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The Coronal Multichannel Polarimeter (CoMP) routinely germs coronal polarimetric
measurements using the Fe Xlll 10747 and 10798 lines, whichra sensitive to the
coronal magnetic eld. However, inverting such polarimefc measurements into magnetic
eld data is a dif cult task because the corona is optically hin at these wavelengths
and the observed signal is therefore the integrated emissioof all the plasma along the
line of sight. To overcome this dif culty, we take on a new appoach that combines
a parameterized 3D magnetic eld model with forward modelig of the polarization
signal. For that purpose, we develop a new, fast and ef cient optimization method
for model-data tting: the Radial-basis-functions Optimiation Approximation Method
(ROAM). Model-data tting is achieved by optimizing a usespeci ed log-likelihood
function that quanti es the differences between the obsered polarization signal and
its synthetic/predicted analog. Speed and ef ciency are olained by combining sparse
evaluation of the magnetic model with radial-basis-funadn (RBF) decomposition of the
log-likelihood function. The RBF decomposition provides @& analytical expression for
the log-likelihood function that is used to inexpensively gtimate the set of parameter
values optimizing it. We test and validate ROAM on a synthetitest bed of a coronal
magnetic ux rope and show that it performs well with a signicantly sparse sample of
the parameter space. We conclude that our optimization metbd is well-suited for fast
and ef cient model-data tting and can be exploited for converting coronal polarimetric
measurements, such as the ones provided by CoMP, into coronlamagnetic eld data.

Keywords: Sun: corona, Sun: magnetic elds, Sun: infrared, met hods: statistical, methods: radial basis functions

1. INTRODUCTION

Modi cation to the polarization of light is one of the many sigtures of a non-zero magnetic eld
in the solar corona, and more generally, in the solar atmospleg.,Sten o, 2015and references
therein). Several mechanisms producing or modifying the prddion of light have been observed
and studied in the solar corona at di erent wavelengths imithg, but not limited to, the Zeeman
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and Hanle e ects (see e.ddale, 1908; Hanle, 1924; Bird et al.,method, called ROAM (Radial-basis-functions Optimization
1985; White and Kundu, 1997; Casini and Judge, 1999; Lin, et aApproximation Method) is designed to be general enough so
2004; Gibson et al., 201and references therein). The former that it can be applied independently of the dimension and
induces a frequency-modulated polarization while the lattesize of the parameter space, the 3D magnetic eld model, the
induces a depolarization of scattered light (e.§ahal-Brechot type of observables (provided that one can forward model
et al.,, 1977, Bommier and Sahal-Brechot, 1982; Rachmedér et them), and the form of the likelihood function used for
2013; Lopez Ariste, 20).8Both mechanisms allow us to probe comparing the predicted signal to the real one. ROAM is
the strength and direction of the coronal magnetic eld. Coed introduced in Section 2. Section 3 describes the resultudtipte
polarization associated with these two mechanisms is ctlyren applications of ROAM to a synthetic test bed as validation of the
measured above the solar limb by the Coronal Multichannebptimization method. Our conclusions are then summarized in

Polarimeter from forbidden coronal lines such as the Fe Miks  Section 4.
(10747 A and 10798 Aiomczyk et al., 2008For these two lines,
the circular polarization signal is dominated by the Zeemarte

b , y | 2. METHODS

while the linear polarization signal is dominated by the Han

e ect (e.g.,Judge etal., 2006 The goal of this paper is to propose a model-data tting method

Translating the polarization maps of CoMP into magnetlcto be used fornear-real-time3D reconstruction of the solar

eld maps is a challenglng tasl§. The main di culty is that coronal magnetic eld. This requires developing a fast and
the solar corona is optically thin at these wavelengths ,(e.ge

) . 2 cient method for searching for the set of values of the méde
Rachmeler et al., 2012; Plowman, ZDTrhe observed signal arameters that optimize a pre-de ned function quantifying

Is th_erefore _the integrated emission of f’i” t_he plasma ann§,|e di erences between the predicted (or forward-modeled)
the line of sight (LOS). Hence, the polarization maps cannot and real data. Although similar approaches are standard in
in general, be directly inverted into 2D maps of the plane- engineering (e.g..Jones et al., 19%8we propose a simpli ed
pf-s_k_y (POS) ma_gn_etlc eld_. On the cher ha_md, extralCtIngversmn and tailored to the context of solar physics. The progose
mdmdual magnetic |r_n‘ormat|_on at speci ¢ pos!tlons along_et method, ROAM, combines the computation of a log-likelihood
LOS is extremely dicult without stereoscopic ObserV"’monsfunction on a sparse sample of the parameter space with function

(e.g., Kramar et al., 2014 Another limitation is that the approximation and is based on the ve following steps:
Hanle e ect associated with the aforementioned forbidden

infrared lines operates in the saturated regime (e.G.asini
and Judge, 1999; Tomczyk et al., 20®&tcordingly the linear
polarization signal measured by CoMP is sensitive to the
direction of the magnetic eld but not its strength. Deriwgrthe
magnetic eld associated with the polarization maps of CoMP
therefore requires a di erent approach than the single point
inversion that can be done with, e.g., photospheric polarimetr
measurements.

The alternate approach we propose to follow is to combine
a parameterized 3D magnetic eld model with forward 2.

1. Sparse sampling of the parameter space is performed using
Latin Hypercube Samplin@-HS; McKay et al., 1979; Iman

et al., 198). LHS is a statistical method for generating a
random sample of the parameter values im-a@imensional
space. For d-dimensional space i points (n is the number

of points for each dimension), LHS creates a $gig of n
independent points od-vectors of the parameter space (an
example is givefigure 1) that will be referred to as théesign

in the following.

The model is computed for each point;,, of the design
and used

modeling of the polarization signal observed by CoMP.
For that purpose, we take advantage of the Coronal Line

Emission (CLE) polarimetry code developed Byasini and
Judge (1999 and integrated into the FORWARD package.
FORWARD is a Solar Soft IDL package designed to

perform forward modeling of various observables including3.

e.g., visible/IR/UV polarimetry, EUV/X-ray/radio imaging, &n
white-light coronagraphic observationssipson et al., 2006
The goal is then to optimize a user-specied likelihood
function comparing the polarization signal predicted by

FORWARD to the real one and nd the parameters of the

magnetic eld model such that the predicted signal ts the
real data.

In the present paper, we develop and test a new method for

performing fast and e cient optimization in ad-dimensional

parameter space that may be used for converting the polarizatio

observations of CoMP into magnetic eld data. The optimizatio

Lhttp://www.hao.ucar.edu/FORWARD/
2http://www.Imsal.com/solarsoft/

the corresponding predicted
observation, y.xj/, to be compared with the ground
truth, ygt (which is either an actual observation or a synthetic
one for test beds using analytical models or numerical
simulations).

The set of predicted observatiofgx;)g is then compared to
the ground truth by means of a user-speci ed log-likelihood
function

to generate

“(x)DlogL Df y(xi) vygt ; )
where L is the likelihood function,x; is a d-vector of
the design and is a general, user-speci ed, well-behaved,
scalar function. Typically, the likelihood function simplise

to depend on the di erence between the observations and
the predicted values and functidnre ects that. An explicit
expression of is given in the section of each test considered
in this paper (see Section 3).

. This log-likelihood function is then approximated using

radial-basis-function (RBF) decomposition (see eRpwell,
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FIGURE 1 | Example of three designs generated via latin hypercube sampling (LHS) in 2D (red points). Note that each of these designs only possesses one
point per column and per row, which is a special feature of LHS

1977; Broomhead and Lowe, 1988; Buhmann, 2003; Nychka the DFPMIN IDL routine and take it as the maximum-
etal., 201p likelihood estimator of the set of values optimizing the
exact log-likelihood function. To ensure the reliability of
Xn the maximum likelihood estimator (MLE; see Section 3.2)
‘(x) Ox/ D g'j kx xk C b j.x; (2 obtained with DFPMIN, we apply the latter from (i) the point
jD1 jD1 of the design that possesses the largest likelihood function
'i(kx %K) D kx xjkzm d|og kx  xk ; value prior to step (4), (ii))N9 pqints spapning the entire
parameter space and whe¥g(6Dn) is a relatively low number
of points (typicallyN . 10), and (iii) the likelihood-weighted
D kx xk®™ 9;if dis odd; (4) average position of the$¢? points (i.e., their center of mass).
Starting from thesé\® C 2 points ensures that at least one
of them will lead DFPMIN to converge toward the global
maximum when the approximated log-likelihood function
contains multiple global and local maxima.

pCd/

if dis even 3)

where' j is thej-th RBF centered at point; of the design,
k Kk is the usual Euclidean normm 2 N is such that
2m d > 1, andf jgis a set of polynomials up to degree
p in the dimensiond of the problem with the constraint
p m 1. In the following, we always ugg D m 1. An RBF is a real-valued function that only depends on
When periodic components of thé-space exist, the value of the Euclidean distance to a center whose location can
d must be modi ed for the RBF decomposition to take thebe set arbitrarily. RBFs provide a class of functions that
periodicities into account (an example and further details ornpossess particularly interesting properties such as continuit
handling periodic components are provided in Appendix 2 ofsmoothness, and in nite di erentiability. Their use is widel
Supplementary Material). Note that the particular choice ofspread in various branches of applied mathematics and computer
RBFs,' j, in Equations (3) and (4) is called Rolyharmonic science including, e.g., function approximatioRafvell, 1993;
Spline(see e.g.,Duchon, 1977; Madych and Nelson, 1990 Buhmann, 2008 data mining and interpolation Harder and
and that the polynomial term in Equation (2) is not a Desmarais, 1972; Lam, 1983; Nychka et al., R0ddmerical
regularization term but an additional term that directlyroes  analysis with meshfree methods for, e.g., solving partial
from the de nition ofolyharmonic Splines as minimizers of di erential equations in numerical simulations Fasshauer,
the energy functional,, gajr Mgj2dx (which is notmodied  2007; Flyer and Fornberg, 2011; Fornberg and Flyer, 2015
by adding polynomials of ordgp  m 1 tog). Although  Flyer et al., 20106 computer graphics and machine learning
required from the de nition of Polyharmonic Splines, this (Broomhead and Lowe, 1988; Boser et al., J.9Palyharmonic
polynomial term is particularly bene cial for improving the Splines (PHS) are a type of in nitely smooth RBFs that does
tting accuracy and extrapolation away from the RBF centersiot possess any free parameter requiring a manual tuning.
Xj, while also ensuring polynomial reproductibility. Note alsoPHS can therefore be easily implemented for automated
that thea; andby are coe cients determined from the set of  calculations.

equations provided by the constraint (the detailed deriwati As previously stated, the goal behind combining sparse

of the coe cients is given in Appendix 1 of Supplementary calculations of a log-likehood with an RBF decomposition is to

Material) limit the number of model evaluations / forward calculat®n
Ox/ D" .xi . ®) (n) to reduce the computational cost while maintaining a

good accuracy on retrieving the exact maximum likelihood.
5. Finally, we compute the set of values of the model parametefdirough low number of model evaluations, we mean to keep
optimizing the approximated log-likelihood function using n . 100 300 regardless of the dimension of the parameter
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% X
t=10.9 hrs : (observer’s direction)

FIGURE 2 | (A) 3D view of the magnetic eld of our synthetic test bed. The graycolor scale display the photospheric magnetic ux (black/wte for negative/positive
magnetic ux). The green and blue lines show the magnetic eldihes of the twisted ux rope. The red lines correspond to the manetic eld lines of the embedding
magnetic eld. (B) Schematic of the three parameters considered for our rst stdy. The black thin solid lines highlight the solar photosphre. (; ) correspond to the
angular coordinates ofC, the photospheric center of the 3D box containing the magnet eld of our test bed, while « is the rotation angle of that 3D box around the
solar radial direction passing by C.

spacesuch that all model evaluations can easily be performed. RESULTS

at once in parallel on a high-performance computing cluster.

This provides us with a signi cant advantage as comparedh this section, we present a set of test cases performed on a
with more traditional sequential optimization methods sinc Synthetic test bed to validate ROAM (Section 2) prior to any
the e ective computational time of our optimization method observational application. The set of test cases aims atsagpes
would only correspond to the computational time ohemodel ~ the performance of our method in di erent circumstances and
evaluation (because steps 4 and 5 of the method only take @ ning a framework of application that will make use of its
to. 30 s aslong as . 500). The optimization method strengths.

we propose would, in general, also be more advantageous .

than a full grid search. Indeed, an accurate full grid searci®.1. Numerical Setup for the Forward

would typically require to sample each parameter of the Calculations

space with about 50 100 points at the least. This rapidly Our goal is to use the proposed optimization method for data-
leads to a number of model evaluations that is not practicatonstrained modeling of the solar coronal magnetic eld usiing
even when using parallel computing. Finally, ROAM shouldparticular, coronal polarimetric observations (i.e., therf6tokes
be competitive with genetic algorithms. Genetic algorithmgparameters,I¢ Q; U; V), where Stokekis the total line intensity,
applied to small population samples, e.g.a few 100 points, StokesV is the circular polarization, and Stoké&x and U are
typically require on the order of hundred generations to cerge  the two components of the linear polarization). All our testea
(e.g., Louis and Rawlins, 1993; Gibson and Charbonneatare therefore applied to a 3D model of magnetic elds chosen to
1998,and references therein), while faster convergence woul@present scenarios typically observed in the solar atmosphere
require larger population sets. For ROAM, the equivalent offhe considered magnetic model is that of a 3D coronal magneti
a population sample is a design of the parameter space angix rope generated from a 3D MHD numerical simulation of
the equivalent of a generation would be an iteration of ROAMthe emergence of twisted magnetic elds in the solar corona
on a smaller parameter space region. For a population/desigfFigure 2A; Fan, 201}

of n-points, ROAM should, in principle, be able to converge For the test cases, this magnetic eld is assumed to depend
toward the solution without the need for iterations and, lten  on four parameters, i.e., height in the cororta (nonotonically

we estimate would be at least 50-100 times faster than depends on the time of the MHD simulation, though not
genetic algorithm with the same population/design. In pragtic linearly), co-latitude (), longitude (), and rotation angl@
pre."minary tests .Of an. terative implementation of ROAM, SNote that (| 1+ ) are the co-latitude, longitude, and rotation angle of the
which will be published in a SUbsequ?m pape.r, Sh‘?"" robus_t an umerical box—containing the magneti’c eld of th’e MHD simulation+eand
accurate convergence of ROAM within a few iterations(tyfycal the sun, whilen is the actual height of the ux rope in that numerical box (inside

< 10). of which the solar photosphere is locatechdd 0).
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FIGURE 3 | Coronal synthetic images of thﬁ polarization signa | for the ground truth.  All four Stokes parametersi( Q, U, V) are displayed together with the
percentage of circular ¥=l) and linear (=1 D~ (Q2 C U2)=) polarization. The yellow solid line shows the solar limb.

(«; of Figure 2B). A series of synthetic polarimetric data, 3.2. Likelihood Function with a Single
referred to as the ground truth (GT) in the following, is Maximum

generated for the ux rope associated withl (1 I+) D e rstapply ROAM in the context of a 3D likelihood function
(0.16 R145190130) (seeFigure 3 note that both Stoke®  possessing a single maximum. The parameters considered for
and U are presented in a frame of reference relative to the locahjs study are the co-latitude, longitude, and rotation kg
vertical, or radial coordinate). All synthetic data are qmited ¢ (1 1+). We then build a likelihood function that takes
using the FORWARD Solar Soft IDL package with a eld-of-into account all four Stokes parameters, ile.Q, U, and V.

view (FOV) settoy z D [0R 115 R]? (wherey andz  For the setfxg of a design, we rst de ne the log-likelihood

are the POS coordinates) and D [ 0.790.79] R for the  fynction for a given Stokes paramet&P fl: Q; U; Vg up to a
LOS. We use 192 points along both directions for the PO3gnstant, as

and 80 points for each LOS, leading to spatial resolutions of

7.6%nd 19.8%espectively. We limit the forward calculations of

the polarization signals to a radial range of [1.0%5] R , i.e.,

the FOV of CoMP. Although the spatial resolution of CoMP

is 4.7 we restrict ourselves to a spatial resolution of°?.6 \wherek is the k-th pixel of the StokesS image. The nal

to allow for relatively fast (about 4-5min on a MacBook Projog-likelihood function is then constructed as

with a 2.7 GHz Intel Core i7 processor) calculations of the

polarization signals while maintaining a quasi-CoMP resioloit “(xi) D wi T (xi) Cwg o(xi) Cwy u(xi) Cwy v(xi);  (7)

We impose this FOV and POS spatial resolution to show that

CoMP data currently carry meaningful information that can where the weighting coe cientsws were chosen to ensure

be used to constrain 3D reconstructions of the solar corondhat I, Q, U, and V similarly contribute to the log-

magnetic eld. likelihood function, which behavior would otherwise
Finally, it should be emphasized that the considered uxbe dominated by the quantity possessing the largest

rope possesses a strong degree of symmetry, such Bhatvalues (here, Stoked). We use wilwglwylwy D

(: D 90; « 180) D B (: D 90;+) 13 10419 10492 10212 10*.

We will exploit these symmetry properties to test ROAM  With the log-likelihood function de ned in Equation (7), we

when faced with a log-likelihood function containing mydte  consider three test cases referred to as 3DN31, 3DN301, and

maxima. 3DN31ZOOM (sedable 1). These three test cases each contain

. X t 2
sx)Df Sx) Sy D SHEO TS AR ()

k
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TABLE 1 | Characteristics of the test with a likelihood functi on possessing TABLE 2 | Optimization results for a likelihood function with a s ingle
a single maximum. maximum.
N telapsed Ll h(R ) () () () rms rms * rms
(hrs) (hrs)
3DN31 47.1 92.8 51.0
3DN31 31 26 25 10° 0.16 [24166] [601120] [0l 90] 3DN301 45.2 90.0 30.2
3DN301 301 25 23 10 0.6 [24166] [601120] [0190]  3DN31ZOOM 45.0 89.8 29.7

3
SDN31ZOOM 31 26 25 10 016 [42148] [751105] [15145] The ground-truth parametersare( | | )D (45 190 130 ). All angles are in degrees.

n is the number of points per design. ¢apsed is the elapsed time for forwarding the Stokes

images associated with the n points of a design in series, whilg is the total elapsed time . . . .
that would be required to compute Stokes images for the A points of the 3D parameter our method to a Slngle des'Qn is not reliable for the Setup ef th

space in series. Each test case contains 100 randomly-chosen diffent designs. The 3DN31 case.
naming cgnvgntion is such that “xD”_indicates thfe dimension of thfe par_amer space When Comparing 3DN31 to 3DN301 irFigure 4, we can
and “Nx” indicates the number of points per design (n). The polarimetric datéor the . . . P .
ground-truth are associated withl | | )D (0.16 R 145 190 130 ). see that increasing the number of points signi cantly imprsve
the performances of ROAM (see dark blue crosses). For all
three parameters, the rms is only 0.2 o the ground-truth
100 di erent designs and di er by the number of points in the for 3DN301. The range spanned by the ensemble of solutions
designs (31 or 301) as well as by the size of the parameter spacést relatively smaller than for 3DN31, 5 times smallerfor
allow us to investigate their role on the performances of ROAM. yLesand 3 times smallefor both i esande vLes Again,
These test cases are designed to allow us to determine tegari the strong coupling between and ¢ is still present but its
required for the method to ensure robustness and religbilit e ect on their uncertainties is strongly reduced as compared
of the results, i.e., such that the method provides a maximunwith the case 3DN31. Such results are not yet perfect since the
likelihood estimator (MLE) that gives a good approximation ofset of solutions for both and e is spread over 20 which
the parameters of the maximum of the exact likelihood funetio is relatively signi cant considering the range of their vadu
independently of the design and number of points used. However, they do show that increasing the number of points per
For each test case, the parameters of the RBF decompositidasign strongly helps in reducing (a) the dependence of the MLE
ared D 3ym D 3andp D m 1 D 2. We choose onthe design used forthe RBF decomposition, and (b) the e ect
the minimum m satisfying the conditon @ d > 1 (see of (even strong) coupling of parameters on their uncertainty.
Section 2). Although, ,ande all are periodic parameters, their Increasing the number of points per design therefore strongly
corresponding range is smaller than half the associated gerichelps in improving the reliability and robustness of the proposed
and, hence, no periodic e ect is expected. As explained Appendiptimization method.
2 in Supplementary Material, disregarding the periodicity and Compared with 3DN31, the 3DN31ZOOM case is used to
curvature of thed-space should not signi cantly a ect the results investigate the e ect of focusing the parameter space around a
in such circumstances. We therefore ignore the periodicfty,0 region closer to the exact maximum while keeping the number
,ande in all 3D cases considered in this section, but return toof points per design constanfigure 4 shows that reducing the
the issue of periodicity in Section 3.3. size of the parameter space is also bene cial for reducing the
Figure 4 presents 2D dispersion plots of the MLEs obtainedMLEs dispersion (see yellow crosses). The rms values for ed thr
for each one of the 100 randomly-chosen designs of the 3DN3darameters are as close to the ground-truth as for 3DN301 (see
(red), 3DN301 (blue), and 3ADN31ZOOM (yellow) cases. For th@able 2) and the solutions are spanning a range that ig times
3DN31, the MLEs are fairly weakly dispersed for thgarameter, smalletthan for 3DN301 and 12times smallethan for SDN31.
spanning a range of roughly 10As summarized iMable 2 the  The MLEs are now independent of the design used for the RBF
root mean square (hereafter, rms) of the MLEgs, is 47.1, decomposition for and very weakly dependent on that design
which is only 2.1 dierent from gt D 45. This suggests for both ande . The e ect of the strong  * coupling on
that mLes IS not overly sensitive to the design used for thetheir uncertainty is again strongly reduced and even sm#iken
RBF decomposition. These conclusions contrast with both théor the 3DN301 case. These very good results prove that ROAM
and e parameters. Although yms 92.8 is very close to can perform very well and provide an accurate estimation of the
the ground-truth, gt D 90, the ensemble of solutionsyes,  ground-truth parameters when the setup is suitably de ned.
spans the entire -range considered for the 3DN31. Similarly  Figure 5displays 2D cuts of the exact log-likelihood function
poor results are obtained for the setofy g, whose rmsis 21 and the approximated ones associated with the designs of
o from the ground-truth, « gt D 30 (seeTable 2. Figure4 3DN31 and 3DN301 giving the best MLEs (referred to as
further shows that there is a strong coupling betweeande .  best cases the following), as well as the approximated log-
In particular, we nd thate ypgs provide a poor estimation of likelihood function associated with the design of 3DN301
e o1 Whenever ygs are themselves a poor estimation aft  giving the worst MLEs (referred to aworst case Here,
(and vice-versa). Such results trace very poor performantes the best (worst) MLE is dened as the MLE minimizing
our optimization method for the chosen setup of the 3DN31 casgmaximizing) the distance to the ground truth in the paramete
The MLE strongly depends on the design used to perform thepace. The best MLE from 3DN31 isl( |¢ )pest Mg D
RBF decomposition. Hence, the MLE obtained from applyind44.6192.9130.1) while the best MLE from 3DN301 is
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FIGURE 4 | 2D scatter plots of the maximum likelihood estimators (MLEs) found for each design of the 3DN3L1 (red crosses), 3DN301 (blue crosses),
and 3DN31ZOOM (yellow crosses) cases. The black cross highlights the position of the exact maximunfi.e., ground-truth). The two purple solid lines show
[0.910.95] max () isocontours. Note that, in panelB), the red crosses (MLEs of 3DN31) outside the two log-likelod function isocontours are the solutions
associated with \ gs D 60 and pgsD 120 from panels(A,C).

Approximated log-likelihood Approximated log-likelihood Approximated log-likelihood
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FIGURE 5 | Comparison between approximated and exact log-like lihood functions. The white ‘C” symbol indicates the position of the maximum
log-likelihood.

(1 1e)pest M.e D (45.0189.9130.3). The worst MLE from  given that max( (x)j) 3.5 for the considered parameter space.
3DN301is (I I )pest mLe D (46.51103.7143.0). The gure  For the log-likelihood function of the best case from 3DN301,
shows that the approximated log-likelihood function of thesbe the results are very much better. The approximated log-liceld
case from 3DN31 gives an overall rough approximation of thdunction is able to accurately capture both the values anghsha
exact one both in terms of values and shape. Note, though, thaf the exact log-likelihood function; the rms error is 0.0%.;
the rms error on the log-likelihood is 0.24, which is ratheral 5 times smaller than for the best case of 3DN31. For the
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worst case of 3DN301, the rms error on the log-likelihood iSRBF decomposition) would be replaced by taking the point of
0.25, which is very similar to that of the best case of 3DN31lthe design associated with the highest log-likelihood fiomc
and the MLE is far from the ground truth for both ande . value as a temporary MLE and one would iterate the procedure
However, we nd that the worst case from 3DN301 providesby de ning a smaller design centered around the temporary
a more accurate RBF decomposition of the exact log-likelihooMILE until a convergence criterion is reached. There are stver
function than the best case of 3DN31,; the log-likelihood fime  reasons for not making such a choice. The main reason is
surfaces display a similar pattern as for the best case of 3DN3¢hat such an initial guess can be far from the exact maximum
but shifted in thee direction. The di erence with the 3DN31 likelihood, which would likely slow down the convergence by
lies in the density of points in the entire design, and in therequiring unnecessary iterations and would make the nautes
vicinity of the exact maximum, with regard to the structugin more sensitive to local maxima. In addition, applying the RBF
or gradients, of the exact log-likelihood function. Thisdiscause decomposition and the search for the maximum from the
the goodness of the approximation is determined by that ofpproximated log-likelihood function is computationally clpea
the RBF decomposition, which depends on the number oWhen the number of RBFs is as small as for the cases considered
constraints—and hence, points—brought by the design. Irpth in this study, i.e., typically takes 10 s for the designs of
words, the more structured the exact log-likelihood funatio the 3DN301 case. The benets of applying steps 4 and 5 of
the stronger the e ect of point density on the goodness of the(ROAM as proposed in Section 2 (i.e., the RBF decomposition
RBF decomposition / log-likelihood function approximation, and the search for the MLE from the RBFs approximated
similar to what one would expect when discretizing a continsio log-likelihood function) are illustrated irFigure 6. The gure
functions that contains strong gradients. While not showerdy,  displays Stokes images for the ground truth, the MLE obtained
the combined e ect of point density and log-likelihood functio from fully applying our optimization method to one design of
structuring on the quality of the RBF decomposition is furtherthe 3DN301, and for the initial guess from that design. As one
supported and illustrated by the best case of 3DN31ZOOMan see, the initial MLE guess from the desigr, (¢ )ic D
that provides the best approximation of the exact log-likelitioo (46.01101.4145.9), has a ;¢ and ¢ | that are far o both
function in the vicinity of the exact maximum even though the the ground truth [( | I+ )eT D (45.0190.0130.0)] and the
corresponding design only includes 31 points. MLE obtained from the RBF decomposition [full application
The aforementioned results show that the RBF decompositioaf ROAM; (| 1 )mies D (44.6190.0128.0)]. These strong
performed well from a sparse sampling of the parameter spacéi erences in and e result in signi cantly di erent Stokes
and hence ROAM, is able to capture both the values angro les. Iterations would then be needed for the results to
variations of the exact log-likelihood function when shika be as close to the ground truth as the MLE from the full
conditions are met, namely, when the design contains a higbptimization, which (1) gives a very good estimation of the
enough density of points in the surroundings of the exactparameters of the exact maximum likelihood without any real
maximum and in areas where the exact log-likelihood functiomeed for iterations, and (2) only takes a few more seconds of
is strongly structured. They further demonstrate that ROAMcalculations.
can perform well even with a very low number of points per In practice, the current capabilities of the CoMP instrument
design although not as robustly. The combined results fronand calibration software do not allow routine measurements
3DN31 and 3DN31ZOOM indicate that an iterative applicationof StokesV since the signal-to-noise ratio is too small. We
of ROAM with a smaller and smaller parameter space would btherefore perform an additional test to show that the current
an interesting way to improve its robustness when used with &near polarization signal from CoMP is su cient to constrain
very sparse design. Such a robust approach has been successthlyparameters of a magnetic model using ROAM. The log-
tested but is beyond the scope of this work and will be presentdikelihood function is de ned as in Equation (7) keeping,
in a subsequent paper. In particular, the iterative implemeatat wq, wy as before, but now settingy, D 0. The results of
of ROAM strongly improves v esande mLes, leading to abetter that study are displayed ifrigure 7 for 3DN301. The gure
than 0.5 accuracy on both of these parameters in typically 4-presents scatter plots of the MLEs of a design obtained when
5 iterations with designs of 31 points. The solution is quasiusing all four Stokes vs. obtained when using Stdk&3, and
independent of the design used for the RBF decompositiok only. In such plots, the points should form a line of equation
and the strong e coupling (previously mentioned and y D x whenever the solutions obtained one way or the other
visible in Figure 4C and in the e cut of the exact log- remain the same. As one can see fréigure 7, this is exactly
likelihood function shown inFigure 5) is comfortably reduced the case fory_gs. Most of the points are also forming a straight
and overcome [note that such coupling could also be overcomiine, y D x, for both yigs and ¢ mLes, with only about 7-8
by separately optimizing one of the coupled parameters,«,g., points (out of 100) being o the line. Such results indicatath
and apply ROAM to the 2D parameter spacé ()]. a log-likelihood function built from Stokek Q, andU contains
Note that, with the goal of increasing speed, and consideringu cient information to constrain the three spatial location
our previous comments on the acceptable degree of roughneasd orientation parameters considered here. We therefore
in the log-likelihood function approximation and an iteragv conclude that the current linear polarization measurements
implementation of ROAM, a less sophisticated approach mightrom CoMP contain su cient observational information to
be conceived. For instance, one could rst go through stepsonstrain some of the parameters of a given magnetic
1 to 3 of the method (see Section 2). Then, step 4 (i.e., thmodel.
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FIGURE 6 | Comparison between polarization signal showing th e bene t of steps 4 and 5 of ROAM (see Section 2), for one of the de signs of the
3DN301 case. Left column: ground-truth. Middle Column: fully optimizedsolution (all ve steps of the method are applied). Right colan: initial guess from the design
(i.e., when omitting steps 4 and 5 of ROAM).

FIGURE 7 | Scatter plots showing the effect of using the circul ar polarization signal on the MLEs for the 3DN301 case. The thin black solid lines indicate
the value of the ground truth.

3.3. Likelihood Function with Multiple purpose, we only build the log-likelihood function with Stokes
Maxima Q and U, setting the weight coe cients of Equation (7) to
In this section, we test ROAM in the case of a log-likelihoodWi! Wo; Wu;wy) D (012.0 10 216.9 10 2/0.). Only the
function with multiple maxima having similar values. For tha height of the ux rope in the coronah, and the tilt angles ,

Frontiers in Astronomy and Space Sciences | www.frontiersiorg 9 July 2016 | Volume 3 | Article 24



Dalmasse et al. Diagnosing the Coronal Magnetic Field

TABLE 3 | Characteristics of the test with a likelihood functi ~ on possessing Figure 8A therefore indicates that our optimization method is
multiple maxima. strongly sensitive to multiple global maxima acanbe sensitive

to local maxima. Note that the sensitivity to local maxima
depends upon both the number of points used in the design and
2DN120 120 10 1.2 10% [0.0410.52] 45 90 [01357] the value of these local maxima relatively to that of the dloba

maxima.
The test case contains 100 different designs. ¢ is the total elapsed time that would . . . .
be required to compute the Stokes images for the A points of the 2D parameter space Flgure 8C dlsplays a surface plOt of the Iog-hkehhood

in series. The polarimetric data for the ground-truth are associated #i (h | I+ ) D function from the best case of 2DN120. As one can see, the RBF
(016 R 145190 130 ). decomposition is able to capture both the values and shapes of
the exact log-likelihood function. We nd an rms error of 0.04
are considered for this test (s@able 3for the range of values the log-likelihood. The RBF decomposition can therefore previd
considered for each parameter). a good approximation of the exact log-likelihood function eve
StokesQ and U signals are associated with the transverseavith a periodic space and the presence of multiple maxima.
magnetic eld, i.e., the component of a magnetic eld Finally, we show irFigure 9that using the Stokeg signal to
perpendicular to the LOS. For a single point in the solar coronabuild the log-likelihood function removes the ambiguities that
the transverse magnetic eld diagnosed from either the léas  were observed in the log-likelihood function constructednfr
Zeeman e ect is subject to a 18@mbiguity (e.g.,Casini and StokesQ and U only. When using Stoke¥, the optimization
Judge, 1999; Judge, 200dn terms of the parameters considered leads toe yms 28.8. This means that some additional
in our tests, it means that a single point magnetic eld set véth observables might be worth considering to remove ambiggiitie
rotation anglees sp, will give the same Stok&3 and U signals in parameters when they exist. Another alternative to remove
as when set with sp  180. Considering that gt D 90 ambiguities is to reduce the parameter space to regions having
(that is, the ux rope is centered at the solar limb) and thea single maximum. Then, one can either study each region
strong symmetry of our ux rope (see Section 3.1), we expedeparately or use prior constraints to eliminate regions that
the LOS integrated Stoké&3 and U to be the same for and are very unlikely. For instance, one can use the photospheric
e 180, resulting in alog-likelihood function with two maxima magnetograms, or H observations, prior to or after the passage
respectively located at gt and » gt 180; note that the of the ux rope at a limb to estimate the rotation angle (i.e.,
symmetry of Stoke® and U would be broken if the ux rope ¢ ) and put strong constraints on the values of rotation angle to
were not centered on the solar limb. This is indeed the case @snsider for the parameter space.
shownFigure 8Bwhere a maximum region can be observed at . . . .
. D30 ande D 210 .Figure 8Bfurther shows the presence of 3-4. Stability with Regard to Noise in the
two additional maximum regions located &t D 150 and 330 Data
These two solutions suggest a symmetry with regard to theeplarin practice, any real data is subject to measurement erraish S
« D 0 thatis not expected. We nd that the corresponding errors may prevent the retrieval of any meaningful infornoati
StokesQ and U images are, as expected, di erent from thoseabout the polarization, and hence, the magnetic eld in regio
of the ground truth. However, the dierences are small asof weak signals and/or when the signal-to-noise ratio is weak
compared with other values of, resulting in a local maximum The results of ROAM might be sensitive to such noise and we
in those two regions. Note, though, that these four maximuntherefore need to investigate that sensitivity. For thasoea we
regions are only possible becauseD 90, whereas any other now test our method when the synthetic observations astatia
value of would break the symmetry of the Stok€sand U  with the ground truth contain some noise. In this regard, wédu
images. the log-likelihood function with Stokeld images only
In the present test case, the periodic parameteraries on a

N telapsed (Mrs) tyy (hrs) h(R) () () =0

range of values larger than half its period. In such circumesés, *(x) D “u(xi) ®)
we must consider its periodicity for the RBF decomposition ! S '

(see Appendix 2 in Supplementary Material). Accordingly, the

parameters of the RBF decomposition @®D 3,m D 3and where y is the root mean square of the noise in the synthetic
pD m 1D 2 Asin Section 3.2, we run our optimization StokedJ signal of the ground truth.

method on 100 di erent designs whose properties are given in For a given value of photon noise;, g, u, v are all
Table 3 The results are summarized in a 2D dispersion plot indi erent. As a consequence, if one uses more than one Stokes
Figure 8A. The gure shows that the 100 MLEs are mainly, andcomponent, then varying the noise further changes the redativ
almost equally, clustering around the two glokalmaximum  contribution of each Stokes parameter to the log-likelihood
regions, corresponding to the ground truth and its countetpar function due to the weighting by s. We need to be free of
at 180. We further nd that, out of these 100 solutions, only the variation of relative contribution of the di erent Stokein
four are associated with one of the two local maximum regionsorder to isolate the sole e ect of noise on the robustness of our
here ¢ 150. As for the height of the MLEs, we nd an optimization method, which then implies using only one Stokes
average value of 1.6 10 1 R with a 2 dispersion level of parameter to de ne the log-likelihood function. Considegin
0.5 10 ! R, meaning that the height is well constrained COMP capabilities and the current magnetic model and ground
even from using Stoke® and U only. The dispersion plot from truth, we performed several tests with di erent levels of noise
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FIGURE 8 | Likelihood function with multiple maxima. (A) Scatter plots of the maximum likelihood estimators (MLEspéind for each design of the 2DN120 (red
crosses) case.(B) Surface plot of the exact log-likelihood function possessig 2 global ¢ D f301 210g ) and 2 local ¢ D f1501 330g ) maxima.(C) Approximated
log-likelihood function with the best MLE of 2DN120. The wié and black crosses highlight the position of the exact maraum (i.e., ground-truth). The purple solid
lines show 0.95 max (') isocontours.

FIGURE 9 | Effect of using circular polarization on the log-li kelihood function of Figure 8B.

(which can be added using FORWARD) and found that (1)201§. The noise is calculated according to the speci cations

StokesV cannot be used for realistic exposure times becausa the instrument considered (telescope aperture, detector

its values for our test bed are too weak and would require ae ciency), the background photon level, and the exposure time

unrealistic 4 days exposure time to reach a moderate levelisén to obtain a forward calculation that includes the noise. For

for the particular choices of ground-truth parameters and pixe CoMP, the aperture is 20 cm, the e ciency is 0.05 throughput

sizes (see corresponding values in Section 3.1), (2) Stokegsot  and the background is ve parts per million of solar brightness

be used because it is not sensitive enough to noise (even a We perform three tests with di erent exposure timigy,, hence

exposure time leads to a very weak level of noise), and (3pStoknoise level, i.edexp D 11101300 seconds that respectively

Q and U are better suited for the noise test with exposure timegorrespond to strong, moderate, and weak noise cases for the

of the order of 1-100 s. From this analysis, we chose Stdkesconsidered setup. The synthetic Stokésmages of the ground

because it was slightly more sensitive to noise than StQkes truth for these noise levels are displayedFRigure 10 These

the setup considered in this paper (note that b@hendU are  synthetic ground truth are used with all designs of the 3DN31,

presented in a frame of reference relative to the local \vedrtar  3DN301, and 3DN31ZOOM cases.

radial coordinate). Figure 11 presents scatter plots of the error on the MLEs
FORWARD already implements a photon noise calculatiorobtained when noise is included in the ground truth Stokés

for the infra-red lines under consideration (see e@ibson etal., images as compared with the case when no noise is considered.
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FIGURE 10 | Synthetic Stokes U images of the ground truth for different exposure times, texp, and hence, noise levels.

FIGURE 11 | Scatter plots showing the effect of noise on the MLE s obtained with ROAM for all designs of 3DN31, 3DN301, and 3DN3  1ZOOM. The
horizontal, thin black line indicates the zero error levelyhile the vertical thin black line indicates the ground-tith value.

The plots are only shown for the parameter because all three 4. CONCLUSIONS

parameters, ,ande display very similar results. IRigure 11,

one can see a nearly perfect horizontal ling/d 0 for s wgs In this paper, we introduced and validated a new optimization
obtained with an exposure time of 300 s (yellow crosses) for amethod for model-data tting, ROAM (Radial-basis-functions
test cases (3DN31, 3DN301, and 3DN31ZOOM). This means th&ptimization Approximation Method). Our primary motivation
thetexp D 300 s case is equivalent to the no-noise case. For cagesthis work has been to develop a novel approach for diagnosing
texp D 10 andtexp D 1's, the plots show some departure from thethe solar coronal magnetic eld by combining a parameterized
y D 0 line, which increases with the level of noise. The gureals 3D magnetic eld model with forward modeling of coronal
shows that the noise e ect on the robustness of the MLEs depend®®larization. From various tests applied to the synthetic test b
on the density of points in the designs, i.e., 3DN31 is the mog?f acoronal magnetic ux rope, we showed that ROAM allows for
aected by the noise while 3DN31ZOOM is the least a ected fast, e cient, and accurate model-data tting in d-dimensional
That being said, we nd that only less than 10 15 points Pparameter space. These test cases further enabled us toeanalyz
(out of 100) of 3DN31 exhibit a strong sensitivity to noisetiee ~ and specify a framework for an optimal application of ROAM.

texp D 1 second case, i.e., with an erpo8 . This number drops Applying our method with forward modeling of IR coronal

to 5 whentexp D 10 s. For thetexp D 1 s,Figure 10shows polarimetry, we demonstrated that ROAM can be exploited for
that the noise strongly masks the real Stoklesignal, although converting coronal polarimetric measurements into magoeti
not entirely. We therefore deduce that our optimization meth ~ eld data. The use of our model-data tting method therefore
is very stable against the presence of noise in the data asngPPens new perspectives for the development and exploitation of
the noise does not entirely mask the real signal. Considetiat coronal polarimetric measurements such as the ones roytinel
Stoke®is similarly sensitive to noise as Stokeand that Stokes Performed by CoMPTomczyk etal., 20Q@nd future telescopes

| is much less sensitive to the noise, we conclude that our ateth such as the Daniel K. Inoue Solar Telescoped the Coronal
can be robustly used with the Stoke, andU data provided by Solar Magnetism Observatory¢mczyk et al., 20)¢gbut also for

the CoMP. “http://www.ifa.hawaii.edu/~schad/dInirsp/
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awider range of coronal observations including, e.g., U¥ é&sg., Finally, we wish to mention that ROAM is not limited
Fineschi, 2001; Raoua et al., 2Q@hd radio polarimetry (e.g., to coronal magnetic eld diagnostics and could be used for
White and Kundy 1997 Gelfreikh 2004 see als@ibson et al.  other optimization problems. The method will be of particular
2016 for discussion of multiwavelength magnetometry). interest for model-data tting for which a model evaluation
Beyond the analysis of coronal polarimetric measurementghere, the evaluation of the model itself and/or the forward
ROAM oers interesting perspectives for magnetic eld modeling of an observable if applicable) is computationally
reconstruction models. Most of the current 3D diagnostics ofexpensive.
the coronal magnetic eld of solar active regions (ARs) are

derived from the analysis of magnetic eld reconstructionAU_l_HOR CONTRIBUTIONS

models including, e.g., force-free eld extrapolations tiet

photosp_herlc magnetllc eld (see e.g.AI|ssa.ndrak|s, 19.81’ All authors listed, have made substantial, direct and latglal
Demoulin et al., 1989; Wheatland et al., 2000; Yan and Salmr"f‘:ontribution to the work, and approved it for publication
2000; Wiegelmann, 2004; Amari et al., 2006; Malanushenko ' '
et al.,, 2012,and references therein), and magneto-frictional
methods (see e.g.yan Ballegooijen, 2004; Valori et al., 2005 FUNDING

2007; Jiang et al., 2011; Inoue et al., 2012; Titov et al.,, 2014

and references therein). ROAM could, in principle, be used t&D acknowledges funding from the Computational and
perform model-data tting with such reconstruction modelsah Information Systems Laboratory and from the High Altitude
either already are (i.e., through the poloidal and axial oxthe Observatory, and along with SG and YF acknowledges support
magneto-frictional methods with ux rope insertion) or cadil from the Air Force O ce of Scienti c Research under award
be (e.g., through the photospheric force-free parameter foh bo FA9550-15-1-0030.

force-free eld extrapolations and magneto-frictional rhetls

without ux rope insertion) parameterized. The extensive Wwor

performed over the years in terms of forward modeling ofACK’\|O\NLEDGMENTS

variogs observables (see e.@ibso_n etal., 201@&nd referepces We thank the two anonymous referees and Anna
therein) would then allow for using several types of dierents5janyshenko for a careful consideration of the manuscript
observations to constrain the parameters of the magnetig,y .onstructive comments. The National Center for

eld recqnstructiqn mpdels. ROAM therefqre opens newAtmospheric Research is sponsored by the National Science
perspectives for including coronal polarimetric measurersentgqnqation.

into magnetic eld reconstructions and, more generally, data-
optimized reconstruction of the solar coronal magnetic eld.
Such perspectives will be tackled in the framework of the DatSUPPLEMENTARY MATERIAL

Optimized Coronal Field Mod&l (DOCFM), a collaborative

project that will make use of ROAM. The Supplementary Material for this article can be found
online at: http://journal.frontiersin.org/article/10389/fspas.
Shttp://www.hao.ucar.edu/DOCFM/ 2016.00024
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