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molecular variables5-10. Aside from the high-dimensional section 2. This relation establishes a precise connectiomdasst
character of these data, there exists a non-trivial cotila a correlation structure in the data and a network structure.
structure among the covariates, which establishes coraitle As a result, such a constrained covariance matrix estasish
problems for the analysis of such data séts{L3. Thereasonfor a Gaussian graphical model (GGM}J, 34] that can be used
the presence of the correlation structure is due to the undeg to simulate data for the analysis of, e.g., methods to identi
interactions between genes and their products. Speci cillg, di erentially expressed genes, di erentially expressed patlswvay
well-known that there are transcriptional regulatory, prioteand  or for the inference of gene regulatory networks,[35-37], to
signaling networks that represent théueprintof biological and name just a few potential areas of application.
cellular processed {-20. The major purpose of this paper is to study and compare three
In order to design new statistical methods, which arealgorithms that have been introduced to generate constdhine
urgently needed to cope with high-dimensional data fromcovariance matrices. The algorithms we are studying are the
molecular biology, usually, simplifying assumptions are enadlterative Proportional Fitting (IPF) algorithndg], an orthogonal
regarding the characteristics of the data. For instance oh projection method by Kim et al.g7] and an regression approach
the most frequently made assumptions is the normal behavidoy Hastie, Tibshirani, and Friedman (HTF}§. Data generated
of the covariatesq1-24]. That means, the distribution of the by such algorithms can be used to simulate, e.g., gene expressi
variables is assumed to follow a univariate or multivariatedata from DNA microarrays to test analysis methods for
normal distribution [25]. This assumption is reasonable becausedentifying di erentially expressed geneg87 40, di erentially
by applying a z-transformation to data with an arbitrary expressed pathway$F-43 or to infer gene regulatory networks
distribution one can obtain (standard) normal distributethta [44, 45. Furthermore, we connect these results, obtained from
[26]. For this reason, a z-transformation is usually applied toa probabilistic perspective, to statistical results of studiesng
the raw data as a preprocessing step. Due to the fact th&d infer gene regulatory networks. This connection allows t
we investigate in this paper high-dimensional data with ashed light on the known heterogeneity of statistical estiorat
complex correlation structure, we focus in the following onmethods for inferring gene regulatory networks.
multivariate normal distributions, because to use a unstar The paper is organized as follows. In the next section, we
distribution in this context, it is necessary to make the éidthal  present the methods we are studying and necessary background
assumption of a vanishing correlation structure between thénformation. This includes a description of the three algons
covariates in order to be able to approximate the multivariatéPF, Kim, and HTF to generate constrained covariance magrice
distribution sensibly by a product of univariate distribatis, i.e., and also a brief description of the networks we are using for our
p(X1, i, %p) D 5 ile p(Xi)- analysis. In the sections 3 and 4, we present our numericaltsesu
To fully specify a multivariate normal distribution, a vecto and discuss the observed ndings. Furthermore, we place the
of mean values and a covariance matrix is needed. From thabtained results into a wider context by discussing thetiaha
covariance matrix follows the correlation matrix that prdes to network inference methods. This paper nishes in the settio
information about the correlation structure of the variabl 5 with a summary and an outlook to future studies.
For instance, for data from molecular biology measuring the
expression of genes, it is known that the correlation in suc[?. METHODS
data sets is neither vanishing nor random, but is impose

by biochemicall interactions and bindings between proteing,tivariate random variables{ 2 RP, from a p-dimensional
and RNAs forming complex regulatory network87 28. For  normal distribution, i.e.X N( ,6), withmean vector 2 RP

this reason, it is not su cient to merely specify aarbitrary  anq a positive-semide nitp ~ p reel covariance matrig , have
covariance matrix in order to simulate gene expression datg density function given by

from a norm distribution for investigating statistical nteids,

because such a covariance matrix is very likely not to possess

biologically realistic correlation structure. In factigtknown that p(x) D
biological regulatory networks have a scale-free and swaild 2
structure P9, 30]. For this reason, several algorithms have been

introduced that allow to generat®nstraine¢ovariance matrices For such normal random variables there is a simple relation
that represent speci c independence conditions, as repredentdetween the components of the inverse covariance matrix,
by a graph structure of gene networks. If, for instance, a gene D 6 1, (also called “precision” or “concentration matrix”)
regulatory network or a protein interaction network is chager  and conditional partial correlation coe cients4¢] (chapter 5).
such a network structure, these algorithms generate caneei  This relation is given by

matrices that allow to generate simulated data with a catieh

structure that is consistent with the structural dependemndy e D Lij )
such biological networks, and hence, is close to real bicibgi UiNnflg = P

data B1, 32. Here “consistent” means that for multivariate

normal random variables there is a well-known relation begw  Here ijiNnfijg i the partial correlation coe cient between gene

the components of the inverse of their covariance matrix ang andj conditioned on all remaining genes, i.8lnfijg whereas
their partial correlation coe cients, discussed formally the N D f1,:::,pgis the set of all genes. Furthermore; are

[y

Ix e ).

exp 3

i6?
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the components of the concentration matrx. That means, if
iiiNnfijg D O then geneé andj are independent from each other,

X; ? Xjjfall remaining genes 3)
if and only if ! j D 0. The relation in Equation (3) is also
known as Markov property46] (chapter 3). In the following, we
abbreviate the notation for such partial correlation coeetits
brie y as,
i D ijjNnfijg 4)

and denote the entire partial correlation matrix By

A multivariate normal distribution that is Markov with respée

We are providing an R package with the name mvgraphnorm
that contains an implementation of the Kim algorithm. The
package is available from the CRAN repository.

Before we continue, we would like to emphasize that in
the following, we use the notatioWW and V to indicate
covariance matrices. However, the important di erence isttha
W is unconstrained whereag is consistent with conditional
independence relations given in a netwd@k
IPF Algorithm:

The working principles of the Iterative Proportional Fitting
algorithm [3§] is as follows. Let us assume thAtis a p-
dimensional random variables from a normal distribution it
mean D 0 and a covariance matri . From a sample of size
m, the sample covariance matrix is estimated from a givén
Suppose, we partition the vectdt into Xa, Xp, for randomly

to an undirected networlG s called a Gaussian graphical modelgg|ected index vectomand b. Then these vectors and X,

(GGM) [33 34, 46, also known as “graphical Gaussian model,

“covariance selection model,” or “concentration graph midde
This means that all conditional independence relations teat
be found in6 1 are also present i [46] (chapter 3). Hence,
sucha& ! can be considered as consistent [or faithftil]] with
all conditional independence relations @

2.1. Generation of a Random Covariance
Matrix Using Conditional Independence for

a Given Graphical Model
In the following, we describe brie y the three algorithmsHP
Kim and HTF [37, 38, 46, 48], we use for generating constrained

follow a normal distribution with mean D 0 and variance

Vaa Vab

5
\/'kl;a Vbb ( )

Furthermore, the marginal distribution 0K, is normal with
varianceVaa and the conditional distribution ofXy, is also
normally distributed WithN(Vpa(Vaa) Xa,Vbo  VbaVaaVan)
[46]. Let us assume thdtis a given density function and is
the density function of a Gaussian graphical model with a imi
marginal distribution ag.

The iterative proportional tting (IPF) algorithm 38 adjusts

covariance matrices that are consistent with a given grapheratively the joint density function oK, and Xy,. This can be

structure by obeying its independence relations.
Kim Algorithm:
The Kim algorithm [37] applies iteratively orthogonal projections

written in general form as,

tC1

9y D géjafa’ (6)

to generate a covariance matrix with the desired properties. A

formal description of this algorithm is as follows:

Algorithm 1 Generation of a constrained covariance matrix

using the Kim algorithm
initialize:
LetZbeap m(with p> m) matrix whose components are

corresponding to thet(C 1)th iteration step. In this notation, the
expectation value of, for g.-?, is given by,

E[Xjgg'1 D O, )
which remains zero for all iteration stepg~or this reason, we do
not need to consider update equations for this expectatione/al

elements-wise sampled from a standard normal distributionin contrast, the variance of, for g;%l, is given by

i.e.,zj N(0,1)
LetZ beap m zero matrix
LetA(G) be the adjacency matrix of netwotk
e[,1] = z[,1]
tD2
repeat
Il = fkiA(G)[k,t] D O, withk D 1:::i
(indices for independent elements - non-edges)

1
elt] D z[t] C ell]ellle ] e[l 2zt

(herez[, l{]isap | lij matrix)

tDtC1
until tD p
6 D (272) lisacovariance matrix with imposed conditional
independence relations

(iteration index)

1g

0 1
f foat \T
v Via(BL
VtCl D @ t aaf t aat( bjafl) t . A ’ (8)
BlaVaa VhaC BhaVaa(Bl,)
1
with BY,, D Vi, Via  [46].

The IPF algorithm, formalized inAlgorithm 2, provides
iterative updates for the components of the covariance matrix
V€L given by Equation (8). In this algorithm, the rst step is
to generate a sample covariance matiandV is initialized as
identity matrix with the same number of rows and columns as
W. In the second step, the maximal cliques of a given g@phe
identi ed. Here a clique is de ned as a fully connected syt
of G. Next, the components of the partitioned covariance matrix
are iteratively updated, in order to become consistent with the
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independence relations . This is accomplished by utilizing Algorithm 3 Maximum likelihood estimation of independence
the identi ed cliques. This procedure is iterated for allqtles, of a sample covariance matrix for a given graph using HTF
until the algorithm converges, as speci ed by a scalar tholekh algorithm.

parameter , with 1. Initialize:

Sisap psample covariance matrix

Gis aninput graph

A(G)isap padjacency matrix o6
is a precision threshold

Algorithm 2 Generation of a constrained covariance matrix
using the IPF algorithm

initialize: W=S

Wisap psample covariance matrix repeat

Gis an undirected graph witp nodes Wprev=W

clg is a vector that contains vertices of tH clique of given fort=1topdo

graphG calledclique object aD [1,2,:::,pln {indices of all variables except t}
LetCL D (clo [ :::cloy) be the set of clique objects of size w’D Wi a

k D jCL which contains maximal cliques of gra <D S ¢

LetVIPOhethep pidentity matrix
is a precision threshold
repeat

D [0,0,:::0]p 1{initializing an array with Os of size p-1}
i D [A¢ p 6D0]y; {indices for edge component of row

VgD Vt 1 and excluding™ indices}
. 0 0
for t D 1tokdo [i(IDW, '
aD clg indices of nodes in clique wD W°
bDf1,:::,pgra indices of nodes not in clique updateW: W[ t,t] D W[t, t]Dw
V;a:Waa f I(ze)nd for W Wt
t gt 1 1 =max;
Bhja = Voa (Vaa) P =l previg
t —yt1l t Lofy 1yt
ka:ja_vbb Vba (Vaa) Vab return W
f
Via=Vaa
Vt)a D BE)ja V;a
Vfab D Vga Here j,k 62E means that there is no edge between these two
vt DVL. cgt Vi (Bl )T variables, i.eAj D 0. We maximize this likelihood by taking
bb = " bbia = “bja " 88 Tbja the rst derivative with respect te , which gives
end for
PD maxjfkv‘ VoidKijg 1
until P> {returnV'} . S 0DO. (11)

Here0 is the matrix of Lagrange parameters with non-zero values
HTF Algorithms: for the non-edge components of a given graph structure.

We call the following algorithm HTF because it has been Because one would like to obtaii D « 1, we can write this
proposed by Hastie, Tibshirani, and Friedmar89[ In identify separated into two major components,
Algorithm 3 we show pseudocode for this algorithm. | | I

Let us assume, we have a p-dimensional random variable, Wi Wi c 11! 1p I o
X 2 RP, sampled from a normal distribution with mean and wlhwee 11 0o D grq - (12)
covariance matri% , and a sample covariance matBestimated
from m samples. The log likelihood for the (unconstrained)

concentration matrix is given by, Here the rst component consists ¢f 1 dimensions and the

second component of just one. That means, &\, and| are
(P 1) (p 1) matriceswipand! 12 are (p-1)-dimensional
vectors andvyo and! 2, are scalar values.
The iterative algorithm of HTF repeats the steps given in
which is maximized fos D 6 1. Equations (11-18). At each step, one selects one @itheables
The HTF method uses a regression approach for eackandomly for the partitioning given in Equation (12). This
node by selecting its neighbors as predictor variableszimi variable de nesw;, and! 1, whereas the remaining variables
model based estimates of predictor variables. For this approacde ne W11 and« 11. For reasons of simplicity, we select in the
Lagrange constants are included in Equation (9) for the moige  following the last variable.
components of a given graph structure, From Equation (12), we obtain the following expression

L(* ) D logdet2 trace® ), 9)

L(» ) D log dete trace® ) C 6jk2e jk! jk- (20) w12 D W11! 12=! 20 (13)
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Setting D ! 15=! 22 and placingwi> into the right block of
Equation (11), namely,

Wiz s12 12D0, (14)
leads to

W11 sz 12D0. (15)

This system is solved only for tligcomponents in - that are not
equal to zero, i.eq D jfij ; 600g which can be written as

W]_]_ S DO (16)

Here itis important to note that ,s;,2 R9andW11 isaq g
matrix. From this, O is given by

Obwy 's, (17)
and the overall solution follows from padding with zeros in
the g components given bip D fij j D Ogis O Finally, this is
used to updatevi2 in Equation (13) leading to
wi, D Wy; © (18)

The above steps are iterated, for each variable, until theatgs
for wyo converge.

The gpgraphpackage by4d provides an implementation of
the IPF and HTF algorithm.
Common Step of IPF and HTF:

Here thenj; N, ), fori 2 f2,:::,pgwith i > j, and
G 2(pC1 i), Chi-squared distribution witlpC 1 i degrees
of freedom, withi D 1:::p. For reasons of simplicityg (r) can
be de ned as

0 1
1r . ....r
rl.....r
rrl. r

6(r)D (23)
rr .1

which results in a constant correlation coe cienfwithO r

1, between all variables. For this reason, we write the caves
matrix, and the resultind.(r) and W(r) matrices, explicitly as a
function of the parameter.

The IPF and the HTF algorithm use a randomly generated
W(r) covariance matrix, as shown above, as initialization matr
Due to the fact that this matrix is a function ofwithO r 1,
both algorithms depend on this parameter in an intricate way. |
the results section, we will study its in uence.

2.2. Generating Networks

For reasons of comparison, we are studying in this paper three
di erent network types. Speci cally, we use scale-free netwprk
random networks and small-world network$3, 53 for our

The IPF and HTF algorithm have in common that they areanalysis. Because there are various algorithms that all@w th

based on the random initialization of a covariance matvik
that is obtained from a (parametric) Wishart distributiod .
More precisely, assumgi, Xp,::: Xy are m samples from a
p-dimensional normal distributioN(0, 6 ), then

WD X"X  Wisharp(6 ,n) (19)

is from a Wishart distribution. Hera is the degrees of freedom

and6 isap pmatrix. The expectation value ¥ is given by,
E[W]Dn6. (20)

In order to obtain a covariance matrixXV from a Wishart

generation of each of the former network typég,[55], we select
three network models that have been widely adopted in biology:
(1) The preferential attachment model from Barabasi and Albe
(Ba) [b6 to generate scale-free networks, (2) the Erdos-Rényi
(ER-RN) model 7, 5§ to generate random networks, and
(3) the Watts-Strogats (WS) modebq, 60] to generate small-
world networks. A detailed description how such networks are
generated can be found iif.

Due to the fact that the reason for generating these networks
is only to study the characteristics and properties of the ¢hre
covariance generating algorithms, the particular choicehef
network generation algorithms is not crucial. Each of these

can be utilized given byp-51],

W(r) D L(NAATL()T. (21)

su ciently distinct from each other that allows to study the
in uence of these structural di erences on the generatiorttoé
covariance matrices.

Speci cally, we added random networks for a baseline

Here L(r)L(r)" is obtained from a Cholesky decomposition of comparison because this type of networks is classic having been

1 .
56 (r) andA is de ned by,

0 1
IC’c—lpo . ....0
No1 C_zp. .... 0
N3z N32 C_3 0
AD . . P (22)

studied since the 196057, 5§. In contrast, scale-free networks
and small-world networks are much newer modél§]that have
been introduced to mimic the structure of real world netwerk
more closely. For our study, it is of relevance that varigyes of
gene networks, e.g., transcriptional regulatory netwapkstein
networks, or metabolic networks, have been found to have a
scale-free or small-world structur@q, 3(]. That means in order

to produce simulated data with a realistic biological catiein
structure an algorithm should be capable to produce data with
such a characteristic.
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Furthermore, each algorithm allows to generate networks of

Ine D £(i,)JA(G)ij D Og (29)

a specic size (number of nodes) to study the e ect of the

dimensionality.

2.3. Implementation

We performed our analyses using the statistical programming

language R{Z. For the IPF and HTF algorithms we used the
gpgraphpackage 48 and for the Kim algorithm we developed

our own package called mvgraphnorm (available from CRAN).

The networks were generated using the R package igféphand
the networks were visualized with NetBio%¥/).

3. RESULTS

3.1. Consistency of Generated Covariance
Matrices With G

We begin our analysis by studying the overall quality of

the algorithms IPF, Kim, and HTF by testing how well the
independence relations in a given grapB, are represented

by the generated covariance matrices, respectively the bartia

correlation matrices.

In order to evaluate this quantitatively, we generate a oetw
G, that we use as an input for the algorithms. Then each of th
three algorithms results in a constructed covariance mdipr,
6 kim and 6 yte from which the corresponding concentration
matrices are obtained by,

* 1pE(G) D 6 p=(G), (24)
* kim(G) D 6 ;m(G), (25)
* utp(G) D 6 y7p(G). (26)

The partial correlation matrice® ;pr(G), 9 kim(G), and9 yTr(G)
follow from the concentration matrices and Equation (2).rele

we included the dependency of the concentration and partiaiOo More precisely

correlation matrices onG explicitly to emphasize this fact.
However, in the following, we will neglect this dependenay fo
notational ease.

We use the partial correlation matrices and compare themk9 (edgeki,

2. ldentify the sets of all element 8f that belong to edges and

non-edges, i.e.,

k9 (edgeki Df m m2lg
k9 (non-edgeky D f 1 M2 Ihed

(30)
(31)

Here kXk; is the set of absolute valuesXfand k9 (edgek,
andk9 (non-edgek, are the sets of such elements.

. Calculate a scors, as the di erence between the minimal
element in k9 (edgek, and the maximal element in
k9 (non-edgek, i.e.,

sD min k9 (edgek max k9 (non-edgek; . (32)

4. If the scores is larger than zero, i.es > 0, then9 is

consistent with all independence relations@ In this case

we can set D max k9 (non-edgek; to lter the partial
correlation matrix.

We want to remark that fors 0 the algorithm would result
& false positive edges and hence, would indicate an imperfect
result. In general, the largaithe further is the distance between
the edges and non-edges and the better is their discrinonati

We studied a large number of BA, ER-RN, and WS networks
with di erent parameters and di erent sizes. For all networks,
we found that all three algorithms represent the independence
relations inG perfectly, which means that for all three algorithms
we nd FPD FN D 0 (results not shown) and

min k9 (edgek; max k9 (non-edgel; > 0. (33)

In Figure 1, we show exemplary results for a BA network of size
we show the distribution of the absolute
partial correlation values for the three di erent methods and
di erent parameter settings (see-axis). In this gure, an “e”
corresponds to the partial correlation values for edges, i.e.
and “ne” for non-edges, i.&k9 (non-edgek; .

with G to check the consistency of the constructed structures. We would like to emphasize that the algorithm by Kim is

In order to do this, we need to convert a partial correlation
matrix into a binary matrix, becaus® is binary. However, due
to numerical reasons, all three algorithms do, usually,nesult

in components of the partial correlation matrices that areaya
zero, i.e., jj D 0, but result in slightly larger values. That means
we cannot just Iter a partial correlation matrix by

(0
0
iD g

ij

) (27)
ij

>

with D 0 but a threshold that is slightly larger than zero, i.e.

parameter free, whereas IPF and HTP depend on a parameter
r (see section 2). Interestingly, for IPF/e and HTF/e wittD
0.6 the median partial correlation values are larger than 0.3
contrast, these methods result forD 0.0 in median partial
correlation values around 0.05. Hence, this parameter allmw
in uence the correlation strength.

Furthermore, for all three algorithms one can see that the
maximal partial correlation values for non-edges are close
to zero.

3.2. Global Structure of Covariance

> 0, is needed. For this reason, we use the following procedufgatrices and In uence of Network

to assess the compatibility 8f with G:

1. Obtain the indices from the adjacency mathi¥G) of G for all
edges and non-edges, i.e.,

le Df(i,))JA(G)j D 19 (28)

Structures

Next, we zoom into the structure of the generated covariance
matrices and the resulting concentration and partial
correlation matrices in more detail. For this reason, we
study distances between elements in these matrices. More
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FIGURE 1 | Distribution of absolute partial correlation value9 k, for different methods. ForG, we used a BA network of size 100. An “e” corresponds to the patial
correlation values for edges and “ne” for non-edges.

precisely, we dene the following measures to quantifyfor dkin(2l ¢ ) (Figure 3B). Furthermore, the structure of the

such distances, underlying network has for the Kim algorithm a larger in uea
_ than for the IPF and HTF algorithms, because the values for
da(1l+) D min ke 5(edgesy dkim(1l * ) and dkim(2! * ) do not overlap for the three di erent
max ke a(non-edgek) , (34) network types.
da(2l+ ) D medianks a(edgek;) Th_e results fro_m this anal_ysis show clga_rly th_at the three
. algorithms have di erent working characteristics. FirdietIPF
mfsdlan ke a(non-edgek;) , (35)  and HTF algorithms are only weakly e ected by the topology
da(119) D min k9 5(edgesh of the underlying network and this e ect is even decreasing
max k9 q(non-edgek;) , (36) for larger network sizes; see, e.figures2 4. In contrast,
da(219) D mediank9 a(edgek;) the Kim algorithm shows a clear dependency on the network
. topology, because all three curves for BA, ER-RN, and WS
median k9 g(non-edgek;) . (37)

networks are easily distinguishable from each other witkin
least, one standard error; séégure 3. Second, the distances
between the median values of the concentration matrix,rghse
da(2l « ), show a di erent behavior, because they are increasing.
This is a re ection of the di erent scale of the elements of the
concentration matrix generated by the IPF and HTF algorithm
on one side and the Kim algorithm on the other.

In order to clarify the latter point, we show iRigure 5 the
possible range of these values. Speci cally, we show normdalize
results for edges,

Here an “@’ means either the algorithm IPF, Kim, or HTF.

The rst measureda(1l * ), gives the distance between the
smallest element irke 5(edges; and the largest element in
ke a(non-edgedy;, whereas, e.cke a(edges; corresponds to all
elements in the concentration matrix that belong to an edgée
underlying network, as given b$ [see the similar de nition for
the partial correlation matrix in Equations (30, 31)]. Thaeans,
formally,

ke (edgek D fil mj m2 leg (38)
ke (non-edgelk D fj! mj M2 Ineg (39)

ra(edge)D max ke z(edgek) min ke y(edgek;) , (40)

as a function of the network size, i.e., ra(edgen). The

In Figures 24 we show results for the algorithms IPF, Kim, andresults are normalized, because we divigéedgen) by the
HTF for BA, ER-RN, and WS networks of di erent sizes, rangingmaximal value obtained for all studied network sizes, i.e.,
from 25 to 500 nodes. Due to the fact that all three algorithms(edgen)=max, ra(edgen) , to show the curves for all three
result in a perfect reconstruction of the underlying netwsrk algorithms in the same gure. One can see that the range of
as discussed at the beginning of the results section, thesnt possible values inledgen) increases for the Kim algorithm but
da(l e ), da(2l ¢ ), da(11 9 ), andda(2I 9 ) are always positive (as decreases for IPF and HTF.
can be seen from the gures). The situation becomes di erent when one uses values of the

Asymptotically, for large network sizes, the values of the fo control parameter of the IPF and HTF algorithms that are larger
measures decrease monotonously, except for the Kim algoriththan zero. In order to investigate this quantitatively, vepeat
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FIGURE 2 | Effect of size differences in the elements of concentratioand partial correlation matrices for the IPF algorithm. Showare differences between values for
edges and non-edges in dependence on the network size and natork type. All values are averaged over 50 independent runs.

the above analysis for the IPF and HTF algorithm, howeves no values to the colors blue, green, and red. From the showrethre
we setr D 0.3 andr D 0.6. The results of this analysis arenetworks one can see that the coloring is quite di erent imptyi
shown inFigure 6. The rsttwo columns show results forD 0.3  a signi cant di erence in the rank order of the elements of the
whereas the third column presents results for the IFP algarit concentration matrices.

for r D 0.6. For these parametedy(2,* ) and d4(2,9) (see Next, we study the heterogeneity of the elements in the
Figures 6D—-F,J-). are nearly constant, even for small networkconcentration and partial correlation matrices. More pregisel
sizes. Furthermore, these distances are much larger thanDo  we are aiming for a quanti cation of the values of the elengent
0.0 (seeFigures 2-4). Another di erence is that the distances of the concentration/partial correlation matrices that deg to
da(1,* ) andda(1,9 ) (seeFigures 6A-C,G-) are increasing for edges with a certain structural property. For reasons of siciipli
increasing sizes of the networks, except for the BA netwadd ( we are using the degree (deg) of the nodes that enclose an edge
curves). This indicates also that for> 0 the topology of the to distinguish edges structurally from each other. Spediycave
underlying networkG has a noticeable e ect on the resulting calculate for each edge an integer valyejiven by

concentration and partial correlation matrices, in contrassthe

results forr D 0.0 (seeFigures 2-4). Overall, the parameter V(i,]) D dedi) C dedj). (41)

r gives the IPF and HTF algorithms an additional exibility

that allows to increase the observable spectrum of behaviokierededi) is the degree of node corresponding to the number
considerably. of (undirected) connections of this node. This allows usbain

the expectation value of the concentration/partial corrielat

. . elements in a network with a particular valuewt.g., fov D d,
3.3. Local Structure of Covariance Matrices
and Heterogeneity of Its Elements E ke (edgesy, foredgeswitvD d , (42)
Finally, we investigate the local structure of covarianedrives. E k9 (edges} foredgeswittvD d . (43)
In Figures 7A—-Cwe show a BA network with 100 nodes. The
color of the edges codes the value of the elements of tHa Figures 7D—Gwe show results for BA and ER-RN networks
(normalized) concentration matrices, obtained for IPFnKi with 100 nodes. The results are averaged over 50 independent
and HTF. Speci cally, we map these values from low to highruns. For reasons of representability, we normalize theltgsu

Frontiers in Applied Mathematics and Statistics | www.frotmersin.org 8 April 2019 | Volume 5 | Article 17


https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#articles

Emmert-Streib et al. Constrained Gaussian Graphical Models

FIGURE 3 | Effect of size differences in the elements of concentratioand partial correlation matrices for the Kim algorithm. Shen are differences between values for
edges and non-edges in dependence on the network size and natork type. All values are averaged over 50 independent runs.

FIGURE 4 | Effect of size differences in the elements of concentratioand partial correlation matrices for the HTF algorithm. Shen are differences between values for
edges and non-edges in dependence on the network size and natork type. All values are averaged over 50 independent runs.

Frontiers in Applied Mathematics and Statistics | www.frotmersin.org 9 April 2019 | Volume 5 | Article 17



Emmert-Streib et al. Constrained Gaussian Graphical Models

FIGURE 5 | Range of (normalized) values of concentration matrices fohe three methods IPF (red), Kim (green), and HTF (blue). Adlues are averaged over 10
independent runs.

for the IPF, Kim, and HTF algorithm independently from each network motifs by using local network-based measuf&s §d].
other, by division with the maximal values obtain for di eren Also for these measures a heterogeneity in the inferabilfty
network sizes. This allows a representation of all threerdlgns  edges has been identi ed.

in the same histogram, despite the fact that the algorithrssilie The important connection between these results and our
in elements on di erent scales. Overall, we observe that £dgstudy is that the results presented Figures 7D-G provide
with a higher degree-sum are systematically associatedower a theoretical explanation for the heterogeneity in the netwo
expectation values of the elements of the concentrationiglart inference. In order to understand this connection, we wouke |
correlation matrix. Due to the fact that all three algoritisireven to emphasize the double role of the covariance matrix in this
for di erent values of the parameter of lead to similar results, context. Suppose, there is a GGM with a multivariate normal
our ndings hint that this is a generic behavior that does notdistribution given byN( ,6) consistent with a networkG.
depend on the underlying network topology or algorithm. In Then, by sampling from this distribution, we create a data set,
summary, these results reveal a heterogeneity of the vafites D(m) D fXj,:::,Xmg with X; N( ,6), consisting ofm
concentration/partial correlation matrices. samples. The data sB{m) can then be used for estimating the
covariance matrix of the distribution, from which the datavea
been sampled, resulting in

4. DISCUSSION

4.1. Origin of Inferential Heterogeneity of SD(m) D = X X WX N (44)
Gene Regulatory Networks m 1

It is interesting to note that the presented resultsRigure 7 P

follow a similar pattern as results for the inference of genavith XD 1=m ; X;. Asymptotically, i.e., for a large number of
regulatory networks from gene expression data. More preciselgamples, we clearly obtain

in previous studies 569 it has been found that inferring

gene regulatory networks from gene expression data leads to a 6 D lim SD(m)), (45)
heterogeneity with respect to the quality (true positive yaie '

the inferred edges. That means it has been shown that edgas a converging result.

that are connecting genes with a high degree are systeriytica The double role of the covariance matrix is that it is a (1)
more di cult to infer than edges connecting genes with a low population covariance matrix for generating the data, andsts i
degree. This has been demonstrated for a number of di erené (2) sample covariance matrix estimated from the data. Balth wi
popular network inference methods and di erent data sets andin the limit coincide, but not in reality when the samplesare
hence, is method independerit$-68]. In addition, more general  nite. For this reason, asymptotically, i.e., for! 1, thereisno
structural components of networks have been investigated, e heterogeneity in the inference of edges with respect to thar er
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FIGURE 6 | Effect of size differences in the elements of concentratioand partial correlation matrices(A-L) Differences between values for edges and non-edges in
dependence on the network size and network type. All valuesre averaged over 50 independent runs.

rate, because, as we saw at the beginning of the resultsrsgcti di cult to infer in the presence of noise (measurement errors)
this paperp allows a perfect (error free) inference of the networkthan larger signals.

G, due to the fact thab is the population covariance matrixofa  Based on the results of our paper (especially those in
GGM consistent withG. However, for a nite number of samples Figures 7D-Q, we can provide an answer to the fundamental
this is not the case, as we know from a large number of numkricguestion, if the systematic heterogeneity observed for the
studies [e.g.,q9] due to the fact that for nite data sets, we inference of gene regulatory networks is due to the impeidect
will not be able to estimaté without errors. Hence, the results of the statistical methods employed for estimating the sample
of gene regulatory network inference studies mirror theutess covariance matriXS or is this systematic heterogeneity already
shown inFigures 7D—Gbecause the decaying normalized mearpresent in the population covariance matr&. Our results
values oke (edgedy, respectivelk9 (edged, are indicative of provide evidence that the latter is the case because our study
a decaying signaling strength whereas smaller signals are m did not rely on any particular network inference method.
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FIGURE 7 | Local structure and heterogeneity of concentraton/partiatorrelation matrices. Top: In(A—C) estimates of the concentration matrix are shown for a BA
network with 100 nodes. The color of the edges corresponds tahe value of the elements of the (normalized) concentratiomatrices, obtained for IPF, Kim, and HTF.
The colors blue, green, and red correspond to low, average ahhigh values. Bottom: Normalized mean values of (D,E)and 9 (F,G)for BA and ER-RN networks of
sizes 100. All values are averaged over 50 independent runs.

Hence, this provides a probabilistic explanation for the statal  between the three algorithms and HTF is considerable falsgar t

observations from numerical studies. the other algorithms. For instance, for generating a corniséa
covariance matrix of dimensioom D 500, HTF is almost
4.2. Computation Times 12-times faster than Kim and 3-times faster than IPF.

Finally, we present information about the time it takes to The parameter has also an in uence on the execution time.
generate constrained covariance matrices that are cemsisith ~ For instance, for HTF it takes 2.6-times longer to generate a
a given graph structure. The following execution times haa@rb  constrained covariance matrix of dimensiomD 500 withr D
obtained with a 1.6 GHz Intel Core i5 processor with 8 GB RAM0.3 than withr D 0.0. Forr D 0.6 this e ect is even increased by
In Table 1, we show the execution time for the algorithms a further factor of 3.5. Hence, utilizing the additional ixity of
IPF, Kim, and HTF. We would like to emphasize that thethis parameter increases the computation times signi cantly
shown execution times refer only to the generation of one In summary, the three simulation algorithms are su ciently
constrained covariance matrix and do not include any othefast to study problems up to a dimension Bf o(1c®
analysis component. One can see that there are large di esencé0?). Considering that essentially all simulation studies foe t
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TABLE 1 | Average computation times for the algorithms IPF, Kim, and HT

Method Parameterr n =100 n=200 n=500 n=1000 n=1500

IPF 0.0 0.085s 0.483s 0.181 min 2.96 min  13.31 min
IPF 0.3 0.101s 0.548s 10.98s 4.94min 14.95min
Kim - 0.267s 1.668s 58.78s 20.64 min 107.16 min
HTF 0.0 0.10s 0.27s 491s 45.48 s 2.91 min

HTF 0.3 0.14s 0.45s 12.66s 2.45min  16.13 min
HTF 0.6 0.22s 135s 4164s 7.73min  82.00 min

The time unit is either seconds (s) or minutes (min). All values asveraged over 10
independent runs.

times can be extended due to some outliers that can consityerab
slow down the execution. The HTF and IPF algorithm perform
similarly with slight advantages for HTF, which is overaktest.
Taken together, the HTF algorithm is the most exible andtéess
algorithm that should be the preferred choice for applications.
Aside from the technical comparisons, we found that
the generated concentration and partial correlation magsic
possess a systemic heterogeneity, independent of the &lgorit
and the underlying network structure used to provide the
independence relations, which is similar to the well-known
systematic heterogeneity in studies inferring gene rdgota
networks via employing statistical estimators for the comace
matrix [65-67]. Hence, the empirically observed higher error

inference of gene regulatory networks are performed for sucfates for molecular interactions connecting genes with ghhi
dimensions, e.g.,7p-77], because it has been realized thathode-degree seem not due to de ciencies of the inference

such network sizes are su cient in order to study the ocumgin

methods but the smaller signaling strength in such interat,

problems in high-dimensions, all three algorithms can beduse@s measured by the components of the concentration matrix

for this analysis.

(¢ ) or the partial correlation matrix §). The implication

Beyond this application domain, it is interesting to note thatfrom this nding is that perturbation experiments are requite
also in general GGM are numerically studied up to a dimensionstead of novel inference methods, to transform an intécac

ofD O(10° 10%, see e.g.7B, 74). Hence, for essentially all

network into a more amenable form that can be measured.

application domains the three algorithms can be used to study© accomplish this, the simulation algorithms studied in this
high-dimensional problems but the HTF algorithm could be Paper could be utilized for setting up an e cient experimental

favored for reason of computational e ciency.

5. CONCLUSION

analysis design.
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