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Recently, the regularized functional matching pursuit (RFP) was introduced as a
greedy algorithm for linear ill-posed inverse problems. T$ algorithm incorporates the
Tikhonov-Phillips regularization which implies the necegy of a parameter choice.
In this paper, some known parameter choice methods are evahted with respect
to their performance in the RFMP and its enhancement, the radarized orthogonal
functional matching pursuit (ROFMP). As an example of a liaeinverse problem, the
downward continuation of gravitational eld data from the sitellite orbit to the Earth's
surface is chosen, because it is exponentially ill-posed.df the test scenarios, different
satellite heights with several noise-to-signal ratios ankinds of noise are combined. The
performances of the parameter choice strategies in these smarios are analyzed. For
example, it is shown that a strongly scattered set of data paits is an essentially harder
challenge for the regularization than a regular grid. The ¢dined results yield, as a rst
orientation, that the generalized cross validation, the lcurve method and the residual
method could be most appropriate for the RFMP and the ROFMP.

Keywords: gravitational eld, ill-posed, inverse problem, parameter choice methods, regularization, sphere
MSC2010: 65N21, 65R32, 86A22

1. INTRODUCTION

The gravitational eld of the Earth is an important referencethe geosciences. It is an indicator
for mass transports and mass reallocation on the Earth'sisarfThese displacements of masses can
be caused by ocean currents, evaporation, changes of thedymater level, ablating of continental
ice sheets, changes in the mean sea level or climate chaege.¢s,1, 2]).

However, it is di cult to model the gravitational eld, becase terrestrial measurements are not
globally available. In addition, the points of measurementtbe sea are more scattered than
those on the continents. This has motivated the launch ol missions with a focus on the
gravitational eld (see e.g.3f6]). Naturally, those data are given at a satellite orbit, antthe
Earth's surface. Additionally, the measurements are onlgrgpointwise and are aicted with
noise. The problem of getting the potential from the satellitbibonto the Earth's surface is the
so-called downward continuation problem, which is a sewetgistable and, therefore, ill-posed
inverse problem (see e.gz, B)).

Traditionally, the gravitational potential of the Earth hdgen represented in terms of
orthogonal spherical polynomials (i.e., spherical harmonigg see e.g.9F11]) as in the case
of the Earth Gravitational Model 2008 (EGM2008, s&d)[ An advantage of this representation
is that the upward continuation operat® which maps a potentiafr from the Earth's surface
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(which we assume here to be the unit sphergto the orbitre both algorithms, the essential theoretical results arap#ualated.

with r > 1 has the singular value decomposition In Section 3, the parameter choice methods under consideratio
for the RFMP and ROFMP are summarized and details of their
OF % D XX Ey FOYT ) implementation fpr the test cases are explaineq. In Section 4,
‘ ' PR nj - the relevant details of the considered test scenarios atmedt

DOjD . .
neoeen Section 5 analyzes and compares the results for the various

whereY{”—(x) D %Yn,j X ,x2re . ltsinverse s, therefore, given parameter choice strategies.

>y 2. RFMP
X x D E
9¢G D G, Yrr”- ) r”Yn,,- In this section, we brie y recapitulate the RFMP, which was
nDOjD n L) introduced in 20-23], and an orthogonalized modi cation of it
¥ yxyn D E (see L3 24)). It is an algorithm for the regularization of linear
D GYhi L n'Ynj (2) inverse problems.
nDOjD n LA ) According to [L3 23 25, we use an arbitrary Hilbert
spaceH L2(« ). This space can be?(s ) itself, but it

in the sense of#(= ) and for allG 29 (L% ) L%(re ). Note  can, for instance, also be a Sobolev subspace2gf)L It
that the singular values o ©, which are given by (;)n D is chosen for the regularization term (see below) based on

(rMn, increase exponentially. For details, sge f]. numerical experiences or prior knowledge about the solutfon i
Numerous methods have been developed for solving sucivailable.
linear ill-posed inverse problems. Recently, the RFMP and the Let an operatorF: H ! R' be given which is

ROFMP were constructed as more exible algorithms whichcontinuous and linear. Concerning the downward continoatj
can iteratively construct a kind of a “best basis” for suchye have a vectoy 2 R' of measurements at a satellite
problems. This yields additional features like a multi-scal orbit, that means our data are given pointwise. The inverse
analysis and a locally adapted resolution. The methods agsroblem consists of the determination of a functiéh 2 H
based on techniques which were constructed for approximatioguch that

problems mainly on the Euclidean space (see-16]). One of the

enhancements of the RFMP and the ROFMP is the introduction FFDyD (9 F)(%))jp1.:J: ()
of a Tikhonov-Phillips regularization for handling ill-posed
problems. where §)jp1::) is a set of points at satellite height. In the

So far, the choice of the regularization parameter of th‘?ollowing,we use bold letters for vectorsih.
RFMP and the ROFMP, which weights the regularization term 15 nd an approximation for our functionF, we need to
relative to the data mis t, has not been addressed su cigntl nave a set of trial function® H n fog which we call the
which is why we report here about our corresponding numericabictionary Our unknown functionF is expanded in terms of
experiments for the regularization of the downward contitiaa ictionary elements, that means we can represent iEa®
problem with the RFMP and the ROFMP. For this purpose, &Dl e with 2 Randdy 2 D forallk 2 N.
numerous parameter choice strategies were compared reggardin
their performance for some selected scenarios. 2.1. The Algorithm

A parameter choice strategy is a method that determine$he idea of the RFMP is the iterative construction of a
a value for the regularization parameter. Its input leads to &equence of approximation&{),. This means that we add a
classi cation (see e.g11]): basis functiondy from the dictionary to the approximation in

a-priori methods use information on the noise level and theeach step. This basis function is furthermore equipped with a

noise-free solution which is usually not known in praCtice'CoeSPr:iztthgcons'dered inverse problem is ill-nosed. we use the
Therefore, we do not consider such methods. ! : inv P IS 1li-p »weu

a-posteriormethods require the noisy data and the noise IeveI'kh?nO\'/:'P?.”'ES re.gullanzatlon, that is, our task is to nd
or at least an estimate of it. unction =which minimizes
data-driven methods (sometimes also called “heuristic

2 2
methods”) only work with the noisy data. y FFRC Krky. )

Many methods yield a parametersuch that a functiori( ) falls  That means, if we have the approximatidf up to stepn,
below a prescribed threshold or such thamninimizes a function our greedy algorithm choosesic1 2 R anddyc1 2 D such
f. Sometimes a tuning parameter (such as the aforementiongtat
threshold) is required. Note that, for stochastic noisaaedriven
methods yield converging regularization methods with good y F FC ncidnct ;. C FC ncidnct a (5)
performance in practice (cf1p, 19).

The outline of this paper is as follows. Section 2 gives a shoid minimized. Here, > 0 is the regularization parameter.
introduction to the RFMP and its enhancement, the ROFMP. For We can state the following algorithm for the RFMP.
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Algorithm 2.1 Lety 2 R' and an operatoF : H ! R (linear  Pw,, respectively. Allin all, our aim is to nd
and continuous) be given.

B nc1,dc1 D
(2) Initialization Setn:D 0,Fp:D0OandRy Dy FFyDYy, 5 )
choose a stopping criterion (we stopkRnc1k < %for a argmin - R,  Pw,Fd 5 C Fy  By(d)C d
given% >0o0rj ncij < foragiven > OornC1> N 2R,d2D
for a givenN 2 N, see also Section 4.1), and choose a (10)
regularization parameter 2 RC. H
ere,
(2) Iteration Build Focr D Fy C  pc1dnc1 such that the
following is ful lled: "
i /(d)Fd D Py, (Fd) (11)
2 iD1
Rn, Fd Fn.d :
dnc :D argmax R H_ (6
ncl d92D Ed él c d i« © and, thereby, we set
. Rn, Fdnca Rl Fn,dnC1H xn
PTG AC a0 D Bu@) D ()i 2 H, (12)
Rl H iD1
SetRnci DRy nciF dnca. The updated coe cients for the expansion at stegC 1 are
(3) Stopping criterion Fyc1 is the output, if the stopping given by
criterion is ful lled. Otherwise, increase and go to (nc1) o ™ .
step 2. i D nci i (Gnc1), iD1::5,n,  (13)
0CYD per (14)

The ROFMP is summarized ilgorithm 2.2. For practical
The maximization, which is necessary to géhci, IS details of the implementation, se&d.
implemented by evaluating the fraction for al 2 D in ) ]
each iteration and picking a maximizer. Since many involved@mark 2.1. If we choose;@ D and ; as inAlgorithm 2.2and
terms can be calculated in a preprocessing, the numericiiPdate the coe cients as in Equations (13) and (14), we ofiain
expenses can be kept low (s€€]]. For a convergence proof of the regularized cage> 0)thatR, is, in general, not orthogonal
the RFMP, we refer taf]. Brie y, under certain conditions, one © Vn foralin2 No, that means
can show that the sequendg,}, converges to the solutioRy R 2W (17)
of the Tikhonov-regularized normal equation n n-

In [13, it was shown that, with the assumptions from

(F FC I)FL DF Y, (8) Remark 2.1, there exists a numtd¢rD N( ) such that
R, D Ry foralln N. (18)
wherel is the identity operator an& is the adjoint operator to
F. That means we get a stagnation of the residual. This is a proble
since the ROFMP is not able to reconstruct a certain contributio
2 2. ROFMP of the signal which lies iv,. Therefore, we modify the algorithm

ased on iterated Tikhonov-Phillips regularization. Tha¢ans
we run the algorithm for a given number of iterations (in ouase
> 0), then interrupt the process and start the algorithm with
e latest residudRy . This action is calledestart(or repetition
and it is recurringly executed after evelfyiterations. In order
not to lose information we want to maintain the entire expamsio
Vn D sparfFdy,:::,Fdg R, (9)  F, during the process. For this purpose, we need an additional
notation: we add a further subscripto the expansior,. Note
and then adjust the previously chosen coe cients in such athat we have two levels of iterations here. The upper level is

way that the residual is afterwards contained in the orthuago associated to t_he restart progedurg and is € numeratec_j by the
complement of the span. Since this so-called back tting (Cf_second subscript. The lower iteration level is the previously
[14, 15) might not be optimal, we implement the so-called described ROFMP iteration with the rst subscript We denote

pre tting (cf. [16]), where the next function and all coe cients the current expansion by

are chosen simultaneously to guarantee optimality at evagfesi X

stage of the algorithm. Moreover, l&¥, D V. and let the Fnj D Fj 1C i(?)di,j, (19)
orthogonal projections oV, and Wy be denoted byPy,, and iD1

The ROFMP is an advancement of the RFMP from the previou
section.

The basic idea is to project the residual onto the span of théI
chosen vectors, i.e., t
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Algorithm 2.2 LetadictionaryD  H nfOg a data vectoy 2 R! In analogy to the RFMP, we obtain a similar convergence result
and an operatoF : H ! R! (linear and continuous) be given. for the ROFMP. That is, under certain technical conditions th

(1) Initialization Setn D 0,F D 0 andRo D y, choose a sequenceTm)m converges in the Hilbert spad¢. For further

stopping criterion (we stop, ikRhc1k < % for a given details, we refer tolf3, 24].
% >0o0rj pcij < foragiven > OornC1> N

for a givenN 2 N, see also Section 4.1), and choose § PARAMETER CHOICE METHODS

regularization parameter 2 RC.

The choice of the regularization parameteiis crucial for the

(2) Iteration Choose a function RFMP and the ROFMP, as for every other regularization method.
In this section, we briey summarize the parameter choice
dnc1 D methods which we test for the RFMP and the ROFMP. This
Rn,Pw,Fd g C  Fn,By(d) Fn.d 2 section is basically conform ta.§, 19.
argmax 5 5 , _
d2D Pw,Fd o, C d Bn(d) 3.1. Introduction
(15) The Earth Gravitational Model 2008 (EGM2008, séd)[is a
spherical harmonics model of the gravitational potential loé t
and calculate the corresponding coe cient Earth up to degree 2190 and order 2159. We use this model up to
degree 100 for the solutidhin our numerical tests. For checking
nc1 D the parameter choice methods, we generate di erent test cases

RnPw,Fthcim € FnBn(dnc1),  Fniheiy the_lt means test sc_enarios which vary_in the satellite heitlet
noise-to-signal ratio and the data grid. Based on the chosen

2 2
Pw,Fdnct g€ dnct Bn(dnct) function F, our dictionary contains all spherical harmonics up to
(16) degree 100 that means our approximatigfirom the algorithm

has the following representation
whereBy(d) is de ned according to (11) and (12). Then

update th$coe cients following (13) and (14) and build X0 xn .
Fict D IS¢ "“Vdi. Finally, update the residual FD njYnj, Where notall njvanish.  (24)
Rnc1 D Ry nc1Pw,F dnci1. nDOjD n

(3) Stopping criterion Fc1 is the output, if the stopping This is a strong limitation, but higher degrees would esseiyti
criterion is fullled. Otherwise, increase and go t0  enlarge the computational expenses.

step 2. Moreover, for the stabilization of the solution, we use the
norm of the Sobolev spacél D H((ay)nl* ) which is
constructed with
whereFg; :D 0 andFp; ‘D Fg;j 1. In analogy to the previous 12
de nitions, the residual can be de ned in the following way: a, D nC > ,N 2 Np, (25)

Rnhi D FF,i,1 n K,j 2land . . . .
nj 2y " J see D). This Sobolev space contains all functidhen« which

Roj Dy FFj 1DRkj 1. (20) fulll
That means, afteK iterations, we keep the previously chosen X X ,
coe cients xed and restart the ROFMP with the residual of the aﬁ F, Yn; 2¢) < 1. (26)
step before. Allin all, we have to solve nDOjD n

nc1j:0ncij The inner product of function$, G 2 H is given by
. 2 2
D argmin Ry  Pw,Fd 5, C  Fucyj ; (21) X ox
2R,d2D b, Giy D a2 F,Ynj 12ty G Ynj 20 - (27)

and update the coe cients in the following way nbojb n
- 1,2
(1) p M Mg iD1::n 29 The particular sequencea{)n, D ((n C 3))n was chosen,
L - neai i (G, v @2 pecause preliminary numerical experiments showed that the
We summarize for the expansiorFkm, which is the @associated regularizationtermyielded results with an appate

approximation produced by the ROFMP afterrestarts: smoothness. _ _
In our test scenarios, we use a nite sBtyGpi.: 100 Of

K 100 regularization parameters (for details, see Sectign B
Tm D FcmD .(, )di,j- (23)  approximate solution of the inverse problem as an output of the
jD1iD1 RFMP/ROFMP corresponding to the regularization parameter
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« and the data vectoy is denoted byx. This notation is regularization operatorB:R'! H,
introduced to avoid confusions with the functiofg which occur
at then-th step of the iteration within the RFMP.
In practice, we deal with noisy daga where the noise levél RkD(F FC ) 'F (29)
is de ned by
"DN2S y 4 P ] 28) and assume to beRyy andx, to beRyy", though this could

certainly only be guaranteed for an in nite number of iteias.

Due to the importance of the regularization parameter, we
where | is the length of the data vectoy and N2S is summarize in the next section some methods for the choice of
called the noise-to-signal ratio. The corresponding resfilthe  this parameter . For the comparison of the methods, we have to
RFMP/ROFMP for the regularlzanon parametgrand the noisy  de ne the optimal regularization parameteg,,. We do this by
data vectory' is calledxk Due to the convergence results for minimizing the di erence between the exact solutlarand the
the RFMP/ROFMP (see Equation 8), we introduce the linearegularized solut|0n<k corresponding to the parameter, and

TABLE 1 | The parameter choice methods and their speci cations.

Name Selection criterion

Discrepancy Principle (DP)
[27-29]

Choose the rsk such that
KF X, Y kgl l.

Tuning parameter > 1.
(We choose D 1.5.)

Transformed Discrepancy Principle (TDP)
[30, 31]

Choose the rdt such thﬁ':lt
KRk % Y ki bo%.

Tuning parameterb > D ((1=4))(3=4)F4)2,
estimate ‘Oof ". (We chooseb D 1.5 and'OD ".)

Quasi-optimality Criterion (QOC)

[32, 33]

k Dargmin kx,  X.cqkn
k ©

L-curve Method (LC)

[34-36]

k Dargmin tkFx,  y'kgi kxkn g
k ©

Extrapolated Error Method (EEM)

[37, 38]

‘ N kEx YR
Dagmhn & Fx vk

k ©

Residual Method (RM)

[39]

MK Yk ©

k Dargmin — 508
Ko (B BY

whereBDF( RgF).

Generalized Maximum Likelihood (GML)

[40]

D Nk YK 0
arfm}én (e FR 1

Iy Drank( FR ). (Inourcasel; D I.)

detC is the product of the nonzero eigenvalues.

Generalized Cross Validation (GCV)

[41]

L
k Dargmin K2 R
Ko Ut FR WP

o]

Robust GCV (RGCV)

[42, 43]

N Ex oy 2

k Dargmin K 2 R
(el FR P

k 10 A

c@ ) M(ER W)

Robustness parameter 2 (0,1).

(We choose D 0.1.)

Strong RGCV (SRGCV)

[44]

nCEg Y2
k Dargmin K R
Ko ( @ FR k))(?)

c@ ) ER WP

Robustness parameter 2 (0, 1).

(We choose D 0.95.)

Modi ed Generalized Cross Validation (MGCV)

[45, 46]

"R Y A
i R
kD IS TTWE oFR OF

o]

Stabilization parameterc > 1.

(We choosec D 3.)
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FIGURE 1 | Reuter grid with 8514 points(Left) and scattered grid with 8,500 points(Right).

0.8

0.8

blue area an N2S of 26 for the local noise scenario.

FIGURE 3 | Reuter grid(Left) and scattered grid (Right). The values of the data points in the red area contain an N2S &% and the values of the data points in the

noisy data.

Kopt D argmin kx XKz y. (30)
k2f1,::,10Q

where  is the regularization parameter selected by the
considered parameter choice method. For the computation®f th
ine ciency, we use the E(+ )-norm, since our numerical results
led to a better distinction of the di erent ine ciencies thatry
using theH -norm. However, the tendency regarding “good” and

Then we evaluate the results by computing the so-called?@d” parameters were the same in both cases.

ine ciency by

X X
L) (31)

Xkopt |_2(. )

In practical cases, the exact solution is usually unknown such
that kopt is a theoretical object only. Parameter choice methods,
such as those which are used for the experiments here, proside u
with a way to estimate (in some sense) a regularization pammet

k Which yields a solution which is expected to be close to
the unknown exact solution. The ine ciency quanti es the
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accuracy of this estimate by comparim';g with the theoretically extrapolation procedure. The RM a{] is based on minimizing
optimal regularized solutionx]'(opt, The closer the obtained a certain weighted form of the norms of the residuals, wheee th

ine ciency is to 1, the better the parameter choice methodWeighting penalizes under-smoothing parameter values.
performs. Itis known that the Tikhonov regularized solution for diste

Note that the norms which occur in the several parameteflata with independent Gaussian errors can be interpreted as
choice methods can be computed with the help of the singula® Bayes estimate of if x is endowed with the prior of a
value decomposition. However, we use the singular valuds of Certain zero mean Gaussian stochastic process 4d). [With
(see Equations 1 and 3) for this purpose, because the singul&liS interpretation, the GML estimate was derived byj{and
value decomposition df is unavailable. This certainly causes anformulated for stochastic white noise where knowledge of the
inaccuracy in our calculations, but appears to be unavoidile NOIS€ leVeT is not needed.

the sake of practicability. The GCV of }#]] uses the following idea: consider all the
“leave-one-out” regularized solutions and choose the patame
3.2. Parameter Choice Methods which minimizes the average of the prediction errors usindeac

Table1l shows the dierent parameter choice methods solution to predict the data value that was left out. Note ttest
we tested and introduces their abbreviations. Thecomputation of all these regularized solutions is not neagss
tuning parameters are chosen in accordance tdor this. A detailed derivation can be found i]]. Several
[18 19. For the choice of the maximal indext)  modications and extensions of the method such as RGCV (cf.
see Section 4.5. [42, 43), SRGCV (cf. §4]) and MGCV (cf. 45, 4€]) have been
The DP of p7-29 tries to balance the norm of the residual developed to deal with instabilities of the GCV. Note that for
and the noise levet for a good regularization. It requires certain choices of the robustness/stabilization parameteseh
knowledge of which we provide in our tests. The TDP ¢f,31]  Variants correspond to GCV.
tries to deal with the instability of the DP if the noise leisehot
known. It is designed to work with an estima@f".
The QOC goes back tad3p, 33 and its continuous version 4. EVALUATION
tries to minimize the normk £x'k. By using the dierence 4.1. Speci cations for the Algorithm
quotient instead of the derivative for our discrete param&te |n Sections 2.1 and 2.2, we mentioned that we need to de ne
k D odf (see Section 4.4), we obtain the method as irstopping criteria for our algorithm. We state the following
Table 1 stopping criteria for the RFMP and ROFMP (see adgorithms
The LC (cf. B4-3€]) is based on the fact that a log-log plot 2.1 and 2.2.
of (kKFx, Y kkxk) often is L-shaped. The points on the . _ _ .
vertical part correspond to under-smoothed solutions, where KRnc1kg! < /ofor.aglven% >.0(|n our case, this is the N2S),
the horizontal part consists of points due to over-smoothed nC1> NforgglvenN 2,N (inourcaseN D 10, 000 because
solutions. This suggests that the “corner” de nes a goodial _Of ourcomputmg_capacny),_ 6
for the regularization parameter. Note that usually the noeth I nc < foragiven > 0 (inourcase D 10 °).
is applied manually and its automating can be di cult. In the case of the ROFMP, we chodé® 200 for the restart.
The EEM of B7, 3§ chooses the regularization parameter
by minimizing an estimate of the errdtx x'l'(k found by an 4.2. The Data Grids

Figure 1shows two data grids which we use for our experiments.
First of all, the Reuter grid (se€) is an example of a regular
data grid on the sphere. Second, we have a set of irregularly
distributed data points on a grid which we refer to as the sret
Height (km) N2S (%) Noise Grid Shortcut grid in the following and which was rst used inLf. The latter

grid tries to imitate the distribution of measurements adpthe

TABLE 2 | Overview of the implemented test cases.

500 5 White Scattered (5005wn.S)  tracks of a satellite. It possesses additional shorter traokls
500 5 Colored Scattered (5005.cn.8)  thus, a higher accumulation of data points at the poles and only
500 5 White Reuter (5005wnR)  fewer tracks in a belt around the equator.
500 1 White Scattered (500,1,wn,S) i .
500 1 Colored Scattered (500,1,cn,S) 43 NOISe Generatlon
500 1 White Reuter (s00,1,wn,R)  FOr our various scenarios, we get our noisy data if we add white
noise to our data values or we add colored noise that is obtiine
300 5 White Scattered (300,5wn,S) by an autoregression process. Additionally, we test somé loca
300 5 Colored Scattered (300,5,cn,S) noise.
300 5 White Reuter (300,5,wn,R)
4.3.1. White Noise Scenario
500 51 Local Scattered (5005.n.S) - For white noise, we add Gaussian noise corresponding to a
500 5/1 Local Reuter (500,5,In,R)

certain noise-to-signal ratio N2S to the particular valuesath
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datum, that means we get our noisy data by For each track of the scattered grid, we apply this

autoregression process (for the tracks, sdéggure 2
' D(ACN2S DyiDN2Sy Cy, iD1:::,, (32 and obtainy as in Equation (32) using the; from

above.

wherey; are the components gfand ; N (0, 1), that means 4.3.3. Local Noise Scenario

every j is a standard normally distributed random variable. For the local noise, we choose a certain area and add white noise
with an N2SD 5% relative to the particular value to each data

4.3.2. Colored Noise Scenario point. To the values of the remaining data points we add white

Since our scattered grid tries to imitate tracks of satallite noise with an N2SD 1%. We choose this area as illustrated in
we can assume that we have a chronology of the dat@igure 3. The choice of this area is a very rough approximation
points for each track. To obtain some sort of coloredofthe domain of the South Atlantic Anomaly, where a dip in the
noise, we use an autoregression process of order 1 (brie ¥arth's magnetic eld exists (see e.§(]. Since only a few points

AR(1)-process, seet§]) with whom we simulate correlated of our grid would have been in the actual domain, we extended

noise. the area toward the South pol&ble 2shows our di erent test
A stochastic proceskj, i 2 Zgis called an autoregressive cases for the RFMP and ROFMP.
processoforderl,if D ; 1C"i,j j< 1,wheré; N (O,1).

In the case of our simulation, we startwith N (0,1) andrun  4.4. Regularization Parameters
the recursion for a xed 2 ( 1, 1), which we determined at We constructed the admissible valuggor the parameter choice
random. as a monotonically decreasing sequence with 100 values from
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1 D 1to 100D 10 and a logarithmically equal spacing in such a maximal index can be
the following way
maximal index by

kD o, k2f1,:::,10@ (33)
Here, o D 1.3849 andy D 0.7221. The test scenarios are KD max k
chosen such that the parameter range lies between 1 antf 10
and includes the optimal parameter away from the boundarieghereEkx, x;'(kz

1 and 190 For the choice of the parameters, we refer
to[18 19.

4.5. Maximal Index

Most parameter choice methods either increase the indetil

a certain condition is satis ed or minimize a certain funmoti
for all regularization parameters, i.e., after our discretization
(see Equation 33) they minimize for &l(seeTable 1). For some
methods like the quasi-optimality criterion, the valueskdiave

X
?() D

(K)< 0.5 (1)

used for other methods as well
without changing their performance. As ia§, 19, we de ne this

(34)

D "2 2(k) is the variance of the regularized
solution corresponding to noisy data artd 2(1 ) is its largest
value. It is well-known that, in the case of white noisék) for
the Tikhonov-Phillips regularization is generally given by

TR (35)

2

to be constrained by a suitable maximal ind@which must be  Since our singular values occur with a multiplicity of € 1 and

chosen such thakopt < K To increase computational e ciency, we restrict ourteststa D O,:::,

100, the sum above in our tests
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is given by each parameter choice method and compare the ine ciencies.
We generate 32 data sets for each of the eleven scenarips, i.e.
5 %00 n 2 we run each algorithm for 352 times for a single regularati
KD  (2nC1l) —=— C ¢« (36) parameter Figures 4-9 show the ine ciencies, collected based
n . . .
nbo on the parameter choice methods. The red middle band in
For any colored noise, we use the estimate (c)[ the box is the median and the re@ symbol shows outl_lers._
The boxplots of our results are plotted at a logarithmic
" w2 scale.
w2 2 1
K 27 % X 37)

H

with two independent data sey%, y; for the same regularization
parameter . Note thatx, ,, x, , are the regularized solutions
corresponding to the parametery and the noisy data sets

Y1, Yo

5. COMPARISON OF THE METHODS

5.1. Discrepancy Principle (DP)

We can see frorkigure 4that the DP leads to results which are in
the range from good to acceptable in all test cases. It yiatieib
results with a more uniformly distributed grid.

5.2. Transformed Discrepancy Principle
(TDP)

The results for the TDP (sedigure4) for all test cases

For the error comparison, we compute the ine ciency (seeare rather poor. We can remark that the results get better

Equation 31) in each scenario (séble 2for an overview) for

with a more uniformly distributed data grid. Furthermore,eh
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colored noise leads to slightly bigger boxes than the whitevith a height of 300 km and an N2S of 5% with colored noise
noise. we have some outliers for the RFMP and a large box for the

ROFMP.
5.3. Quasi-Optimality Criterion (QOC)
In Figure 5 the ine ciencies of the QOC show that the 5.6. Residual Method (RM)
performance of this method is rather poor. In the case of thelhe results for the RM (sd€gure 6) are good to acceptable in all
Reuter grid, the results reach from good to mediocre in costtra test cases. We only have a few minor outliers.

to the scattered grid. ) . -
5.7. Generalized Maximum Likelihood

5.4. L-Curve Method (LC) (GML)

The LC (seeFigure 5 yields good results in all test cases.In Figure 7, we can see that the GML leads to acceptable results
We can remark that there are a few outliers and biggeonly in the case of the Reuter grid. In all cases of the scattere
boxes for the test cases with colored noise and the scatterggid, its performance is rather bad.

rid.
’ 5.8. Generalized Cross Validation (GCV)
5.5. Extrapolated Error Method (EEM) From Figure 7, we can observe that the GCV yields good results
The EEM yields acceptable to rather poor results (Sgare 6).  in all test cases. We only have, in the case of the ROFMP, some
We cannot observe any dependency on the grid or the kind ofinor outliers. It yields the best results with a more reglyla
noise related to the acceptable results. Moreover, in thectest  distributed data grid.
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FIGURE 10 | The approximation from the RFMP for the best parametefleft) and the difference to the EGM2008 up to degree 10QRight). Values in nf=s2.

FIGURE 11 | The approximation from the RFMP for the parameter chosen byhe GCV (Left) and the difference to the EGM2008 up to degree 10QRight). Values in
m2=s2. The inef ciency amounts to 1.16.

FIGURE 12 | The approximation from the RFMP for the parameter chosen byhe MGCV (Left) and the difference to the EGM2008 up to degree 10Q(Right) . Values
in m2=s2. The inef ciency amounts to 2.29.

5.9. Robust Generalized Cross Validation scattered grid seems to be more dicult to handle by the

(RGCV) method.
The RGCV yields good to acceptable results Sgere 8) which
get slightly worse and show a larger variance for a higher t%2S

colored noise scenarios. 5.11. Modi ed Generalized Cross

. Validation (MGCV)
5-1_0- S_trong Robust Generalized Cross The ine ciencies for the MGCV (seeFigure 9) for the test
Validation (SRGCV) cases with white noise and the Reuter grid are good. In

The SRGCV (se€igure 8 has good to acceptable results inparticular, in several of the cases with colored noise the
all the test cases which are a little bit worse than for théoxes are so big that they partially do not t in the gure.
RGCV. The Reuter grid leads to good results whereas th®bviously, we get here a very large distribution of the
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FIGURE 13 | The approximation from the ROFMP for the best parametefLeft) and the difference to the EGM2008 up to degree 10QRight). Values in nf=s2.

FIGURE 14 | The approximation from the ROFMP for the parameter chosen bthe GCV (Left) and the difference to the EGM2008 up to degree 10Q(Right) . Values
in m2=s2. The inef ciency amounts to 1.14.

FIGURE 15 | The approximation from the ROFMP for the parameter chosen bthe GML (Left) and the difference to the EGM2008 up to degree 10QRight). Values
in m?=s2. The inef ciency amounts to 3.03.

ine ciencies. These cases seem to be very hard to handlénfer t approximation which we obtain by the RFMP for the optimal

method. regularization parameterpg and the di erence to the EGM2008
up to degree 10@igure 11shows the approximation belonging
5.12. Plots of the Results to the regularization parameten, which is chosen by the GCV.

In this section, we show briey the approximations of the In Figure 12 we can see the approximation belonging to the
gravitational potential which we obtain by the RFMP and theparameter 43 which is chosen by the MGCV. We can see that
ROFMP for one typical noisy data set considering a good or the MGCV chooses the regularization parameter too small and
rather poor parameter choice. with this choice we obtain a solution which is underregutad.

For the test case (500 km, 5%, colored noise, scattered griNprth-South oriented anomalies occur in the reconstruction
with D 0.54 for the AR(1)-process;igure 10 shows the which appear to be artifacts due to the noise along the simulated
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FIGURE 17 | The horizontal axis states the indek of the regularization
parameter and the vertical axis showskx XLkLz(. )for the ROFMP.

around Indonesia occur in the di erence plot—much stronglier
than for the other examples. Again the parameter choice of the
GCV yields a good approximation for the gravitational potehtia

Finally, Figures 16 17 show the di erencekx xf(kLz(.)
between the original solution (i.e., EGM2008 up to degree
100) and the approximationx;'( obtained for the dierent
regularization parameters which were chosen by the congidere
strategies. The horizontal axis states the indexof the
regularization parametery. The plots refer to the same scenario
as Figures 16-15. The arrows show the parameters which are
chosen by the methods. The diagrams con rm our observations
thatthe GCV and the LC yield parameters which are closest to the
(theoretical) optimal parameter. We obtain almost equallydjoo
results for the DP, the RM and the RGCV.

6. CONCLUSION AND OUTLOOK

We tested parameter choice methods for the regularized
(orthogonal) functional matching pursuit (RFMP/ROFMP) in
the context of the downward continuation problem. For the
evaluation of the parameter choice methods, we constructed
eleven di erent test cases with di erent satellite heightstada
grids, noise types and noise-to-signal ratios (5lele 2 for the
RFMP and ROFMP. For each test case, we generated 32 noisy
data sets. Altogether we ran each algorithm for 352 dateesets

for each data set for 100 di erent regularization paramettraf
means each algorithm was applied 35,200 times.

Our study shows that the GCV, the LC and the RM vyield the
best results in all test cases, where the RGCV and the SRGCV are
almost equally good. The DP provides good to acceptable sesult
The performance of the QOC seriously depends on the data grid,
that means a less regularly distributed grid does not leadtmig
results. In our experiments, the QOC had good results with the
Reuter grid in most cases. The MGCV also obtains both good
and rather poor results in dependency on the grid and kind of
noise we used. Here, the irregularly distributed scatter&band
the colored noise did not yield good results. At last, the TB,
EEM and the GML did not always lead to good results in our test
cases.

Note that not all results can be explained since some
methods are still of rather heuristic nature and convergenc
analysis does not exist even for simpler regularizations ssch

satellite tracks. In contrast, the approximation of the potakfor ~ ordinary Tikhonov regularization (seé.§, 19 for an overview).
the GCV-based parameter is only slightly worse than the tesuDften these methods are formulated and investigated withou
for the optimal parameter. considering discretization and data distribution issues. ur
Furthermore, we show the same test case as above but with thieidy shows, not all of them transfer well from the continuous
approximation from the ROFMP with D 0.56 in the AR(1)- to the discrete setting. It should also be noted that the GCV is
process.Figure 13 shows the approximation for the optimal known to work very well with data a icted by white noise, but
parameter 29 and the di erence to EGM2008 up to degree 100.cannot deal well with colored noise. Our colored noise scenari
In Figure 14 we see the approximation which belongs to theusing the AR(1)-process might be too mild to show these e ects.
parameter > which is chosen by the GC\Figure 15shows The variants of the GCV, i.e., RGCV, SRGCV, and MGCYV, use
the approximation with the regularization parameteg which  their tuning parameter to trade a little bit of performance in
is chosen by the GML. the case of white noise problems for a large improvement in
Here, the GML chooses a regularization parameter which ithe colored noise case. There might still be the chance foresom
too large, that means our approximation is overregularize@ Wimprovements using another tuning parameter than irg[19.
get less information and details about the gravitationakmoial. We want to remark that in average our results were better than
Essential details such as signals due to the Andes or therregiin [18 19 for all methods. Some possible reasons for that can be:

Frontiers in Applied Mathematics and Statistics | www.frotmersin.org 15 June 2017 | Volume 3 | Article 10



Gutting et al. Parameter Choice Methods for RFMP

the colored noise in our test cases was di erent and maybeeasi Moreover, note that we have not addressed the stopping
to handle for the methods than in the two papers, because weiterion of the RFMP and the ROFMP here, though the maximal
only had an AR(1)-process. There is a further di erence to thenumber of iterations is another regularization parameter. A
other cases in relation to the problem itself. Here we had a datdetailed investigation of this criterion is a subject fortute
grid given which corresponds to a spatial discretization @& th research. Furthermore, an enhancement could be the extensio
problem. Furthermore, the RFMP and the ROFMP are iterativef the dictionary to localized trial functions. In additiorithe
methods and use stopping criteria which are also some kind agjeneration of the colored noise can, for example, use arkAR(
regularization. Since we stop the algorithm at a certain pai@  process fok > 1 or completely di erent types of noise can be
do not obtain the approximation of the potential in the limit. Fo considered. Finally, we can test other tuning parameterster
these reasons, the outcomes of our experiments and of those iimethods as far as these are required. Besides, it is podsdle t
[18 19 are not really comparable. the performance of the investigated parameter choice methods
The purpose of this paper is to provide a rst guideline forin the RFMP/ROFMP depends on the considered inverse
the parameter choice for the RFMP and the ROFMP. Certainlyproblem.
further experiments should be designed in the future. Maybe,

the distribution of our regularization parameterg could be  AUTHOR CONTRIBUTIONS
improved such that the relevant parameters themselves are not

too wide apart. Perhaps, the interval from 1 to #$should be  All authors listed, have made substantial, direct and latgtal

chosen smaller such that the parameters are closer together.

contribution to the work, and approved it for publication.
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