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An increasingly important problem in the era of Big Data is ting data to distributions.
However, many stop at visually inspecting the ts or use the oef cient of determination

as a measure of the goodness of t. In general, goodness-of-t measures do not allow
us to tell which of several distributions t the data best. Ao, the likelihood of drawing
the data from a distribution can be low even when the t is good To overcome these
limitations, Clauset et al. advocated a three-step procedre for tting any distribution: (i)
estimate parameter(s) accurately, (ii) choosing and caltating an appropriate goodness
of t, (iii) test its signi cance to determine how likely th§ goodness of t will appear in

samples of the distribution. When we perform this signi cane testing on exponential
distributions, we often obtain low signi cance values desfie the ts being visually good.
This led to our realization that most tting methods do not acount for effects due
to the nite number of elements and the nite largest element The former produces
sample size dependence in the goodness of ts and the latterritroduces a bias in the
estimated parameter and the goodness of t. We propose modications to account for
both and show that these corrections improve the signi can@ of the ts of both real

and simulated data. In addition, we used simulations and argtical approximations to
verify that convergence rate of the estimated parameters tward its true value depends
on how fast the largest element converge to in nity, and proide fast inversion formulas
to obtain p-values directly from the adjusted test statistics, in plag of doing more Monte
Carlo simulations.

Keywords: signi cance testing, nite sample effects, curve tting, maximum likelihood,  p-test

1. INTRODUCTION

The current era of Big Data has ushered in a new way to lookiahSe—and that is letting the data
speak for itself. Because of this, we are now much more coadeahout empirical distributions
than we have in the past, and to check what the empirical distidims could be in statistically
rigorous ways. In the past, many tests on empirical data wertopeed against the univariate
normal distribution [1]. Some of these tests focus on the goodness-of- t of higheéelomoments
[2—4], while others compare the test statistics against an Englibéstribution Function (EDF) b
8. In 2011, Nornadiah and Yap performed a systematic comparafoinderson-Darling (AD),
Lilliefors, Kolmogorov-Smirnov (KS), and Shapiro-Wilk (SWjsing numerical simulations and
concluded that the SW test is the best, followed closely byAthéest for a given signi canced].
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Among these tests, the KS and Lilliefors tests can also 2 REEXAMINING SIGNIFICANCE TESTING
applied to non-normal distributions. In fact, many real-wdrl FOR EMPIRICAL DISTRIBUTIONS
data do not follow normal distributions. For instance, many
social systems are known to have power-law distributicii$.[ Sometimes we have reasons to believe that our large data
These include the nancial returns.[-14], word count [15, 16], sets may be described by well known distributions, such as
city size [L7, 18], home price [L9-21], wealth and incomeZq2 23 the normal distribution, power law distribution, exponential
distributions. One simple but naive way to detect a power law is distribution, and so on, but with best- t parameter valuesath
plot the data in log-log scale, titto a straightline and deténe  we need to determine. Commonly used methods to perform
the goodness of t. However, this simple method has thregparameter estimatioinclude Maximum Likelihood Estimation
major aws: (i) many distributions (e.g., exponential, gamm (MLE) [2§], Maximum Entropy Method (MEM) R9-31], least
log-normal) can also look straight in log-log plot, espewiall square regression$7], and direct or indirect computation of
the range of data is small; (ii) the goodness of tonly quaegi moments B3. Since it is possible to t any distribution to any
how well the t is visually but does not tell us how plausible data set, we need to compute gsodness of , which can be the
the tis; and (iii) if our data looks straight in both log-log KS distanceT], the coe cient of determination R?) and other
and semi-log plots, the goodness of t values obtained fronforms of distance measuré4, 35.
the two cannot be directly compared since they were obtained In a recent statement, the American Statistical Association
from plots of dierent scales. Clauset, Shalizi, and Newmarmnwarned the scientic community that the-value “was never
(CSN) address precisely these three points in their 2009 pap#rtended to be a substitute for scienti ¢ reasoninggq[ para.
[24], and the test they proposed is now considered by mang], and outline six principles that can prevent its misuse
the gold standard in curve tting. We shall describe the main[37]. A Nature commentary on this statement also added that
idea of the CSN technique in greater mathematical detail iff[rlesearchers should describe not only the data analykas t
section 2. produced statistically signi cantresults, ..., but all stttal tests

Since the CSN test can be applied across distributions, wand choices made in calculations3q para. 3]. We heed the
also use it to t data that appear exponentially distributed. Onwarning in this paper, but argue that when properly computed
many occasions, we discovered that the exponential ts looknd interpreted, thep-value is useful in that it provides a
good visually, but have signi cance valugsvalue) much lower quantitative and objective alternative to visual inspettid the
than ts of other data to power laws, even though the latterts. The latter is frequently subjective and biased. Thigityt
look visibly poorer. In fact, in the CSN paper where empiricalbecomes important when we are comparing ts of two or more
data is tested against a power law (PL), log-normal, expoakntidata sets to two or more distributions, and have the ambigoity
(EXP), stretched exponential, and a power law with cut-o , thebeing able to choose from two or more de nitions of goodness
exponential distribution consistently performs poorer tharet of t. This is why we need to go beyond the goodness of ts,
other distributions. This was also the case when Brzezieskéd to establish how plausible di erent distributions are for dient
the upper-tail wealth data for China, Russia, US, and the Worldata sets.
using the CSN method2[. In these papers, the data might In 2009, Clauset, Shalizi, and Newman (CSN) did precisely
truly be non-exponentially distributed, so it is not surprigithe  this by coming up with g-test model that use the well-known
exponential ts fail. However, the loy-values for the visually PL distribution as an illustration. They started by writingwin
convincing exponential ts to our data suggest that someghin the probability density function for the PL distribution
fundamental was missed.

We realized there are two issues associated with tting data
to distributions de ned over (01 ). First, there is thenite
largest element e edFLE), due to the largest element in the
data being nite. Second, we also encounter thée number . [Xmin, 1 ), with exponent . The CSNp-test involves four
of elements e ec(FNE), due to the sample size dependencemajorsteps:
of the goodn;sz—off—t measurlgzs.(;l'hese tumete sarr]np()jle eGectS CSN(i) MLE Estimation of : Given an empirical data with
{26, 1 bt often neglected In tess of tatstcal sgni cance S CDSErVAIONS, With the Ordered SIAUSHE D fy . Ye3
After describing the CSN test, we illustrate in section 2 heorted such thay Yict, the CSN a!j%]orlthm QS(};I('a))
FLE and FNE e ects by applying the test to three real datdSt constructs the S subsetsX?) D fxj D Yirxy' D
sets. With the insights gained, we designed both the estirsat yjc1,::: ,x(,\J,)DS jc1 D ysg (CSN(ib)) For eachx(), we estimate
and test statistic to account for the FLE and FNE e ects in [0) using the MLE method that maximizes the |Og_|ike|ih00d
section 3.1. Since real data is frequently polluted by nei&e, fynction,
also discuss the impact of noise on tpevalue, and propose

1
foLD ——x @)

min

a test statistic that accounts for noise in section 4. Fnafi ! W # L W _
section 5, we apply the adjusted test statistics onour realsts  |nLp D In fo XjO D Nin 0 n
and compare thg-values obtained against those from the CSN iD1 Xmin ipy  Xmin
test. (2)
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Applying the maximizing condition@'@g—Ll D Oyields At this stage, we might wonder whether the Taiwan income
data would have been better tted to a truncated EXP (TEXP)
x 1 distribution
obiC In— 3)
Xmin expl (X Xmin)]

fexp () D

, (6)
qure the hat indicates an estimated parameter &kid D 1 expl (xmax Xmin)]
& Ibix indicates the expectation value of the randomsince it is obtained by removing the power-law tail. The Taiwa
variablex. home price per square foot data was also truncated, but for a
CSN(ii) KS Distance If X follows probability distribution  dj erent reason: the small number of largest elements arerlylea
function fx with cumulative distribution functionFx, then its  outliers that would not tthe EXP distribution. Ideally, wasuld
probability integral transformu D Fx(x) is a standard uniform  pe using untruncated data, like the Straits Times Index data
distribution function (U(0, 1)). For any PL distributed sample tgo illustrate the method that we will describe in the followgin
X D X1 D Xmin, X2, 1, Xngwith estimatedQ we (CSN(iia)) rst  sections. In the rest of the paper, we will use all three dataséts
transform the sample to©® D fui(s) D FpL(xijOd);- (CSN(iib))  they were untruncated, to illustrate how well our method werk

Then we calculate the KS distance on di erent data types. To do so, we will compare the adjusted
i parameter and test statistic against the unadjusted pararaater
I . . . - .
dksD 8N sup u; N (4) teststatistic meantfor the untruncated EXP distribution.

3. FINITE-SAMPLE ADJUSTMENTS

betweenU® and U(0, 1). Here we make use of the fact that the _ o
CDF ofU(0, 1) is a linear functionFy (u) D u. 3.1. Parameter Adjustment for Finite

CSN(iii) Determining Xmin: To determinexmin, (CSN(iiia))  Largest Element
we calculate the KS distance for ea¢H with its corresponding  Here, we will illustrate the e ects of FLE using an asymptotic EXP
d. (CSN(jiib)) The setX() that yields the lowest KS distance distribution. The same discussion can be generalized teroth
(d€M) gives usd™ D y; and 3™ D dY. The superscript distributions (see Supplementary Information section 1).

“(em)” indicates a parameter obtained from empirical data. The EXP distribution is de ned as
CSN(iv) Signi cance Testing After 3™ andi™™ have been
estimated from D fyy,y»,:::,ysg We test how plausible it is for fexp.x/ D exp[ X Xmin/], ()

em .
XDfx D ol X111, %ng  Yiobeasample takenfromaPL i a5 4 sole paramelpr for 2 [Xmin, 1 ). Maximizing the
distribution. This is done by@SN(iva) sampling the PIM times likelihood functionL D i,\lljlp(x D XijXmin, 9, we nd the

using 3™ and ™. (CSN(ivb) For themth simulated sample  estimated parameter
we go througrCSN(i) to CSN(iii) to obtaind(Y. (CSN(ivc) The

signi cance measure Op 1 . 8)
h(| Xmin
1 X 1ifx D Truel If we use the mean obtained from daté g, ashxi in Equation
pD lgemogmy  lixg : (5) . : . i
M o fdks'<%s9 0ifx D False (8) we will obtain the unadjusted estimatogagj. However, due

to the FLE, we can only average up Xillax. AS suchtxi gata Will

is the fraction of simulated samples whose ts are poorer thafe biased downwards and Equation (8) over-estimédes
that of the data. To adjust for the FLE, we add the truncated part back into

Extending the CSN method to other distributions, we Xidata to de ne the adjustedxi oq; as

performedp-testing on the Taiwan home price per square foot Xonon zZ,

(tted to EXP), Taiwan income (tted to EXP), and the Straits ¢ D i data fexp. X/ dx C Xfexp. X/ dx.
Times Index normalized return ( tted to PL) (see Supplemegtar Xmin Xmax

Information section 3 for more descriptions on the data sets) DhXigaa 1 €Xp[  .Xmax Xmin/] 9)
The ts and p-values are shown ifrigure 1 All ts are visually expl  Xmax  Xmin/]

good yet only thep-value for the Taiwan housing is appreciable. C [ XmaxC 1] .

We realized the reason for this is simple: while the EXP and PL
distributions are de ned over (@, ), when we collect data from - nsertinghxi q;into Equation (8), we obtain a nonlinear equation
the real world we can only obtain a nite number of elements. i h i
Moreover, the largest element in the data is nite. However .

- ’ - o ' i X h xi 1 ex P X Xmi
existing tests for statistical signi cance generally do actount Quj - Xma dad/ C1 exp QjXmax  Xmin/
for the e ects produced by having a nite number of elements C (gdj_h(i data  Xmin/ 1DO (10)
(FNE) and a nite largest element (FLE). In the next sectioa w
will explain how the parameters and test statistics can bestéefjli  that we solve using MATLAB's builtin nonlinear solver furnti
for FNE and FLE. nlint() to obtain Qgj.
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N: 15284

10°°

0123 45@6 10° 102
Home Price, 10° Income, 10° Normalized Returns
FIGURE 1 | p-testing on (A) 2012—2014 Taiwan home price per square foot(B) 2012 Taiwan lower-tail income ( tted to EXP), andC) 2009-2016 Straits Times Index

normalized return ( tted to PL). For each plotN represents the number of data points (larger thamxy,) tted. the black dots represent empirical data while the ble
dashed line represents the t. All ts are visually good, yet oly the p-value Pgg in percentage) for Taiwan home price is appreciable.

To test the performance of this adjustment formula, we In the Supplementary Information section 1, we show details

simulated 1,000 sets of EXP distributed data for 40 for our derivation of the theoretical estimation
T 1%, by using the inverse cumulative function for EXP
distribution unadj TC 1[ t™*maxC 1] exp T(Xmax  Xmin)

) 1 CO . T*maxCU%exp 2 T(Xmax Xmin) - (14)
Fexp(U, T) D Xmin —T In(1 u). (11)
By de ning Xmax D Xmin Tlln( ), and substitutexmax in
This transforms U(0,1) distributed elementsujg to EXP Equation (14) with , the theoretical relative estimation error is
distributed element$x;g Using this transformatiorfei, 0 and ~ €XPressed as
1 map toxmin and 1 respectively. It is also useful to note that
Equation (11) is the inverse of the CDF of the EXP distribnfio 1 thagiD 1 In()C tXmin , 2 [0,1]. (15)

Fexp(X, T)D 1 exp[ .Xmin X/]. (12) Equation (15) shows that the estimation error has no explicit
dependence on sample size. This tells us that%gdj is always
larger than the 1 because of the FLE e ect. The convergence
rate then depends on how rapidimax approaches in nity (
approaches zero) with increasing sample size.

To simulate the e ect of a FLE Withmax D Fgegp(0.9), we
sampled 1,000 sets of EXP distributed data ubi(@ 0.9) instead
of U(0, 1) with xmin D 0. Thereafter, we estimate@nadj and

e%t’llnfjt';?] ':?rgf;'ons (8) and (1OFigure 2 shows the relative 3 5 Tagt Statistic Adjustment for FLE
For a nite samplefFexp(x) < 1 forallx < 1 . Mathematically,
r this means thafexp(x)  U(0,1 ), whereFzgs(Xmax) D
hO ;7 1 . This observation is important, becausgs is obtained by
10— (13) comparingU® D fu® D Fexp(xj Od\, againstu(0, 1) (see
T Equation 4). This tell us that for a fair comparison, we need to
rescale all elements W by a factor of 1 ). Figure 3shows
of (Rnadj and de with respect to the true betat. As we can thedks measured for the 1000 sets of EXP distributed data with
see from theFigure 2 1 Qaqis about 38% for small samples nite largest elemenkmax D F 1(0.9) for various 1 and sample
N 10 and decreases to 34% for large samples 10%. On  SizesN. For each sample, we use Equation (10) to estimate the
the other hand;l Qg starts at 20%, but decreases to 2% as th&j and transformed t'h|s data t.U(S) using Equation (1'2)_ After
number of data points is increased. Although it can be shovan th that, we measures with Equation (4) to obtain unadjusted KS
the bias of Qnagj vanishes with increasing sample size¢ B9, distanceKSnadj and adjusted KS distandés,g; using the non-
we nd it converging very slowly with increasing sample sizerescaled and rescaléd(9, respectivelyKSnagj goes from 0.14
in the unfortunate situation of a smakmax. In contrast, de for small samplesl  1(%, to 0.10 for large sampléé 1P In
converges very quickly even for smalax as we have accounted contrast,KS,q; decrease from 0.06 for small samples to 0.006 for
for the FLE. large samples.
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contrast, 1 ,qj decreases rapidly with increasingN.
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FIGURE 2 | Relative estimation errors ofA) Canadj and (B) de measured from 1,000 simulated samples using differentt and N with xnin, D 0 and
Xmax D FE)%P(O.Q). Due to the FLEl paqj remains high (close to the theoretical relative error o D 0.1, Xmjn D 0)D 0.1[1  In(0.1)

0.30

0.25

10.20

0.05

0.00
10

33%) even for largeN. In

A KS._ (50

unadj

1020
101.5
10"
1095
100.0
10-0.5
10-1,0
107"
10-2.0
1025
10730
10-3,5
1040

o

1 3 5 8 1 2 4 6 8
Sample size, x1000

0.150

0.145

0.140

10.135

10.130

10.125

10.120

0.115

0.110

0.105

0.100
10

1020
10"®
101,0
1005
1000
10705
10-1 .0
10-1 5
10720
10-2.5
10730
10-3.5
10740

A

KS,4;(50)

3 5 8 1

2 4 6 8
Sample size, x1000

FIGURE 3 | The median KS distances fo(A) KSypagj and (B) KSaqj measured from 1,000 simulated samples using differentt and N. The Xmjn is set to 0 and
Xmax D FEQP(O.Q). Because of the FLEKSynagj remains above D 0.10 while KS,qj converges to zero for largeN.
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3.3. Adjustment for Finite Number of
Elements

the FLE. Besides the FLE e ect, we also need to consider the bias
caused by having a nite number of elements in the sample. As we

Until now, we have only discussed adjustments to the estichatecan see fronfigure 3, the KS distance decreases as the sample
parameter and the KS distance to eliminate the bias caused Bize increases. Therefore, in order to have a fair comparion o
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the goodness of t for various sample sizes, we need to determi level that we refer to aslistribution noise In principle the
how dks changes as a function ®&f. To do this, we simulated information at the distribution level is more robust compared

1P samples of various sizésfrom U(0, 1). For each sample we the elementary level, as we expect random and thus uncoectlat
determineddks using Equation (4), so that for eadhwe end up  noise to cancel each other. This means that the distribut®on i
with 10° KS distances. IiFigure 4 we show the KS distances at less sensitive to elementary noise, but we still worry whether

di erent deciles, which exhibits the asymptotic behavior the distribution noise may play an important role in our test
of statistical signi cance. In order to account for the e scbf
100 4 0'176exp( 0.274) distribution noise, we need to rst be able to quantify disition
dks(} ks N) D Tks S , N>50 (16) hoise, and thereafter understand how it aects signi cance
' testing.

Suppose we now randomly generate a set of EXP data. After
?djusting for FLE, we obtained the distribution parameterd an
use it to transform this set t&J® D fu® D Fexp(xij OdY,
following the procedure outlined in section 3.1. Then as
illustrated in Figures 5A—C a natural way to measure the
distribution noise is to plot the histogram, count the fre
Ng"lg%(KZ%- Otherwise, ifN2 > Ny then naturallyd(KZ% < d(K% and  for each bin, and comrp))are it to theg expected frequencél;]@:‘rom
we will be lead to the wrong conclusion that thee sample ts (0, 1). Since this can be more accurately done for smaller bin
the distribution better. sizes, we use the intervals between sorted elements aseticoll

In this section, we presented explicitly the procedures tqf non-uniform bins, as shown ifFigures 5D—F For a data set
obtain the adjusted parameter, as well as the steps to Perfor&bnsisting oN elements, each bin carry a weight N, evenly

signi cance testing on this estimated parameter. Althougé W gistributed within the interval ¢; 1, ui], such that the probability
demonstrated this explicitly using the EXP distribution as a gensity is

example, one should note that this method can also be applied
to other distributions. The inclusion ofxmax when tting
empirical data have been previously considered 442 for
the truncated PL distribution. Like these, the method preésdn
in this paper can be easily extended to t di erent distributisn
but unlike these, we can easily conduct signi cance tesitrgss

that we settled for, after experimenting with several fumcél
forms (see Supplementary Information section 2). This resul
agrees with our expectation thaks ! OasN ! 1 . It
also suggests that if we have two samples with $izemnd N»

from the same distribution, we should compayé 494 against

|=

f(ui 1,u)) D ﬁ (17)

As the theoretical probability density fdJ(0, 1) is 1, we de ne
the distribution noisedpy mathematically to be

them. This is because by extendingax to in nity, we can \u/ P 5 >
compute the probability integral transform to map arbitrary don D # iD1-UiP ui /2 fui ,u) 1
distributions to the standard uniform distribution, and eare i’\llDl'ui uj 1/2
that during statistical signi cance testing our goodnedst Y
measure can be distribution independent [€28N(ii)]. u P N o Gou 12 1 1 2

More importantly, tting data to untruncated distributions D bt 'n YoON@uy (18)
de ned over kmin,1 ) is commonly encountered in practice, Nou u q/? ’

where no xmax is expected from theoretical considerations,

but the largest element in our data is nite. If we t to the Whereup D O anduy D 1. We need to weigh the deviation of
truncated versions of the distributions, we might get bette €ach bin by ¢ u; 1)? because the bins are non-uniform, and
estimates of the distribution parameters, but we will not bedlso to keeplpy nite.

able to justify inserting these estimates into the untrueda . — . .

distributions, in the absence of a limiting procedure involty 4.1. Relation b_etween Distribution Noise
larger and largexmax. Moreover, when researchers expect to@Nd Sample Size

be dealing with the untruncated distribution, they will noser AS With section 3.3, we simulated€amples fronJ(0, 1) with

the truncated distribution for estimation. In contrast, ogelf-  di erent N. For each sample, we calculate the distribution noise

consistent adjustment procedure would be ontologicallyezas ~ dpn using Equation (18) and plot its deciles agaiNsas shown

justify. in Figure 6. After experimenting with several functional forms,
we write down the relationship betweelpn andN at percentile
4. THE EFFECTS OF RANDOM NOISE }onas

H y10-430
Besides having to work with nite samples and nite Iargestd hdniC 8 O\exp %
elements, we will also in practice encounter imperfectionsDN(} pn, N) D hdpni (} on  50) N0.495 )
while collecting samples for various reasons, such as ucigete (19)
samples, contamination by background noise, and recording/here8 (x) represents the sign of and
errors. We call such noises that occur at the element level r—
elementary noiseWhen we convert these samples to a hdpni D }C 2 N N

distribution, noise will also be present at the distribution 2~ 2N2 NCOS5

(20)
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FIGURE 4 | Log-log plot of dxg againstN for different deciles going from the 10th percentile (bluep the 90th (red), obtained from 16 simulations.
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FIGURE 5 | lllustration of the distribution noise we would measure if weample 10 elements fromU(0, 1), rescaled such that the largest element becomes 1. I(A,C)
we use 5 uniform bins whereas in(D,F) we use the intervals between sorted elements as the bins. Caus are shown as(A,D), and frequencies are shown ag(B,E).
Whereas the probability densities calculated using Equatin (17) are shown on the ag(C,F).

is th_e analytically derived distribution noise, that corges to  whereas thelks measure it at the cumulative density level. As
1= 2asN!1 (referto Supplementary Information section 2 a result,dxs assigns more weight to the tail of the distribution,
for more details). This result suggests that if we have twiggdes ~ while dpy is more sensitive to deviations in the body of the

with sizesN; and Nz with N%1)> N1 flipm the same distribution, distribution. Therefore, if we wish to combine these two @@s
1_

we should compar&?4dpy 1= 2) againstNg%d to estimate the signi cance level, we need to rst invesiigée

1= 2). Otherwise, we risk making the wrong conclusion that there|ationship betweenlks and dpn. We do this by simulating

N2 sample ts the distribution better itj(Dl,Zl > d(Dz,z,. 10° samples fromJ (0, 1) for various sample sizes, and for each
sample, we calculatdks and dpn using Equations (4) and

4.2. Relationship between Distribution (18) respectively, to obtain $(airs ofdks and dpn. We then

Noise and KS Distance compute the Pearson correlation betwedis and dpy and

As measures for statistical deviatiodsy and dks are di erent  learned that (see Supplementary Information section 2 for the
in that dpny measures deviation at the probability density levelcomparison of ts)
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FIGURE 6 | Relationship between distributBJn noiselpy and sample sizeN at deciles going from the 10th percentile (blue) to the 90ttr€d), obtained from 16
simulations. Thedpy value convergesto &= 2 as N increases.

desdoy (N) D i. (21) sections 3 and 4. The percentage of simuldtg0, 1) samples
ksdon N0-481 : em om .

with dxspn > dyggpy 1S 100} ggpy- Sincedks and
As expectediksis positively correlated witbpy. Sincedksisa dpn are not independent (Equation 21), we discount the
measure at the cumulative level, the random distributiofises ~ correlation betweedksanddpy, and de ne the signi cance level

cancel each other, thus the correlation betwekg and dpy ~ (p-value) as

vanishesabsl ! 1 . r
} ks } boNn e
N)D 1 22 2Ry o
5. APPLICATION TO SIGNIFICANCE PO ks } on.N) 100 100 NO481 9
TESTING (24)

to avoid overestimating the signi cance level.

5.1. Signi cance Level for a Given

_II:_)IStI’IfbutIO!‘l . . . dqd dth We follow the steps outlined in the CSN algorithm (section 2)
0 perform signi cance testing giveks and dpn, we need the to t the empirical data, but with two important modi cations:

percerltile valuesksand} pn.} kscan be obtained by inverting (Ii) the parameters CSN(ib)) and goodness of t CSN(iib))
Equation (16), as are adjusted for the nite largest element; and (lii) the

5.2. Fitting to Empirical Data

100 value CSN(ivc) is adjusted for the nite number of elements
} ks(dks,N) D T (22) e ect. Meanwhile, optional modi cations are (Oi) to incorporat
1C dksNO49%exp(0.274) 017 distribution noise as another dimension for goodness ofst
that thep-value can be determined v esm), dg’,[,"), or both; (Oii)
Similarly, we invert Equation (19), and solve instead of using bootstrapping to determine thevalue in the

CSN method, which is very slow for large samples, one can use
0.430 0.302), i in0-49 i . .
}onPC (B0 1 on)%%n( N9 D0, < 0 the fastinversion formulae Equations (22), (23), o (24).
}on 50D O, DO Figure 7 shows the ts andp-testing results for Taiwan
100 0.430¢ 50P-392n( iN%499 D 0, > 0 housmg price, Tauwaq wealth, _ and Straits Tlme_s I_ndex
( }on) G on P G ) (23) normalized returns. It is reassuring that after modi cat®n
to get} pn, where D dpn h doni. the p-va{ues of _aII distributions mc_reased. In particular, theot
Substituting the empirical KS distands™ and empirical distributions (igures 7B,G that did not meet thep > 0.1
u 9 em P S P criterion (as suggested by Clauset etd]) before modi cation,
distribution noisedp),’ into Equations (22) and (23), we obtain now havep > 0.5. This is in agreement with our visual
} ,((esm) and} ,(De,\',“). This is an alternative way of obtaining tipe  assessment of the three ts. We also understand now that a
value without the need to perform Monte-Carlo (re)samplinglarge (smallxmnay) is the main reason for Taiwan wealth to fail
again (CSN method), since we have already done so iptesting before adjustment (although the t is visually gho
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FIGURE 7 | p-testing results for(A) 2012—2014 Taiwan home price per square foot ( tted to EXP)(B) 2012 Taiwan lower-tail income ( tted to EXP), andC)
2009-2016 Straits Times Index normalized return ( tted to PLpefore and after nite-sample adjustments. In this gure, theN represent the number of tted data, and
the empirical CDF that is adjusted for FLE is shown as black ds, while the unadjusted and adjusted ts are shown as blue anded dashed line respectively.
Pks=pn-Values (in percentage) are for unadjusted (blue) and adjies! (red) ts. We separate thep-values obtained using the CSN method (left) from those usin
Equations (22) or (23) (right) by &".

In general, our correction formulas perform the best when t based on the distribution noise at the probability density
is large due to small sample sizes or truncations. Readers ckvel.

refer to Supplementary Information section 4 for more plots

and instances where small values aects the signicance AUTHOR CONTRIBUTIONS

testing.

There are several limitations one should note while obtaini BT, DT, and SC: designed research. BT: performed research. BT
Pks-pn using Equations (22) or (23). First, it is only applicableDT, and SL: collected data. BT and DT: analyzed data. Allasth
to large samples (sefigures 4 6). Second, these equations wrote and reviewed the paper.
are obtained after experimenting with several functionahfe
and are only approximate. Lastlgxs measured using the CSN FUNDING
method are consistently smaller than that based on Equation
(22). This is due to the CSN algorithm having an extra step td'his research is supported by the Singapore Ministry of
selectxmin that minimizesdgks of each simulated sample, and Education Academic Research Fund Tier 2 under Grant Number
thus the algorithm is stricter than our fast inversion forfae. MOE2015-T2-2-012.

However, the inversion formulae Equations (22) and (23) are

convenient and provide an upper bound f&spn. We make ACKNOWLEDGMENTS

the codes for the procedures used in parameter estimation and
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StatisticalSigni canceTesting for both these two methdoist  to the Taiwanese data sets.

leave it to the reader to decide which method to use.

All in all, when we test for statistical signi cance, we needSUPPLEMENTARY MATERIAL
to be aware of nite sample e ects, namely the nite largest
element e ect and the nite number of elements e ect. BeyondThe Supplementary Material for this article can be found
the KS distance measured at the cumulative distributiorellev online at: https://www.frontiersin.org/articles/10.Z8&ams.
we also introduce an alternative measure of the goodness 2018.00002/full#supplementary-material
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