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This research contributes valuable insights into the evaluation of process
capability indices, Spmi and Cpy, through the development of a mixture
model of two components: Frechet distributions based on maximum likelihood
and the Bayesian estimation methods. Furthermore, bootstrapping is used
to assess the stability and performance of the estimated process capability
indices. The comparative study revealed that the Bayesian estimators outperform
the counterpart in terms of mean squared errors and width of bootstrap
confidence intervals for smaller to larger sample sizes. The real-life data results
reinforce the findings across different analytical approaches, and these findings
hold implications for researchers and the quality control experts engaged in
manufacturing, services, and other industries and emphasizing the importance
of methodological selections in ensuring robust and accurate process capability
analysis in situations where the underlying process distribution is complex and
possibly multimodal.
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1 Introduction

Process capability refers to a process’s intrinsic ability to produce a good product
as specified in the product design process. A crucial component of any continuous
quality improvement endeavor is measuring the performance of a process and taking
appropriate action based on the measurements Spiring [1]. Businesses evaluate the
effectiveness of their processes using a variety of metrics. The process capability
indices(PCIs) are the most prevalent of these metrics [2]. The key reason for its
popularity is that businesses need quantitative measures of the process’s performance
in relation to its specification constraints [3]. PCIs are statistical quantifications that
are unitless and are used to compare how well a process characteristic performs.
Quality control literature includes many process capability indices applicable to
various process scenarios. Some commonly used are: Cp by Juran et al. [4]; Cpk
by Kane [5]; Cpm, Chan et al. [6]; Cpp by Greenwich and Jahr-Schaffrath [7].
There are some other PCIs introduced in literature, namely CNp, CNpk, CNpm, and
CNpmk [see, Pearn and Chen [8]; Schneider et al, [9], and Tong and Chen [10]].
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In statistics, finite mixture models have been used extensively.
It was particularly valued to generalize distributional assumptions
and to model heterogeneity in population. The finite mixture
models have several uses in various fields including biomedical,
engineering, social sciences, medicine, economics, marketing,
reliability studies and life testing problems, because mixture
distributions represent heterogeneous data set when there is
evidence of multimodality or simply unimodality. Generally,
a mixture distribution can be formulated by combining two
or more distributions using mixing parameters and mixture
distribution of two sub-populations could be a suitable model for
characterizing the overall population. Moreover, multiple causes
of failure can be studied simultaneously via mixture distributions.
Usually, the failure time population comprises of weak and strong
components corresponding to short and long lives, respectively.
Recently, various authors discussed different types of mixtures
of distributions. The readers may refer to Turkan and Calis
[31]; Everitt [11]; Everitt and Hand [12]; Jiang and Murthy
[13]; Jiang and Murthy [14]; Marin et al. [15]; McLachlan and
Peel [16]; Titterington et al., [17]; Titterington et al., [18]; and
Lindsy [19]. Ali and Riaz [20] studied the generalized capability
indices using Bayesian approach for different loss functions for
the simple and mixture of generalized lifetime models. Moreover,
Ouyang et al, [21] and Lin et al, [22] developed credible
intervals for the PCIs. Wu [32] employed non-informative priors
to construct the PC estimator for subsamples gathered over
time using the squared error loss function. Kargar et al., [23]
employed a Bayesian technique with a normal prior based on
subsamples to assess process capacity using the capability index
Cpk. Saxena and Singh [24] studied Bayesian estimation of
the Cp index for normal distributions. Kanwal and Abbas [25]
developed confidence interval for PCIs using objective Bayesian
and made comparison with classical approach. The PCIs Cpy and
CNpmk were developed for non-normal process by Kanwal et al.
[26].

The main objective of this study is to develop the Bayesian
estimators for the vector of parameters (__ = {{, j, Bj},j = 1,2)
of mixture of Frechet distribution (MFD) and to estimate the
PCIs Spmk and Cpy for MFD. Furthermore, bootstrap confidence
intervals(BCIs) are evaluated as a measure of performance
for both maximum likelihood estimates(MLEs) and Bayesian
estimates (BE). The novelty of present work can be assessed
from the fact that no attempt has been made to study the
PCIs for MFD. Our aim is to give recommendations for
selecting the suitable approach for estimating _ for MFD and
further evaluation of effective PCIs. This study is hoped to be
valuable to practicing engineers, quality experts, and applied
statisticians. In this work, we propose a MFD that can be
successfully used in evaluation of PCIs in real-life problems.
Let a random variable T follows a finite mixture model with k
components, then the probability density function (PDF) can be
written as

= o (1)

=1

Frontiers in Applied Mathematics and Statistics

10.3389/fams.2025.1744829

where ) is the mixing parameter which is a non-negative

k
proportion such that  Jj = 1. The PDF of MFD is given as
=1

f(t) = Wiy (t; ag, Br) + (1 — W)fz(t; 02, B2) (2)

The PDF of the jth component, j = 1,2, is

a B A B
fi t]ogB = B—J T exp — T >

t, 05,3 >0,

3)

where o and [ are the shape and scale parameters of Frechet
distribution(FD). The cumulative distribution function(CDF),
reliability function, and hazard rate function of the MFD are,
respectively, given by

B © B
F(t,O(j,Bj) =Yexp — T +(1—yY)exp — T (4)
_ B @
R(t, oj, Bj) =0 l—exp —F
g
+(1—Y) 1—exp —% J (5)
. . i+1 n i
% % 9 ep — [%J 9
h(t, oy, Bj) =y T
1—exp _T]
o Bi oj+1 g
B ey
+(1— ) — ©)
1—exp _T]

In continuation of this introductory section, the rest of the article
unfolds as: In Section 2, MLE for the parameters of MFD are
obtained. Bayesian estimators are presented in Section 3, and PCIs
are discussed in Section 4. Simulations study is given in Section
5, and BCIs are presented in Section 6. Finally, a real data set is
analyzed in Section 7, and conclusions are presented in Section 8.

2 Maximum likelihood estimation

Let t;, 1y, ..., th be a random sample of size n from MFD, then
log-likelihood function is

! B
log waIB?Itf(““l)exp Y
i=1

L=logl =

+ (1= )opPt @ exp — % @)
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Differentiating Equation 7 with respect to the mixing parameter ,
0, Bj, where j = 1,2 and equating to zero. The score equations are

n

o _ A -h)  _
W U@+ (- Wh®

B«
oL " et nptpY —1+a log(t)—log(By)+log B B @

B o ” B oo
i=1 e T et ap —e T (-1t oy

B ® a
a " et nptal -1+ BT ,
s - - =
9B i=1 B e %2 ulwlf’lure i (1 By B
‘ (8)
B o g B2 B a
oL noe Toon(=1+ PR —1+0y Log(t) —Log(By) +Log F T %
. By o
> = —e © Ty ve © (1) B
=0
B @
o _ " e T n-1+g)ial -1+ & Y
B2 [

[ B @ .
ELBy e T (1w —e T Wt app,

where f; (t) and f5(t) are the PDF of the FD. The system of nonlinear
equations cannot be written in closed form. Here, we use the BB
package which is available in the R software to get the MLEs of
model parameters.

3 Bayesian estimation

For Bayesian estimation, we need prior distribution of
Y, ay, 0,31, and B,. Assuming that P has the prior Beta(s;,sz)
distribution, whereas 0, 0, 31, and B, each have independent
inverted gamma priors with PDFs, respectively, given by

W) = gy W' A—)»™, 0<SP<15,5%>0

Ci

d: -
T (0j) = ﬁj)dﬁ 1exp(—djdj), 0j >0,¢j,dj >0
|jnj nj—1
m(Bj) = (TJ)BJ exp(—liBj), Bj>0,nj,lj=>0
where (d s Cj» Njs | j) are the hyperparameters. The joint prior density
of the random vector _ = {U, a1}, Bj},j = 1,2 is
() = m(P)mj(oy)m(Bj) ©)

The joint posterior density function for MFD is given by

L@ [ () (o) (Br) s (02) 1 (B2)
L(Ww, a1, By, 02, B2 | 0T (0T (B1)T05 (02) T (B2 )dW doy dB; do dB,

(10)

n@ly=

The posterior distribution (Equation 10) assumes a ratio form that

is not amenable to closure. Therefore, in absence of closed form
results here, we are using Lindley [27] approximation to obtain the
BE, which can be expressed as

U, dy, By, 6, B2)
+[uia; + Upay + uzaz + Ugdy + Usas + ag + ay]

(1) =

+1[A(U1011 + U201 + U3013 + U014 + UsOy5)
+B(U1021 + U022 + U3023 + Ug024 + UsO25)
+C(U;03; + U032 + U3033 + Ug034 + Us035)
+D(U1041 + Up04p + U3043 + UgOygq + UsOys)

(1n

+E(uU1051 + Up0s5; + U3053 + Ug054 + Us0355)]
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where aj = p10j; + P20i2 + P30i3 + P40ia +Ps0is, 1=1,2,3,4,5
Sp—1 S—1 C1 k1 -1
p1 = ~ = P2 = —d,p3 = ———my,
v 11—y 1
cp—1 ko, —1
Ps = — —dy,p5 = —-m;
(00} >
A =01l +2012k121 + 20130131 + 20140141 + 2015051

+2033L031 + 20241041 + 20250051 + 20341341
+2035L351 + 20451451 + 022L021 + 0331331 + O4glaqr + 0550551
B = 011L112 + 20120122 + 20130132 + 20141142 + 20151152
+2023L232 + 20241242 + 2025105 + 20341342
+2035L352 + 20451450 + 0220222 + 0331332 + O4ql 442 + 055055
C = 011L113 + 20121123 + 20131133 + 20141143 + 20151453
+2033L033 + 20241043 + 20250053 + 20341543
+2035L353 + 20451453 + 022L022 + 0331333 + O4ql 443 + 0550553
D =o0yblis + 20150124 + 20130134 + 20141144 + 20151154
+2023L034 + 20241244 + 20251054 + 20341344
+2035L354 + 20451454 + 0220203 + 0331334 + O4algaq + 0550554
E  =onlus +20pk2s5 + 20130135 + 20140145 + 2035055
+2033L035 + 20241045 + 20250055 + 20341345

+2035L355 + 204501455 + 0220224 + 0331335 + 044l 445 + 0550555

01 =Y,0, = 01,03 = B1,84 = 2,05 =B

..:GSL@) ij=1,23
i~ Bg0g T2
PLOe) .
=i jk=1,2,3
ik = 58,00,08,

The Bayesian estimators for J, 0j, 02, B1, and B, under squared
error loss function are

Wse

— S;—1 _ $—1 -1 _
=P+ A= —-—2=" g+ L=-—d; 0
g 5 oy 9 & 1 012

ki—1 Cc—1 ky—1
+ L—=-m o3+ Z——dy opu+ Z—-——m O
B 1 13 &, 2 14 6, 2 15
+0.5[A01; + B0y, + Cos; + Doy + Eosq]
(12)
& — & s$1—1 S$—1 c—1
dige =di+ ooy ot o dy o
ki—1 Cc—1 ko—1
+ LT——m Op+ 2——dy O+ ZF——m, C
B 1 23 a, 2 24 B, 2 25

+0.5[A0, + B0y, + Cosy + Doy, + Eos; |

(13)
3 —f 4+ s-l s—1 + o=l _ g
Bige =B I 5 1 03
ki—=1 _ c—1 _ ko—1 _
+ = -m; o+ = dy O34+ % my o
B, 1 33 a 2 34 B, 2 35
+0.5[A0y3 + Boys + Cos3 + Doy + E0s3]
(14)

frontiersin.org


https://doi.org/10.3389/fams.2025.1744829
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Kanwal et al.

TABLE 1 Point estimates for MFD when oy = 0.6,3; = 1.4, a, = 0.7, and (3, = 1.

10.3389/fams.2025.1744829

10 MLE 0.49999 0.76396 1.39447 0.76408 1.39239
BE 0.49998 0.72627 1.31434 0.73223 1.26037
20 MLE 0.49999 0.70370 1.25605 0.70373 1.25552
BE 0.49999 0.68344 1.23489 0.68910 1.20536
30 MLE 0.50001 0.68736 1.21251 0.68739 1.21246
BE 0.50000 0.67276 1.20331 0.67795 1.18276
50 MLE 0.50001 0.67345 1.17958 0.67345 1.17943
BE 0.50000 0.66407 1.17639 0.66795 1.16331
70 MLE 0.50000 0.66715 1.16672 0.66715 1.16662
BE 0.50000 0.66032 1.16501 0.66327 1.15553
80 MLE 0.50001 0.66671 1.16313 0.66673 1.16303
BE 0.50000 0.66029 1.16210 0.66333 1.15359
100 MLE 0.50001 0.66361 1.15848 0.66360 1.15830
BE 0.50001 0.65865 1.15777 0.66091 1.15087

TABLE 2 Point estimates for MFD when oy = 0.6,3; = 1.4, a, = 0.7, and (3, = 1.

Method
10 MLE 0.49999 0.74995 1.46088 0.75015 1.45685
BE 0.49989 0.71290 137331 0.71876 1.31250
20 MLE 0.49999 0.69228 1.30574 0.69228 1.30530
BE 0.49998 0.67239 1.28178 0.67796 1.25072
30 MLE 0.50000 0.67590 1.26036 0.67593 1.26016
BE 0.50001 0.66179 1.24917 0.66668 1.22769
50 MLE 0.50002 0.66204 1.22448 0.66204 1.22434
BE 0.50001 0.65297 1.22033 0.65666 1.20673
70 MLE 0.50000 0.65573 1.21182 0.65574 121174
BE 0.50000 0.64909 1.20953 0.65194 1.19966
80 MLE 0.50000 0.65597 1.20701 0.65598 1.20690
BE 0.50002 0.65001 1.20543 0.65266 1.19665
100 MLE 0.50001 0.65362 1.19989 0.65362 1.19983
BE 0.50001 0.64876 1.19895 0.65098 1.19186
d2e =d+ SllT_l—% 041 + %—m 042 =B+ SllT_l—% 051 + %—dl 05

+ KZlom g+ 2l —d, o+ Blom, oy + KZlom g+ 27l —d, o5+ Bl—m, 055
B1 a; B2 B1 az B2
+0.5[A014 + Boyy + C0O34 + DOy + EOs4] +0.5[A015 + Boys + Coss + Doys + E0ss]
(15) (16)
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TABLE 3 Point estimates for MFD when o3 = 0.6,3; = 1.4, a, = 0.7, and (3, = 1.

MLE 0.49998 0.74537 1.49321 0.74546 1.49134
10 BE 0.49998 0.70881 1.40025 0.71443 1.33969
20 BE 0.50001 0.66471 1.31929 0.67036 1.28557
MLE 0.50001 0.66748 1.29745 0.66751 1.29730
30 BE 0.50001 0.65374 1.28487 0.65842 1.26273
MLE 0.49999 0.65249 1.26737 0.65251 1.26719
50 BE 0.49998 0.64351 1.26281 0.64723 1.24850
MLE 0.50000 0.64704 1.25055 0.64705 1.25035
70 BE 0.50000 0.64050 1.24799 0.64333 1.23756
MLE 0.50002 0.64644 1.25044 0.64644 1.25032
80 BE 0.50002 0.64058 1.24853 0.64319 1.23934
MLE 0.50001 0.64325 1.24242 0.64326 1.24236
100 BE 0.50001 0.63851 1.24111 0.64067 1.23372

TABLE 4 The true values of Sy along with average estimates and respective MSEs for ¢ = 0.4, a1 = 0.6, 31 = 1.4, d2= = 0.7, and 32 = 1 for MFD.

n Method Spmk Sp’r\nk - MSE BCI Width
10 MLE 0.45701 0.07165 2.99986 0.00215 (0.43673, 0.47810) 0.04137
BE 0.408316 0.45484 0.07383 3.06588 0.00196 (0.43455, 0.47566) 0.04110
20 MLE 0.45684 0.05123 3.00318 0.00208 (0.44234, 0.47168) 0.02934
BE 0.45489 0.05466 2.97882 0.00191 (0.44059, 0.46955) 0.02895
30 MLE 0.45691 0.02549 2.98625 0.00207 (0.44508, 0.46899) 0.02391
BE 0.45485 0.04585 3.02369 0.00188 (0.44325, 0.46673) 0.02348
50 MLE 0.45693 0.02592 3.04055 0.00205 (0.44780, 0.46615) 0.01835
BE 0.45486 0.02213 2.98244 0.00187 (0.44579, 0.46402) 0.01823
70 MLE 0.45693 0.00741 2.98302 0.00205 (0.44911, 0.46472) 0.01561
BE 0.45486 0.00563 2.97573 0.00186 (0.44717, 0.46255) 0.01539
80 MLE 0.45688 0.00069 3.02166 0.00204 (0.44953, 0.46417) 0.01464
BE 0.45488 0.03837 3.0139 0.00186 (0.44770, 0.46216) 0.01446
100 MLE 0.45689 0.02895 2.99705 0.00204 (0.45044, 0.46341) 0.01297
BE 0.45483 0.02477 2.99693 0.00186 (0.44842, 0.46130) 0.01288

where I.IAJ, dy, o>, BAl and BAZ are the maximum likelihood estimatesof 4.1 The Index Spmk for MFD

W, ay, 0y, B; and By, respectively. Rest derivatives will be provided

on request. PCI Spmk was introduced by Chen et al. [2] for any underlying
distribution, by considering the process variability, departure of
process mean (J) from the true value (T;), and fraction of non-

conformity as
_ omi(Lesusorsh)
4 Process capability indices Somk = T (17)
Sk = {222 as)
The most frequently used PCIs Cp,Cpk, Comk, and Cpm P 3 e BT

rely strictly on the normality assumption for a given process

with mean and process dispersion. However, many production Here, ¢(-) is CDF of standard normal distribution, p=1 - F(USL)
and service processes make the presumption of normality - F(LSL) denotes the proportion of non-conformities, whereas
mostly invalid. USL and LSL are lower and upper specification limits, and F(-)
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TABLE 5 The true values of S, along with average estimates and respective MSEs for ) = 0.5, a; = 0.6, 31 = 1.4, 0= = 0.7, and 3, = 1 for MFD.

n Method Spmk Spmk - MSE BCI Width
10 MLE 0.44882 0.04620 3.04342 0.00167 (0.42865, 0.46942) 0.04078
BE 0.41132 0.44680 0.05906 3.02091 0.00151 (0.42688, 0.46740) 0.04053
20 MLE 0.44881 0.03192 3.00414 0.00162 (0.43435, 0.46335) 0.02901
BE 0.44684 0.04141 2.99976 0.00146 (0.43274,0.46121) 0.02847
30 MLE 0.44875 0.01843 3.00685 0.00159 (0.43697, 0.46057) 0.02360
BE 0.44677 0.02741 3.00018 0.00144 (0.43511, 0.45857) 0.02346
50 MLE 0.44873 0.02312 2.98814 0.00158 (0.43961, 0.45790) 0.01829
BE 0.44681 0.02144 2.99947 0.00143 (0.43785, 0.45589) 0.01804
70 MLE 0.44872 0.04014 3.03780 0.00157 (0.44112, 0.45657) 0.01545
BE 0.44675 0.01077 2.99085 0.00142 (0.43915, 0.45441) 0.01526
80 MLE 0.44874 0.01725 2.97700 0.00156 (0.44153, 0.45601) 0.01448
BE 0.44677 0.01458 3.00876 0.00141 (0.43966, 0.45396) 0.01429
100 MLE 0.44875 0.02467 3.0114 0.00156 (0.44229, 0.45527) 0.01298
BE 0.44679 0.01692 3.00024 0.00140 (0.44042, 0.45321) 0.01278

TABLE 6 The True values of Sk along with average estimates and respective MSEs for y = 0.6, a; = 0.6, 31 = 1.4, 0= = 0.7, and 3; = 1 for MFD.

Sl Syt - MSE BCI Width

10 MLE 0.44063 0.06039 2.98472 0.00115 (0.42101, 0.46103) 0.04002
BE 0.41237 0.43876 0.03844 2.98372 0.00103 (0.41905, 0.45881) 0.03976

20 MLE 0.44061 0.03672 2.96747 0.00109 (0.42656, 0.45497) 0.02842
BE 0.43875 0.05869 2.99392 0.00098 (0.42495, 0.45293) 0.02799

30 MLE 0.44065 0.03532 3.01865 0.00108 (0.42921, 0.45234) 0.02312
BE 0.43879 0.03103 3.04645 0.00096 (0.42737, 0.45031) 0.02294

50 MLE 0.44061 0.03959 2.97455 0.00106 (0.43184, 0.44962) 0.01778
BE 0.43879 0.04021 3.02429 0.00095 (0.42999, 0.44781) 0.01773

70 MLE 0.44062 0.0243 2.9675 0.00106 (0.43316, 0.44825) 0.01509
BE 0.43877 0.01151 2.98005 0.00094 (0.43131, 0.44627) 0.01495

80 MLE 0.44064 0.02245 3.02997 0.00105 (0.43354, 0.44777) 0.01423
BE 0.4388 0.02417 298711 0.00093 (0.43182, 0.44588) 0.01406

100 MLE 0.44065 0.02364 3.00136 0.00104 (0.43435, 0.44704) 0.01269
BE 0.43878 0.01277 2.99931 0.00093 (0.43253, 0.44508) 0.01255

is the CDF of process distribution. The PCI Symi of MED quality
characteristic can be written as

spmk =

[ T T - T

. UsL " LsL e TSl T T LS

v 2 (19)

1+ ep —

peTy 2

31+ 5

The true values of 8 = (Y, 0y, B1, 02, B2) are unknown, and here
we use the Bayesian and maximum likelihood estimators to get
their estimates. The unbiased estimators of 1 and 62 are T and S?,
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respectively, where

4.2 The Index Cpy for MFD

Maiti et al. [28] have proposed a generalized PCI Cpy. It
comprises both normal and non-normal, continuous as well
as discrete random variables, and which is either directly
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TABLE 7 The true values of Cpy along with average estimates and respective MSEs for §y = 0.4, a; = 0.6, 31 = 1.4, o= = 0.7, and 3; = 1 for MFD.

n Method Cpy
10 MLE
BE 0.408316
20 MLE
BE
30 MLE
BE
50 MLE
BE
70 MLE
BE
80 MLE
BE
100 MLE
BE

Cpy = MSE BCI Width
0.83443 -0.04368 3.03331 0.02250 (0.81576, 0.85272) 0.03696
0.83259 -0.0567 2.98307 0.00208 (0.81398, 0.85080) 0.03682
0.83457 -0.04088 2.99452 0.00222 (0.82140, 0.84763) 0.02622
0.83264 -0.04741 2.97037 0.00204 (0.81957, 0.84545) 0.02588
0.83451 -0.04901 2.97958 0.0022 (0.82373, 0.84505) 0.02132
0.83266 -0.04260 2.98004 0.00203 (0.82191, 0.84320) 0.02129
0.83452 -0.02042 2.99327 0.00218 (0.82624, 0.84275) 0.01651
0.83264 -0.02422 2.97358 0.00201 (0.82435, 0.84080) 0.01645
0.83450 -0.02670 2.95213 0.00217 (0.82743, 0.84150) 0.01407
0.83267 -0.01988 2.97907 0.00201 (0.82567, 0.83956) 0.01389
0.83451 -0.02960 2.96419 0.00217 (0.82792, 0.84104) 0.01312
0.83265 -0.02034 2.96965 0.00200 (0.82610, 0.83905) 0.01295
0.83453 -0.01645 3.02232 0.00216 (0.82865, 0.84031) 0.01166
0.83264 -0.01469 2.99486 0.00199 (0.82676, 0.83848) 0.01162

TABLE 8 The True values of Cpy along with average estimates and respective MSEs for yy = 0.5, a; = 0.6, 3; = 1.4, a,= = 0.7, and 3, = 1 for MFD.

n Method Cpy
10 MLE
BE 0.78797
20 MLE
BE
30 MLE
BE
50 MLE
BE
70 MLE
BE
80 MLE
BE
100 MLE
BE

Cpy = MSE BCI Width
0.82711 -0.09480 3.01981 0.00163 (0.80778, 0.84570) 0.03792
0.82524 -0.08869 3.0415 0.00148 (0.80589, 0.84370) 0.03782
0.82704 -0.06108 3.03002 0.00157 (0.81342, 0.84024) 0.02682
0.82518 -0.04933 2.96822 0.00143 (0.81175, 0.83834) 0.02658
0.82706 -0.04313 3.0146 0.00156 (0.81588, 0.83785) 0.02197
0.82521 -0.05453 3.03459 0.00142 (0.81411, 0.83601) 0.02190
0.82707 -0.02516 3.01529 0.00155 (0.81848, 0.83551) 0.01703
0.8252 -0.01731 3.00075 0.00141 (0.81661, 0.83359) 0.01698
0.82705 -0.01069 3.03616 0.00154 (0.81979, 0.83417) 0.01438
0.82521 -0.04262 3.01844 0.00140 (0.81800, 0.83227) 0.01427
0.82705 -0.02191 3.00118 0.00153 (0.82027, 0.83375) 0.01348
0.82522 -0.02823 2.99268 0.00140 (0.81849, 0.83186) 0.01337
0.82706 -0.03201 3.01329 0.00152 (0.82101, 0.83301) 0.01204
0.82521 -0.02924 3.04140 0.00139 (0.81916, 0.83120) 0.01203

or indirectly related to the majority of PCIs. It is defined
as follows:

_ F(USL)—F(SL) _ p
P~ FUDL) —F(LDL) ~ po

(20)

where LDL and UDL are the lower and upper desirable limits,

respectively, p is the process yield, and py is the desirable

yield. If the process distribution is normal with LDL
30 and UDL
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= M-

M + 30, then the generalized PCI Cpy

can be written as (p/0.9973). The index Cpy

expressed as

1

Copy = —
¥ o v

+ (1—-y) exp —

exp —

for MFD can be

21

Here, we use the Bayesian and maximum likelihood estimators to
get the estimates of § = (), a1, By, 0, B2).

frontiersin.org



https://doi.org/10.3389/fams.2025.1744829
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Kanwal et al.

10.3389/fams.2025.1744829

TABLE 9 The True values of Cpy along with average estimates and respective MSEs for y = 0.6, a; = 0.6, 3; = 1.4, a,= = 0.7, and 3, = 1 for MFD.

\ n Method Cpy Cpy = MSE BCI Width \
10 MLE 0.81934 -0.04223 2.96701 0.00108 (0.79968, 0.83855) 0.03886
BE 0.78797 0.81745 -0.0619 2.99986 0.00097 (0.79793, 0.83626) 0.03833
20 MLE 0.81932 -0.02457 3.00091 0.00103 (0.80562, 0.83284) 0.02722
BE 0.81747 -0.01825 3.01767 0.00092 (0.80380, 0.83097) 0.02717
30 MLE 0.81934 -0.02498 3.00511 0.00102 (0.80823, 0.83037) 0.02214
BE 0.81753 0.00152 2.99348 0.00091 (0.80653, 0.82865) 0.02212
50 MLE 0.81933 -0.02437 2.99768 0.00100 (0.81071, 0.82789) 0.01718
BE 0.81749 -0.02772 2.99397 0.00090 (0.80888, 0.82599) 0.01712
70 MLE 0.81933 -0.04178 2.96868 0.00100 (0.81197, 0.82657) 0.01459
BE 0.81747 -0.01217 2.9666 0.00089 (0.81017, 0.82475) 0.01458
80 MLE 0.81934 -0.03878 3.01848 0.00100 (0.81244, 0.82613) 0.01370
BE 0.8175 -0.03414 3.02217 0.00088 (0.81066, 0.82424) 0.01358
100 MLE 0.81931 -0.01211 3.01657 0.00099 (0.81316, 0.82542) 0.01226
BE 0.81749 -0.03079 3.00610 0.00088 (0.81135, 0.82352) 0.01216
FIGURE 1 FIGURE 2
MSEs for Spmk with = 0.4, a3 =0.6,p1 = 1.4, 0= = 0.7, and B, = 1 MSEs for Cp, with ¢y = 0.4, oy = 0.6,p1 = 1.4, a,= =0.7,and B, = 1
for MFD. for MFD.

5 Simulation study

In this section, Monte Carlo simulation is conducted to
examine the behavior of PCIs for both MLEs and BE in
terms of BCIs, and mean squared errors (MSEs) against
different sample sizes. The Monte Carlo simulation is performed
as follows:

1. Take the initial values of the vectors of parameters = =
{W, o5, By}

2. Generate random samples of sizes N = 10,20, 30, 50, 70, 80,
and 100, for each vector of the parameters from
MFD. Random samples of the mixture model are
generated as:

Frontiers in Applied Mathematics and Statistics 08

3.

i. Generate U; and U, from two uniform variates.

ii. If Uy < , use U; to generate a random variate T from the
MED using t = F~1 (Uy).

iii. If Uy = ), use U; to generate a random variate T from the
MED using t = F~! (U,).

The process has been replicated 10,000 times for each sample
size, and average estimates were determined for each approach
using the R software (version: i386 4.3.1), and the results are
presented in Tables 1-3.

. Simulation is done for performance evaluation of two observed

PCIs, namely Spyk and Cpy, for MFD based on MLEs and BE.
The sample sizes are considered as n = (10, 20, 30, 50, 70, 80, and
100). USL and LSL are set at 0 and 15, respectively. The median
of two specification limits is used as target value, and vector of

frontiersin.org


https://doi.org/10.3389/fams.2025.1744829
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

10.3389/fams.2025.1744829

Kanwal et al.
FIGURE 3 FIGURE 5
MSEs for Spmk with g = 0.5, 01 =0.6,1 = 1.4, a,= =0.7,and B, = 1 MSEs for Spmk with p = 0.6, a1 =0.6,B1 = 1.4, 0= =0.7, and B, = 1
for MFD. for MFD.

FIGURE 4
MSEs for Cpy, with 0 = 0.5, a1 =0.6,f1 = 1.4, 0,==0.7,and B> = 1
for MFD.

parameter is defined as o = 0.6,3; = 1.4, 0, = 0.7,and 3, = 1
also Y = (0.4,0.5,0.6).

5. Using bogtstrapping, the estimators for PCls, coefficient of
skewness( ), coefficient of kurtosis (), MSEs, and BClIs are
calculated employing MLEs and BE using R software with 50,000
replications. The criteria used for performance evaluation is
MSEs and width of BCIs. The results are listed for PCI Spy in
Tables 4-6 for Cpy in Tables 7-9.

6 BCls for Spmk and Cpy

Franklin and Gray [29] developed the bootstrap method, and
BClIs are typically employed to obtain the empirical distribution of
different PCIs. The following steps are followed for bootstrapping,
and the standard BClIs are considered for Spmi and Cpy . :

Frontiers in Applied Mathematics and Statistics

FIGURE 6
MSEs for Cpy, with y = 0.6, a1 =0.6,31 = 1.4, 0= =0.7,and B> = 1
for MFD.

1. A random sample (t;,1;, .. ., ty) of size n is drawn from MFD
(W, a;j, 3j), where j = 1,2 and then n-bootstrap samples (with
replacement) taken from the initial sample with a mass of 1/n
at each. MLEs(lIAJ, a, ﬁ) and BE(ll:l,d, G), are evaluated and then
R-th bootstrap estimator are calculated for Symk, and Cpy i.e.,

sR) _a ~ R _
S = Somk (t1, t, b, 1), Coy = Chy (b1, o, b5, ).

2. Total of n" re-samples are there and for each sample égr{r:

estimated which will make a complete bootstrapped distribution
gpr(ni); J = 1(1)B and is denoted by épfrili < ép%)( ... <
R)

(o are

épﬁn?(), and same process is done for C;Y(

From the results of simulation study, conclusions are drawn
regarding the behavior of the estimators and PCls, which are
listed below.
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TABLE 10 Time between failures for repairable items.

10.3389/fams.2025.1744829

1.43, 0.11, 0.71, 0.77, 2.63, 1.49, 3.46, 2.46, 0.59, 0.74, 1.23, 0.94, 4.36, 0.40, 1.74

4.73, 2.23, 0.45, 0.70, 1.06, 1.46, 0.30, 1.82, 2.37, 0.63, 1.23, 1.24, 1.97, 1.86, 1.17
TABLE 11 Mixture real-life data regarding time between failures for repairable items.

T-1 0.11 1.74 0.59 3.46 2.46 1.23 0.40 4.36 0.94 1.49 2.63 0.77 0.71 0.74 1.43

T-11 1.82 0.45 4.73 1.46 1.17 1.97 1.23 1.06 2.23 1.86 1.24 0.63 2.37 0.30 0.70

TABLE 12 Point estimates of MFD for time between failures for repairable item.

Method

MLE 0.49956 27775 1.23724 2.77790 1.23771 128.01
BE 0.49953 1.61071 1.31212 2.69221 1.24352 125.35
e The results presented in Tables 1-3 demonstrate a

comparative analysis of MLEs and BE using Lindley’s
approximation for sample sizes i.e., (10, 20, 30, 50, 70,
80, 100).

e The PCIs Sy and Cpy are estimated using MLE and Bayesian
methods of estimation keeping values for hyperparameters
constant at zero. Furthermore, to assess the performance of
these methods, bootstrapg’uﬁg is used to compute BCIs for
each estimate along with , , and MSEs. The results are
shown in Tables 4-9.

e The results in Tables 4-9 and Figures 1-6 depicted clearly
that the MSEs are decreasing with increasing sample size and
consistently smaller for BE, for both PCIs, i.e., Spmk and Cpy
for different vectors of parameters.

e The BCIs for both Spnk and Cpy are consistently narrower
using Bayesian estimation, reinforcing the efficiency of
this method in estimating above-mentioned PCIs with less
uncertainty compared to those obtained via MLE. So, BE offers
superior precision in calculating Spmi and Cpy.

7 Real-data illustration

In this segment, we considered the real-data illustration for
time between failures for repairable item, a random sample
of 30 components of a certain type, presented in Table 10,
documented by Murthy et al. [30] to evaluate the estimates
using different methods of estimation and their related PClIs.
First, we determine whether the described data set is from
p-value.
=0.1336,

level of

FD employing the Kolmogorov Smirnov (KS) test’s
The value for KS test with respective p-value is D
0.6106 for considered data at 5 percent
significance. Therefore, FD clearly fits into this data set,

p-value =

according to the aforementioned estimators. Moreover, data
set is randomly divided into two groups and presented in
Table 11 for MFD assuming ) = 0.5. The point estimates of
parameter for MFD are presented in Table 12 along with AIC
values. Moreover, Figure 7 shows the comparative results for both
estimation methods.

To estimate PCIs, USL and LSL were placed at 0.580 and 3.165,
respectively. The target value is 1.8725. Table 13 displays the BCIs
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FIGURE 7
Comparison of estimation methods.

10

of the PCIs Spyk and Cpy using two aforementioned estimation
approaches for MFD. From Table 13, it is evident that the BE for
both PCIs has alower MSEs and a shorter BCI than its counterpart.
As a result, it can be concluded that BE offers a more effective
approach for estimating PCIs for MFD. Based on the findings of
study, it is suggested that BE can be utilized more effectively in
examining the observed PCIs for MFD.

8 Conclusion

In this study, the statistical inference of the unknown
parameters of the MFD under MLE and Bayesian framework has
been considered. The Lindley’s approximation is employed for
BE, and the simulations show that the approach presented in
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TABLE 13 BCls for PCls of MFD.

10.3389/fams.2025.1744829

” v :
n Method Somk MSE BCI Width
Spmk ML 0.48198 0.25942 3.07852 0.12937 (0.45270, 0.06237
0.51507)
BE 0.40421 0.15111 291762 0.07938 (0.38575, 0.03834
0.42409)
vV __
| n Method Chy MSE BCI Width
Cpy ML 0.87894 -0.19164 3.04046 0.32242 (0.85679, 0.04429
0.90108)
BE 0.81096 0.09168 2.93532 0.24977 (0.79119, 0.04050
0.83169)

this study is more effective than maximum likelihood method.
Further, the comparative analysis of classical and Bayesian methods
for estimation of PCIs Spmk and Cpy demonstrate that the
Bayesian estimation consistently produces shorter BCIs for both
indices, against all sample sizes indicating higher precision and
reduced uncertainty compared to the MLE approach. Similarly the
MSEs for both PCIs are decreasing with increasing sample size
and more rapidly decreasing for PCIs evaluated under Bayesian
estimation. Results from both simulation studies and real-data
analysis exhibit a high degree of similarity. This consistency
reinforces the reliability and validity of the findings across different
analytical approaches. Considering the findings of this study, we
may suggest that the BE for MFD can be utilized for estimation of
PClIs for dealing the heterogenous data set. The work can further
be extended by considering some other flexible extreme value
distribution or some sort of censoring techniques.
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