q=-k(®)Q", k() =kf(t). ©))

Tis proposal is not novel (e.g., Blandford and Romani, 1988;
Negreiros and Bernal, 2015; Rogers and Saf-Harb, 2016), but an
analysis of its impacts on the dynamical properties of the pulsar
through a set of well-behaved growth functions has not been fully
performed. As in the case of the canonical model, we can calculate
the expressions for the relevant properties of the very young pulsar,
now assuming the growth of the magnetic feld. Tis is the novelty
brought about by this work.
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TABLE 1 Analytical growth functions proposed to describe the magnetic
Teld behavior in the early history of the pulsar.

Type Function
Exponential f)=¢e+ (1—{%)
Hyperbolic f,(t) =e+tanh (=)
8
€5 5)
Power-law 1 fa(t) =€+
x/1+( )
[€3)
Power-law 2 f () =e+ —2—
1*(@)

Te braking index now has a time dependen_ce, which is
modulated by the function f(t) and its time derivative f(t) as follows:
foa_  fop

R T RO (0

It is worth noting that in order to obtain ny, <3, as expected
from observations, and given that observationally P > 0, then f'(t) >
0, which implies that the growth of the magnetic feld is required to
explain these braking indexes.

On the other hand, the characteristic age now depends on the
format of the analytical growth function, which is as follows:

n

= f(t) [t J' f()dt], (11)

where the initial characteristic age has the same defnition as in the
canonical model. Te spin-down luminosity and the spin period
evolve over time in this growth phase, as

_(n+D)
(n-1)

1
E=Eof(t)[T—0f(t)] , P= Po[—f(t)] " (12)
where the initial spin-down luminosity and the initial period are
defned as in the canonical model. Additionally, n remains the
theoretical value. Finally, the spin-period derivative evolves as
follows:

(2 ﬂ)

ol SSOF 13)

IR CE

Regardless of what the mathematical growth function f(t)
proposed is, the main requirement is that f(t) allows the growth of
the magnetic feld rapidly within a difusion timescale Ttz from a
low value to a canonical value (B O 10*2733G for normal pulsars or
B 0 105G for magnetars). Terefore, it must satisfy f(t=0) - ¢
and f(t > tg) - 1, where the factor that measures the growth of the
magnetic Feld is € = (B,/B)? [ 1, and B, is the initial low magnetic
feld. Hence, when f(t) = 1, the canonical properties for the dipolar
oblique rotator model must be recovered.

In Table 1, we present a few carefully selected, well-behaved
functions that satisfy the aforementioned requirements in terms of
the free parameters € and Tj.

Te growth functions proposed in Table 1 represent diferent
mathematical models for the time evolution of the magnetic feld
in NSs, particularly in scenarios where the magnetic feld is initially
buried or submerged by the material from the supernova and then
reemerges or grows over time. Each function describes a specifc way
in which the magnetic feld might grow to its fnal, observable state:
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(@) Teexponential function: this model represents a rapid initial
increase in magnetic feld strength, followed by a leveling of
as it approaches a maximum value. T e exponential function
is indicative of processes where the rate of change decreases
as the feld strength approaches its maximum. Physically, this
could represent the magnetic feld “unburying” itself from
beneath the surface of the NS as the suppressive efects of
the accreted material diminish, possibly through difusive
processes, turbulent dynamo, or heat-driven movement of the
material.

T e hyperbolic function: this function suggests a smooth and
steady increase toward a stable maximum value, much like a
saturation curve. T is could physically represent the gradual
alignment of magnetic domains within the neutron star or
the reconnection of magnetic feld lines that were disrupted
or misaligned during the star’s formation, reaching a stable
confguration as the internal conditions of the star settle.

Te power-law 1 function: this function indicates a slower
growth that accelerates over time but remains bound—a more
gradual and conservative growth compared to the exponential
one. T'is might physically correspond to scenarios where the
magnetic feld is infuenced by ongoing but decaying external
pressures or where the feld’s growth is moderated by feedback
mechanisms within the star, such as counteracting magnetic or
thermal pressures.

Te power-law 2 function: this function models a very
gradual increase that is linear at frst but slowly approaches
an asymptote, representing a scenario where the magnetic
felds growth is steady and limited by continuously acting
constraints. Physically, this could be due to the persistent
efects of accretion or continued interaction with the fallback
material that gradually becomes less signifcant as the material
is either assimilated or expelled.

(b)

©

(d)

Each of these growth functions provides a diferent lens to view
the complex dynamics of magnetic feld evolution in young pulsars,
infuenced by a variety of physical processes such as accretion,
magnetic reconfguration, and interactions with the environment
immediately post-supernova.

4 Results and discussion

In this section, we present the time evolution of the dynamical
parameters of very young NSs for the proposed growth functions
and compare them to the canonical model. As a particular case,
we adjust our free parameters € and 1y for the Crab Pulsar case
using observational data from Bihler and Blandford (2014) and
Araujo et al. (2023), which are given by: t, ., = 969 yr, Ty, = 1240
yr, Prap = 33.4ms, Py =156 ms, P=4.1874x 10 ss™} E,,, =5
10% ergs™, Ey = 1 x 10%0 ergs™, By, = 3.8 x 10%2 G, and gy, = 2.5.
We chose the Crab pulsar to test our models because it constitutes
an exemplary case, given the extensive dataset available on this
object. However, like many other astrophysical objects, the Crab
pulsar presents several challenges and complexities in terms of
observational data. Particularly, its initial conditions are not directly
observable and must be inferred from its currently observed
properties using pulsar evolution models. T is is so despite the Crab
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pulsar being the only one with a well-established birth date. For
example, the initial period is estimated based on the current spin
period and the rate of spin-down, using models of pulsar evolution.
Tese models ofen assume a constant braking index and use the
pulsar’s characteristic age to estimate how much the pulsar has
slowed down since its birth. Since the use of the characteristic age,
rather than the true age, can lead to considerable errors, it is desirable
to have an independent age measurement. T e age of a supernova
remnant (SNR) that originated as a pulsar in the same explosion
can serve as such an estimator, but the only pulsar for which
the age of an associated SNR is clearly known is the Crab pulsar
(Huang and ji Wu, 2003). As well, the initial spin-down luminosity,
representing the rate at which the pulsar’s rotational energy was
lost at the time of its formation, is also calculated by extrapolating
current measurements. For the Crab pulsar, this luminosity may
have initially been very high if the pulsar started with a short rotation
period, indicating that it was spinning faster and, therefore, had
more rotational energy to lose (Torres et al., 2013). Over time, as the
pulsar slows down, its rotational luminosity decreases.

In Figure 1 the three panels show the evolution of the magnetic
feld, of the braking index, and of the characteristic age for each of the
proposed growth functions f(t). In all the cases, we choose tg = 500yr
and € = 1078, which are the best values that ft the braking index data
for the Crab Pulsar.

In the top panel, we note that the magnetic feld growth is
efcient in the sense that to grow a magnetic feld by three orders
of magnitude (from B, = 10'°G to B = 10'3G) required only a few
centuries. T e Crab Pulsar is presently in the saturation phase of B,
well-ftted with all the proposed functions, but power-law 2 showed
the worst ft among the four functions proposed.

In the middle panel, we show the braking index given by our
model, which is dependent on Ttz and ¢ and also with a direct
dependence on the period P and its derivative P, since t — 0 implies
n - 3-PP Y/ety. Te plot shows that, afer a difusion timescale
Tg, our model evolves as the familiar canonical model. Tat is,
the growth of the magnetic feld allows the braking index to grow
from a low value to the canonical value. Note that the exponential,
hyperbolic, and power-law 1 functions best ft the observed value for
the Crab pulsar, while power-law 2 shows the poorest ft. T is may be
so because the three frst functions might represent scenarios where
the interplay between the magnetic feld growth and the neutron
star’s rotational dynamics is relatively harmonized. Te braking
indices under these functions show similar patterns, suggesting a
consistent model of interaction between the magnetic torque and
rotational inertia. In the case of the last mentioned function, a
much lower braking index indicates a possibly more complex or
disrupted magnetic feld development or a diferent interaction with
the pulsar’s rotation. Tis could refect (i) a delayed stabilization
of the magnetic feld, leading to a prolonged phase of irregular
spin-down behavior or (ii) anomalies in the neutron star’s internal
composition or external torque mechanisms, such as enhanced
particle winds or irregular magnetic dipole alignment.

Inthe bottom panel, the characteristic age (t) given by our model
is shown. Tis parameter is initially diferent from the canonical
value, but afer adifusion timescale tg, all functions overlap with the
canonical model, as expected. T e main reason responsible for this
behavior is the parameter € in the growth functions f(t) because when
t - 0,T - Tp/¢, where 1, is the canonical initial spin-down timescale
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FIGURE 1
Time evolution of the magnetic feld B, the braking index n,and

characteristic age t for the growth functions displayed

in Table 1(respectively). The free parameters ¢ = 10~%and 15 = 500 yr
were chosen to ft the observational parameters of the Crab pulsar.
The red curve (“c” sub index) corresponds to the canonical model.

FIGURE 2
Evolution of the spin-down luminosity (E), the spin period (P),and the
period derivative (P)for the growth functions investigated. As

in Figure 1, the free parameters ¢ and Tzwere chosen to ft the
observational parameters for the Crab pulsar, and the red curve (“c”
sub index) corresponds to the canonical model.

of the pulsar. Note that when the pulsar’s age is approximately
t 0 1, the magnetic feld is actively undergoing signifcant growth
or adjustment, leading to (i) rapid changes in the magnetic feld
strength, (ii) alterations in the rate of spin-down due to increased
or altered electromagnetic torque exerted by the evolving magnetic
feld, and (iii) a transitional phase where the pulsar adjusts from its
initial spin-down behavior to a new regime governed by the grown
magnetic feld.

In Figure 2 we show three panels with the evolution of the
spin-down luminosity, the spin period, and the period derivative.
Te top panel displays the spin-down luminosity given by our
model. As in the plot of B in Figure 1, initially, E is smaller than
the canonical value, but afer a difusion timescale Tg, it evolves
as expected from the canonical model. Again, the reason for this
behavior is the parameter ¢ because whent — 0, E — €E,, where E is
the canonical initial spin-down luminosity of the pulsar. T is means
that for an initial low magnetic feld By, the corresponding initial
spin-down luminosity is several orders of magnitude smaller than
in the canonical case. For the Crab pulsar, the spin-down luminosity
from our model would be entering the canonical regime afer a
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period with maximum luminosity, possibly due to the progressive
stabilization of the magnetic feld with the consequent increase in
the braking index.

In the middle panel, we show the evolution of the rotational
period over time. Here, when t — 0,P — Py, no initial change in
its value is expected. At later times, for diferent growth functions,
small variations occur in the period as a result of the changes in the
magnetic feld.

Finally, in the bottom panel, we show the time derivative of
the period. When t — 0, then P - (¢P,)/(21,), indicating an initial
variation of the period smaller than the canonical one. As time
passes, the period variation increases, which is correlated to the
growth of the magnetic feld. For these last two parameters, Crab
pulsar’s observational data lie in the saturation threshold in the
growth of the magnetic feld.

It is worth mentioning that the fact that the evolutionary curves
for most physical parameters appear almost identical for t < tg and
t > 15, except for the braking index, can be attributed to (a) t < Tg: the
pulsar’s properties are largely infuenced by the initial conditions set
forth at the time of the neutron star’s formation. During this phase,
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the magnetic feld is still in a growth phase but has not yet reached
its peak or stable state, so changes in pulsar properties follow a more
predictable and less volatile pattern. (b) t > Tg: the magnetic feld has
likely reached a stable confguration or a peak state, and changes in
the pulsar properties proceed at a more uniform rate determined by
the now stable magnetic feld (canonical model).

In light of our model’s predictions, future observational eforts
focusing on the Crab pulsar could be particularly revealing. An
increase in the braking index and a concurrent decrease in P, as
suggested by our fndings, would not only support the proposed
mechanisms in our models but also ofer deeper insights into
the interplay between magnetic feld dynamics and neutron star
spin-down. We encourage the astrophysical research community
to consider these aspects in upcoming observational studies,
which could crucially validate or refne the theoretical frameworks
discussed herein.

5 Conclusion

As was extensively discussed in this work, the dynamics
of pulsars is very complex, and various factors, such as the
efects of early hyperaccretion, can lead to deviations from the
idealized canonical model for RPPs, which has long provided
a framework for understanding the evolution of such objects.
However, recent observations and computational simulations have
unveiled a remarkable phenomenon—the early reemergence of
magnetic felds in these nascent NSs. Tis discovery challenges
the traditional pulsar model, reshaping our understanding of the
behavior of these stars, and expands our understanding of the
magnetic feld generation, evolution, and its role in shaping the birth
and early life of NSs.

In the present work, we used an analytical approach to tackle the
problem of matching the canonical model to the early dynamics of a
pulsar. In our growth models, we assumed a hypercritical accretion
phase preceding the emergence of the magnetic feld. T'is period
of vigorous accretion has the efect of burying the dipole magnetic
feld component within the neutron star crust, reducing rotational
energy loss and causing the neutron star to appear signifcantly older
than its associated supernova remnant. In this alternative model for
evolution of early neutron star, feld growth is necessary to explain
the initially small braking index and low surface magnetic felds.
Te results obtained with this method, using data from the Crab
pulsar for calibration, are not only consistent with those obtained
numerically by Vigano and Pons (2012) and Ho (2011), but they
also allowed us to deduce analytical formulas for the overall relevant
physical parameters for the pulsar dynamics.

In addition, we recognize that relying solely on the Crab pulsar
to model and understand pulsar evolution may introduce biases
or inaccuracies, as it could represent an outlier. Te Crab pulsar
is exceptionally young and energetic, and its unique characteristics
may not generalize well to other pulsars. Nevertheless, one of our
goals was to explain the low braking index value for this object,
which was achieved by adjusting some plausible free parameters. In
addition, we employed a fxed initial spin period across all models
to standardize a key variable and isolate the efects of diferent
magnetic feld evolution mechanisms on pulsar spin-down behavior.
We acknowledge that this approach primarily serves an illustrative
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purpose, highlighting theoretical possibilities rather than predicting
exact current-day parameters of pulsars like the Crab pulsar.
Recognizing the limitations of this method, we plan to recalibrate
the initial spin period self-consistently for each model in future
work. T is adjustment will better align the initial conditions with
the distinct dynamics of each model, enhancing the accuracy of our
comparisons with empirical data and improving our understanding
of pulsar evolution.

Finally, we aim to expand the dataset by incorporating more
pulsars, which would enhance the reliability of our early-pulsar
model, particularly those in supernova remnants with well-
determined ages and environmental characteristics. We also plan
to include, with similar analytical treatment, possible changes in
the moment of inertia of the newborn pulsar (Oliveira et al., 2018)
and a model for the alignment of the magnetic feld with the axis
of rotation. T ese additions will provide a better explanation for
the values of the braking index observed in very young pulsars.
Additionally, a numerical treatment for the reemergence of the
magnetic feld inside the hot plasma would allow the inclusion of
other detailed physical properties present in these systems. Such an
investigation is outside the scope of this research, and we anticipate
it as a future work.
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